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UNIFORM ERROR BOUNDS OF A FINITE DIFFERENCE METHOD
FOR THE ZAKHAROV SYSTEM IN THE SUBSONIC LIMIT
REGIME VIA AN ASYMPTOTIC CONSISTENT FORMULATION*

WEIZHU BAOT AND CHUNMEI SU#

Abstract. We present a uniformly accurate finite difference method and establish rigorously
its uniform error bounds for the Zakharov system (ZS) with a dimensionless parameter 0 < ¢ < 1,
which is inversely proportional to the speed of sound. In the subsonic limit regime, i.e., 0 < e < 1,
the solution propagates highly oscillatory waves and/or rapid outgoing initial layers due to the
perturbation of the wave operator in the ZS and/or the incompatibility of the initial data, which is
characterized by two parameters o > 0 and 8 > —1. Specifically, the solution propagates waves with
wavelength of O(g) and O(1) in time and space, respectively, and amplitude at O(e™in{2:e,1+6}),
This high oscillation of the solution in time brings significant difficulties in designing numerical
methods and establishing their error bounds, especially in the subsonic limit regime. A uniformly
accurate finite difference method is proposed by reformulating the ZS into an asymptotic consistent
formulation and adopting an integral approximation of the oscillatory term. By applying the energy
method and using the limiting equation via a nonlinear Schrédinger equation with an oscillatory
potential, we rigorously establish two independent error bounds at O(h? + 72/¢) and O(h2 + 72 +
e 4 51'*"’*), respectively, with h the mesh size, 7 the time step and a* = min{1, o, 1 4+ 8}. Thus
we obtain error bounds at O(h2 + 74/3) and O(h? + 71+"/(2+e™)) for well-prepared (a* = 1) and
ill-prepared (0 < o* < 1) initial data, respectively, which are uniform in both space and time for
0 < € £ 1 and optimal at the second order in space. Other techniques in the analysis include the
cut-off technique for treating the nonlinearity and inverse estimates to bound the numerical solution.
Numerical results are reported to demonstrate our error bounds.
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1. Introduction. Consider the dimensionless Zakharov system (ZS) for describ-
ing the propagation of Langmuir waves in plasma [32, 35]:

IO E° (x,t) + AE®(x,t) — N°(x,t)ES(x,t) =0, x€R% >0,
(1.1)  €20uN°(x,t) — AN®(x,t) — A|E°(x,1)> =0, x€R?Y >0,
Ef(x,0) = Eo(x), N°(x,0) = Ni(x), 9N°(x,0)=N:(x), xecR%L

Here ¢ is time, x is the spatial coordinates, the complex function E° := E°(x,t) is
the slowly varying envelope of the highly oscillatory electric field, the real function
N¢ := N¢(x,t) represents the deviation of the ion density from its equilibrium value,
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0 < e <1 is a dimensionless parameter which is inversely proportional to the acoustic
speed, and Ey(x), N§(x), and Nf(x) are given functions satisfying [, Nf(x)dx = 0.

There exist extensive analytical and numerical studies in the literature for the
standard ZS, i.e., e = 1 in (1.1). Along the analytical part, for the derivation of the
ZS from the Euler—-Maxwell equations, we refer to [22, 35], and for the well-posedness,
we refer to [14, 18, 22, 35] and references therein. Based on these results, we know
that the ZS (1.1) conserves the wave energy

(12)  M(t) = [ E5(,0)[? = / |E= (x, 1) Pdx = / |Eox)2dx = M(0), >0,
R4 R4
and the Hamiltonian
(1.3)  L5(t) ;:/ {|VE5|2+NE|EE|2+;(VUE|2+|N52)} dx = L5(0), t>0,
Rd

where U® := U®(x, t) is defined as

(1.4) —AU®(x,t) = 0, N°(x,t), x€R?, lim U®(x,t) =0, t>0.

|x|—00

Along the numerical part, different numerical methods have been proposed and an-
alyzed in the last two decades. Glassey [24] presented an energy-preserving implicit
finite difference scheme and established an error bound at first order in both spatial
and temporal discretizations. Later, Chang and Jiang [17] improved it to the optimal
second order convergence by considering implicit or semiexplicit conservative finite dif-
ference schemes [16]. Other approaches include the exponential-wave-integrator spec-
tral method [10, 33], the Jacobi-type method [13], the Legendre—Galerkin method [27],
the discontinuous Galerkin method [38], and the time-splitting spectral method [9, 29].
The analytical and numerical results for the ZS have been extended to the generalized
Zakharov system [25, 26|, the vector Zakharov system [36], and the vector Zakharov
system for multicomponents [25].

When ¢ — 07, i.e., in the subsonic limit regime, formally we get E°(x,t) —
E(x,t), p° = p°(x,t) = |E°|? — |E|? = p, and N¢(x,t) — N(x,t) = —|E(x,1)]?,
where E := E(x,t) satisfies the cubic nonlinear Schrédinger equation (NLSE) [31, 32]:

i E(x,t) + AE(x,t) + |E(x,1)|?E(x,t) =0, x€R% t>0,

(15) E(x,0) = Ey(x), xeR%

The NLSE (1.5) conserves the wave energy (1.2) with E° replaced by E and the
Hamiltonian

(1.6) L(t) = /R [|VE(x,t)|2 - %|E(x, H*| dx = £(0), t>o0.

Convergence rates of the subsonic limit from the ZS (1.1) to the NLSE (1.5) and initial
layers, as well as the propagation of oscillatory waves, have been rigorously studied
in the literature [31, 32, 34]. Based on the results, when 0 < ¢ < 1, the solution of
the ZS (1.1) propagates highly oscillatory waves at wavelength of O(¢) and O(1) in
time and space, respectively, and/or rapid outgoing initial layers at speed O(1/¢) in
space. In addition, the initial data (Eo, N§, N§) in (1.1) can be decomposed as
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NE(x) = N(x,0) 4+ e%wo(x), Ni(x)=N(x,0)+ewi(x), x€R%

(L.7) N(x,0) = —|Eo(x)|?, 9,N(x,0) = 2Im (AEo(x)M) = ¢1(x),

where a« > 0 and 8 > —1 are parameters describing the incompatibility of the initial
data of the ZS (1.1) with respect to that of the NLSE (1.5) in the subsonic limit
regime such that the Hamiltonian (1.3) is bounded, wp(x) and w;(x) are two given
real functions independent of ¢ satisfying [, wi(x)dx = 0, and Im(c) and ¢ denote
the imaginary and conjugate parts of ¢, respectively. In fact, when o > 2 and g > 1,
the leading order oscillation is due to the term €29, N in the ZS, and when either
0<a<?2or—1<p<1, the leading order oscillation is due to the initial data.

To illustrate the oscillatory and/or rapid outgoing wave phenomena, Figure 1
shows the solutions N¢(z, 1), N¢(1,t), Re(E®(z, 1)), and Re(E°(1,t)) of the ZS (1.1)
ford=1,a=0, =0, and

Ey(z) = e_’”2/2, wi(z) = e~ /3 sin(2x), f(z)= e_l/xx(oyoo),

(1.8) wol@) = g (w 1‘025> p (2516 m) sin(2z),  g(z) = f(fg)j(fx()l_x)

with x the characteristic function in (1.7) for different ¢, which was obtained numeri-
cally on a bounded computational interval [—200, 200] with the homogeneous Dirichlet
boundary condition [9]. For comparison, here we also plot F¢(z,1) and F¢(1,t) de-
fined in (2.1).

The highly oscillatory nature of the solution of the ZS (1.1) in time brings sig-
nificant numerical burdens, especially in the subsonic limit regime. Some numerical
results for the ZS with different 0 < € < 1 have been reported in the literature [9, 29].
To the best of our knowledge, there are few results concerning error estimates of dif-
ferent numerical methods for the ZS with respect to the mesh size h, the time step 7,
and the parameter 0 < € < 1, except for an error bound of the finite difference Leg-
endre pseduospectral method derived for the ZS in one dimension (1D) when o > 2
and B > 1 [27]. Very recently, for the conservative finite difference method, Cai and
Yuan [15] established uniform error bounds at O(h? 4 7%/3) for 0 < £ < 1 when o > 2
and 3 > 1, and at O(h% + T3 min{"’Hﬁ}) when 1 < a < 2 and/or 0 < 8 < 1. How-
ever, when o = 0 or 3 = —1, their error bound O(h? /e + 72 /e%) requests the meshing
strategy (or e-scalability) h = O(¢'/2?) and 7 = O(¢%/?), which is not uniform in either
space or time when 0 < € < 1. The reason for this is due to the fact that N°(x,t) does
not converge to N(x,t) = —|E(x,t)|*> when a =0 or 8= —1 and ¢ — 07 [31, 34, 36]
(cf. Figure 1, top row).

The aim of this work is to design a finite difference method for the ZS, which
is uniformly accurate in space and time for 0 < ¢ < 1, and to carry out a rigorous
error analysis for the finite difference method by paying particular attention to how
the error bounds depend explicitly on h and 7 as well as the parameter €. The key
ingredients in designing the uniformly accurate finite difference method are based on
(i) reformulating the ZS into an asymptotic consistent formulation and (ii) adapting
an integral approximation of the oscillatory term. In establishing error bounds, we
adapt the energy method, the cut-off technique for treating the nonlinearity, the
inverse estimates to bound the numerical solution, and the limiting equation via an
NLSE with an oscillatory potential. The error bounds of our new numerical method
significantly improve the results of the standard finite difference method for the ZS in
the subsonic limit regime [15], especially for the ill-prepared initial data, i.e.,0 < o < 1
or —1 < g <0.
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F1G. 1. The solutions of the ZS (1.1) for different ¢ > 0 and the NLSE (¢ = 0) as well as F*
defined in (2.1) with d = 1. Here Re(c) denotes the real part of c.

The rest of the paper is organized as follows. In section 2, we introduce an
asymptotic consistent formulation of the ZS, present a finite difference method, and
state our main results. Section 3 is devoted to the details of the error analysis.
Numerical results are reported in section 4 to confirm our error bounds. Finally, some
conclusions are drawn in section 5. Throughout the paper, we adopt the standard
Sobolev spaces and the corresponding norms and adopt A < B to mean that there
exists a generic constant C' > 0 independent of €, 7, and h such that |A| < C B.

2. A finite difference method and its error bounds. In this section, we
will introduce an asymptotic consistent formulation of the ZS, present a uniformly
accurate finite difference method, and state its error bounds.

2.1. An asymptotic consistent formulation. We introduce

(2.1) Fe(x,t) = N°(x,t) + |E°(x,1)]? — G°(x,t), x€RY t>0,
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where G¢(x, s) is the solution of the linear wave equation

(2.2) 05sG® (%, 5) — éAGE(x, 5)=0, xeRY s>0,

G(x,0) = e%p(x), 05G°(x,0) =ePwi(x), xeR%

Plugging (2.1) into the ZS (1.1), we can reformulate it into an asymptotic consistent
formulation:

i0,E° (x,t) + AE®(x,t) + [|[E°(x,t)]” — F(x,t) — G°(x,t)] E*(x,t) =0,
(2.3) 204 F°(x,t) — AF°(x,t) — 204 E°(x,t)|> =0, xe€R% t>0,

Ff(x,0) = Eo(x), F°(x,0)=0, 8F°(x,00=0, xcR%L
Now the initial conditions in (2.3) are always well-prepared for any « > 0 and 8 > —1.

In addition, the above system conserves the wave energy (1.2) and the “modified”
Hamiltonian

t s
LE(t) = / [VEE2 — 1|E5|4 + 1|F5|2 + %/ / VF¢(x,s) - VF*(x,s')ds'ds
Rd 2 2 I3 0 0
t
(2.4) —l—/ [G®(x, 8)05| B (x, 8)|* — ¢1(x)F°(x, 5)] ds] dx = L°(0), t>0.
0

When ¢ — 07, ie., in the subsonic limit regime, formally we get E°(x,t) —
E(x,t) and F¢(x,t) — 0, where E := E(x,t) satisfies the NLSE (1.5). In addition,
when ¢ — 0%, formally we can also get E°(x,t) — E°(x,t), where E° := E°(x,t)
satisfies the following nonlinear Schrodinger equation with an oscillatory potential
G4 (x,t) (NLSE-OP):

05 i0,F° (x,t) + AE® (x, 1) + [|E€(x, 1)
E*(x,0) = Ey(x), xeR%

~ G (x, t)] BE(x,) =0, t>0,

It conserves the wave energy (1.2) with E¢ = E* and the “modified” Hamiltonian

(2.6) L(t) == /R {|VE€|2 - %|E€|4 +/0 G (x, 5)05| E°(x, s)|2ds] dx = £(0), t > 0.

Following the proof of the subsonic limit of the ZS (1.1) to the NLSE (1.5), one
can easily obtain the following quadratic convergence rate from the ZS (2.3) to the
NLSE-OP (2.5):

(2.7) Il +||E5 )~ B5(,0)| < Ce®, o<t

where 0 < T' < T™, with T > 0 being the maximum common existence time for the
solutions of the ZS (2.3) and the NLSE-OP (2.5), and where C,. is a constant which
depends on T', but is independent of 0 < ¢ < 1. To illustrate the above convergence
rate, Figure 2 depicts ||Fe(-,t)|| L~ and n°(t) := ||E°(-,t) — E°(-,t)|| ;1 for different &
with d =1, @« =0, and 8 = 0 and the initial data chosen as (1.8).
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Fic. 2. Time evolution of |F¢ || and n°(t) = |E(-,t) — E*(-,t)|| ;1 for different e.

2.2. A uniformly accurate finite difference method. For simplicity of no-
tation, we will only present the numerical method for the ZS (2.3) in 1D; extensions to
higher dimensions are straightforward. When d = 1, we truncate the ZS on a bounded
computational interval = (a,b) with the homogeneous Dirichlet boundary condition
(here |a| and b are chosen large enough that the truncation error is negligible):

iatEE(xat) + aTTEE(xvt) + HEE(I’,t)F - FE(I7t) - GE(I,t)]Ee(l‘,t) = 07
:O7

(2.8) €204 F°(2,t) — 0pu FE (2, 1) — €204 | E° (2, 1)|? e, t>0,
' E°(2,0) = Eo(x), F°(2,0)=0, 8F(2,0)=0, xe€¢l,
E(a,t) = E°(b,t) =0,  F°(a,t) = F°(b,t) =0, t>0,

where G°(z, s) is defined as (2.2) for d = 1 with the homogeneous boundary condition

(2.9) 05sG*(x, 8) — E%amGE(x, s)=0, z€, s>0,

Ge(x,0) = %y (x), 0,G%(x,0) = Pwy(z); G%(a,s) = GE(b,s) =0, s> 0.
When e — 0T, formally we get E(z,t) — E°(x,t) and F¢(x,t) — 0, where E° :=
E¢(x,t) satisfies the truncated NLSE-OP

i0, B (2, ) + Oy B (1, ) + [|Ef(x,t)|2

Ef(z,0) = Ey(x),

(2.10) - Ge(mat)} Ef(z,t) =0, t>0,

reQ; E(a,t)=E(bt)=0, t>0.

Choose a mesh size h := Az = (b—a)/M, with M being a positive integer and a
time step 7 := At > 0, and denote the grid points and time steps as

zj:=a+jh, j=0,1,...,M; tp:=kr, k£=0,1,2,....

Define the index sets
Tu={jli=12....M—-1}, T9={jli=0,1,...,M}.

Let E;k and Fja’]C be the approximations of E°(xj,t;) and F¢(x;,11), respectively,
and denote ES* = (Eo* EDF .. ESMT e COMH) pek — (F&k pebk e ¢
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RM+1) a5 the numerical solution vectors at ¢ = t. Define the standard finite differ-
ence operators

k+1 k k+1 k—1 k+1 k k—1
sipho B B e B T F P ks
t j T ) tj 27 ) ty T2 ’
STEF — EJI'€+1 - EJk S2Ek — EJ]'CH — 2E]k + Ejl'tl
x5 h ) i h2 .

We present a finite difference discretization of (2.8) as follows:

e,k+1 e, k—1 e,k+1 e, k—1
( FoM 4 F >Ej + E;

A R A Y AR T —

1 _ 2
2¢2 ek 2 e, k+1 e,k—1 2 ¢2| ek .
SR = S0t (FPM 4+ M) + BN, e T, k21

where an average of the oscillatory potential G* over the interval [tg_1, tgy1] is used:

X 1 tht1
(2.12) Hk = Ge(x;,8)ds, j€Tu, k>1.
T Jt_a

The boundary and initial conditions are discretized as

(2.13) Eg* =By} = Fgf =FyF =0, k>0, ES°=Eo(a;), Fi%=0, jeTi.

In addition, the values for the first step E;-’l and Fjs’1 can be obtained via (2.8) and
the Taylor expansion as

2 2
(2.14) ES = Eo(aj) + 7éa(z;) + %fﬁs(%‘), Fol = %QM(%‘), J €T,

where
¢a(x) = O, E*(2,0) = i [Ey (x) — N () Eo(z)],

(2.15)  93(x) = 0B (2,0) = i[¢5(w) — Ni(2)Eo(z) — Nj(x)da(2)], =€,
$a(x) 1= 0uF*(x,0) = Op®(x,0) = 2Im | po(x) Ef () + de)%] :

Noticing (1.7), the above approximation for Ej’l implies maxo<j<n |Ej51| = O(7%eP)
when —1 < 8 < 0. In such a case, in order to make sure that E*' is uniformly
bounded for £ € (0,1], 7 has to be taken as 7 < O(¢7#/2), which is too restrictive.
To remedy this, we replace ¢3(z) in (2.14) by a modified version [§]

cl+8

(2.16)  ¢3(z) =1 [ 5 () — <¢1 (z) + sin (g) w1 (SL‘)> Eo(x) — N§(z)pa(z)] ,

which yields the first step value with second order accuracy as

iT? I

ES' = Eo(x;) + m¢a(;) + 5 [92(x5) = d1(z;) EBolz)) — Ng(x5)d2 ()]

(2.17) .
_ ggl+ﬁ sin (g) Eo(xj)wi ().
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In addition, H;k in (2.12) can be approximated by solving the wave equations

(2.9) via the sine pseudospectral method in space and then integrating in time in
phase space exactly as

M-1 ; tr _ 48
1 . (T kot Iz € Y
HEF o — - / @ (— ) (7 ) d
; 5 521 sin ( i > - [5 (wo), cos U + (w1), sin _u)| du

122

—1 ‘
l — t 8 — t
= Ti’ulsin (ﬁ) sin (%) [so‘(wo)lcos ('ulgk> + gm (w1),sin ('ulgkﬂ )

where for [ =1,2,..., M — 1,

In o~ 2 (i — o I _ (ljn
w = — (wo), = i Z wo(z;) sin ) (w1), = i Z wi (z5) sin )

3. Main results. For convenience of notation, denote
0 <o =min{l,a, 14+ 5} <1.

Let T* > 0 be the maximum common existence time for the solutions of the ZS
(2.8) and the NLSE-OP (2.10). Then, for any fixed 0 < T' < T*, according to the
known results in [1, 31, 32, 34], it is natural to assume that the solution (E¢, F¢)
of the ZS (2.8) and the solution E¢ of the NLSE-OP (2.10) are smooth enough over
Op = Q x [0, T] and satisfy

1B [ws.ee + 10:ES | + 100 Fellwz + || B[l s + 0B |1 S 1,
(A) i 4 10F i So 0B e S e

0B e 4107 e S 5 R e+ O e 5
In addition, it is natural to assume that the initial data satisfies
(B) [ Eollws. () + [lwollws.o o) + llwillws.e ) S 1.
Then one can obtain
(2.18) [0mGE (-, 8) sy S €™, m=0,1,2,3.

Denote
Xy = {v = (vo,vh...,vM)T | vo =vp = 0} C cM+1,

equipped with norms and inner products defined as

-1
lul> = n Z lug?, (107 ul® = h Z 07 uil?, ullo = sup Juyl,

JE€TH
M-1 M—1
(u,v)thujoj, (6Fu, 6 vy =h (655), w,v € X
— 3:0
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Then we have
(2.19)  (=02u,v) = (61w, 65 v), ((—55)71 u,v) = (u7 (—55)71 v) . u,v € Xy

Define the error functions e®* € X and f&F € X/ as

15

(220) e?k :Ee(xjvtk)_Ej‘,ka fj,k :Fs(zjvtk’)_Fjs,ka J 67—1\9[7 0<k<

Then we have the following error estimates for (2.11) with (2.12)—(2.14).

THEOREM 2.1. Under assumptions (A)—(B), there exist hg > 0 and 19 > 0 suf-
ficiently small and independent of 0 < € < 1 such that, when 0 < h < hy and
0 < 7 <1, the following two error estimates of the scheme (2.11) with (2.12)—(2.14)
hold:

2

(2.21) le=* | + 6T e=* (| + [ /4 S P+, 0<k< T o0<e<t,
13 T

(222) [l e H + l6F e + £ S B2 47?4 e e

Thus, by taking the minimum among the two error bounds for e € (0,1], we obtain a
uniform error estimate for well-prepared initial data, i.e., « > 1 and 8 > 0,

(223)  [le™" + [|oFe=*

2
|4+ 1£5%| < A% + min 2yrete, b <p2 g s
0<e<1 -

and respectively, for ill-prepared initial data, i.e., 0 < a <1 or -1 <8 <0,

7_2 a*
’ 5} S h2priterer,

(2.24) [le>*[[+]10F > * [+ 1/F( < h®+ min {72 +e¥ (r+e)
0<e<1
3. Error analysis. In order to prove Theorem 2.1, we will use the energy method
to obtain one error bound (2.21) and use the limiting equation NLSE-OP (2.10) to
get the other one (2.22), which is shown in the following diagram [3, 4, 6, 19, 28].

O(h? 472 +re 4elte™)
(7:9)

Ofe?
m J(E)

(B5, F<)

(Ee,k’ Fs,k)

To simplify notation, for a function V := V(z,t) and a grid function V¥ € X,
with k£ > 0, we denote, for k > 1,

Vix, t +Vi(x, tr— e} Vit v ]
( k+1)2 ( k 1)7 x€Q7 [Vl’;:%7 JGTILOT

V(. ty) =
In order to deal with the nonlinearity and to bound the numerical solution, we
adapt the cut-off technique which has been widely used in the literature [2, 4, 7, 37,
i.e., the nonlinearity is first truncated to a global Lipschitz function with compact
support and then the error bound can be achieved if the exact solution is bounded
and the numerical solution is close to the exact solution under some conditions on the
mesh size and time step. Choose a smooth function y(s) € C*°(R) such that
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1, ls|] <1,
v(s) =4 €1[0,1], [s] <2,
0, Is| > 2,

and by assumption (A) we can choose My > 0 as

My ZmaX{EE?OP}E | Lo (1) Sl(lp [2§ HL°°(QT)}

ee(0

For s > 0, y1,y2 € C, define

S .
v (8) = s (E) with B = (My+ 1)2,

and
1 2
yi+ye , 2, Ve (y11?) =15 (v2l?) y1+ye
o) = B2 [ ol (1= )l = Tl e =2
Then ~, (s) is global Lipschitz and there exists C', > 0 such that
(3.1) 7 (81) = 75 (s2)] < V/CplV/s1 = V52| V81,82 0.

Let E=* F=* ¢ X); (k> 0) be the solution of the following:
(3.2)
O EF = (=024 HM) LB + (= (|B5F7) + 1005 ) g (BT 55

252 = 752(F5’“+1 ﬁ;k*)ﬂ?af% (|Ej’k|2), jeTu, k>1,

e,0 _ 1me,0 e, 0 e,0 e, l el el el .
EY=E" FY=F"=0, E=E", F'=F" jeTy.

Here (E<F, F5%) can be viewed as another approximation of the solution (E¢, F<) of
the ZS with a cut-off Lipschitz nonlinearity. Define error functions é*, f&* € Xy,
as

(33) é?k:EE(x]’vtk)_Ej"kv fj‘e’k:Fa(x]‘atk)_F;’ka j€7-1{v)17 k> 0.

For (¢5%, f=¥), we have the following estimates.

THEOREM 3.1. Under assumption (A), there exists 11 > 0 suﬁciently small and
independent of 0 < & < 1 such that, when 0 < 7 <73 and 0 < h < 3 , we have the
following error estimate for the scheme (3.2):

2
(3.4) ||é€”“||+Hé;*és”“||+||ff”“||5h2+1, 0<k<—, 0<e<L

ali

Introduce local truncation errors 5; N ¥ e Xy as

&8 = idg Bz, t) + (02 — H ™) (E%) (x5, t)
+ (Vs (1B (25, t1)[*) = (F) (@, t1)) g (B (2, thgr), BF (25, tp1))
i0F BF (. te) + (02 + | B (2, t) | — H" — (F9)(wy, ti) ) (B%) (2, 1),
05F = 207 F= (a, k) — 02(F) (), tr) — €207, (| EX (w0, 1))

= &26, F° (2, t1) — 62(F°)(zj,t) — 267 | B (wj, 1), j € Tm, k> 1.

(3.5)

Then we have the local errors as follows.
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LEMMA 3.2. Under assumption (A), when 0 <h < % and 0 <7 < %, we have

2
(3.6) |£§’k|+\5;£§’k|§h2+%, 5| S e2h? 472, {5§ﬁjk\<ah2+%, j € Tar.

Proof. By (2.8), and using the Taylor expansion, we get

H th+1
10 E (xj, 1) = % OLE® (x4, 8)ds
tr—1
1 tht1

=5 [(—(%zEE — |EE|2E5 + E°F€)(zj,8)+ E° (x5, s )Gs(xﬁs)} ds
tp—1

= —E, (zj,tk) — |E° (), tr) PE* (x), tr) + E° (), tr) F* (5, tr)

——/ (1 — [s])?0u(ES, + |E°|PE® — E°F®)(x;,t; + s7)ds
th+1 T

+? Ef(zj,5)G"(xj,8)ds, j€Tu, 1<k<—-—1
T T

—1

Similarly, by the Taylor expansion, we have

(62 + 1B (g i)l = H* = (P te) ) (B, 1)
= Eg, (x5, t5) + (1B (x5, t)|* — H;’k — F(xj,th)) B (2, tx)
h2

1
+ D (1 — |s|)3 (8§E5(:cj + sh,tp + 1)+ 5‘;1E5(acj + sh, ty — T)) ds

+ % / (1= 8) (Bzpae b + 57) = B¥ (a5, t6) Fyy (2, th + 57))ds
—1
7'2 k 1
+ ?(|E6(;pj,tk)‘2 _ Hj _ (FE)(g:j,tk))/ (1 —|s|)Ef(xj, ti, + sT)ds.
-1

Note that by (2.12), we have

! e € € € e,k

2 - Ef(z,8)G(j,8)ds — E*(xj,tp)H
1 T

= Aj + ZEf(xjatk)/ sG®(zj,t, + s)ds

7—2 i, 1 s .
- A? + ?Et (zjvtk)/o 5/7 G5 (zj, tx + 07)dbds,
where
/ / (s — (2, te + sT)Efy (), tg + 07)dOds.

Accordingly, by assumption (A) and (2.18), we conclude that

&M S WORE | o + 77 (| Boatel| oo + 100 (| B E) | e + I1BZ | pox | F 2

HIE; L= (G Iz + 1 FE ) + 1 Efllee (1G] + [1F5llz + [ E°]I7)]
2

T
v+ GeTw, 1<k<= 1.
g

< p2
~ T
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Applying 6} to €% and using the same approach, we get

fe k 2, T r
0FEM SR+ —,  jEeTM, 1<k<—=-1
‘ g T
Similarly, we obtain
o €T 3 (a4 e 40| e |2
i = S [ (1= )P (0P ot + 57) = O ) oyt ) ds
-1

2 1
-5 [ Q1D Pyt s

h? [t
15 (L—|s|)® (02F° (2; + sh,ty + 7) + O3 F (x; + sh,ty — 7)) ds,
-1

which implies

[75%) S R2102FF L + 72 (| Fprell e + €20 FF || oo + €2[10F | B2 || =)
T
§62h2+72, €T, 1<k<—-—1
T

Applying 6¢ to ﬁj-’k, we have

1675 | S W2 103FY L + T2 (|07 Frglloe + 2|07 FF || + 2|07 | E7 2] L)
2

T
ggh2+? j €T, 2§k3§;—2.

Thus the proof is completed.

For the initial step, we have the following estimates.

LEMMA 3.3. Under assumption (A), when 0 < 7 < %, the first step errors of the

discretization (3.2) with (2.13) and (2.17) satisfy

2
00, [l s T el s T
(3.7) < <
re,0 re,l 7—3 + pe,0 T2
fj’ :07 fj7 ‘ ?7 |6t fj’ |§?

Proof. By the definition of EE ' (2.17), and noticing that 8 > —1, we obtain

1
1
é§’1| <7’ / (1 —s)Eg(zj, sT)ds — §Eft(xj, 0)’
0
Br2 sin(7/e)
+ ‘EO xj)wl(xj)"l—T/e
72

72 (|1E5 | o + €’ | Boll Lo lwrll L) S -
On the other hand, we also have

/1—$@mwmw

0

&) =

-3
2

+ \%%mmﬂ

21ﬁ
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which implies that [6;" €5 S % Similarly, [0;F ¢ < % It follows from (2.14) and
assumption (A) that

3

-
2

w

< T3||Ft8tt||L°° S —.

1
=T || 0= 92 Bty smyas

)

Recalling that f;’o =0, we can get that |5t+f]6 | < % which completes the proof. O

Subtracting (3.2) from (3.5), we have the error equations
ZécAEk ( 52+HE/€> [és]k_'_r +£Ek

(3.8) . .\ -
S = RUN + 0y + i GET 1<h< — -1,

where r* € X;; and pk € X are defined as
F = B R (PO By, + [ (B52) — g(ESM EoRL

(39) k 2 e k2 - T
i =B @y )P = (IEF°F), j€Tu, 1<k<——

)

ﬁ
I

1.
By the property of v, in (3.1), we get, for 0 <k < L,

(3810)  Ipbl = | (1B (s t02) = (155 2)| < VOIS, € Tar.

Recalling the definition of g(-,-) and noting that (E°)(z;,tx) = ¢g(E°(zj,tkt1),
E¢(xj,t,—1)), similar to the proof in [3, 15] with the details omitted here for brevity,
wehave,forjETMandlgkgg— ,

’g (E;}kﬂ’E;,k—l)‘ <1, ‘(Es)(xj,tk) —g (E;,k+17Eje_,k—1)‘ < Z é;,l|
(3.11) o l l I=k=+1 |
F(Ee 0 - (5|5 3 (1] it + o).

l=k+1

Proof of Theorem 3.1. Multiplying both sides of the first equation in (3.8) by
4t [eAE]é?, summing together for j € Ty; and taking the imaginary parts, we obtain

- T
(312) e - et —artm (o €5 [E]), 1<k -

Aak

Using the same approach by multiplying 47d;5é>"" and taking the real parts, we get

(3.13) |0 esk+1)|2 — ||t es* 1|2 = —4Re (Hs’k[ég]k + k4 Eok, 7'5fé57k> .

nek+1/2

Introduce 4 € Xy satisfying

e k+1/2 se k .
—2aSMVE = o (fR k), e Tan
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s Jk+1/2

Multiplying both sides of the second equation in (3.8) by 7'( + f&j’k_l/ 2) and
summing them together for j € T,s, we obtain
~E ~e k— 1 re 2 e,
& (o a2 — |5 ask12)2) 4 o (| Ferr | — )| fot )
2 T
(310) = (PP 2mapt) + 7 (a2 paes1/2) - cpe Doy
Define a discrete “energy”
A = Oy (642 4 655 2) 4 5 e 2 + 153 6+ 2
1 A P T
(815) 4+ leFa e (IR + I FR), o< k<~ -1
-

Multiplying (3.12) by C, > 0 and then summing with (3.13) and (3.14), we get

Ak _ Ak—l — 47_03 Im (Tk + éa,k’ [és]k) — 4Re (Hs,k[éa]k + Tk + éa7k,7—6§é5’k)

: T
(3.16) + (L1 2ropt) 47 (ks i1 2 @bl ) 1 sk s — -1

Now we estimate different terms in the right-hand side of (3.16). Let ¢¥ € X/
and ¢ € Xy, defined as

ah = (= B (aps ) + )y ) (B te) — g (B B4
(3.17) k re kbl e k—1 k ek .
a5 = —g(E; L EFR ) (0 — IF°)5), €T

Then we have

. . T
(3.18) =g tgh, 1<k<=-1L
.

In view of assumption (A), noting (3.10) and (3.11), we get

(3'19) |T.;c| S éj,k+1| + éj,k|+ éj,k71| + €k+1 sk 1|’ jGTM.
This implies that
(3.20) (1) S A+ A ks Do

By the Cauchy inequality, we have
(321) [ Em(E, 61| S I+ 12 4 ooV 2 S | 4 AF 4 AR,
In view of (3.8), (3.19), and (2.18), and using the Cauchy inequality, we find
|Re(He,k[éa]k 4 éa,k77_5t6ée,k)|
= [T (HEF[ET + €95, (—02 + HOR)[eT + 1 4+ €50)]

ST (U IH oo + 67 H o) ([J€55) 4 (|55 )” + AF 4 A4+1)

(3822) S (7 + oré |+ A+ AT, 1<k < LY

T
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Combining (3.17) and (3.11), we have

[Re(qt,4707=%)| = 4r |tm (gf, (=62 + H=M)[E]* + 7 + &)
S (L 1= [loo) (107 &5 + 16 e + [l ar 1 + llar 1
A R IP I - 1les )2 4 fle )

2 T
(323)  SrEMP A AT, 1sk<To
-
In view of (3.17), we get

Re(gs, 476¢65F) = 2Re(g( B B=F 1) ([£°1" — p*), B (-, tig1) — B (-, ti1))
(3.24) — (Lf°1F = p", 276 (v, (E=F12)) = ¢ + (Lf51* — p¥, 2785p"),

where
¢" = 2Re((g(E="1, E=F1) — (B9)(, 1) (LFF1F — p), B (-, tisn) — E° (- 1)

By assumption (A) and (3.11), we have

T
"] S TOE" e (A" + AP S 7 (AR + AR, 1<k < — -

Combining the above inequalities, we obtain

(3:25)  |4Re (r*,rofe=) — (LF1" = pb, 200" )| S w152 4+ A% + 487,

Hence it can be concluded from (3.16), (3.20), (3.21), (3.22), and (3.25) that

Ak: . Akfl . (pk’karl 7pk71) o T(ﬁa’k, ﬁs,k+1/2 + ﬁs,kfl/Q)

A - T
(3.26) STUEP 4 o7 e F ) + A"+ A, 1<k<— -1

Summing the above equation for k =1,2,...,m < £ —1 and noting p” = 0 in (3.9),
we have

A™ — .AO _ (pm7pm+1) _ TZ(ﬁE7lvﬁE7l+1/2 + ,&E,l—l/2)
1=1
SN . T
(327)  SrA T (P P AD, 1<m < — -1
1=1
Noting (2.19) and using the Sobolev and Cauchy inequalities, we obtain

m

; n TZ (,ﬁe,l, GeL/2 4 ,as,l—l/2)
=1

m

— _T + Z ((_62)—1ﬁ5,l,f8,l+1 _pl+1 _ (fa,l—l _pl—l))
=1
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on—QTme((S“ 52y, el )
m+1 1

2 Aall pel o) — 2 Aall pel ol
+l;(<6> o );(mn Hopet )

m

m—1
(3.28) SA 7Y (lIogaT )P + A +ZHA“H2+ > AR
=2

l=m—1
Recalling that
Cs
2

1 T
(le=™ ) + fe=m?) < 5A™ 1<m< — -1

(329)  (p™,p™th) < =

Combining (3.27), (3.28), and (3.29), there exists 0 < 71 < & such that, when
0 <71 <1, we have

Am<A0+TZAl+ZH

m

+ > )P

l=m—1

T
3.30 2 4 |0 € senet 2 1<m<=—-1
(3.30) +TZ||§ 1+ 105 €41%) +TZH [ Sms
By Lemma 3.3 and using the discrete Sobolev inequality, we have
2
(3.31) ellgf o= | S ellof (f50 = )| S ello 20l + elloi e < %
which, together with Lemma 3.3, yields
72\
(3.32) A < (h2 + E) .
Plugging (3.32) into (3.30) and noting Lemma 3.2, we get
7_2 2 m—1 T
3.33 m < h? 4 — b 1<m<=—-1.
(3.33) AN< +6>+TIE:A Sm<
Applying the discrete Gronwall inequality, when 0 < 7 < 71, we obtain
2 2
T
Amg(h2+7> . 0<m<=—1,
€ T
which completes the proof of Theorem 3.1 by noting (3.15). d

THEOREM 3.4. Under assumptions (A)—(B), there exists 2 > 0 suﬁiciently small
and independent of 0 < ¢ < 1 such that, when 0 <7 <7 and 0 < h < % 3, we have the
following error estimate of the scheme (3.2):

315

(3.34) e * )+ e |+ 1FF I S B2+ 72 e e 0<k <
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Define another set of error functions é* € Xy, and f&F € X, as

~ R ~ R 1
~e,k k k Kk .
(3.35) e = B (xy,tp) — ES5, f7N =—F7", € Ty, 0<k< =

where E¢ is the solution of the NLSE-OP (2.10), with their corresponding local trun-
cation errors £5% € X, and 7°°F € X1 as

& = 00 EF (wy,th) + (57 — H M) (E) (wj, th)
+ 75 (| B (25, t)[))g (B* (2, tha), B (5, 1 1))
= 07 B (xj, t) + (02 + | E° (x5, t0) | — H") (B (@, 1),
Tt = =207y, (1B (), t6)?) = —€207 (| E° (25, t4)*),  j € Tur.

(3.36)

LEMMA 3.5. Under assumption (A), when 0 < h < 5 Land0o <1< %, we have

(337) N HUOFER S PP+ 7 TR S o S et

Proof. Similar to the proof of Lemma 3.2, we can get that

~ h?
f;’k _ B 4 7/ 1 — s| Z ® von(Xj F sh,ty + mT)ds
m==+£1

72 ~ ~ 5~
fz/pfw%ﬂ@+WWmm@+m@
2 1 ~
+ 5 [ O DBty b+ 57)ds

20 . 1 ~
+ T (1B (g, ) - ) / 1(1 — |s|)E5 (2, ty + s7)ds,

where

1 41
7/ E*(x5,8)G(xj,5)ds — E (x],tk)Hsk

|B|
2t J,

J

k—1

1 s
= %/ G®(xj, t, + ST)/ Ef(xj,t, + 07)d0ds
—1 0

STNGE | |Ef |l ST, j €T, 1<k<—=—1,

~

Tr_
T
Recalling (2.5), (2.18), and assumption (A), and using integration by parts, we have

7_2

1
| 1sDEi o+ sryds
—1

1 ~ ~ ~ ~
72/ (1= Jsl) (Biwe + ([B°2EF), = (B°GF),) (w5, by + s7)ds
-1

(3.38) < 2 /11(1 ) (B + (|EFPEF),) (w5, by + 57)ds

+7 /01 {(Eace)(x]’,tk 1 s7) — (B°G¥) (2, t — 57)} ds

» T
ST 4re®, € Tus 1Sk§?—1-
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Similarly, we can get that

1
72 / (1-— |s|)26tt (Efm + |E5|2E5)(xj,tk + s7)ds| < 24+ Tso‘*,

—1

72 57’24—750‘ .

1
/ (1= |8V B0 (.t + 57)ds

-1

Hence we can conclude that

~ X T
€58 S A2+ 7247, 1<k<=— -1
T

Similarly, we can get

. . T
|oFekF | Sh2+724+7e®, 1<k<=-1
-

By assumption (A), it is easy to get that

<1, z€Q, 0<t<T,

ot (B, + B,

Ounl B (0, )| = | =21 ( B B, + 2B By + Bo )

which indicate that

- T — . T
EHSe’, 1<k<— =1 [t set™, 2<h<— -2

Thus the proof is completed. ]
Analogous to Lemma 3.3, we have error bounds of % fs*k at the first step.
LEMMA 3.6. Under assumptions (A) and (B), when 0 < h < 3 and 0 <7 < 3,

we have

0 750 _ )1 +5¢,1 2 *
FO=F0 =0, 5 [ S e

6FE0| S+, Y S |6 A0 ST, e T

Proof. Tt follows from (2.8) and (2.5) that 0,F°(z;,0) = 6tl~'75(xj70) = ¢o(x;) for
j € Ty By (2.17), (3.38), and assumption (B), we get

€j

&5

1 ~ iT?
72/0 (1 — ) Efy (wj, s7)ds — —= [¢ (25) — d1(wj) o) — N ()2 ()]

ire™tP /1
Sln(

sin (2) Bolayn ()| S 72 v, e Tar

Similarly, we have

1 .
‘5;&? |§72+76a . 7€ T

Moreover, it is easy to get that
7e,1 1 .
771 = 1 S 2 F(y, 0 S 720 € T

The rest can be obtained similarly; details are omitted here for brevity. 0
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Proof of Theorem 3.4. Subtracting (3.2) from (3.36), we obtain the error
equations

(3.39) e = (=02 + H )&l + 75 + &,
7 T
(3.40) SR = 2+ 2 AT, jeTu, 1<k< = -1,

ju
where 7 € Xy and p* € Xy, defined as

[ B2 G, ) B t) + (7w (B = D905 g (5 54,

")
L
:

=~ 2 te k|2 .
P =By, ti)|” — v (|ES), G€Tu, 1<k<
Let 25*+2 € X, be the solution of the equation

1 ~ T
~82uME = g (PR B, e T 0<k<— -1

Define another discrete “energy”
AE = Cy([[EHP + &) + [l ek + [l ek 2
- 1, = ~ T
(3.41) S AT S Q(Hfﬁ’kll2 HIP), 0<k<— -1
i
Applying the same approach as in the proof of Theorem 3.1 and noting that

(p*,p**1) < LA there exists 0 < 1, < & sufficiently small and independent of
0 < e <1 such that, when 0 < 7 < 7y,

A <AO+TZAI+Z||77

‘4 Z 711

I=k—1

+ TZ IE5H 12 + (|61 €5H1) + TZ |67

=1 =2

By Lemma 3.6 and the discrete Sobolev inequality, we deduce that
elloFa 2| S el|of FOl + el 60| S e 4 M,
which, together with Lemma 3.6, yields
A < (72 4 7e®” el

By Lemma 3.5, when 0 < 7 < 1 and0<h<f we have

Tk * “\? il T

AY S <h2+T2+75a + glte ) +ry AL 1<k<= -1
Using the discrete Gronwall inequality, when 0 < 7 < 75, we have

~ . “\ 2 T
AkS(hQ—i—TQ—i—TsO‘ —|—€1+a> , 1<k<—-—1.
T
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Noting (3.41), we get
T

[ + 103 ) + || fo4 S B2+ 72+ 7 + e 0<k
;

Combining the above inequality and (2.18), using the triangle inequality, and noting
(2.7), we obtain

15| + [l e=*

. . T
Sh2 47247 et 0<k< =,
j
LF*I S IFRI A+ IFCot)lle S B 472 + 76 M4,
which completes the proof of Theorem 3.4. ]

Proof of Theorem 2.1. When 0 < 7 < min {1—16, 71,7'2} and 0 < h < %, combining
(3.4) and (3.34), we have, for 0 < k < L,

7_2
,—

(3.42) (|65 [+ [153eF [+ /F S B+ min {72 4+ (7 +e), = b S BP4riTE
* ~ 0<e<1 e )~

This, together with the inverse inequality [37], implies
T

B lloe = 1B i) oo < 167l S 165655 S 12 75807, 0 <k < —

Thus, there exist hy > 0 and 73 > 0 sufficiently small and independent of 0 < ¢ <1
such that, when 0 < h < hy and 0 < 7 < 73,

1B oo < 14 B (s t)lloc < 1+ Mo, 0 <k

T

Taking hg = min{%,hl} and 79 = min{11—677'1,7'2,73}7 when 0 < h<hgand 0 <7 <
7o, the numerical method (3.2) collapses to (2.11), i.e.,

. . T
B =EF FR=FF jeTh, 0<k< —.
Thus the proof is completed. O

Remark 3.7. The error bounds in Theorem 2.1 are still valid in high dimensions,
e.g., d = 2,3, provided that an additional condition on the time step 7 is added:

T:o(cd(h)l—zi%),

with
1
M1 = 27
Ca(h) ~ { |Inhl
n'/2, d=3.

The reason for this is due to the discrete Sobolev inequality [3, 4, 5]
nlloe < o linl
hilloo > Cd(h) hI|HY,

where 1, is a mesh function over ) with the homogeneous Dirichlet boundary
condition.
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TABLE 1
Spatial error analysis at time t = 1 for Case I, i.e., « = 8 = 0.

ef(t=1) ho = 0.2 ho /2 ho /22 ho /23 ho /2% ho/2°
e=1 1.27E-2 3.27E-3 8.19E-4 2.05E-4 5.13E-5 1.28E-5
rate - 1.96 1.99 2.00 2.00 2.00
e=1/2 1.22E-2 3.12E-3 7.84E-4 1.96E-4 4.92E-5 1.23E-5
rate - 1.96 1.99 2.00 2.00 2.00
e=1/22 1.21E-2 3.10E-3 7.74E-4 1.94E-4 4.86E-5 1.22E-5
rate - 1.97 2.00 2.00 2.00 2.00
e=1/23 1.26E-2 3.22E-3 8.08E-4 2.02E-4 5.07E-5 1.27E-5
rate - 1.97 1.99 2.00 2.00 2.00
e=1/2% 1.25E-2 3.17E-3 7.93E-4 1.98E-4 4.99E-5 1.25E-5
rate - 1.98 2.00 2.00 2.00 2.00
e=1/26 1.27E-2 3.24E-3 8.10E-4 2.03E-4 5.07E-5 1.27E-5
rate - 1.98 2.00 2.00 2.00 2.00
e=1/28 1.27E-2 3.24E-3 8.10E-4 2.03E-4 5.07E-5 1.27E-5
rate - 1.98 2.00 2.00 2.00 2.00
e =1/210 1.27E-2 3.24E-3 8.10E-4 2.03E-4 5.07E-5 1.27E-5
rate - 1.98 2.00 2.00 2.00 2.00
ne(t=1) ho = 0.2 ho/2 ho /22 ho /23 ho /2% ho /2%
e=1 7.06E-3 1.75E-3 4.39E-4 1.09E-4 2.74E-5 6.85E-6
rate - 2.01 2.00 2.00 2.00 2.00
e=1/2 9.60E-3 2.38E-3 5.95E-4 1.48E-4 3.72E-5 9.31E-6
rate - 2.01 2.00 2.00 2.00 2.00
e=1/22 5.35E-3 1.34E-3 3.34E-4 8.33E-5 2.09E-5 5.23E-6
rate - 2.00 2.00 2.00 2.00 2.00
e=1/23 3.36E-3 8.33E-4 2.08E-4 5.19E-5 1.30E-5 3.25E-6
rate - 2.01 2.00 2.00 2.00 2.00
e=1/2% 3.25E-3 8.06E-4 2.00E-4 5.00E-5 1.25E-5 3.12E-6
rate - 2.02 2.00 2.00 2.00 2.00
e=1/26 3.23E-3 7.95E-4 1.99E-4 4.97E-5 1.25E-5 3.12E-6
rate - 2.02 2.00 2.00 2.00 2.00
e=1/28 3.23E-3 7.95E-4 1.99E-4 4.97E-5 1.25E-5 3.12E-6
rate - 2.02 2.00 2.00 2.00 2.00
e =1/210 3.23E-3 7.95E-4 1.99E-4 4.97E-5 1.25E-5 3.12E-6
rate - 2.02 2.00 2.00 2.00 2.00

4. Numerical results. In this section, we present numerical results for the ZS
(1.1) by our proposed finite difference method. In order to do so, we take d = 1 in
(1.1), and the initial condition is taken as

Ey(x) = e /2, wo(z) = e_I2/4, wi(z) = e /3 sin(xz), x€R.

We mainly consider two types of initial data:

Case I. Well-prepared initial data, i.e., « =1 and 8 = 0.

Case II. Ill-prepared initial data, i.e., « = 0 and 8 = 0.

In practical computation, the problem is truncated on a bounded interval Q). =
[—30— %, 30+ %], which is large enough that the truncation error of (2.8) to the orig-
inal whole space problem (2.3) can be negligible due to the homogeneous Dirichlet
boundary condition. We remark here that the bounded computational domain €.
has to be chosen as e-dependent due to the fact that (i) the rapid outgoing waves are
at wave speed O (1) and (ii) the simple homogeneous Dirichlet boundary condition
was adopted at 0. for simplicity of notation. Of course, if one adapts the accu-
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TABLE 2
Temporal error analysis at time t = 1 for Casel, i.e., a =1 and 8 = 0.

et=1 71=01  7/2 0/22 m0/2® 0/24 0/2° 0/2° 0/27
e=1 5.35E-2 2.01E-2 7.42E-3 217E-3 b5.62E-4 1.42E-4 3.55E-5 8.95E-6
rate - 1.42 1.44 1.77 1.95 1.99 2.00 1.99

e=1/2 3.67E-2 1.72E-2 6.87E-3 2.04E-3 b5.27E-4 1.33E-4 3.34E-5 8.42E-6
rate - 1.09 1.33 1.76 1.94 1.99 2.00 1.99

e=1/22 3.42E-2 1.52E-2 6.05E-3 1.84E-3 4.81E-4 121E-4 3.04E-5 7.67E-6
rate - 1.17 1.32 1.72 1.94 1.99 2.00 1.99
e=1/2> 3.38E-2 1.74E-2 6.40E-3 1.80E-3 4.64E-4 1.17TE-4 2.94E-5 7.40E-6
rate - 0.96 1.45 1.83 1.96 1.99 2.00 1.99
e=1/2* 3.31E-2 1.72E-2 6.40E-3 1.82E-3 4.69E-4 1.18E-4 2.96E-5 7.44E-6
rate - 0.94 1.43 1.81 1.96 1.99 2.00 1.99
e=1/26 3.30E-2 1.72E-2 6.43E-3 1.84E-3 4.73E-4 1.19E-4 2.98E-5 7.45E-6
rate - 0.94 1.42 1.81 1.96 1.99 2.00 2.00
e=1/2% 3.31E-2 1.72E-2 6.43E-3 1.84E-3 4.73E-4 1.19E-4 298E-5 T7.45E-6
rate - 0.94 1.42 1.81 1.96 1.99 2.00 2.00
e=1/2'0 3.31E-2 1.72E-2 6.43E-3 1.84E-3 4.73E-4 1.19E-4 298E-5 T7.45E-6
rate - 0.94 1.42 1.81 1.96 1.99 2.00 2.00

nf(t=1) 7 =01 70/2 0/22 0/23 0/2* 0/2° 70/2° 70/27
e=1 1.06E-2 2.82E-3 7.28E-4 185E-4 4.67E-5 1.18E-5 295E-6 7.44E-7
rate - 1.91 1.95 1.98 1.99 1.99 2.00 1.99

e=1/2 2.55E-2 7.23E-3 1.89E-3 4.81E-4 1.21E-4 3.04E-5 7.67E-6 1.93E-6
rate - 1.82 1.94 1.97 1.99 1.99 1.99 1.99
e=1/22 3.37E-2 146E-2 4.63E-3 1.23E-3 3.13E-4 7.86E-5 1.97E-5 4.96E-6
rate - 1.22 1.65 1.91 1.98 1.99 1.99 1.99
e=1/2> 1.87E-2 7.82E-3 3.15E-3 1.42E-3 4.13E-4 1.06E-4 2.66E-5 6.69E-6
rate - 1.26 1.31 1.14 1.79 1.96 1.99 2.00
e=1/2* 6.98E-3 4.70E-3 2.83E-3 1.12E-3 4.92E-4 1.66E-4 4.32E-5 1.09E-5
rate - 0.57 0.73 1.33 1.19 1.57 1.94 1.99
e=1/2° 8.84E-3 2.36E-3 1.29E-3 9.12E-4 4.80E-4 1.73E-4 T7.42E-5 2.07E-5
rate - 1.90 0.87 0.51 0.93 1.47 1.22 1.84
e=1/25 9.14E-3 3.26E-3 7.40E-4 3.44E-4 267E-4 1.77E-4 T7.04E-5 2.99E-5
rate - 1.49 2.14 1.10 0.36 0.59 1.33 1.23
e=1/27 879E-3 2.07E-3 T7.42E-4 1.70E-4 8.99E-5 7.41E-5 5.66E-5 3.01E-5
rate - 2.08 1.48 2.12 0.92 0.28 0.39 0.91
e=1/2% 867E-3 1.67E-3 6.51E-4 1.36E-4 4.34E-5 2.32E-5 1.99E-5 1.66E-5
rate - 2.38 1.36 2.26 1.65 0.90 0.22 0.26
e=1/2° 8.64E-3 1.66E-3 4.15E-4 2.01E-4 4.30E-5 1.09E-5 5.95E-6 5.24E-6
rate - 2.38 2.00 1.05 2.23 1.98 0.87 0.18
e=1/210 863E-3 1.68E-3 3.90E-4 1.23E-4 4.58E-5 9.80E-6 2.73E-6 1.52E-6
rate - 2.36 2.10 1.67 1.42 2.22 1.84 0.85

rate and/or high order perfect matched layer [11], transparent boundary condition
[21, 23], or absorbing boundary condition [20] for the wave-type equations in (2.9)
and (2.8) (or (2.3) and (2.2)) during the truncation, then one can choose the bounded
computational domain as e-independent, which can be significantly smaller compared
to €. in the subsonic limit regime, i.e., 0 < e < 1.

In order to quantify the numerical errors, we introduce the following error
functions:

_ llesFl 4 flof e

Ba(t ) — _ ”NE('vtk) 7NEJ€H
VT B G

“(tg) := . k>0
n ( k) HNE(>tk)HL2 ’ = Y
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TABLE 3
Temporal error analysis at time t = 1 for Case I1, i.e., « = 8 = 0.

et=1) 71=01  7/2 0/22 m0/2® 0/24 0/2° 0/2° 0/27
e=1/2 512E2 196E-2 7.42E-3 220E-3 5.72E-4 144E-4 3.61E-5 9.09E-6
rate - 1.38 1.40 1.76 1.94 1.99 2.00 1.99
e=1/22 498E-2 199E-2 7.23E-3 217BE-3 5.68E-4 143E-4 3.58E-5 9.04E-6
rate - 1.33 1.46 1.73 1.94 1.99 2.00 1.99
e=1/2% 3.76E-2 195E-2 7.50E-3 2.22E-3 5.81E-4 147E-4 3.67TE-5 9.23E-6
rate - 0.95 1.38 1.75 1.94 1.99 2.00 1.99
e=1/2* 335E-2 174E-2 6.42E-3 1.81E-3 4.64E-4 117E-4 292E-5 7.36E-6
rate - 0.95 1.44 1.83 1.96 1.99 2.00 1.99
e=1/25 334E2 1.70E-2 6.42E-3 1.83E-3 4.73E-4 1.19E-4 298E-5 7.46E-6
rate - 0.97 1.41 1.81 1.96 1.99 2.00 2.00
e=1/26 331E2 1.71E-2 6.39E-3 1.83E-3 4.72E-4 1.19E-4 298E-5 T7.47E-6
rate - 0.95 1.42 1.81 1.95 1.99 2.00 2.00
e=1/2" 3.29E-2 171E-2 6.50E-3 1.85E-3 4.70E-4 1.18E-4 297E-5 T7.44E-6
rate - 0.94 1.40 1.81 1.97 1.99 1.99 2.00
e=1/28 328E-2 1.71E-2 6.52E-3 1.97E-3 5.06E-4 1.21E-4 296E-5 7.39E-6
rate - 0.94 1.39 1.72 1.96 2.07 2.03 2.00
e=1/2° 328E-2 171E-2 6.50E-3 2.00E-3 6.21E-4 1.56E-4 3.33E-5 7.57E-6
rate - 0.94 1.39 1.70 1.69 2.00 2.23 2.14
e=1/210 328E-2 1.71E-2 6.50E-3 1.99E-3 6.47E-4 2.39E-4 5.95E-5 1.10E-5
rate - 0.94 1.39 1.70 1.62 1.44 2.00 2.44
nf(t=1) 79=0.1 70/2 0/22 0/23 0/2* 0/2° m0/2° m0/27
e=1/2  264E2 7.43E-3 1.94E-3 4.94E-4 1.25E-4 3.13E-5 7.85E-6 1.98E-6
rate - 1.83 1.94 1.97 1.99 1.99 2.00 1.99
e=1/22 257E-2 1.02E-2 3.19E-3 8.48E-4 2.16E-4 542E-5 1.35E-5 3.41E-6
rate - 1.33 1.68 1.91 1.98 1.99 2.00 1.99
e=1/2% 156E-2 7.53E-3 262E-3 90.26E-4 261E-4 6.67E-5 1.68E-5 4.21E-6
rate - 1.05 1.52 1.50 1.83 1.97 1.99 2.00
e=1/2% 448E-3 3.68E-3 264E-3 1.15E-3 3.65E-4 109E-4 282E-5 7.07E-6
rate - 0.28 0.48 1.20 1.66 1.74 1.96 1.99
e=1/25 4.10E-3 167E-3 9.58E-4 7.92E-4 4.83E-4 1.61E-4 5.07E-5 1.36E-5
rate - 1.29 0.80 0.27 0.72 1.58 1.67 1.90
e=1/25 546E-3 3.18E-3 5.99E-4 249E-4 2.13E-4 168E-4 T745E-5 2.27E-5
rate - 0.78 2.41 1.26 0.22 0.35 1.17 1.71
e=1/2" 591E-3 251E-3 890E-4 1.99E-4 6.73E-5 b5.55E-5 4.95E-5 3.07E-5
rate - 1.24 1.49 2.16 1.57 0.28 0.17 0.69
e=1/28  6.04E-3 190E-3 1.01E-3 3.19E4 842E-5 201E-5 144E-5 1.33E-5
rate - 1.67 0.91 1.67 1.92 2.07 0.48 0.11
e=1/2° 6.07TE-3 1.73E-3 7.98E-4 4.07E-4 1.58E-4 3.97E-5 7.28E-6 3.78E-6
rate - 1.81 1.12 0.97 1.36 1.99 2.45 0.95
e=1/219 6.08E-3 169E-3 7.04E-4 3.69B-4 1.68E-4 7.75E-5 1.95E-5 3.18E-6
rate - 1.85 1.26 0.93 1.14 1.12 1.99 2.62

where ej’k = E°(z;,tx) —Efk and N;’k = —|Ej6k 2+F;’k—|—Gs(a:j,tk) for 0 < j < M.

The “exact” solution is obtained by the time-splitting spectral method [9] with very
small mesh size h = 1/64 and time step 7 = 1075.

Table 1 depicts the spatial errors at ¢ = 1 with a fixed time step 7 = 1075 and
Case II initial data for different mesh sizes h and 0 < ¢ < 1. It clearly demonstrates
that our new finite difference method is uniformly second order accurate in space for
all € € (0,1]. The results for other initial data are analogous, e.g., different o > 0 and
B8 > —1, and are thus omitted for brevity.
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TABLE 4
Temporal error analysis at time t = 1 for well-prepared and ill-prepared initial data in the
resonance regions with different 7 and €.
Case 1 c0=1/2 0/2> e0/2" £0/26
T:O(83/2) 70 = 0.1 T0/23 7—0/26 T0/29
né(t=1) 2.55E-2 1.42E-3 7.42E-5 4.34E-6
rate in time - 4.17/3 4.26/3 4.09/3
Case 11 0 =1/2 €0/2 €0/22 €0/2°3 €0/2* €0/2°
7 =0(e) 70 = 0.1/22 T0/2 70/22 70/23 T0/2% T0/2°
nf(t=1) 1.94E-3 8.48E-4 2.61E-4 1.09E-4 5.07E-5 2.27E-5
rate in time - 1.19 1.70 1.26 1.10 1.16

Table 2 presents the temporal errors at t = 1 with a fixed mesh size h = 2.5x 1074
and Case I initial data for different time steps 7 and 0 < € < 1, and respectively,
Table 3 depicts similar results for the Case II initial data.

From Tables 2 and 3, we can see that our numerical method is “essentially” second
order in time for any fixed 0 < ¢ < 1 for both well-prepared and ill-prepared initial
data. In fact, for each fixed 0 < ¢ < 1, second order convergence in time is observed
for 0 < 7 < 79 with 79 > 0 independent of ¢ except for a small resonance region (cf.
each row in Tables 2 and 3), e.g., at 7 = O(£%/?) for the well-prepared Case I initial
data and at 7 = O(e) for the ill-prepared Case II initial data. In fact, for the well-
prepared Case I initial data, in the resonance region 7 = 0(53/ 2), the convergence
rate is downgraded to 4/3; and respectively, for the ill-prepared Case II initial data, it
is downgraded to first order in the resonance region 7 = O(¢); these results are listed
in Table 4.

5. Conclusion. A uniformly accurate finite difference method was presented
for the Zakharov system (ZS) with a dimensionless parameter 0 < ¢ < 1 which is
inversely proportional to the speed of sound. When 0 < ¢ < 1, i.e., in the subsonic
limit regime, the solution of the ZS propagates highly oscillatory waves in time and/or
rapid outgoing waves in space. Our method was designed by reformulating the ZS
into an asymptotic consistent formulation and applying an integral approximation of
the oscillating term. Two error bounds were established by using the energy method
and the limiting equation, respectively, which depend explicitly on the mesh size h
and the time step 7 as well as the parameter 0 < € < 1. From the two error bounds,
uniform error estimates were obtained for 0 < ¢ < 1. Numerical results were reported
to demonstrate that the error bounds are sharp.
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