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Abstract

For primes ¢ = 7 mod 16, the present manuscript shows that elementary methods
enable one to prove surprisingly strong results about the Iwasawa theory of the Gross
family of elliptic curves with complex multiplication by the ring of integers of the field
K = Q(./—¢q), which are in perfect accord with the predictions of the conjecture of
Birch and Swinnerton-Dyer. We also prove some interesting phenomena related to a
classical conjecture of Greenberg, and give a new proof of an old theorem of Hasse.
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1 Introduction

While there has been great progress on the analytic side of Iwasawa theory over the
last forty years, little progress has been made on some of the important concrete
classical questions of Iwasawa theory and their connexion with descent theory on
abelian varieties. The aim of the present paper is to establish some new results in this
direction by surprisingly elementary methods. Throughout, g will denote a prime such
that g = 7 mod 8, and we let K = Q(/—¢). Write O for the ring of integers of K,
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and # for the class number of K. The prime 2 splits in K, and we put 20k = pp*. By
class field theory, K has a unique Z,-extension K (resp. K% ) which is unramified
outside p (resp. p*), and p (resp. p*) is then totally ramified in K, (resp. K%,), since /1 is
odd. Moreover, we let Koo = Koo K5 be the composite of all Z;-extensions of K. If R
is any algebraic extension of K, we define L (R) to be the maximal unramified abelian
2-extension of R, and M (R) (resp. M*(R)) to be the maximal abelian 2-extension of
R, which is unramified outside the primes of R lying above p (resp. above p*). We
also define

Rso = RKw. R:, = RK},, Roo = RK. (1.

Noting that obviously M (R) (resp. M*(R)) contains Ry (resp. R%,), we define

X(R) = Gal(M(R)/Rx), X*(R) = Gal(M*(R)/R%,), Y(R) = Gal(L(R)/R).
(1.2)
Consider now the polynomial
fx)=x*+gq. (1.3)

Our starting point will be the following four extensions of K arising from this poly-
nomial. Let « be any fixed root of f(x), and define

F=K(@), F/=K(@v—1), D=KK-1), J=K(a,~/—1). (1.4)

Thus J is the splitting field of the polynomial (1.3), so that the primes p, p* have
entirely similar decompositions in J. Note also that D is Galois over Q, but that the
fields F and F’ are not Galois over Q, only being isomorphic as extensions of Q. By
the definition (1.1), X (Joo) = Gal(M (Jxo)/Joo) and X*(JE) = Gal(M*(JE)/J%).

Theorem 1.1 For all primes g = 7 mod 16, X (Joo) and X*(JZ)) are both free Z-
modules of rank 1.

This result has an interesting connexion with the arithmetic of a certain abelian variety
with complex multiplication. Let H = K (j(Ok)) be the Hilbert class field of K; here
Jj is the classical modular function on lattices in the complex plane. Gross [11] showed
that that there is an interesting elliptic curve A defined over Q(j(Ok)), with complex
multiplication by Ok, minimal discriminant (—q3), and which is a Q-curve in the
sense that it is isogenous to all of its conjugates. Let B/K be the h-dimensional
abelian variety which is the restriction of scalars of A from H to K. We refer the
reader to [4,11] for a more detailed discussion of the following basic facts about B.
Let Z = Endg(B), and 7 = £ ® Q, so that .7 is a CM field of degree & over K.
Then A is an order in .7, which is ramified over Ok at precisely the primes dividing &
(see [11], Theorem 15.2.5). In particular, since % is odd, the primes p, and p* are both
unramified in .7. Now the torsion subgroup of B(K) is Ok /2Ok, and the action of
2 on this torsion subgroup gives an O -algebra surjection from % onto Ok /20,
whose kernel is the product of two conjugate primes 3, 8* of A lying above p, p*,
respectively. These primes are both unramified in %, and have residue fields equal to
the field with 2 elements F». Now we recall that for any algebraic extension § of K,
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the Tate-Shafarevich group of B/§ is defined by

I(B/F) = Ker(H' (3, B) —> [ [ H' Bv. B)), (1.5)

where v runs over all non-archimedean places of §, and, as usual, ¥, denotes the union
of the completions at v of the finite extensions of K contained in §§. Thus III(B/§) is a
torsion Z-module, and we write III(B/F) (P) for its P-primary subgroup. Let us also
mention that B(§) ®7 Q has a natural action by the field .7, and thus its Q-dimension,
if finite,will always be a multiple of 2i. Now, as we shall explain in §4, we have

Joo = K(V—=1, Bgw), J% = K(v/—1, Bypsoo); (1.6)

here Bypoo (resp. By« ) denotes the Galois module of B> (resp. 3*°°)-division points
in B(K), where K is the algebraic closure of K. Then, for primes ¢ = 7 mod 16,
an equivalent form of Theorem 1.1 in terms of the abelian variety B is as fol-
lows (see Theorem 4.2). We have that either B(Jy) ®7 Q has Q-dimension 24
and TTI(B/Jx)(PB) = 0, or B(Joo) ®2 Q = 0 and T(B/Joc)(P) = Q2/Zs.
An entirely parallel result holds for B/JZ, but with the B*-primary subgroup of
II(B/J%). Note also that, since the abelian variety B is defined over Q, we have
B(Jx) ®zQ = B(JX) ®z Q as Q-vector spaces. In fact, we show in §4, by a further
purely arithmetic argument, that one can establish the following stronger result. Recall
that D = K (+/—1), so that Js/ Do and J% /DY, are both quadratic extensions.

Theorem 1.2 Assume g = 7 mod 16. Then precisely one of the two following options
is valid:- (i) both B(Dx) ®z Q and B(DY) ®z Q have Q-dimension 2h, and
HI(B/Doo)(P) = HL(B/ D) (P*) = 0, or (ii) B(Doo) ®7Q = B(D3,) ®2Q =0,
and both 11(B /Do) (B) and ILL(B/D%,)(PB*) are isomorphic to Qa2/Zy as abelian
groups.

However, using the complex L-series of B/D and the theory of Heegner points as
in [21], we will point out at the end of §4 that one can in fact obtain the following
result from these analytic arguments.

Theorem 1.3 Forall primes g = 7mod 8, B(D)®7Q has dimension 2h as a Q-vector
space, and I11(B /D) is finite.

Combing this result with Theorem 1.2, it follows that, for all primes ¢ = 7 mod 16,
we have B(D) ®7 Q = B(Ds) ®7 Q = B(Jx) ®z Q are all Q-vector spaces of
dimension 2/, and also III(B/Ds)(B) = HI(B/Jx)(P) = 0; an entirely similar
assertion is valid for the fields D}, and J%, with B* replacing B.

As a second application of our method, we shall establish the following result. We
remark that, for all primes ¢ = 3 mod 4, the class numbers of the fields K, D, F, F', J
are all known to be odd (see Proposition 3.6).

Theorem 1.4 For all primes g = 7 mod 16, we have Y (Kso) = Y(Doo) = Y (Foo) =
Y(FL) = Y(Jx) = 0, or equivalently none of the fields Koo, Doos Foor Fags JToo
has a non-trivial unramified abelian 2-extension.
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We remark that the assertion Y (KCs;) = 0 proves an interesting but very special case of
aclassical conjecture of Greenberg, [9] Conjecture 3.5, and the remaining assertions of
the theorem provide interesting examples of the mystery as to why certain arithmetic
Iwasawa modules are smaller than one would expect from the basic classical theory.

We also remark that our proofs of the above theorems make essential use of the fact
that we are working with the prime p = 2, and it is only fair to say that we have no idea
how to prove some analogue of these results for a single odd prime p. For example, to
the best of our knowledge, Greenberg’s conjecture is unknown for the field obtained
by taking the compositum of all Z ,-extensions of our imaginary quadratic field K for
a single odd prime p and all primes ¢ = 7 mod 16.

In all that follows, we shall always adopt the following notational convention. By
Lemma 2.6, exactly one of the prime factors p and p* of 2 in K will ramify in the
field F, and we shall always denote this factor by p. The other prime factor p* will
then denote the unique prime factor of 2 which ramifies in the field F’. For brevity, in
what follows we shall sometimes only state a result for the field F', and leave it to the
reader to formulate the totally analogous result for the field F’, but with the primes p
and p* interchanged.

The proof of Theorem 1.1 makes crucial use of a weaker form of a second arithmetic
phenomenon related to the fields F and F’, which, for simplicity, we only state for F.
The group of global units of F has rank 1, and we write n for any generator of this
group modulo torsion. Let v be any of the primes of F lying above 2. Then log, (1)
is well defined up to a sign; here we take the usual extension of the v-adic logarithm
to the group of units of the ring of integers of the completion F, of F at v. As usual,
ord, will denote the additive valuation on F,, normalized so that the order of a local
parameter at v is 1.

Theorem 1.5 Assume g = 7 mod 16. Then p is ramified in F with ramification index
2, and p* is unramified with inertial degree 2 in F. We write w (resp. w*) for the
unique prime of F above p (resp. p*). Then, if n is a fundamental unit of F, we have

ordy (log,, (1)) = 2, ordy«(log,«(n)) = 3. 1.7

In fact, always assuming that ¢ = 7 mod 16, the first assertion is already shown to
hold in [4] as a consequence of the Iwasawa theory at the prime p = 2 of the abelian
variety B/K, and a second very short and elementary proof is given in [18].

2 Proof of Theorem 1.1

As will be proved in Lemma 2.3 below, it follows from class field theory that
M(K) = K, whence, since the I'-coinvariants X (Kso)r of X(K) is X(K), it
follows from Nakayama’s lemma that X (K~ ) = 0 for any prime ¢ = 7 mod 8; here
I' = Gal(K«/K) and I" acts on X (K ) as usual by lifting inner automorphisms. The
goal of this section is to compute X (R) for R = F, F', D, J, Foo, Fl, Doo, Joo. The
analogous results for the Galois groups X*(R) then follow from the following lemma.
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Lemma 2.1 Assume g = 7 mod 8. Then, as Z-modules, we have X (Jo) = X*(JZ),
X(Doo) = X*(DE), X(Foo) = X*(F;), X(Féo) = X*(FL), X(F) = X*(F"), and
X(F') = X*(F).

Proof We fix an algebraic closure @ of Q, and all of our relevant fields will be assumed
to lie in it. Let o be any element of Hom(M (J), @) such that the restriction of o
to K is the non-trivial element of Gal(K /Q). Now o (M (J~)) is an abelian exten-
sion of 0 (Jx), which is unramified outside the primes above o(p) = p*. Now
o(J) = J because J is Galois over Q, and thus o (Jx) will be a Z,-extension of
J, which is unramified outside o (p) = p*. Hence 0 (J) = JZ,. Thus we have an
embedding M (Joo) — M*(JZ) and similarly M*(J%) < M (Jx). This implies
0 (M(Jx)) = M*(JX) whence o induces an isomorphism X (Jo) = X*(JZ,). Since
we have 0 (F) = F/, 0(Fs) = FZ, 0(D) = D, 0(Ds) = DZ,, the remaining
isomorphisms in Lemma 2.1 are also induced by o, and they can be proved in the
same way. O

Proposition 2.2 Assume g =7 mod 8. Then the modules X (Fo), X*(FL), X (Doo),
and X*(D},) are all finitely generated free Zo-modules. Moreover, these modules are
all zero if ¢ = 7T mod 16, and are all nonzero if ¢ = 15 mod 16.

Proof In fact, it is already proven in [4], Theorem 3.1 that, for all primes ¢ = 7 mod 8,
X (Fy) is a free finitely generated Z;-module, and exactly the same arguments can
be used to show that X (F,) and X (Do) are also free finitely generated Z,-modules.
Also in [4], it is proved that X (Fs) = O for any ¢ = 7 mod 16. The elementary
arguments used in [18] show that X (F) is non-zero when ¢ = 15 mod 16. By
Lemma 2.1, the same assertion holds for X *(FC’)Z).

It remains to compute X(Dso). Noting that X (Doo)r = X(D), where I' =
Gal(Dy /D), it suffices by Nakayama’s lemma to show that X (D) is zero if ¢ =
7 mod 16 and nonzero if g = 15 mod 16. We make use a classical formula [5], whose
proof we recall in the Appendix, to compute X (D). Clearly, there is one prime v of D
lying above p which is ramified in D/K. The class number of D is odd (see Proposi-
tion 3.6), the local discriminant ideal of D/K at p is generated by 4 in the completion
Ky, = Q2, and the group of roots of unity in D is u4 = (i) where i = V1. Let&
be a fundamental unit of D. By Theorem A.1, our assertion about X (D) will follow
if we can show that

=4 ifg=7mod 16,
ordv(log, )y _ if g = 15 mod 16. @1

Here log,, is the v-adic logarithm, so log,(§) € D,; also note that log, (§) converges

since £ = 1 mod v. Now let DT = Q({/q) be the maximal real subfield of D. Let
O}, (resp. Ofﬁ) be the group of units of D (resp. D). We claim that the unit index

[0} : a0, ] = 2. 2.2)

Let o denote the nontrivial automorphism of the CM extension D/D™. Then the unit
£179 = £9 /£ must be a root of unity of D, since all the conjugates of it have complex
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absolute value 1. This gives rise to an exact sequence

l—o

1 — O, — Of — u4.

D+
In particular, we have [O; : OF.] < 4 whence
[0 : 14O p 1 < 2. (2.3)

We should say that this inequality and its proof follow from a general result of Iwasawa
on the units of a CM field. Let ¢ € (’);:;Jr be the fundamental unit of DT, Since the
class number of DV is odd as D has odd class number, the prime of DT lying above 2
which is ramified in DT /Q is a principal ideal (6) of DT It follows that 62 /2 is a unit
of D, and it must be an odd power of &; otherwise ~/2 would belong to D* which is
plainly impossible. In fact by a suitable choice of #, we may assume & = 62 /2. Note
that /(1 41i) isaunitin D and thati(6/(1 + i))? = &. This implies that 2 divides the
unit index of (2.2) whence by (2.3) this index is indeed 2 which proves the claimed
equality (2.2). It follows that, if we write ¢ = & 4ib with a, b € 7, we must have 2
exactly divides a. Thus, in order to prove (2.1), we need to show that

=6 ifg=7mod 16,
- 2.4
ord, (log, (¢)) {> 6 ifg=15mod 16. .

Write 6 = x + y./q with x, y € Z. Since 6 is a generator of the prime of DT above
2, it follows that, as ¢ = 7 mod 8, we have x2 — y2q = 2. Hence x2 = 2 mod y.
Thus every prime divisor of y is congruent to &1 modulo 8, whence y> = 1 mod 16
since y is clearly odd. Then, writing Tr for the trace map from DT to Q, it follows
that Tr(e) = x% + y2q = 2+ 2y*q = 2(1 + ¢) mod 32. We conclude that

ord (Tr(e)) {: 8 ifg =7 mod 16, °s)

>8 ifg=15mod 16"

Now since g = 7 mod 8, — 1 is not anorm from D™, whence Np+,g(e) = L.Itfollows
thatord, (€2+1) = ord, (Tr(¢)). Thus ord, (¢2—1) = ord,(¢24+1—2) = ord,(2) = 2.
This implies that ord, (¢* — 1) = 2 + ord, (Tr(¢)). By a basic property of logarithm
series, we must then have ordv(logv(e4)) = 2 + ord, (Tr(e)). As ordv(logv(e4)) =
ord,(4) + ordy (log,(¢)) = 4 + ord, (log, (¢)), the assertion (2.4) follows from (2.5).
From this, we obtain (2.1). This completes the proof of Proposition 2.2. O

Let K, (resp. K¥) be the n-th layer of the Z,-extension Koo/K (resp. KX /K).
The following lemma, which has been proved in [4, Lemma 3.3], will be vital for our
arguments, and we give an alternative proof here using the language of ideles.

Lemma23 Letr, = 2012 +D=3 Then there are precisely rq primes of Koo lying
above q. In particular, q is inert in Koo if ¢ = 7 mod 16, and q splits in the first layer
of K if g = 15 mod 16.
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Proof In K, = @7, we have 3 < orda(q + 1) = ordy (/—¢q + 1) + ordp (V/—¢ — 1).
We may assume that, ord, (/=g — 1) > 1 whence ordy(/—¢ + 1) = 1. Putk =
ordy (/—¢g —1). Thenorda(g + 1) =k +land r, = 252 By class field theory and
the fact that 4 is odd, the following composite map is an isomorphism

Up (&1} <25 Ix /K™ [Tsp Uv —» Gal(M(K)/K).

Here I is the idele group of K, U, denotes the group of local units at a finite place v of
K, and the last map is the Artin map. This shows M (K) = K, since the left hand side
is isomorphic to Z,. Of course, this result can also be proven by elementary Iwasawa
theory, using the fact that 4 is odd (see Lemma 3.2 of [4]). The above composite map
sends ,/—¢ to the inverse of the Frobenius of q in Gal(K~/K), since

ip(\/—_q)z<...,\/p—_q,~~>z(...,(\/—_qq)_l,-u)modl(x—m.

vFEp

Here the value is 1 at the places under dots. Hence the decomposition group of q in
K~ /K is isomorphic to

(V=) x {£1}/{£1} = (1 +2°0p) x {£1})/{£1}.
The latter group is clearly of index 22 in Uy /{£1}. Therefore, there are precisely
2K=2 primes of K, lying above g, completing the proof of this lemma. O

Proposition 2.4 The prime p (resp. p*) is inert in KX, (resp. Koo) if ¢ = 7 mod 16,
and the prime p (resp. p*) splits in K (resp. K{) if g = 15 mod 16.

Proof Let KC; = K| K7, so that KC; is the first layer of the unique Z%-extension of K.
Hence /1 contains K (+/2), the first layer of the cyclotomic Z,-extension of K. Let
K’ = Q(4/—2q). Let p’ and q’ be the unique prime of K’ above 2 and g, respectively.
We claim that the quartic extension K1 /K is unramified abelian. It is easy to see that
K'(+~/2)/K’ is unramified. Then since K| = K{K'(v/2) (resp. K; = KTK’(\/E)), it
follows that KC; /K’ (+/2) is unramified outside the primes above p (resp. p*), whence
K1/K’(v/2) is unramified everywhere. Since K /Q is clearly Galois, the quartic exten-
sion K1/K’ must be abelian. This proves the claim. Let Clg be the class group of
K’. Then, the Artin map induces an surjection Clg: — Gal(K1/K’). Now, since
p'q = (/—2q) which is a principal ideal of K’, it follows that the product of the
Frobenius elements of p’ and ¢’ is trivial. In particular, p’ and ¢’ have the same inertia
degree in ;. Now, since ¢ splits in Q(+/2), it follows from Lemma 2.3 that g’ must
have inertial degree 2 in Kj if ¢ = 7 mod 16, and must split completely in £ if
g = 15 mod 16. But, note that 2 splits in K and p is ramified in K. It follows that, by
counting the inertia degree of 2 in Ky, p must be inert in K, whence it is then neces-
sarily inert in Ko, when g = 7 mod 16, and p must split in K} when g = 15 mod 16.
An entirely similar argument proves the assertion about the behaviour of p* in K. O
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We remark that the above arguments also reprove an old result of Hasse [13], which
asserts that 4 exactly divides g’ if g = 7 mod 16 and 8 divides kg’ if g = 15 mod 16,
where h g is the class number of K’ = Q(+/—2q) as in the above proof. Let Clg/(2)
be the 2-primary subgroup of the class group of K’, which is a cyclic group by genus
theory. Let L(K') be the 2-Hilbert class field of K’ so that the Artin map induces an
isomorphism Clg/(2) = Gal(L(K')/K"). Firstly, the above proof shows that 4 | kg,
since we just see that KC; /K’ is a quartic unramified abelian extension. Note that ¢’
has order 2 in Clg-(2). Assume g = 15 mod 16. The above proof shows that ¢’ splits
completely in K. Thus L(K’) must be bigger than K;; otherwise, this contradicts
to that q" has order 2 in the class group. This shows that 8 divides i g'. Now assume
g = 7mod 16. We need to show that L(K’) = K. The above proof shows that
the g’ has inertia degree 2 in K. Since L(K')/K’ is a cyclic 2-extension, writing
d = [L(K’) : K], this would imply that g’ has inertia degree 2¢~!. As ¢ has order
2 in the class group of K’, we must have d = 2. Thus, we have K| = L(K') when
q =7 mod 16. This proves Hasse’s result.

Corollary 2.5 Assume 1Ok = p’, where t is the order of p in the ideal class group of
K.Thenw = 43 mod p*> ifg = 7 mod 16, and = = +1 mod p*3 if¢g = 15 mod 16.

Proof Note that ¢ is odd by genus theory. Since K1/K is unramified outside p, we
must have K| C K (/7, +/—1). But K(+/—1)/K is ramified at both p and p*, and
thus K is equal to K (\/7) or K (+/—). Without loss of generality, we may assume
that K1 = K (/7). Note that K (+/—m) must then be ramified at both p and p*. Let
7* be the conjugate element of 7, so that 7* = 2°. It follows from the oddness
of t that K{ := K(\/JF) is unramified at p. Note that 7 is a unit in Kpx = Qo.
When g = 7 mod 16, it follows from Proposition 2.4 that, Kp«(y/7) or Ky« (v/—7)
is an unramified quadratic extension of Q;, whence 7 = +£3 mod p*3. When ¢ =
15 mod 16, we have that /7 or ,/—7 is in K; and hence 7 = £+1 mod p*3. O

Lemma 2.6 There exists exactly one ramified prime w of F above 2, which lies above
p by our notational convention. Then p* is inert in F when ¢ = 7 mod 16, and p*
splits in F when ¢ = 15 mod 16.

Proof Note that —g is a square in Q. We have that .,/—¢ = £3 mod 8 if ¢ =
7 mod 16 and that ,/—¢ = 41 mod 8 if ¢ = 15 mod 16. By adjusting the signs, the
polynomial (1.3) has the following factorization in Q>[x]:

Fl) = &2+ /=) (x* — J=q) if g = 7 mod 16;
2+ = — Y=g (x + ¥=q) ifg=15mod 16.

Thus, the lemma follows from the fact that Q,(+/3) and Q2 (+/—1) are ramified over

Q2 and that Q7 (+/—3)/Q; is unramified over Q. O

In what follows, we write w for the prime of F above p, and w* for any of
the primes of F above p*. The following proposition establishes a lower bound for
ordy,«(log,, (1)), which s valid for all primes ¢ = 7 mod 8. Itis only this weaker form
of Theorem 1.5 which is needed for the proof of Theorem 1.1 when ¢ = 7 mod 16.
Again there is a completely parallel result for the field F’.
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Proposition 2.7 Assume g = 7 mod 8, and let w* be any prime of F above p*. Writing
n for a fundamental unit of F, we have ord,,«(log, (1)) > 3.

Proof Let OF be the ring of integers of F, and let &g be its class number. Then 4
is odd (see Proposition 3.6, or Theorem 3.8 of [4]). We define y to be the cube of a
generator of the ideal w”* of O, where, as always, w is the ramified prime of F above
p,and put B = Np/k (y). Since h is odd, B is a generator of an odd power of p. Note
also that 8O = y2Op because w is the unique prime of F above p. Hence y?/S
is a unit of F, whence it equals £7* for some integer k. The integer k must be odd,
otherwise /&8 € F, which is impossible since it would imply that F/K is ramified
only at primes dividing 2, contradicting the fact that the unique prime of K above g is
ramified in F. Put 5y’ = y2/B. Since k is odd, we have ord, log(') = ord,« log(),
so it suffices to prove that ord,,+ log(n") > 3. By Corollary 2.5, we have

+3 mod p** if g =7 mod 16,
8 E{ P, 26)

+1 mod p** if g = 15 mod 16.

Assume first that ¢ = 7 mod 16. It is proven in [4, Theorem 3.1] that M (F) = Fo
whence the maximal abelian 2-extension of F having exponent 2, which is unramified
outside p, is F| = F K. Moreover, since 8 is an odd power of £, it is shown in
the proof Proposition 2.4 that F; = F(4/B) or Fi = F(,/—B). We claim that the
two fields F(,/y) and F(,/—y) must both be ramified at w*. Indeed, if F(,/y) is
unramified at w*, it would have to be equal to Fj, whence it would follow that the
ideal y OF is a square, which it is not because yOf = w3F and hp is odd. A similar
argument shows that F(,/—y) is ramified at w*. From now on, we will work in the
completion Fy« of F at w*, and for simplicity, we write a for ¢, (a), where ¢« is the
canonical embedding of F into Fy+. The ring of integers O« of Fy+ is Zy[¢] where
¢ is a primitive cube root of unity, and 2 is a local parameter for this ring. The residue
field O+ /20,,+ is isomorphic to the finite field with 4 elements, and {0, 1, ¢, ¢%}isa
system of representative elements for this residue field. Thus any element of 1420+
can be written uniquely as a series 1 + a2 + a222 + a323 ---,witha; € {0, 1, ¢, {2}.
Now y is a unit in O+, and in fact lies in 1 + 2O, since we defined y to be a
cube in F. Since F(,/y)/F and F(y/—y)/F are both ramified at w*, it follows that
y == 1 mod 4. Hence we must have

y=142¢ or 1422 mod 40,
and so it follows that
2 __ 2 _
y =1+4¢°+4¢ = -3 mod 8.

Together with (2.6), this shows that

y2
n' = = =41 mod 80,,x.
B
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Thus r;/z — 1 is divisible by 16 in Oy,+. Therefore we have ord,,«(log,, (n’z)) >4
whence ordyx(log,«(n")) > 4 — ordy+(2) = 3. This proves the case when ¢ =
7 mod 16.

Suppose next that ¢ = 15 mod 16 so that F,» = Q2 by Lemma 2.6. It is proven
in [18] that the maximal abelian 2-extension 7 of F having exponent 2, which
is unramified outside p, is strictly larger than Fi. Noting that F (/%) = F(J/B)
and hp is odd, we must have T C F(v/—1, /v, v/B). But F(~/=1) is clearly
not contained in 7 as Fy+(v/—1) = Qu(+/—1) is ramified over F,+ = Q5. This
implies that F (,/y) or F(,/—y) is unramified at the primes above p*. It follows that

y2 = 1 mod w*>. Together with (2.6), this shows that ' = %ﬁ = £1 mod 80,+.
Thus ord,,«(log,+ (1)) > 3, completing the proof of Proposition 2.7. O

By a classical formula [5], whose proof we recall in the Appendix, Proposition 2.7
and its analogue for the field F’, are equivalent to

[M*(F): F%]>4and [M(F'): F,)] > 4. 2.7)

Note that J = F(/—1)/F is unramified outside w* for any ¢ = 7 mod 8, since
Fyp(v/—1) /Fy is unramified. But we claim that J is not equal to FK7. Indeed, if
J = FKj{, it would follow that —7* is a square in F, since FK{ = F(/7%) as
in the proof of Proposition 2.4; here 7* € Ok is a generator of some odd power
of p*. Then F would coincide with the field K (+/—7*), and so the prime q of K
would be unramified in F, which is plainly a contradiction. We remark that F (v/—1)
(resp. F/ (+/—1)) is in fact the unique quadratic extension of FZ% (resp. Fxo) lying
inside M*(F) (resp. M(F')) when g = 7 mod 16 since X*(F) = Gal(M*(F)/F%)
and X (F') = Gal(M(F')/F/,) are both cyclic groups of order 4 by Theorem 2.10.
However, it does not seem obvious to write down explicitly the corresponding cyclic
quartic extension, whose existence is proven by Theorem 2.10. Nevertheless, we now
show that we obtain the striking Theorem 1.1 from (2.7).

Proof of Theorem 1.1 Note that F/ (+/—1) = Jo is contained in M(F’). It follows
from (2.7) and the fact that X (F’) = Gal(M (F’)/ F.,) is of order at least 4 (in fact it
is cyclic of order exactly 4 by Theorem 2.10) that

M) # Jso. (2.8)

Now, writing I' = Gal(J/J) and (X (Joo))r for the I'-coinvariants of X (J), it is
easily seen that we have

(X(Joo))r = Gal(M(J) /). 2.9

We conclude from (2.8) and (2.9) that X (Js) # 0. Thus, to complete the proof of
the theorem, it suffices to show that X (J) is a free Z;-module of rank at most 1. We
shall make again essential use of the important fact, which is proven in [4], Theorem
3.1, that M (Fso) = Foo for all primes ¢ = 7 mod 16. Let A = Gal(Jx/Fso), SO
that A = (§), where § is of order 2. Then A acts on X(Jx) as usual by lifting inner
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automorphisms. It follows from Proposition 2.4 that the unique prime w* of F above
p* splits into two primes in Fp, and these two primes are then inert in Foo/ Fy. Since
w* is ramified in J, it follows that there are exactly two primes of F, which ramify in
Joo, and both of these primes have ramification index 2 in the extension M (Jx)/Fso
since they are unramified in M (J)/Jxo- Let R be the maximal abelian extension of
Fso which is contained in M (J4), so that

Gal(R/Jx) = X(Jo) A,

where X (Jx)a denotes the A-coinvariants of X (Js). Now, since M (Fy) = Foo
by Theorem 3.1 of [4], it follows that Gal(R/F) must be generated by the inertial
subgroups of the two primes of Fy, lying above w*, both of which are of order 2.
Hence Gal(R/ F) is of order at most 4, and so X (Jx) A is of order at most 2. Hence,
by Nakayama’s lemma, X (J) is generated by one element, say x, over the group
ring Zo[A]. Now we have the exact sequence

00— X(Joo)® = X(Uso) = X(Jso) = X(Joo)r — O,

where the middle map is multiplication by § — 1. Since all of these groups are finitely
generated Z,-modules and X (Jx ) is finite by the Nakayama lemma argument we
have just given, it follows that X (J,)® must be finite. But Greenberg (see his remarks
at the end of §4 of [10]), has shown that X (J») has no non-zero finite submodules
which is stable under the action of Gal(J/J), and so necessarily X (Jso)® =0.1In
particular, it follows that (1 4 8) X (J») = 0. Hence X (Jo) = [Z2[A]/(1 + 8)]x, and
so we see that X (Jo) has at most rank 1 as a Z,-module. Again invoking Greenberg’s
theorem, it follows that X (J,) must be a free Z;-module of rank at most 1, and so
finally it must be free of rank 1 because X (Joo) # 0. The assertion on X*(JZ)) now
follows from Lemma 2.1. This completes the proof. O

We now turn to the proof of Theorem 1.5. Thanks to Proposition 2.7, we only
need to show that ord,,« (log,,«()) < 3, always assuming that ¢ = 7 mod 16. Unlike
the arguments used in the proof of Proposition 2.7, we shall prove this upper bound
by working with Galois groups. Our first lemma determines the group structure of
X*(F) using class field theory, where we recall that, by definition (1.2), X*(F) =
Gal(M*(F)/F%).

Lemma 2.8 Assume g = 7 mod 16. Then X*(F) and X(F') are both finite cyclic
groups.

Proof We only need to prove the assertion for X*(F), since X*(F) = X(F’) by
Lemma 2.1. Let Uy = 1 4+ 20+ be the group of principal units of F,«. Since the
class number of F' is odd by Proposition 3.6, it follows from global class field theory
that

Ui/{n, —1) = Gal(M*(F)/F).
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Here the bar denotes the closure in U} under the 2-adic topology. Note that the group
of 2-power roots of unity inside Fy,« = Q2(+/—3) is {&1}. It follows that the left hand
side is isomorphic to

log,,« (U1)/Zy log,,«(n).

Since log,,«(U1) C Oy = Z%, we must have log,,«(U1) = Z% as Zp-modules. Thus
the Z,-module Gal(M*(F)/ F) is generated by two elements and must be isomorphic
to Zp x 7Z/2" Z for some integer r. Therefore X*(F'), being the Z;-torsion submodule
of Gal(M*(F)/ F) is a finite cyclic 2-group, and the assertion for X (F’) follows from
Lemma 2.1. O

We recall that & denotes the class number of K, and, as always, 7 is a fundamental
unit of the field F'.

Lemma 2.9 Assume g =7 mod 16. Write i = /—1, and let 7* be a generator of the
ideal p*h of K. Then none of /i, \/in, Jinm*®, /nm* lie in the field M*(F).

Proof As we remarked under (2.7), J is contained in M*(F). Thus, to prove the first
two elements are not in M*(F), it suffices to show that the extensions J(+/i) and
J(W/in) of J both are ramified at the unique prime v of J lying above w, where
w is the ramified prime of F above p. Note that J, = Qy(+/—3,i), so that the
extension JU(\/zT) /Jy is obviously ramified, and so Vi ¢ M*(F). Next, we recall
that it was shown in the proof of Proposition 2.7 that n = 7 mod (J*)?, where
7 is a generator of p’ and ¢ is the order of p in the class group of K. Moreover,
7 = £3 mod p*3 by Corollary 2.5. Thus /7 € J,, and so J,(:/in) = Jo(+/i) is also
ramified over J,. This proves /i ¢ M*(F).If \/inmt* € M*(F), it would imply that
Jin € M*(F), since JK} = J(¥/7*) C M*(F). Thus \/inm* ¢ M*(F). Finally,
noting that J(/nm*) = J(v/mw*) = J(v/2) and that J,(v/2)/J, is ramified, we
conclude that «/n* ¢ M*(F). This completes the proof of Lemma 2.9. O

Proof of Theorem 1.5 Applying Theorem A.1 to the prime p* and the extension F /K,
and noting that K and F have odd class number, and that p* is inert in F' because
g = 7mod 16 whence Ap+ = (1) and N(w*) = 4, we conclude that, up to a p*-unit,
we have

#(X*(F)) = [M*(F) : F3] = Rp+/2.
Since Rp+ = log,«(n), by Proposition 2.7 and Lemma 2.8, we have
Gal(M*(F)/F) = Zy x Z/2"Z for some integer r > 2. (2.10)
Thus, our goal is to show that r is equal to 2. Suppose, on the contrary, that r > 3.
Hence, by Galois theory, noting that J/ C M*(F), there are intermediate fields 7" and

E of M*(F)/F such that

T2 EDJDFandGal(T/F) = 7Z/87.
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Since +/—1 € J, according to Kummer theory, there exists some & € J such that

T = J(J/€) whence E = J(/£).

Now we claim that, since T/ F is a cyclic extension of degree 8, we must have

T = F(J/&) and E = F(,/§). (2.11)

Indeed, by Galois theory, the intermediate field F (/) must be equal to one of the
fields F, J, J (%), J(E), and it is easily seen that it cannot be equal to any of the
fields F, J, J(v/€). We recall that w* denotes the unique prime of F lying above p*,
and we let v* be the unique prime of J above w*. Since w* is ramified in J, we have
w*O; = v*? where O denotes the ring of integer of J. Now v = @ O] for some
@ € Oy, where h; denotes the class number of J. Since /7 is odd by Proposition 3.6,
and T'/J is unramified outside v*, we conclude that

£ = uw® mod (JX)* for some u € Ojandk=0,1,2, or3. (2.12)

Write § for a generator of Gal(7/F), and let § be the image of § in Gal(J/F). For
simplicity, write x’ for §(x) if x € J. Now since T/ F is cyclic, the field T = J(Y§)
is also equal to J (Y&7), and the field E = J (/%) is also equal to J (+/&7). Thus, we
have

g =& mod (J)* and £€' € (J)2. (2.13)

We claim that the integer & in (2.12) must be O or 2. Suppose, on the contrary, that k is

odd. Then /£’ ¢ F, since the ideal ££’OF is an odd power of w* by the oddness of

hy and k. Thus J must coincide with F(/EE’), since /€&’ € T and J is the unique

quadratic extension of F inside T. It would then follow that ££' = —1 mod (F*)?,

which is impossible because £§'OF = w**, with k is odd. Thus k must be even.
Next we note that we must have

£’ = +1" or £ 1" 7*2 mod (F*)* for some m € {0, 1,2, 3}.

Now the integer m must be equal to 0 or 2, since, if this is not the case, /1 € J,
and so we would have 7 € (F*)? because J = F(/En) = F(v/—1). But this is
clearly impossible since 7 is a fundamental unit of F, whence m is O or 2. Next we
claim that £€’ is not a square in F. Suppose the contrary, and write &’ = a? /& for some

a € F. Then §(/€) = +V/& = +a//E, whence §2( /) = /E. Since E = F (/%)
by (2.11), this implies that §| ¢ has order 2 in Gal(E/F'). But this contradicts the fact
that §| g is a generator of the cyclic group Gal(E/F) of order 4. Therefore, we must
have

gg' = —1, —n?, —7*2 or — nzn*z mod (F*)*.
It follows from (2.13) that necessarily

£2=—1,—n> —7*% or — nzn*2 mod (J7)*.
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Hence, we have
EE V_lv n\‘_la T[*V_lﬂ Ornn*V_l mod (JX)2‘

But from Lemma 2.9, it would then follow that /& ¢ M*(F). This contradiction
shows that the integer r in (2.10) is indeed equal to 2. The proof is complete. O

In terms of Galois groups, it is easily seen that Theorem 1.5 is equivalent to the
following statement by Theorem A.1.

Theorem 2.10 Assume ¢ = 7 mod 16. Then X(F) = X*(F') = 0 and X*(F) =
X(F') = 7,)47.

Lemma 2.11 Assume g = 15 mod 16. Then X*(F) and X (F') are both isomorphic
to )27 x 7.]2" Z for some r > 1.

Proof We only need to prove the assertion for X*(F) by Lemma 2.1. According to
Lemma 2.6, p* splits in F, and we write w and w3 for the two primes of F above p*.
Then, fori = 1, 2, the completion F, ¥ = Q2, we let Oy, denote the ring of integer of
F,r, and we write (; for the canonical embedding from F to F,». Let Uy = O;T X Oi;'
Since the class number of F is odd by Proposition 3.6, it follows from global class
field theory that

Ui /{(m), am), (=1, —1) = Gal(M*(F)/F),

where, as always 1 denotes a fundamental unit of F'. The logarithm map (long , logw;)
then gives rise to an isomorphism of the group on the left to the additive group

{1} x {FID/{(=1, =1)) x (40yr x 40y5)/((log,,: (1), log,,x (1m))).

Now Proposition 2.7 shows that log,,« (1) is divisible by 8. Hence there is a an integer
r > 1 such that the above group is iscl)morphic to Zy x /27 x 7./2" 7. Thus X*(F),
being the torsion submodule of Gal(M*(F)/F), is isomorphic to Z/27Z x 7Z./2" Z for
some r > 1. By Lemma 2.1, we have the same result for X (F’). O

Corollary 2.12 Assume g = 15 mod 16. Then X*(F%) and X(F.,) are both free
finitely generated Z-modules of rank at least 2.

We have carried out numerical computations for all primes ¢ = 15 mod 16 with
q < 10000, and these computations show that, in this range, we have ord,,» log,, () >
4 for (i = 1, 2), proving that the integer r in Lemma 2.11 is at least 2, and is sometimes
equal to 2. The numerical data also seems to indicate that the integer  in Lemma 2.11
is unbounded when ¢ varies in the family of primes = 15 mod 16. Always assuming
thatg = 15 mod 16, itis shown in [18] that ord,, (log,, (7)) > 4, where w now denotes
the unique ramified prime of F above 2, whence X (F') # 0 by Theorem A.1. In fact,
one can refine the proof used given in [18] to show that ord,, (log,, (7)) > 6 for all
primes = 15 mod 16, whence X (F') is always a cyclic group of order at least 4. Zhibin
Liang had computed the order of X (F') for all primes ¢ = 15 mod 16 and g < 2500.
His calculations show that this cyclic group sometimes has order exactly 4, but they
also seem to indicate that there is no upper bound for its order when ¢ varies.
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3 Proof of Theorem 1.4

In addition to the proof of Theorem 1.4, our goal in this section also includes computing
Y(R),Y(Ry) aswellas Y (Roo) for R = D, F, F' and J. As in Lemma 2.1, we have
Y(F) 2 Y(F),Y(Fx) = Y(FX),Y(F,) = Y(F%) and Y(Rx) = Y(RY) for
R = K, D, and J. We first recall some classical results which will be needed. Let M
be a number field, and let S be any finite set of prime ideals of M. We write Clys s
for the quotient of the ideal class group of M by the subgroup generated by the ideal
classes of primes in S. Similarly, if M’ is any finite extension of M, Clyy s will denote
the quotient of the ideal class group of M’ by the subgroup generated by the classes of
primes of M’ lying above S. Also, we write O;I, g for the group of S-units of M. We
begin with Chevalley’s classical formula, which first occurs in his thesis [2, p. 406]
(for a modern proof, see [20]).

Proposition 3.1 Let M'/M be a finite cyclic extension of number fields with Galois
group G, and let S be an arbitrary finite set of prime ideals of M. Then

HUES eUfU ]_[v¢5 v
(M’ M1[Oy; ¢ : Oy ¢ N Nygryg(M")]

#((Clyr,5)9) = #(Cly5) (3.D

where e, (resp. f,) denotes the ramification index (resp. inertial degree) of a prime v
in the extension M' /M, and Ny is the norm map.

In the present paper, we shall always use this formula in the case when S is the empty
set.

Let p be any prime. Let 7, /Ty be a cyclic extension of number fields of degree p”.
For 0 < i < n, let T; be the unique intermediate field such that [7; : Tp] = pi. We
assume that every prime of Ty ,which ramifies in 7}, is in fact totally ramified, and
that there is at least one such ramified prime. Let S be a finite set of primes of Tj, such
that the decomposition subgroup in 7,, /Ty of every prime in S is either O or the whole
of Gal(T,,/Ty). Thus, every prime in S is either totally ramified, or splits completely,
or is inert in 7,,. We write G = Gal(T,,/Tp).

Proposition 3.2 With the above assumptions, let A; be the p-primary part of the S-
class group of T; for 0 < i < n. If m > 0 is an integer such that #(Ao/p™ Ao) =
#(A1/p™ A1), then

Ag/p"Ag = A /p" A, forany 0 <r <n.

In particular, if #(Ag) = #(A1), then Ag = A, for0 <r <n.

In particular, Proposition 3.2 immediately yields the following result about Z -
extensions.

Proposition 3.3 Let T be a number field, and let Ty /T be a Z ,-extension. Letng > 0
be such that every prime ramified in Too /T is totally ramified in T /T,,. Let S be
a finite set of primes of T,, such that the decomposition group of each prime in §
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in the extension Too/T,, is either Gal(Too/T,,) or 0. Write Ay for the p-primary
subgroup of the S-class group of Ty for k > no. If m > 0 is an integer such that
#(Ano/PmAno) = #(An0+] /PmAn()Jrl)y then

Ang/P" Ang = Angtr /D" Ang+r forall r > 0.

In particular, #(Ap,) = #(Apy+1) implies that Apy = Apyyr forallr > 0.

Fukuda [8] proves this result for ideal class groups and for m = 0, 1. Now A, is
a Zp|G]-module, where, as above G = Gal(7,,/Tp). We give a rough bound on the
number of generators of A, as a Z,[G]-module in terms of Ap. This in turn gives a
rough bound on the number of generators of A, as a Z,-module. For a Z,-module A,
we write tk , (A) for the F,-dimension of A/pA.Let Ng =}, g v € ZplG].

Proposition 3.4 We use the same notation as in Proposition 3.2, and write g, for the
minimal number of generators of A, as a Zp|Gl-module, and put go = 1k,(Ap).
Write t for the number of primes of Ty which are either ramified in the extension
T,/ To or lie in S and are inert in the extension T,/To.Then g, < go+t — 1 and
tk,(Ay) < p"(go+1t—1); iffurther NgA, = 0, thentk,(A,;) < (p" —1)(go+1—1).

We remark that if p { #(Ao), then automatically NgA, = 0. We briefly explain
Proposition 3.4 is a rough bound. Let us take p = 2 and n = 1, and assume that
Ty has odd class number. By Proposition 3.4, tkao (A1) < t — 1. Now A]g with G =
Gal(T1/Tp) = {1, y}, coincides with the subgroup of A killed by 2, since the oddness
of #(Ap) implies Ng(A1) = O whenceaa” = Oforanya € A.Sork, A = rkz(Alg).
It follows from Chevalley’s formula (3.1) that

kA1 =t —1—r1kp (0;075/0}(0’5 N NT]/TO(TIX)) .

The proof of these results is a slight modification of classical arguments in Iwasawa
theory, going back to Iwasawa’s paper [14, §7.4]. However, for completeness we now
give a self-contained proof of them.

Proof of Proposition 3.2 Let L; be the maximal unramified abelian p-extension of 7},
in which the primes of T; above S splits completely. By class field theory, the Artin
map induces an isomorphism

A; = Gal(L;/T;).
Let ¥; = Gal(L;/T;), and for simplicity, we put L = L, and Y = Y,,. The group
G = Gal(T,/Tp) acts on Y by lifting inner automorphisms, so that ¥ becomes a
Zp|G]-module, and then Y = A, as Z,[G]-modules. Let

Z = Gal(L/T,Ly) (3.2)

which is a G-submodule of Y. Now since there is at least one totally ramified prime in
the extension T}, /Ty, we have Lo N T, = Ty, and clearly Ly is contained in L,, because
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every prime of 7, above a prime in S must also split completely in the extension
LoT,/T,. Thus Y /Z = Yy. Hence, by the snake lemma, for every integer m > 0, we
have an isomorphism

Yo/p"Yo =Y /(p"Y + Z).

Let y be a generator of G. For r > 1, define v, = (ypr —1)/(y — 1), and note that v,
is an element of the maximal ideal of the local ring Z,[G]. We shall prove later that

Y, =Y/Z" foreach1 <r <n. (3.3)
whence, again by the snake lemma, we have
Y. /p"Y, =Y /(p"Y + Z™). 34

Let us assume for the moment that (3.3) is valid. In view of this last equation, our
hypothesis that #(Ag/p™ Ag) = #(A/p™ A1) implies that

p"Y +Z=p"Y +2Z". (3.5)

Put W = (p"Y+Z)/p™Y.Thenvi (W) = (p"Y + Z"')/p™Y.But, in view of (3.5),
we have (p™Y + Z"1)/p™Y = W, and so v{ (W) = W. Since v lies in the maximal
ideal of the local ring Z,[G], It follows from Nakayama’s lemma that W = 0, whence
Z C p™Y. It now follows from (3.4) that

A /pmA =Y,/ p"Y, =Y /p"Y forany 0 < r < n.

Thus, to complete the proof of Proposition 3.2, it remains to prove (3.3). Let G =
Gal(L/Tp), where we recall that L is the maximal unramified abelian p-extension of
T, such that all primes of T, which lie above a prime in S, split completely in L. Let
S’ be the subset of S consisting of those primes which are inert or ramified (hence
totally ramified by our condition) in T}, and write S’ = {py, ..., ps}. Let ps1, ..., s
be the primes of Ty which are ramified (hence totally ramified) in 7, but not in §’. Let
p; (1 < j < 1t)be some prime of L lying above p; and write D; (resp. /;) for the
decomposition (resp. inertia) subgroup of p; in G. We let

D; ifl<j<s,
Ej= . .
I; ifs+1<j<t

It follows from our definition of L that, foreach 1 < j < ¢, we have E; NY =0,
and E; is naturally isomorphic to G/Y = G. Hence each E; is cyclic, and we can
choose a generator o; of E; for 1 < j < t such that the coset of o; in G/Y is
y.Puty; = ajal_l for 2 < j < t,so that y; is in Y. Now suppose ﬁ’J is another
prime of L lying above p;. Then the decomposition group of fJ’j for the extension
L /Ty is conjugate to E; whence it is contained in (E;, [G, G]), where [G, G] is the
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commutator subgroup of G. It follows that L, being an intermediate field of L /Ty, is
fixed by ([G, G], E1, ..., E;) = ([G, G], 01, y2, ..., y:). We claim that

[G,G] =YV L. (3.6)
Indeed, Y”~! is clearly contained in [G, G] and it is normal subgroup of G by a direct
computation. Thus, in order to show (3.6), it suffices to show that G /(Y 1) is abelian.
Any element of G/(Y?~!) has the form 7%y mod Y”~! for some integer k, where

y € G is alifting of y and y € Y. Then

Ski+

Py 7Ry, = PRy, v mod vY !

where k1, ky € Z and y;, y» € Y. It follows that G/(YV_I) is indeed abelian. This
proves the assertion (3.6). Hence we have

Gal(L/Lo) = (Y" Vo1, y2, ..., y1).

Since Y is a normal subgroup of G, we have ¥ N Gal(L/Lg) = (Y™, ya, ..., v1).
Recall that G = E;Y. Thus the inclusion ¥ < G induces the following isomorphism

YY"y, o v) 2 G/Gal(L/Lg) = Y. (3.7)

But Yy = Y /Z where Z is defined in (3.2), because there is at least one totally ramified
prime in the extension 7,, /Ty . Therefore, we have

Z= <Yy_lay27"'9yt>~

Now one can repeat the above arguments proving (3.7) for the extension L /T, for
r =1, ..., n. To do this, we must replace y by y”r, and o; by a]‘? , and work with the

decomposition group generated by o f " We then find

pr71 r r r

r — —
Y, =Y /(Y ,azp alp,...,olpalp).

Note that Y}’pr —1 = (y¥=1)"r . Hence the assertion (3.3) will follow, and the proof of
Proposition 3.2 will be complete, once we have established the following lemma. O

Lemma3.5 Forr =0, ..., n we have,
ol o " = y;’ (G=2,..1),

where v, = (ypr —D/(y —=1.
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Proof Recall that, by definition, y¥ = 7yy~! for any lifting 7 € G of y, and any
y € Y; and by definition, o (1 < j < t)is a lifting of y. We shall prove by induction
that, for any integer k > 1, we have

o‘]’?o’l_k = yjy_l . (3.8)

When k = 1, this is just the defining equation of y;. Suppose k > 2, and that (3.8)
holds for k — 1. Then

k—1
Jh=1_4 Sh=1_4 y<y 71—1)4_1 -
k_—k _ . y—1 -1 _ . y—1 -1 _ -1 _ 4 _ y—1
ajol —U]yj O'l —U]yj O'j O'JO'I _yj _y] s
completing the proof by induction. O

Proof of Proposition 3.4 We use the notation of the proof of Proposition 3.2. Let Y’ be
the Z,[G]-module submodule of ¥ generated by y, ..., y;. It follows from (3.7) that

Y /YH/x /Yy = =x.
Letm = (p, y — 1), so that m is the maximal ideal of Z,[G]. Thus
(Y/Y") /(Y /Y') = Yo/ pYo.

Hence, by Nakayama’s lemma, Y /Y’, as a Z,[G]-module, can be generated by go
elements, where we recall that gg is equal to the IF ,-dimension of Ag/pAg. Therefore,
Y can be generated by go +¢ — 1 elements as a Z,[G]-module. Since rk ,Z ,[G] = p",
wehaverk,(Y) < p"(go+—1). Thelast assertion of Proposition 3.4 follows from the
fact that A, isa Z,[G]/(Ng)-module when Ng A, = 0, and that 1k, (Z,[G]/(Ng)) =
p'—1 O

We now return to the discussion of the preliminary ideas behind the proof of Theo-
rem 1.4. The first important fact is the following. Note that the definition of the fields
K, F, F' and J remains valid for all primes ¢ = 3 mod 4, and the following result
holds for all such primes. Of course, it is classical that K has odd class number, and
it is already shown in [4], Theorem 3.8 that F' has odd class number for all primes
g =7 mod 8.

Proposition 3.6 Assume q is any prime such that ¢ = 3 mod 4. Then all of the fields
K, F, F',Dand J have odd class number.

Proof Leti = «/—1. Of course, Q(i) has class number 1. Note that ¢ is inert in Q(i),
and that the prime gZ[i] is totally ramified in J and in D. Suppose ¢ = 7 mod 8.
Let v be a prime of J lying above 2. Then it follows from Lemma 2.6 that J, is
equal to Q2(+/—1, v/=3) when ¢ = 7 mod 16 and to Q2(v/—1) if ¢ = 15 mod 16.
Thus the ramification index of v in J/Q is 2. Note that (1 4 i)Z[i] is the prime of
Q(i) above 2 which is ramified in Q(i)/Q. It follows that (1 + i)Z[i] is unramified
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in J. Thus, we conclude that there is only one prime ramified in D/Q(). It follows
from Proposition 3.4 that D has odd class number. Applying Proposition 3.4 on J/D
implies that J has odd class number. Since J/F (resp. J/F') is ramified at w* (resp.
w), it follows from class field theory that F and F’ both have odd class numbers.

Assume next that ¢ = 3 mod 8. We shall apply Chevalley’s formula (3.1) to the
quartic cyclic extension J /Q(i). Let v be a prime of J above 2. Then J, = Q(v/—3, i)
or Q2(v/—11, i), according as ¢ = 3 mod 16 or g = 11 mod 16. We leave the reader
to check that neither Q(~/—3) nor Q,(~/—11) is Galois over Q,. It follows that the
maximal abelian extension of Q- inside J, is Q2(+~/—3, ). In particular, we conclude
that the maximal unramified extension of Q; inside J, is Q2(+/—3). This proves that
the ramification index and the inertial degree of (1 + #)Z[i] in J are both equal to 2.
Since g = 3 mod 8, the quartic Hilbert symbol

. 2_
(,, q) i = —1 mod gZ[i].
qZlil) 4

It follows that i is not a norm from J, whence the unit index in Chevalley’s formula
for J/Q(i) is divisible by 2. Thus, in this case, Chevalley’s formula when S = ¢ tells
us the Gal(J /Q(i))-invariant of Cl; is O where Cl; is the class group of J, whence,
by Nakayama’s lemma, the class number of J is odd. We just proved that the unique
prime of J above 2 is totally ramified in J/K . It follows that D, F and F’ must also
have odd class number. This completes the proof of Proposition 3.6. O

If R denotes any of our four number fields D, F, F’, J, we recall that R, = RK,,
and R} = RK; for 1 < n < oo. Recall also that we have chosen our notation so that
the prime factor p (resp. p*) of 20 is ramified in F (resp. F”).

Proposition 3.7 Assume g = 7 mod 8. Then the class numbers of Dy, D, F, and F,*
are all odd for all n > 0. Moreover, for all n > 1, the class numbers of F), F,i Jn
and J) are all odd if ¢ = 7 mod 16, and are all even if ¢ = 15 mod 16.

Proof Note that there is only prime of D (resp. F') above p and this prime must be totally
ramified in Dy (resp. F) since D (resp. F) has odd class number by Proposition 3.6.
It follows by a classical argument in Iwasawa theory (see the proof of Theorem 3.8
of [4]) that D,, (resp. F},) has odd class number for all n > (. Alternatively, one can
use Proposition 3.4 or Chevalley’s formula to show D,, (resp. F};) also has odd class
number for eachn > 1. Asin Lemma 2.1, we also conclude that D} and F,/l* have odd
class numbers too.

Assume now that ¢ = 7 mod 16. Then, by Lemma 2.6, there is exactly one prime
of v of J lying above p, and exactly one prime v* of J above p*. Moreover, v (resp.
v*) is then the unique ramified prime in J, (resp. JZ), and it must be totally ramified
since J has odd class number by Proposition 3.6. It now follows either by a classical
argument in Iwasawa theory, or again by using Proposition 3.4 that J,, (resp. J,*) has
odd class number for all n > 1. Also J,,/F}, is totally ramified at the unique prime of
F) above p, and J,*/ F¥ is totally ramified at the unique prime of F* above p*, whence
F,, F also have odd class number, completing the proof when g = 7 mod 16.
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Suppose next that ¢ = 15 mod 16. We first prove that F;* = F K| has even class
number. We shall apply Chevalley’s formula (3.1) to the quadratic extension F|"/F.
Note that, by Lemma 2.6, p* splits in F, say p*Or = wjwj, where Of denotes the
ring of integer of F. Since p* is ramified in K7, both w] and w3 are ramified in the
extension F, 1* /F, and no other primes of F are ramified. We now show that each unit
in OF is a norm of F}'. Recall that iz denotes the class number of F. Let y be a
generator of w"F, and define g = Np /k (v). Then, since w is the unique prime of F
above p, we have BOr = y2>Op. Thus y2/B = £n* for some integer k, where we
recall that n denotes a fundamental unit of . Again, as in the proof of Proposition 2.7,
the integer k must be odd, since otherwise the extension F /K would be unramified
outside the set of primes dividing 2. Hence, to prove that each unit in O is a norm
from FY}, it suffices to show that both y%/B and —1 lie in NFI*/F(FI*). Let 7* be a
generator of p*’ where ¢ is the order of the ideal class of p* in the class group of K.
Then it follows from the proof of Proposition 2.4 that, by adjusting the sign of 7*
if necessary, we have K 1* =K (\/F), whence Fl* =F (\/F). Moreover, since p
splits in K by Proposition 2.4, we must have 7* = 1 mod p3, or equivalently 7* is
asquare in Kp = Fyx = Fy3. Thus, for j = 1,2 we have the following equalities of
quadratic Hilbert symbols:

+y?/B.7*\ _ [(E£B.7\ <j:,3,n*> _ (j:ﬂ,n*) 1
wj - wjf - p* - p -

Indeed, the first equality is obvious; the second equality holds because 8, 7* € Kp+ =
Fw»;; the third equality is by the product formula for Hilbert symbols and the fact that

the Hilbert symbol of A and 7* at a prime outside p, p* is trivial by local class field
theory; the last equality is thanks to the fact proven above that 7* is a square in K.
Now every unit in Op is clearly a local norm at the unramified primes of F in F}".
Thus it follows from the above computation and Hasse’s norm theorem that every unit
of F' is a global norm from Fp. By Chevalley’s formula (3.1) applied to the extension
F}*/F, we have that the number of Gal(F;*/F)-invariants of the class group of F;" is
2, whence the class number of F|* must be even. Thus, since the primes of F lying
above p* are totally ramified in F;, it follows that F," has even class number for all
n > 1. By interchanging the primes p and p*, the same argument proves F, has even
class number for all n > 1.

We claim that the prime w} (i = 1, 2) of F is totally ramified in J;" whence it will
be totally ramified in JZ,. Indeed, since J has odd class number by Proposition 3.6, we
must have that J|/J is ramified at some prime of J lying above w. As w is ramified
in J/F, this proves the claim. It follows that J;*/F}" is totally ramified at the primes
above w (i = 1,2) whence so is J;/F,;. Thus J has even class number since we
just proved that F,* has even class number. Using the argument of Lemma 2.1 shows
that J,, has even class number. O

Apart from some brief comments made about the case g = 15 mod 16, at the very
end of this section, we shall assume from now on that ¢ = 7 mod 16. We assume that
w lying above p and w* lying above p* are the primes of F as in Theorem 1.5. Thus
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Fy, = Q2(v/3) and Fyx = Qa(+/=3). Moreover w is inert in J and w* is ramified

in J. If M is a number field, we let MSZC be the cyclotomic Z;-extension of M and

write M,fyc for its n-th layer. By class field theory, the compositum of all Z;-extension
cyc

Koo of K is Koo K2, which is also equal to KX K3, and to Koo K. Finally, let
Fn. = FK,K} and J, = JK, K for each n.

Proposition 3.8 Assume g = 7 mod 16. Then, for eachn > 0, the 2-primary subgroup
of Cl Foe s 1S zero; here S = {w} is the set consisting of the unique prime of F lying
above p. Moreover, the class number of F, = F K, K} is odd for every n > 0.

Proof Both of the primes w and w* are ramified in FlCyc = F(v/2), since Fy,(+/2)
and F+(+/2) are ramified extension of F,, and F, respectively. Hence w and w*
must be totally ramified in the Z,-extension Fsy /F. Let w,’* denote the unique
prime of F,” above w for each n > 1. Write Cl pove ¢(2) for the 2-primary subgroup
of Cl 5 Since F has odd class number, andn u}, w* are the only primes of F

ramified in F 1C Y¢ it follows from the final assertion of Proposition 3.4 that Cl FO¢ )

is a cyclic group. Now FlC YK1K 1 is an unramified extension of FlC ¥¢, because, on
the one hand, it is unramified outside the primes above p, and, on the other hand, it
is also unramified outside the primes above p* since F’ f YKy =F f K 1. The prime
wiyc is inert in the extension F lc YK\ /F f ¥® by Proposition 2.4, and so, by class field
theory, it must be inert in the 2-Hilbert class field L(F’ f Yy of FlC ¢ since we have
shown that the extension L(F lc )/ FlC ¢ is cyclic. Hence, by class field theory, the

whole group C1 FO (2) must be equal to the 2-primary part of the subgroup generated
by the ideal class of w?yc. In other words, Cl Foe, §(2) = 0. Therefore, applying

Proposition 3.3, we conclude that the same assertion holds for every layer F,;”* of the
cyclotomic Z;-extension of F. For the second assertion of the Proposition, we note
that (w;?)%" = wO Fove- Hence, since F' has odd class number, it follows from the
first assertion of the Proposition that the 2-primary part of Cl zeve has order dividing

2". But F,/F," is already an unramified cyclic extension of degree 2”. This shows
that L(F,”°) = F,,. Now Y (F,,) = Gal(L(F,)/F,) is endowed with the usual action
of 0, = Gal(]—',,/F,fyC), and we then have Y (F,),, = 0 since L(F,fyc) = F,. Hence,
by Nakayama’s lemma, Y (F,) = 0, proving that the class number of F;, is odd. This
completes the proof. O

Lemma 3.9 Assume g = 7 mod 16. Then the index [(’)}f-1 : (9;(_-1 NNz, 7 (T)] is
divisible by 2.

Proof Since F; = F K is a bi-quadratic extension of K, it has three nontrivial inter-
mediate fields. Clearly F and K are two of them, and we denote the third one by
E. Since the prime p of K is totally ramified in F, and F; has odd class number by
Proposition 3.7, it follows that also E has odd class number. We first show that there
exists a unitu € C’);l such that Nr, g (1) = —1, where (’);l denotes the unit group of
F1. Now the only primes of K which ramify in F} are the primes p and q = /—¢ Ok,
with respective ramification indices 4 and 2. Moreover, q must ramify in E, because
F1 = K E and q does not ramify in K. Hence the extension F/E is ramified at the
unique prime of E lying above p. Applying Chevalley’s formula (3.1) to the extension
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F1/E with S = ¢, and recalling that F| and E have odd class number, we conclude
that the index [Of : O N Np, g (F1*)]is odd; here O denotes the group of units
of E. Hence there exists 8 € F| such that N, /g (B) = —1. Let BOF, = b. Since the
norm of b from F) to E is the trivial ideal, it is clear that we must have b = ¢/¢* for
some ideal ¢ of Fi; here t denotes the non-trivial element of Gal(F;/E). But, since
F has odd class number, we must have ¢ = 60 r, for some non-zero § € F; and
some odd integer k > 1. We then have ,Bk = u(@/@’)k for some u € O;l, and, since
k is odd, it follows that —1 = Np, ;g (), proving our first claim. Our second step is
to show that there exists a unit u’ € O}l such that Nz, /r, (u') = u, where O;] is
the group of units of ;. Note that w* splits into two primes of Fj and these two are
precisely the ramified primes of F; in Fj. Let v denote any one of these two primes
of Fi, let v’ denote the prime of F| above v and let vy be the prime of E below v.
We have (F1), = Qa(+/=3) and E,, = Q». It follows from the norm functoriality of

Hilbert symbols that
<u : 2) < - 1 ’ 2)
— ) = =1
v Vo

It follows that the global unit « is a local norm at any prime of F; as 71 = F1 F lc e =
Fi (\/Z). Thus, by Hasse’s norm theorem, we have u € Nx, (flx). Since F; has
odd class number, an entirely similar argument to that given above shows that there
exists an odd integer m such that u™ is in N,/ r, (O]X:l). But since an even power of

u is clearly the norm of a unit in Oxl , we conclude that
u = Nz, (u) for some unit u’ € O}(_-l.
Now we claim
u' ¢ N7 (T
As J, = Fi1(+/—1), this claim follows from the following values of Hilbert symbols:
(40 (5) - () -
v/ v Vo '

Thus the unit index in the lemma is indeed nontrivial, and the proof is complete. O

Proposition 3.10 Assume g = 7 mod 16. Then the class number of J; is odd.

Proof The primes of F| ramified in 7] are precisely the two primes above w*. Apply-
ing Chevalley’s formula (3.1) on J;/F, it follows from Lemma 3.9 that the class
number of 7] is odd by Nakayama’s lemma. O

Proof of Theorem 1.4 Since g = 7 mod 16, there is exactly one prime of J lying above
p (resp. p*) , and we denote this prime by v (resp. v*). Then v (resp. v*) is totally
ramified in J, = JK, (resp. J,; = JK,') and unramified in J; (resp. J,) foralln > 0.
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It follows that the ramification index of v in J,, = J K, K} is exactly 2". Thus, for any
n > 0, the primes of J,, = J K, lying above v* are totally ramified in 7, whence they
are totally ramified in the Zj-extension J, J% /J,. Clearly, J,J% /J, is unramified
outside the primes above v*. Hence the Z;-extension J, J /J, is totally ramified at
each ramified prime for all n > 0. Similarly, the Z;-extension J," Joo/ J,* is also totally
ramified at each ramified prime for all n > 0.

Now the class numbers of J; and J; = J; Jl* are both odd by Proposition 3.7
and Proposition 3.10. Applying Proposition 3.3 to the Z,-extension JiJ% /Ji, we
conclude that J; J;* has odd class number for all n > 0. Then, the class number of J,
is also odd, since JiJ,*/J¥ is totally ramified at the primes above v. Now, applying
Proposition 3.3 on the Zj-extension J," Joo/J¥, we conclude that the class number
of JJ, is odd for every r > 0. In particular, J, has odd class number for every
n > 0. But every finite unramified abelian 2-extension of J is clearly defined by an
equation with coefficients lying in J, for some n > 0, and thus L(Jx) = U, L(Jy).
Hence Y (Jx) = 0. Finally, since the extensions Joo/Doos Joo/Foos Joo/ Fio and
Foo/Koo are all ramified quadratic extensions, it follows from class field theory that
Y (Do) = Y (Foo) = Y(FL,) = Y(Ks) = 0, and the proof is complete. m]

Assume ¢ = 7 mod 16. By a similar argument to that used in Proposition 3.8,
one can show that, for each n, L(J,°) = J, whence the 2-primary part Cl e (2) of

the class group of J,”* is cyclic of order 2. But unlike the result in Proposition 3.8,
Cl e (2) is not generated by the primes above w and w*, since the primes of J,”°
above w or w* all split in LYK = J,fyCKT. This result on Cl jeye (2) extends a joint
work of the second author [19]. !

Kida [16] and Ferrero [7] have independently computed the unramified Iwasawa
module of the cyclotomic Z,-extension of an imaginary quadratic field. For our field
K, their formula gives Y (K53') = Z% where A = —1 + 2(=3+orda(@®=1) 1t follows
that Y (K ) has a quotient whose Z-rank is A — 1, since Koo /K <€ is an unramified
Z»-extension. Note that A — 1 > 2 when ¢ = 15 mod 16 and it is unbounded when ¢
varies in the family of primes = 15 mod 16. This certainly implies the same assertion
holds for Y (D), Y (Fxo) and Y (Jso)-

4 Relationship to the arithmetic of a family of abelian varieties

We now discuss the connexion of Theorem 1.1 with the arithmetic of a certain abelian
B variety with complex multiplication, and use it to prove Theorem 1.3. As in the
Introduction, let H = K (j(Og)) be the Hilbert class field of K. Let A be the unique
elliptic curve defined over Q(j(Og)) with complex multiplication by Ok, minimal
discriminant (—g?), and which is isogenous to all of its conjugates over H (see [11],
Chap. 3). Let B/K be the h-dimensional abelian variety which is the restriction of
scalars from H to K of A (see [11], Chap. 4); here we recall that % is the class number
of K .Let # = Endg (B), and .7 = B ® Q, so that .7 is a CM field of degree h over
K. As was explained in the Introduction, the fact that % is odd implies that the primes
p, p* of K are both unramified in .7, and the fact that the torsion subgroup of B(K)
is Ok /20k implies that there exist unramified primes B, PB* of inertial degree 1 of
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7 lying above p, p*, respectively (see [1,4,11]) for detailed proofs of these facts). For
1 < n < oo, we write Byn (resp. By«n) for the Galois module of " (resp. P*")
-division points on B, both of which are isomorphic as abelian groups to Z /2" Z (resp.
Q2/Z3) when n is finite (resp when n = 00), but have a highly non-trivial Galois
action on them when n > 2. It is shown in [4] (see Theorem 2.4 and Lemma 7.11),
that, always with our standard notational convention, we have

F = K(By2), Foo = K(Byp~), F' = K(Bpa), Fi=K(Bypw). @1

Moreover, the Weil pairing gives rise to an isomorphism of Galois modules By =
Hom(Bgy2, 114), where p4 denotes the group of 4-th roots of unity, whence we obtain

J = K(Bg, Byy2), Joo = J(Byee), J2 = J(Byeeo). 4.2)

For any algebraic extension § of K, we recall that the 3°°-Selmer group of B/F is
defined by

Selyee (B/F) = Ker(H ' (§, Byp) — ]‘[ H'(G,, B)), 4.3)

where v runs over all non-archimedean places of §, and, as usual, §, denotes the union
of the completions at v of the finite extensions of K contained in §, and there is an
entirely analogous definition for Selgz+oo (B/§). Now it is shown in [4], Theorem 2.4,
that B has good reduction everywhere over the fields F and F’, from which, in view
of (4.1) and (4.2), it follows easily that

Selgpo (B/ Foo) = Hom(X (Fao), Bypee),

Selgpoe (B/Joo) = Hom(X (Jo), Bypeo), “4.4)
and
Selggco (B/FC/;) = Hom(X*(FC’;), Bogso), 4.5)

Selqg*oo (B/J:O) = HOII’I(X*(J:O), B&p*oo).
When g = 7 mod 16, Theorem 3.1 of [4] shows that X (Fx) = X*(F) = 0, whence
Selpoo (B/ Foo) = Selgproe (B/FZ)=0. (4.6)

Further, Theorem 1.1 is then clearly equivalent to the following.

Theorem 4.1 Assume q = 7mod 16. Then, as abelian groups, we have Selsgs (B / Jo)
= Q2/Z3 and Selgp (B/J%,) = Q2/Z;.

Note, however, that our proof of Theorem 1.1 provides no information about the
action of Galois on the copies of Q2 /Z, appearing in Theorem 4.1. We can also give
an equivalent formulation of Theorem 4.1 as follows. We have an exact sequence

0 = B(Joo) ® Tn/ By — Selpx(B/Joo) = MI(B/Jo)(B) = 0,  (4.7)
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where III(B/Jx) denotes the Tate-Shafarevich group of B/J, and III(B/Jx) (B)
is its P-primary subgroup. There is also an entirely analogous sequence for
Selgp«oe (B /J%,). The following two remarks are valid for all primes ¢ = 7 mod 8. We
fix an algebraic closure @ of , and all of our relevant fields will be assumed to lie in
it. Firstly, if M is any algebraic extension of K, B(M) ®z Q is a vector space over the
field .7. Since [ : Q] = 2h, it follows that the Q-dimension of B(M) ®z Q, if it is
finite, must be a multiple of 24. Secondly, let o be any element of Hom (J, @) such
that then restriction of o to K is the non-trivial element of Gal(K /Q). Now o (J) = J
because J is Galois over Q, and thus o (J) will be a Zj-extension of J, which is
unramified outside o (p) = p*. Hence o (Jo) = JZ,. Moreover, as the Gross curve A
is defined over the field Q(j(Ok)), the abelian variety B is actually defined over Q.
Hence applying o gives an isomorphism B(Jx) = B(JZ,). Thus Theorem 4.1 has the
following entirely equivalent formulation.

Theorem 4.2 Assume q¢ = 7 mod 16. Then precisely one of the two following
options is valid:- (i) both B(Jx) ®z Q and B(J%,) ®z Q have Q-dimension 2h, and
HI(B/J)(P) = HI(B/J53)(B*) = 0, or (ii) B(J) ®z Q = B(J5) ®2Q =0,
and both I1(B/ J5o)(B) and I1L(B/JX)(P*) are isomorphic to Qz/Zy as abelian
groups.

We next explain how we can strengthen this result a little by a purely arithmetic
argument, and prove Theorem 1.2. As a first step, we note the following lemma (cf.
Proposition 3.10 of [4]). Note that [/ : Dso] = 2, and this extension is ramified
precisely at the finite set of primes of D, lying above the rational prime ¢. In fact, for
the primes ¢ = 7 mod 16 there are precisely two primes of Dy, lying above ¢, because
q = /—qOk isinertin K /K by Lemma 3.3 of [4], and therefore the unique prime
of K1 above q must split in the extension K (vV—=1) /K1.

Lemma 4.3 For all primes g = 7 mod 16, the Galois group ® = Gal(Jo/Doo) acts
trivially on Selggoo (B / Joo).

Proof Note first that Bgpoo is not contained in Dy, since the rational prime g has
ramification index 4 in the field J. Thus the non-trivial element d of ® must act
on Bgyeo by —1. Hence, if f belongs to Hom(X (Jx), Bypee), we have (0f)(x) =
— f (0x), whence it follows that

Selgoo (B/Joo)® = Hom(X (Joo) /(1 + 0)X (Joo), Beo). (4.8)

But (1 +9)X(Joo) C X(Jso)®, and we claim that X (Joo)® = 0. Indeed, X (Joo)p is
finite for all primes g = 7 mod 16 because there are just 2 primes of Dy, which ramify
in Joo and X (D) = 0 by Proposition 2.2. Hence, using the fact that X (Jx) = Z2,
it follows that X (Js)® = 0, and the proof is complete. O

Theorem 1.2 will now follow immediately from Theorem 4.2 and the following
result. Let

feo : Selgy (B/Doo) — Selyy (B/Joo)® = Selgpoc (B/Joo) (4.9)

be the restriction map.
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Proposition 4.4 The map 0 is an isomorphism.

Proof We have the commutative diagram with exact rows

0 — Selyp(B/ Do) —= H!(Doo, Bggx) ——— [, H' (Doo,v, B)(P)

2T

0 ——> Sl (B/Joo)® ——= H' (Joo, Byp=)® — ([T, H' oo BYE))™ .
Now 0 must act on Bgseo like —1 because B> does not belong to B(Do). Thus 9 + 1
annihilates By, and (9 — 1) Bpee = Bipeo, whence Ker(foo) = H'(®, Bypeo) = 0,
and so, by the snake lemma applied to the above diagram, we conclude that 6, is
injective. Moreover, H>(D, Bypoe) = (Bspoo)@ = By, and so Coker (o) is of order
dividing 2, because it is a subgroup of H 2, Bgeo). Next we note that, for each
place v of Dy, which does not lie above g, B has good reduction at v, and v is
unramified in the extension Joo /Doy, Whence H! (Gal(Joo,w/Doo,v)s B(Jso,w)) =0
by a fundamental property of abelian varieties over local fields. Thus

Ker(moo) = [ [ H'(®. B(Joo))(B™): (4.10)
wlg

here w runs over the two primes of J, lying above g, which are, in fact, totally
ramified in the extension J,/Dxo. In particular, Ker(m o) is annihilated by 2, and it
then follows from the snake lemma applied to the above diagram that the cokernel
of 6 is annihilated by 8, whence it must be zero because Selgpoo (B/Joo) = Q2/Zo.
This completes the proof. O

Up until now, all the results of this paper have been proven by classical arithmetic
arguments based only on class field theory and Iwasawa theory. However, we see no
way at present of ruling out the possibility that B(Ds) ®z Q = 0 in Theorem 1.2
without using the complex L-series attached to B and Heegner points, inspired, of
course, by the conjecture of Birch and Swinnerton-Dyer. Let Ik be the idele group of
K, and let

¢:Ix - T*

be the Serre-Tate character attached to B/K (see [24], Theorem 10). Let 7 denote
the maximal real subfield of .7, so that 7t has h distinct embeddings into the field
R of real numbers. Then each of these 7 embeddings gives rise to a complex Grossen-
character ¢; of K, and the theory of complex multiplication shows that

h
L(B/K,s) =[] L@ 57
j=1
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where L(¢;, s) denotes the Hecke L-function of ¢;. By a theorem of Rohrlich [23],
we have L(B/K, 1) # 0 for all primes ¢ = 7 mod 8 (see also [22]). Let x be the
quadratic character of K corresponding to the quadratic extension D/K, and write
L(¢jx, s) for the twist of L(¢;,s) by x. By a root number calculation, it is shown
in [11], Theorem 19.1.1, that L(¢; x, s) has a zero at s = 1 of odd multiplicity for
j=1,...,h

Theorem 4.5 For all primes g = 7 mod 8, L(¢; x, s) has a simple zero at s = 1 for
j=1,...h,.

In fact, this is a slightly stronger form of a special case of Theorem 2.2 of [21], which
asserts that, when K = Q(y/—¢q), L(¢; x, s) will have a simple zero at s = 1 for all
sufficiently large primes ¢ = 7 mod 8. Since

h
L(B/D,s) =[] L@;x,)’L(B/K,s),
Jj=1

Theorem 1.3 then follows from Theorem 4.5 and the deep work of Gross—Zagier [12]
and Kolyvagin—Logachev [17] applied to the twist of B/K by the quadratic character
of the extension D/K.

We now sketch the proof of Theorem 4.5. As we follow closely the proof given in
[21], we shall largely just explain those details needed to check that the arguments in
[21] do indeed remain valid for all primes ¢ = 7 mod 8. For brevity, put ¥; = ¢; x, so
that v is a Grossencharacter of K with conductor 4q, where, as always, q = v—q0k,
and we know by [11], Theorem 19.1.1 that L(v/}, s) has a zero of odd multiplicity at
s =1forall j € {1,...,h}. Moreover, it is known that the set {y1, ..., ¥} coincides
with the set {1/ w}, where we have fixed one embedding of .7 in C, and written ¢ =
for the corresponding Grossencharacter, and w then runs over the set of all complex
characters of the ideal class group of K. For each ideal class C of K, we define the
partial L-series L(y, C,s) = Y cc ¥ (a)(Na)™, where the sum is taken over all
integral ideals in C, which are prime to 4q. Thus, for every complex character w of
the ideal class group of K, we have L(Vw, s) = ZC w(C)L(Y, C,s), where the
sum is taken over all ideals classes C of K. Now the Gross—Zagier formula (see [12],
Corollary 1.3) shows that L(3, s) will have a simple zero at s = 1 if and only if
L(vj, s) has a simple zero at s = 1 forall j € {1, ..., A}, or equivalently L(Y}w, s)
has a simple zero at s = 1 for all complex characters w of the ideal class group of K.
But, for every ideal class C of K, we have the identity

hL'(y, C,s5) = ZE(C)L/(W), 5), (4.11)

where the sum is taken over all characters w of the ideal class group of K. Thus, if
the partial L-series L(Y, C, s) has a simple zero at s = 1 for some ideal class C of
K, it follows from this identity and the Gross—Zagier formula that L (¥ w, s) will have
a simple zero at s = 1 for all characters w of the ideal class group of K. We now
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proceed to show by analytic arguments that, in particular, L(y/, €, S) has a simple
zero at s = 1, where € denotes the class of principal ideals of K.

For every 8 € Ok, with (8,4q) = 1, we have ¥ (80k) = €(B8)B, where € is a
quadratic character of (Og /4q)*. Put A(y, €, 5) = (W /27x) T (s)L({, €, s), where
I'(s) denotes the classical I'-function, and W = 4q. Define f(z) =z~ ! fzoo e 't~ ldt
for any strictly positive real number z. By formula (2.11) of [21], which the authors
attribute to Rohrlich, we have

27N (e, ) =U+V, (4.12)
where
U= > emnfQan®/W), (4.13)
n>1,(n,W)=1
and
V= Y anfQun/W), ay =2 elx+yJ/=q)x ; (4.14)
n>1,(n,W)=1 X,y

here the second sum is taken over all strictly positive integers x and y such that
x2 4+ gy?> = n. Thus to complete the proof of Theorem 4.5, we must show that
U > |V| for all primes ¢ = 7 mod 8.

It follows from Proposition 3.1 and Corollary 3.4 of [21] that

U > W(0.5235 — 0.8458 W~ 1/4 — 0.3951Ww~1/2). (4.15)

But W = 4q > 28, so that, substituting this lower bound for W in the two negative
fractional powers of W in (4.15), we immediately obtain

U > 0.08107226W. (4.16)
On the other hand, we have
VI <D 2xf (r(x® +qy*)/29)), (4.17)
X,y

where the sum on the right is now taken over all strictly positive integers x and y. Note
however that f(z) < z~2e~< for all strictly positive real numbers z, whence

Tx2

X s ’2
V1< Y 205 e F (/20 + 2 )
X,y

8 (& 32 ad )2
<= <ersz) 2:)/_46_“T . (4.18)
T

where again the first sum is over all strictly positive integers x and y. By Lemma 4.2
2

of [21], we have Y 07| xe W < q /7, and by a direct numerical calculation one has
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7rv2
Y52y *e™ 7 < 0.2080. Thus we obtain

2
V] < —50.2080W = 0.01341663832W < U. (4.19)
T

This completes the proof.
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Appendix A

Unlike the earlier part of this paper, p will now denote an arbitrary prime number
throughout this Appendix. Also K will now denote either the rational field Q, or an
arbitrary imaginary quadratic field. Let p be a prime of K such that the completion K,
is Qp. We write I now for an arbitrary finite extension of K. However, if K = Q, we
shall always assume in addition that F is totally real. By class field theory, K admits a
unique Zp-extension which is unramified outside p, and we denote this Z ,-extension
by K. Let K, be its n-th layer. Write . for the set of primes of F lying above p.
Let M be the maximal abelian p-extension of F, which is unramified outside .. The
following classical formula is due to the first author [3] when K = @, and the first
author and Wiles [5] when K is imaginary quadratic. Let R}, be the p-adic regulator
of F, whose definition is recalled below (A.2). Let Foo = F K.

Theorem A.1 With notation as above, the degree [M : Fuo] is finite if and only if the
p-adic regulator Ry of F is non-zero. If Ry # 0, then

2p¢~THIR A
[M: Fol = =2 P TTa - e

@WFy Ap ges

up to multiplication by a p-adic unit. (A1)

Here h is the class number of F, wF is the number of roots of unity in F, Ay € Ok,
is a generator of the p-component ideal of the relative discriminant of F /K, and N (g)
is the absolute norm of an ideal g of F. Moreover, the integers e and f are defined by
FNKy =K,and HN Ko, = Ky, respectively, where H denotes the Hilbert class
field of K (thus f = 0 when K = Q).

This formula is stated and proved in [3] and [5] under the assumptions that the prime p
is odd, and that p does not divide the class number of K. However, it is often precisely
these cases which are needed for certain applications of the formula, as, for example,
in the present paper. Thus the aim of this appendix is to show that, after some very
slight modifications, the arguments given in the two original papers work in complete
generality, and give a proof of Theorem A.1. All the notation we used in this appendix
is compatible with [5].
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Let d = [F : K]. We first recall the definition of the p-adic regulator R. Let
€1,...,&4—1 be a basis of the group £ of global units of F modulo torsion, and put
eq =1+ p.Let ?p be a fixed algebraic closure of K, (= Q). Denote by ¢y, ..., ¢q
the distinct embeddings of F into fp. Let log denote the usual extension of the p-adic
logarithmic function to ?p. The p-adic regulator Ry, is then defined to be the d x d
determinant

Ry = (dlogeg)~" det(log(@i (e ) 1<i,j<d- (A.2)

In fact, since Z?:l log(¢i(e;)) = Ofor j = 1,...,d — 1, it is not difficult to see
that Ry, = det(log(;(¢;))1<i,j<di—1. Let V. = 1+ pZ, be the group of principal
units of Ky, and define V = V{+£1}/{£1}. Note that the p-adic logarithm defines an
isomorphism V = Zp, for all primes p. Our arguments will hinge on the following
elementary facts. Firstly, we have that log(e;) = log(1+ p) = 2p, up to a p-adic unit.
Secondly, for an integern = p“m with p { m, the image of the closure ((1+ p)") C V
under the map V — V has index p* in V.

Since K is either Q or an arbitrary imaginary quadratic field, we can now only
assert that there will be only finitely many primes of K, lying above p. We fix such
one prime p of Koo lying above p. Let ¥, be the completion of K,, at the unique
prime below p. Let Wy, = U, ¥, so that Gal(Ws,/ ¥p) = Zp. Now our hypothesis
H N Ko = K clearly implies that ¥, /¥y is totally ramified. Let V,, denote the
group of principal units of ¥, which are = 1 modulo the maximal ideal. Thus Vy = V.
Let N, denote the norm map from V,, to V, and define N, to be the composite map

Ny Vi 25 v >V,
Of course, N,, = N,, for p > 2.
LemmaA.2 Foreachn > f, we have N,(V,) = v
Proof Recall that the inertial subgroup of p in the extension Koo /K is Gal(Kso /K 7).

It follows then from local class field theory that, assuming n > f, the Artin map
induces two isomorphisms

v/ m Ny(Vy) = G(Woo/Wy) and  V/Ny(Vn) = G/ ¥y).
n>f

Since G(Woo /W) = Zp, it follows that we must have —1 € ﬂnzf N, (V,), whence
V/Nuy(Vi) Z V/No(Va) ZZ/p" L, (n = f).

But the group V is isomorphic to Z p»and so N, (V,,), being a closed subgroup of index
p"~7, must be equal to v , and the proof of the lemma is complete. O

Define U; = ngy Uyg,1, where Uy, denotes the local units = 1 mod g in the
completion of F at g, and let Ng,g be the norm map from U to V. Define Np /K to
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be the composite map

_ N _
Npk Ui REELNG VAN /4

The following two lemmas describe the kernel and image of N F/k- Foreachn > 0,
let F, be the n-th layer of the Z,-extension Fuo/ F, and let C,, be the idele class group
of F,. Put

Y = My>0NF,/FCn. (A.3)

LemmaA.3 Y NUj is the kernel ofl\_/F/K.

Proof This is equivalent to showing that ¥ N U] is the inverse image of 1 under the
map Np k. By Lemma A.2, (), Nu(V,) = {£1} for p = 2 whence ) N (V) = 1.
Granted this, the rest of the proof is exactly the same as that given in [5, Lemma 5],
and we omit the details. O

LemmaA.4 Let L be the p-Hilbert class field of F and let the integer k be defined by
LN Foo = Fy. Then Np g (Uy) = VP

Proof The proof is essentially the same as the one of [5, Lemma 6]. Firstly, one needs
to replace Np,k and N, there by Np /K and N, respectively. Clearly, k + ¢ — f > 0.

By Lemma A.3, Nipe(Vite) = VP*"7 Thus one also needs to replace the integer e
in [5S] by e — f,and t by t 4 f consequently. The rest of the argument is the same as
in [5, Lemma 6]. O

Let & be the group of global units of F, which are = 1 mod g foreach g € .. Let
j:F—>1] ge. Fg be the canonical embedding. Define D to be the Z,-submodule
of Uy which is generated by j(£1) and j(gg).

LemmaA.5 The index of D in Uy is finite if and only if Ry # 0. If Ry, # 0, then

2pd
P 1_[ (1-— (Ng)_l) up to a p-adic unit.

wF V gey

Proof This is proven in [5, Lemma 7,8 and 9]. The proof there applies to our case
without change, but we remind the reader that, when p = 2, log(¢s) = log(3) = 2p,
up to a 2-adic unit. This gives the extra factor 2 in Lemma A.5 when comparing with
[5, Lemma 9]. O

[Uj: D] = ———

We now come to the crucial lemma. If p > 2, we clearly have Nr,x (j(£1)) = {1},
since Nr/k (j(€1)) is contained in 1 4 pZ,. If p = 2, then the unit group of K is
{#£1}, since 2 does not split in Q(i) or Q(+/—3). Thus Nk (j (&) C {x1}. In other
words, j(&]) is contained in the kernel of the map Np /K- Thus Lemma A.3 shows
that 1(51) is contained in Y N Uj.
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Lemma A.6 Let the integer k be as in Lemma A.4. The index of j(E1) in Y N Uy is
finite if and only if Ry, # 0. If Ry # 0, then

2pe+k—f+1 Rp 1
[Ynu;:jéEN]=———= 1_[ (1= (Ng)™ ") uptoa p-adic unit.
WF ./ Ap ges
Proof We have the commutative diagram with exact rows

1\7F/k etk—f

00— YNU — U —5 VP —3 0
— T Nejk —d
00— j(&) > D >V > 0

The exactness of the first row follows from Lemmas A.3 and A.4. Note that Np 1k (D)is
the closure of the image of ((1 + p)?) in V, which coincides with V¢. Since V = Z P
we have that (V7™ : V4] = d/pe**=/ up to a p-adic unit. Thus Lemma A.6
follows from Lemma A.S5. O

Proof of Theorem A.1 As in [5, Theorem 11], noting that we have already shown that
j(&1) is contained in Y N Uy, it is a standard consequence of global class field theory
that

Y nuy/j&) =GM/LFx),
where, as in Lemma A.4, L is the p-Hilbert class field of F. It follows that
[M: Fol=[M: LFG|[LFs : Fol =Y NU;: j(Sl)]hF/pk up to a p-adic unit.

The last equality follows from [LF : Foo] = [L : L N Fyo] and the definition of k
given in Lemma A.4. Now, Theorem A.1 follows from Lemma A.6. O

We end with the following remark. Let F be a totally real number field of degree
d. The reason for proving Theorem A.1 in 1974 was that it provided the first general
evidence that [wasawa’s then revolutionary discovery of his p-adic “main conjecture”
for totally real F lying inside the field generated by all p-power roots of unity might
hold in complete generality for the cyclotomic Z ,-extension of all totally real number
fields F'. The deep subsequent work of Mazur-Wiles and Wiles has happily shown this
to be true for all totally real F and all odd primes p. However, the situation for the
prime p = 2 still has not been completely settled, and we want to just point out that,
even in this special case, Theorem A.1 is in perfect accord with the “main conjecture”
which we believe to be true. Let 9 be the maximal abelian p-extension of F, which
is unramified outside p and the infinite primes of F. Let Fi, be the cyclotomic Z -
extension of F. Let Iy be the idele group of F. It follows from class field theory that
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we have the following commutative diagram; all the maps are clearly surjective and
the kernels of the maps on the rows are finite groups of order prime to p:

1r/F* [ Uy [] R-o —> Gal(M/F)

vtpoo  vloo
| |

Ir/F* [] Uy [ RX —> Gal(M/F).

vtpoo  v|oo

LemmaA.7 The kernel of the vertical map on the left is isomorphic to (R* /Rx¢)“.

Proof Note that ]_[U‘ oo R* naturally maps onto this kernel. Thus, the assertion will
directly follow from the following identity in /F:

HRX ﬂ Fx ]_[ U,,]_[R>0 =HR>0. (A.4)

v|oo vipoo v|oo v|oo

To see this identity, note that by definition an element (ay), of l_[vloo R* C Ik has
component 1 at every finite place. Let y be an element in the second group of (A.4).
Then y isalimitof x™-5® where x™ € F* and b™ = (b{"), € [Tutpoo [ujoo R0
for each n. But note that 57 = 1if v | p. This forces x™ = 1 for each n whence

bf,”) > 0 for v | oo and n is large. This proves (A.4), completing the proof of the
lemma. o

v|oco

Thus, thanks to this lemma, we obtain the following result from Theorem A.1.

Theorem A.8 Let F be atotally real number field of degree d. Let Fo, be the cyclotomic
Zp-extension of F, and let MM be the maximal abelian p-extension of F which is
unramified outside p andtheinfinite primes. Let e and h f as defined in Theorem A.1.
Let A be the discriminant of F. Assuming the p-adic regulator R, of F is nonzero,
we have

zdpe+1 RphF

M: Fsol =
[ ] NS

l_[(l — (Nv)_l) , up to a p-adic unit.
vlp

Let ¢F p(s) be the p-adic zeta function of F, constructed by P. Cassoun-Nogues and
P. Deligne and K. Ribet. Assuming that R, # 0, Colmez [6] proved that the residue
of (ppats =1is

29-1R ki

T~ ]_[(1 — (Nv)™h.

v|p
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We end by pointing out that Colmez’s formula and Theorem A.8 are in perfect accord
for all primes p, including p = 2, via the following “main conjecture” of Iwasawa
theory. Let 91, be the maximal abelian p-extension of Fi, which is unramified outside
p and the infinite primes, and put X, = Gal(M/Fxo). Let I' = Gal(F/F), and
let A(T") be the Iwasawa algebra of I'. Now, fixing a topological generator y of I,
we can identify A(T") with the ring of formal power series Z,[[7]] by mapping y
tol+T7T.Letx : T — Z; be the cyclotomic character of I', and put u = «(y).
Thus, by the very definition of the cyclotomic character, we have u — 1 is equal
to 2p°T! up to a p-adic unit. Now Iwasawa [15] has shown that X is a finitely
generated torsion A (I")-module with no non-zero finite A (I")-submodule. Thus, by
the structure theory of such modules, we can associate to X, a characteristic power
series fx,, (T) in Z,[[T]]. Moreover, (Xoo)r = Gal(9/Fy). It then follows from
the Euler characteristic formula that, assuming R, # 0, we have

[N : Fool = fx.,(0), up toa p-adic unit. (A.S5)

Now the “main conjecture” for X, asserts that, for a suitable choice of the character-
istic power series fx_ (T), we have

tr p(s) = fr @™ = D/ —u), (A.6)

where, as above, ¢ ,(s) is the p-adic zeta function of F. Also

wl—1= (s — 1) log(u) + higher powers of (s — 1), (A7)

and log(u) = 2p°*!, up to a p-adic unit. If we now combine Theorem A.8 with (A.5),

(A.6), (A7), we see that, when R, # 0, the “main conjecture” does indeed predict
Colmez’s residue formula up to a p-adic unit for all primes p, as claimed above.
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