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In the present paper, we prove the 2-part of Birch and 
Swinnerton-Dyer conjecture for an explicit infinite family of 
rank 0 quadratic twists of the modular elliptic curve X0(14), 
using an explicit form of the Waldspurger formula. We also 
give an explicit infinite family of rank 1 quadratic twists of 
X0(14) whose Tate–Shafarevich group is of odd cardinality.
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1. Introduction

Let E be an elliptic curve defined over Q, and let L(E, s) be the complex L-series 
of E. For each square free non-zero integer d �= 1, we write E(d) for the twist of E by 
the quadratic extension Q(

√
d)/Q, and L(E(d), s) for its complex L-series. It has been 

proved in [2] that there are infinitely many d such that L(E(d), s) is non-vanishing at 
s = 1, and infinitely many d such that L(E(d), s) has a simple zero at s = 1. Thanks to 
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the results of Gross–Zagier and Kolyvagin, we know that for those d such that L(E(d), s)
has a zero at s = 1 of order 0 or 1, the rank of E(d)(Q) is equal to the order of this 
zero at s = 1 and the Tate–Shafarevich group X(E(d)) of E(d) is finite. It is therefore 
natural to ask whether L(E(d), s) has a zero at s = 1 of order 0 or 1 as d varies.

For the remainder of this section, we assume that L(E, 1) �= 0. Let C(E) denote 
the conductor of E, and let Ω∞(E) denote the fundamental real period of the Néron 
differential on E. We define

L(alg)(E, 1) = L(E, 1)/Ω∞(E),

which is a non-zero rational number. Let c∞(E) denote the number of connected com-
ponents of E(R), and for each prime q dividing C(E), let cq(E) = [E(Qq) : E0(Qq)], 
where E0(Qq) is the subgroup of points in E(Qq) with non-singular reduction modulo 
q. The conjectural Birch and Swinnerton-Dyer formula is then given by

L(alg)(E, 1) = c∞(E)
∏

q|C(E)

cq(E) · #(X(E))
(#E(Q))2 . (1.1)

For each prime p, the equality of the p-primary parts of the two sides of (1.1) is called 
the p-part of Birch and Swinnerton-Dyer formula. While E has complex multiplication, 
Rubin [14] proved that the p-part of Birch and Swinnerton-Dyer formula for E is valid 
for all primes p ≥ 5. On the other hand, the results of Skinner–Urban [17] and Kato 
[11] on Iwasawa theory give the p-part of Birch and Swinnerton-Dyer formula for all 
elliptic curves E without complex multiplication and for all primes p but a finite number 
of primes p, including p = 2, 3 always. The aim of the present paper is to prove the 
remaining 2-part of Birch and Swinnerton-Dyer formula for an infinite family of quadratic 
twists of the elliptic curve

A = X0(14) : y2 + xy + y = x3 + 4x− 6.

We know that A(Q) = Z/6Z, the discriminant of A is −26 · 73, the j-invariant of A is 
2−6 · 53 · 7−3 · 433 and its Néron differential ω = dx/(2y + x) has the fundamental real 
period Ω∞(A) = 1.98134 · · · . Moreover, we have

L(alg)(A, 1) = 1/6.

It is also known that the Tate–Shafarevich group of A is trivial and that c2(A) = 2, 
c7(A) = 3 and c∞(A) = 1. Therefore the full Birch and Swinnerton-Dyer conjecture is 
valid for A. However, the full Birch and Swinnerton-Dyer conjecture is still unknown for 
arbitrary quadratic twists of A that have non-vanishing L-values at s = 1. The following 
main theorem gives a family of quadratic twists of A for which the 2-part of Birch and 
Swinnerton-Dyer conjecture is valid.
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Theorem 1.1. Let r ≥ 0 be an integer. Let M = εq1 · · · qr be a square free integer, 
where each qi is a prime which is inert both in Q(

√
−7) and in Q(

√
2), and the sign 

ε = ±1 is chosen so that M ≡ 1 mod 4. Then L(A(M), 1) �= 0, A(M)(Q) is finite, the 
Tate–Shafarevich group of A(M) is finite of odd cardinality, and the 2-part of Birch and 
Swinnerton-Dyer formula is valid for A(M).

We remark that, using modular symbols, Cai–Li–Zhai [5] also proved this theorem in 
the special case when M = q1 · · · qr, where each qi is a prime ≡ 5 mod 8 which is inert 
in Q(

√
−7). In this paper, the main tool to prove Theorem 1.1 is an explicit form of 

the Waldspurger formula given in [6]. The key to establishing this formula is an explicit 
calculation on the test vector associated to A. For this, we will use the test vector theory 
in [10] and the explicit description in [1] of the Hecke action on the Shimura set associated 
to A.

This paper is motivated from the subsequent papers [18], [7] and [3]. They proved the 
2-part of Birch and Swinnerton-Dyer formula for certain families of quadratic twists of 
elliptic curves with complex multiplication, which have minimal Weierstrass equations

E : y2 = x3 − x, X0(49) : y2 + xy = x3 − x2 − 2x− 1 and X0(36) : y2 = x3 + 1.

A new feature of this paper is that our elliptic curve A = X0(14) does not have complex 
multiplication, and that there is no Q-isogenous quadratic twist of A. Thus the induction 
methods of [7], [4], [3], [18] cannot directly apply to A, in a sense that one can only get 
the 2-part of Birch and Swinnerton-Dyer formula for a product of two quadratic twists 
of A. To overcome this difficulty, we will use both the induction method via the Euler 
system of Gross points [3], and the induction method via the unramified periods [18], 
[7]. In the former induction method, we will use both the inert and the split Kolyvagin 
primes’ Euler system properties (see also [4] for the case of Heegner points), and some 2-
adic properties of the Fourier coefficients of the newform associated to A at these primes 
(see Lemma 3.1) play an essential role in our whole argument.

Overview of the paper. To compute the 2-Selmer groups, we introduce a classical 2-
descent method in §2. In §3, as an application of Corollary 2.4, we give an infinite family 
of the rank 1 twists whose Tate–Shafarevich group is of odd cardinality. Most of the rest 
of the paper is devoted to the L-series. We establish an explicit form of the Waldspurger 
formula in §4, and use induction arguments to obtain the 2-adic valuation of the L-values 
at s = 1 in §5. Finally, in §6, we compute Tamagawa factors and prove Theorem 1.1.
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2. Classical 2-descents

In this section, we will compute the 2-Selmer groups for a certain family of quadratic 
twists of A. We will use a classical 2-descent method (see Chapter X of [15] for details).

For a classical 2-descent method, we first give another expression for A and A(M). By 
changing of variables, A is given by the equation

A : y2 = x3 + 13x2 + 128x.

Let M be a square free non-zero integer �= 1 with M ≡ 1 mod 4 and (M, 7) = 1. Let 
A(M) be the twist of M by the quadratic extension Q(

√
M)/Q. The equation for A(M)

is then given by

A(M) : y2 = x3 + 13Mx2 + 128M2x

and, dividing this curve by the subgroup generated by the point (0, 0), we obtain the 
new elliptic curve

A′ (M) : y2 = x3 − 26Mx2 − 343M2x.

The 2-isogenies between these elliptic curves are explicitly given by

φ : A(M) −→ A′ (M), (x, y) �−→
(
y2/x2, y(128M2 − x2)/x2) .

φ̂ : A′ (M) −→ A(M), (x, y) �−→
(
y2/x2, y(−343M2 − x2)/x2) .

We write S(φ)(A(M)) and S(φ̂)(A′ (M)) for the Selmer groups of the isogenies φ and φ̂, 
respectively. Let S be the set of primes dividing 14M , and let Q(S, 2) be the subgroup 
of Q×/(Q×)2 defined by

Q(S, 2) = {b ∈ Q×/Q×2 | ordv(b) ≡ 0 mod 2 for all v /∈ S}.

The homogeneous space Cd for A(M) is given by the equation

Cd : dw2 = d2 − 26dMz2 − 343M2z4,

and then S(φ)(A(M)) can be identified with the subgroup of all d in Q(S, 2) such that 
Cd(Qv) is non-empty for all v ∈ S. Similarly, the homogeneous space C ′

d for A′ (M) is 
given by the equation

C ′
d : dw2 = d2 + 52dMz2 + 2048M2z4,

and S(φ̂)(A′ (M)) can be identified with the subgroup of all d in Q(S, 2) such that C ′
d(Qv)

is non-empty for all v ∈ S. Hence one can easily compute the Selmer groups S(φ)(A(M))
and S(φ̂)(A′ (M)) by checking whether their homogeneous spaces have a Qv-rational point 
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or not. The proofs of the following propositions are similar to those of Proposition 3.1 
and Proposition 3.3 in [7].

Proposition 2.1. Let M be a square free non-zero odd integer �= 1 with (M, 7) = 1. The 
Selmer group S(φ)(A(M)) consists of the classes in Q(S, 2) represented by integers d, 
−7d, where d runs over all integers dividing M such that

(1)
(
d
7
)

= 1 if 
(
M
7
)

= −1;
(2) d ≡ 1 mod 8, or d ≡ 7 mod 8 and Md ≡ 5 mod 8;
(3) for all primes q | M which are split in Q(

√
−7) and q � d, we have 

(
d
q

)
= 1; and

(4) for all primes q | M with q | d, we have 
(

2
q

)
= 1, and moreover if 

(
−7
q

)
= 1, (

13±16a
q

)
=

(
M/d
q

)
where a is any integer such that a2 ≡ 2 mod q.

Proposition 2.2. Assume that M is a square free odd integer �= 1, prime to 7, with 
M ≡ 1 mod 4. Then S(φ̂)(A′ (M)) consists of the classes in Q(S, 2) represented by integers 
d, 2d, where d runs over all integers dividing M such that

(1) d > 0 and 
(
d
7
)

= 1;
(2) for all primes q | M which are split in Q(

√
2) and q � d, we have 

(
d
q

)
= 1; and

(3) for all primes q | M with q | d, we have 
(

−7
q

)
= 1, and moreover if 

(
2
q

)
= 1, (

13±7a
q

)
=

(
−M/d

q

)
where a is an integer such that a2 ≡ −7 mod q.

We now give corollaries of Proposition 2.1 and Proposition 2.2. Recall that M is a 
square free non-zero integer �= 1, with M ≡ 1 mod 4 and (M, 7) = 1. Let S(2)(A(M))
denote the classical Selmer group of A(M) for the endomorphism given by multiplication 
by 2. We have the exact sequence

0 → A′ (M)(Q)[φ̂]
φ
(
A(M)(Q)[2]

) → S(φ)(A(M)) → S(2)(A(M)) → S(φ̂)(A′ (M)).

We define S(φ)(A(M)) and S(2)(A(M)) to be the quotients of S(φ)(A(M)) and S(2)(A(M))
by the images of the torsion subgroups of A′ (M)(Q) and A(M)(Q), respectively. By the 
fact that the 2-primary part of A(M)(Q) and A′ (M)(Q) are both of order 2, it easily 
follows that we have the exact sequence

0 → S(φ)(A(M)) → S(2)(A(M)) → S(φ̂)(A′ (M)). (2.1)

This enables us to compute S(2)(A(M)), once we can compute both S(φ)(A(M)) and 
S(φ̂)(A′ (M)). We note that the weak parity theorem of Dokchitser brothers [9] shows 
that S(2)(A(M)) has even or odd F2-dimension according as the root number is +1 or 



J. Choi, Y. Li / Journal of Number Theory 224 (2021) 142–164 147
−1. Moreover, we can easily obtain the root number for quadratic twists of an elliptic 
curve. If the conductor of quadratic character χM of Q(

√
M)/Q is prime to the conductor 

C(E) of an elliptic curve E/Q, the root number for E(M) is given by

wE(M) = χM (−C(E))wE . (2.2)

Corollary 2.3. Assume that M = εq1 · · · qr, where each qi is a prime which is inert both 
in Q(

√
−7) and in Q(

√
2), and the sign ε = ±1 is chosen so that M ≡ 1 mod 4. Then 

S(2)(A(M)) = 0.

Proof. The above two propositions show that S(φ)(A(M)) = 0 and S(φ̂)(A′ (M)) has 
order 2. Since A(M) has root number +1, by (2.1) S(2)(A(M)) should have even F2-
dimension. �
Corollary 2.4. Assume that M = ε�0q1 · · · qr, where �0 is a prime which is inert in 
Q(

√
−7) and is ≡ 7 mod 8, and each prime qi and ε are defined as in Corollary 2.3. 

Then S(2)(A(M)) has order 2.

Proof. By the above propositions, we have

S(φ)(A(M)) = {1,−7,−�0, 7�0} and S(φ̂)(A′ (M)) = {1, 2}.

The assertion of the corollary follows from the exact sequence (2.1). �
Corollary 2.3 implies that A(M)(Q) = Z/2Z and X(A(M)/Q)(2) = 0. We will prove 

in the following sections that

ord2(L(alg)(A(M), 1)) = r − 1, (2.3)

and that the 2-part of Birch and Swinnerton-Dyer conjecture is valid for A(M) for 
all those M . Similarly, Corollary 2.4 would imply that A(M)(Q) = Z × Z/2Z and 
X(A(M)/Q)(2) = 0 if X(A(M)/Q)(2) is finite. In the next section §3, we will prove 
that L(A(M), s) has a simple zero at s = 1 in a special case for those M .

3. Rank 1 twists

In this section, we will briefly discuss an application of Corollary 2.4, using Theorem 
2.5 in [7]. We remark that for those M in Corollary 2.4, the formula (2.2) shows that 
A(M) has root number −1. Among those quadratic twists A(M), we will find the family 
of the twists which have a simple zero at s = 1.

Let �0 > 3 be a prime ≡ 3 mod 4 and let

L = Q(
√
−�0)
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be the imaginary quadratic field. A sensitive supersingular prime for an elliptic curve E
is defined to be a good supersingular prime q1 for E where q1 ≡ 1 mod 4 and C(E) is a 
square modulo q1. For example, there are sensitive supersingular primes for A

q1 = 5, 101, 1637, 10589, 12101, · · · .

We now assume that E has a sensitive supersingular prime q1. For each integer r ≥ 2, 
we define the set Σr consisting of all prime q �= q1 such that (i) q ≡ 1 mod 4, (ii) 
aq ≡ 0 mod 2r, (iii) (q, C(E)) = 1 and C(E) is a square modulo q, and (iv) q is inert 
in L. Lemma 2.4 of [7] shows that the set Σr is infinite of positive density. In order to 
connect our primes in Corollary 2.4 with a sensitive supersingular prime and the primes 
in Σr, we have the following lemma (see also Theorem 6.1 of [5]).

Lemma 3.1. Let q be an odd prime �= 2, 7. The Fourier coefficients of the newform asso-
ciated to A are given by

a2 = −1, a7 = 1,

and

aq ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2 mod 4 if q ≡ 1 mod 8,
0 mod 4 if q ≡ 7 mod 8,
0 mod 4 if q ≡ 3 mod 8 and q is split in Q(

√
−7),

2 mod 4 if q ≡ 3 mod 8 and q is inert in Q(
√
−7),

2 mod 4 if q ≡ 5 mod 8 and q is split in Q(
√
−7),

0 mod 4 if q ≡ 5 mod 8 and q is inert in Q(
√
−7).

Proof. The assertions for a2 and a7 follow from the fact that A has non-split multiplica-
tive reduction at 2 and split multiplicative reduction at 7.

For other aq’s, we first note that Q(A[2]) = Q(
√
−7), Q(A′[2]) = Q(

√
2) and that both 

A and A′ have the same Fourier coefficients. If q ≡ ±1 mod 8, then A′(Fq)[2] 	 Z/2Z ×
Z/2Z and hence we have 4 | #A′(Fq). Applying aq = q + 1 − #A′(Fq), the assertions 
follow for these cases. On the other hand, if q ≡ ±3 mod 8, A′(Fq)[2] 	 Z/2Z. Using 
the duplication formula, it is easy to compute that Q(

√
−7) is contained in Q(A′[4]∗), 

where A′[4]∗ is one of the 4-division points which comes from the non-trivial rational 
2-torsion point of A(Q). This implies that if q is inert (resp. split) in Q(

√
−7), then 

A′(Fq)[4] 	 Z/2Z (resp. 	 Z/2Z ×Z/2Z), and hence 2 | #A′(Fq) but 4 � #A′(Fq) (resp. 
4 | #A′(Fq)). It follows the remainder of the assertions. This completes the proof of the 
lemma. �

In particular, if q1 is a sensitive supersingular prime for A and if q2, · · · , qr ∈ Σr, then 
all of the primes should be inert both in Q(

√
−7) and in Q(

√
2). By Theorem 2.5 of [7], 

we obtain the following result.
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Theorem 3.2. Let r ≥ 2 be an integer and let M = −�0q1 · · · qr be a square free integer 
which satisfies

(1) �0 is a prime which is inert in Q(
√
−7) and is ≡ 7 mod 8,

(2) q1 is a sensitive supersingular prime which is inert in L,
(3) The q2, · · · , qr are distinct primes in Σr.

Then L(A(M), s) has a simple zero at s = 1, A(M)(Q) has rank 1, and the Tate–
Shafarevich group of A(M) is finite of odd cardinality.

Proof. Let R = q1 · · · qr. By Theorem 2.5 in [7], there exists a point

yR :=
∑
σ∈G

χR(σ)f(PR)σ ∈ E(Q(
√
M)),

which is of infinite order. Here G is the Galois group of the ring class field HR over L of 
conductor R, χR is the quadratic character of L(

√
R)/L, f is a modular parametrization 

of A, and PR is the Heegner point on X0(14) of conductor R. It follows that L(A/L, χR, s)
has a simple zero at s = 1. However,

L(A/L, χR, s) = L(A(M), s)L(A(R), s)

and A(M) and A(R) have root number −1 and +1, respectively. Hence L(A(M), s) must 
have a simple zero at s = 1 and the twist A(M) has rank 1, and the Tate–Shafarevich 
group of A(M) is finite. Moreover, by Corollary 2.4, the Tate–Shafarevich group of A(M)

is odd. �
4. Explicit form of the Waldspurger formula

In this section, we will establish the explicit Waldspurger formula for the quadratic 
twists of A in Theorem 1.1. We begin with a brief review of the test vector theory in [10]
to get an appropriate test vector for the formula.

If W is any abelian group, we will denote Ŵ by the tensor product over Z of W
with Ẑ =

∏
�<∞ Z�, and W� by W ⊗ Z�. Let B be a definite quaternion algebra over 

Q, and let U be an open subgroup of B̂×. Let X denote the finite set B×\B̂×/U , and 
write g1, · · · , gn for a set of representatives of X and [g1] · · · , [gn] for their classes in X. 
Denote by Z[X] the free Z-module of formal sums 

∑n
i=1 ai[gi] with ai ∈ Z, and Z[X]0

the degree-0 submodule of Z[X]. Here the degree of 
∑

ai[gi] is defined to be 
∑

ai. We 
define

wi = #Γi where Γi = (B× ∩ giUg−1
i )/{±1}, (4.1)
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and let 〈 , 〉 be the Z-bilinear pairing on Z[X] defined by 〈[gi], [gj ]〉 = δijwi. Let 
Π = ⊗vΠv be the automorphic representation of B×

A associated to A via the Jacquet–
Langlands correspondence. There is a natural embedding

ΠU −→ C[X]0 = Z[X]0 ⊗Z C, f �→
n∑

i=1
f([gi])[gi]. (4.2)

For our purpose, we will consider two quaternion algebras over Q. Throughout this 
section, we write {P, Q} = {2, 7}. Let B be the quaternion algebra over Q ramified 
exactly at ∞ and Q.

• When Q = 2, we have B = Q + Qi + Qj + Qk with i2 = −1, j2 = −1 and 
ij = −ji = k. The maximal order OB of B is given by

OB = Z + Zi + Zj + Z
1 + i + j + k

2 .

The unit group O×
B = 〈i, j, (1 + i + j + k)/2〉 is of order 24.

• When Q = 7, we have B = Q + Qi + Qj + Qk with i2 = −1, j2 = −7 and 
ij = −ji = k. The maximal order OB of B is given by

OB = Z + Zi + Z
i + j

2 + Z
1 + k

2 .

The unit group O×
B = 〈i〉 is of order 4.

The representation Π is naturally realized as a subspace of the space of smooth complex-
valued functions on B×\B̂×/Q̂×. By [10], the local representations Πv can be determined 
as follows.

1. Π∞ is trivial.
2. Π� is spherical if � �= 14 · ∞, i.e. Π

O×
B�

� is of dimension one.

3. ΠQ has conductor with exponent 0, i.e. Π
O×

BQ

Q �= 0.
4. ΠP has conductor P , i.e. there is an order RP in OBP

such that it is isomorphic to 
the Eichler order of level P{(

a b
c d

)
∈ M2(ZP ) : c ≡ 0 mod P

}
⊂ M2(ZP ) 	 OBP

, (4.3)

and that ΠR×
P

P is of dimension one.

Let U =
∏

� U� be the open compact subgroup of B̂× defined by U� = O×
B�

for all � �= P

and UP = R×
P . By the Propositions 8.4 and 6.4 of [10], we know that the representation 

ΠU is of dimension one.
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Next, we will compute an explicit basis of ΠU . Our approach is to analyze the action 
of Hecke operators on X = B×\B̂×/U via Bruhat–Tits trees. We remark that this idea 
is presented and discussed in [1]. Since Q has class number 1, X can be rewritten as

X = B×\(Q̂×\B̂×/U),

and Q̂×\B̂×/U is the product of local spaces Q×
� \B×

� /U� for all primes �. For each � � 14, 
we know that

T� = Q×
� \B×

� /U� = PGL2(Q�)/PGL2(Z�)

is the Bruhat–Tits tree of PGL2(Q�). This is a graph whose vertices are in one-to-one 
correspondence with the homothety classes of Z�-lattices in Q2

� . Two vertices are joined 
by an edge if they can be represented by lattices Λ1 and Λ2 such that Λ2 ⊂ Λ1 and 
Λ1/Λ2 is cyclic of order �. Given a vertex x ∈ PGL2(Q�)/PGL2(Z�), the � + 1 neighbors 
x · z0, · · · , x · zl−1 and x · z∞ are given by

zi =
(
� i
0 1

)
, i = 0, · · · , �− 1, z∞ =

(
1 0
0 �

)
.

The correspondence T� is defined by

T�(x) = x ·
(

�−1∑
i=0

zi + z∞

)
.

One extends it to the product tree Q̂×\B̂×/U , and hence to X. We call it the Hecke 
operator on X.

Proposition 4.1. The one-dimensional space ΠU has a basis f as follows. There is a 
natural bijection

Λ := O×
B\O×

BP
/UP

∼
B×\B̂×/Q̂×U

induced by the embedding O×
BP

⊂ B×
P ↪→ B̂×. The set Λ is of order 2, say {g1, g2}. 

A basis f is determined by f(g1) = 1 and f(g2) = −1. Such a basis is unique up to 
multiplication by ±1.

Proof. As remarked before, we already know that the dimension of ΠU is one, but we 
will reprove it by an explicit calculation. First, we fix an isomorphism φP of BP onto 
M2(QP ) such that φP (OBP

) = M2(ZP ) as follows.
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• When P = 7, we denote by ρ = ζ3 a primitive cube root of unity in Z7. Then

φ7(i) =
(

0 1
−1 0

)
, φ7(j) =

(
ρ ρ + 1

ρ + 1 −ρ

)
, φ7(k) =

(
ρ + 1 −ρ
−ρ −ρ− 1

)
.

• When P = 2, we denote by ρ =
√
−7 in Z2. Then

φ2(i) =
(

0 1
−1 0

)
, φ2(j) =

(
0 ρ
ρ 0

)
, φ2(k) =

(
ρ 0
0 −ρ

)
.

Since OB has class number 1, every element of X can be written as (u�) with u� ∈ O×
B�

. 
The idéle u = (u�) is then uniquely represented by the element φP (uP ) in the coset 
φP (O×

B)\GL2(ZP )/UP 	 Λ. The space GL2(ZP )/UP is identified with the projective 
line P 1(FP ) via γ �→ γ · ∞. The group φP (O×

B) act on P 1(FP ) via the linear fractional 
transformation.

When P = 7 and Q = 2, recall that O×
B is a group of order 24. There are exactly 

two φ7(O×
B)-orbits on P 1(F7), {∞, 0, 2, 3} and {1, 4, 5, 6}. The stabilizers Γ1 and Γ2 of 

each orbit are of order 3 in O×
B/{±1}, and hence w1 = w2 = 3. Let Y1, Y2 be the two 

components of X corresponding to these orbits. For P = (u�) ∈ X with u� ∈ O×
B�

, we 
have P ∈ Y1 or Y2 according as φ7(u7) · ∞ = ∞, 0, 2, 3 or φ7(u7) · ∞ = 1, 4, 5, 6. Hence 
we have Z[X] = Zg1 +Zg2 where the gi correspond to the Yi such that 〈gi, gj〉 = δijwi. 
The Hecke operator T3 acts on g1 and g2 by

T3g1 = g1 + 3g2, T3g2 = 3g1 + g2.

Hence the elements

v0 = g1 + g2, v1 = g1 − g2

give an eigenbasis of Z[X] for the Hecke operator T3. Since v0 corresponds to the Eisen-
stein series of weight 2, by (4.2) we know that v1 lies in the one-dimensional line ΠU .

When P = 2 and Q = 7, we have O×
B = 〈i〉. There are exactly two φ2(O×

B)-orbits on 
P 1(F2), {∞, 0} and {1}. Similarly, we have w1 = 1 and w2 = 2, and Z[X] = Zg1 + Zg2. 
Here the Hecke operator T3 acts on g1 and g2 by

T3(g1) = 2g1 + 2g2, T3(g2) = 4g1,

and the elements

v0 = 2g1 + g2, v1 = g1 − g2

give an eigenbasis of Z[X] for the Hecke operator T3. Again, since v0 corresponds to the 
Eisenstein series of weight 2, the element v1 lies in the one-dimensional line ΠU . �



J. Choi, Y. Li / Journal of Number Theory 224 (2021) 142–164 153
Recall that M = q1q2 · · · qr, where each qi is a prime congruent to 5 mod 8 which is 
inert in Q(

√
−7). Let p be any prime congruent to 3 mod 8 which is inert in Q(

√
−7). We 

denote by K the imaginary quadratic field Q(
√−p) or Q(

√
−pM). Let d | M be a positive 

integer, and let χ be the quadratic character of K, say of conductor c, corresponding to 
the extension K(

√
d)/K. The L-series L(A/K, χ, s) has the following properties.

• When K = Q(
√−p), we have c = d and

L(A/K,χ, s) = L(A(d), s)L(A(−pd), s).

• When K = Q(
√
−pM), we have c = 1 and

L(A/K,χ, s) = L(A(d), s)L(A(−pM/d), s).

Let R be the global order of B given by

R = OB ∩

⎛
⎝∏

��P

OB�
×RP

⎞
⎠ (4.4)

so that U = R̂×. We fix an embedding of K into B such that Oc = Z + cOK is equal 
to R ∩K (for the existence of such an embedding, see [10]). This embedding induces a 
homomorphism ι of K̂× into B̂×.

For our later induction arguments in the next section, we introduce the notion of 
primitive integral Gross–Prasad test vector.

Definition 4.2. We say that any non-zero vector f in the space ΠU is a primitive integral 
Gross–Prasad test vector for (A, χ) if

1. For � � 14, f is a simultaneous eigenvector for T� with the same eigenvalue a� of the 
newform associated to A.

2. The values of f are integers that generates Z.

Of course, by definition the f in Proposition 4.1 is a primitive integral Gross–Prasad 
test vector for (A, χ). For our purpose (see the assumption (ii) of Theorem 1.2 of [6]), 
we should take the quaternion algebra B/Q and the vector f as follows.

• If K = Q(
√−p), we take the quaternion algebra B/Q ramified exactly at Σ(B) =

{∞, 2}.
• If K = Q(

√
−pM), we take the quaternion algebra B/Q ramified exactly at Σ(B) =

{∞, 2} or {∞, 7}, according as the number r of the prime factor of M is even or odd.
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Let Hc be the ring class field of K of conductor c. Then Gal(Hc/K) 	 Pic(Oc) =
K×\K̂×/Ô×

c , and the embedding ι : K̂× → B̂× induces a map

K×\K̂×/Ô×
c → B×\B̂×/U = X.

We now define the period by

Pχ(f) =
∑

t∈Pic(Oc)

f(t)χ(t).

Proposition 4.3 (Explicit Waldspurger formula for (A, χ)). Let M and d be defined as 
above. Let f be a primitive integral Gross–Prasad test vector for (A, χ).

1. If K = Q(
√−p), we have

L(alg)(A(d), 1)L(alg)(A(−pd), 1) = |Pχ(f)|2
6 .

2. If K = Q(
√
−pM), we have

L(alg)(A(d), 1)L(alg)(A(−pM/d), 1) = |Pχ(f)|2
C

where the constant C is 6 or 3, according as r is even or odd.

Proof. It follows from the explicit Waldspurger formula of Theorem 1.2 of [6]

L(A/K,χ, 1) =
8π2(φA, φA)Γ0(14)

c
√

|D|
· |Pχ(f)|2

〈f, f〉 .

Here φA is the newform associated to A, D is the discriminant of K, 〈f, f〉 is the pairing 
defined by the map (4.2), and (φA, φA)Γ0(14) is the Petersson inner product defined by

(φA, φA)Γ0(14) =
¨

Γ0(14)\H

|φA(x + iy)|2dxdy.

Let A(C)± denote the ± eigen-subgroups of A(C) under the action of the complex 
conjugation. Thus A(C)+ = A(R) and A(C)− = A′(R), where A′ is the twist of A by 
C/R. Recall that ω is the Néron differential on A, and that we have

Ω∞(A) =
ˆ

A(C)+

ω.

If we define
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Ω∞(A)− =
ˆ

A(C)−

ω,

then we have

−iΩ∞(A)Ω∞(A)− =
¨

A(C)

|ω ∧ ω̄| = 8π2(φA, φA)Γ0(14).

The Main Result 1.1 of [13] tells us that

1. If D = −p, we have Ω∞(A(d))Ω∞(A(Dd)) = Ω∞(A)Ω∞(A)−/d
√
D.

2. If D = −pM , we have Ω∞(A(d))Ω∞(A(D/d)) = Ω∞(A)Ω∞(A)−/
√
D.

Hence we have

8π2(φA, φA)Γ0(14)

c
√

|D|
=

{
Ω∞(A(d))Ω∞(A(−pd)) if D = −p,
Ω∞(A(d))Ω∞(A(−pM/d)) if D = −pM .

Finally, by Proposition 4.1, we have 〈f, f〉 = 6 if Σ(B) = {∞, 2}, and 〈f, f〉 = 3 if 
Σ(B) = {∞, 7}. This concludes the proof of the proposition. �
5. Induction methods

5.1. Induction method via Euler system of Gross points

In this subsection, we will use an induction argument of the Euler system of Gross 
points to compute the 2-adic valuation of the product L(alg)(A(M), 1)L(alg)(A(−pM), 1). 
We keep the notation of the previous section, but we take K = Q(

√−p). Recall that 
B is the quaternion algebra over Q ramified exactly at ∞ and 2, that R is the global 
order as given in (4.4), and that U = R̂×. We fix an embedding of K into B such that 
K ∩R = OK , which induces a homomorphism of K̂× into B̂×.

Definition 5.1. For a positive integer m coprime to 2, 3, 7, p, we say that a point xm ∈
K×\B̂×/U is a Gross point of conductor m if xmUx−1

m ∩ K̂× = Ô×
m. Here, for a positive 

integer c, we recall that Oc = Z + cOK .

Note that Gal(Hm/K) 	 K×\K̂×/Ô×
m acts on xm by left multiplication.

We will construct a Gross point xm as follows. For any prime � �= 2, 3, 7, p, we fix an 
isomorphism φ� : B�

∼−→ M2(Q�) such that φ�(R�) = M2(Z�). Then we have

• φ�(K�) =
{(

a 0
0 b

)
: a, b ∈ Q�

}
if � is split in K.
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• φ�(K�) =
{(

a bδ
b a

)
: a, b ∈ Q�

}
for some δ ∈ Z×

� /(Z
×
� )2 if � is inert in K.

For any positive integer m coprime to 2 ·3 ·7 ·p, we define xm ∈ B̂× by taking the �-part 

of xm to be φ−1
�

(
�ord�(m) 0

0 1

)
or 1, according as � | m or � � m. The image of xm in 

K×\B̂×/U , also denoted by xm, is a Gross point of conductor m.
As a shorthand notation, we will also denote by xm the image of xm in X =

B×\B̂×/U . The Euler system of Gross points is the following theorem.

Theorem 5.2. For any prime � �= 2, 3, 7, p and for any positive integer m coprime to 
2 · 3 · 7 · p, we have

um ·
∑

σ∈Gal(Hm�/Hm)

σ · xm� =
{
T�(xm) if � is inert in K,
T�(xm) −

∑
l|� Frobl(xm) if � is split in K,

where Frobl is the Frobenius at l | � in Gal(Hm/K), and um = 1 if m �= 1, and u1 =
[O×

K : Z×].

Proof. See Proposition 4.8 of [12]. �
Now, let d = q1 · · · qk where each qi is a prime congruent to 5 mod 8 which is inert in 

Q(
√
−7). For each qi, we take an isomorphism φqi : Bqi

∼−→ M2(Qqi) given by

i �→
(

0 1
−1 0

)
, j �→

(
0

√
−1√

−1 0

)
, k �→

(√
−1 0
0 −

√
−1

)
.

In particular, φqi(OBqi
) = M2(Zqi). Let xqi ∈ B×

q be the element such that φqi(xqi) =(
qi 0
0 1

)
, and let xd =

∏k
i=1 xqi ∈ B̂×. Then xdUx−1

d ∩ K̂× = Ô×
d . Let f be an explicit 

basis of ΠU constructed in Proposition 4.1. We define

fd = r(xd)f,

where r(xd) is the right multiplication by xd map, i.e. (r(xd)f)(b) = f(bxd) for all b ∈ B̂×. 
The fd is then a primitive integral Gross–Prasad test vector for (A, χd), recalling that 
χd is the quadratic character over K of conductor d corresponding to the extension 
K(

√
d)/K. By Proposition 4.3, we have

L(alg)(A(d), 1)L(alg)(A(−pd), 1) = |Pχd
(fd)|2
6 .

We can now state the main result of this subsection. For the moment, we assume that

ord2(L(alg)(A(−p), 1)) = 0, (5.1)
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which will be proved later (see Proposition 5.5).

Theorem 5.3. Let p be a prime congruent to 3 mod 8 which is inert in Q(
√
−7). Let 

M = q1 · · · qr be a square free integer, where each qi is a prime congruent to 5 mod 8
which is inert in Q(

√
−7). Then we have

ord2(L(alg)(A(M), 1)L(alg)(A(−pM), 1)) = 2r − 1.

Proof. Let M+ (respectively, M−) denote the product of the primes dividing M , which 
are split (respectively, inert) in K. Let μ(M) be the number of the prime factors of M , 
and let s(M) be the number of the prime factors of M+. We will use induction on both 
s(M) and μ(M). For any divisor d | M , we define

yd =
∑

σ∈Gal(HM/K)

fM (σ)χd(σ). (5.2)

Then the assertion of the theorem is equivalent to saying that ord2(yM ) = r.
We first assume that s(M) = 0. When μ(M) = 0, the result holds because we know 

that L(alg)(A, 1) = 1/6 and by the assumption (5.1) that

ord2(L(alg)(A, 1)L(alg)(A(−p), 1)) = −1.

We now assume that μ(M) = r > 0 and that the result holds for every divisor d | M
with d �= M . Let

H0
M = K(√q1, · · · ,

√
qr)

be the subfield of HM . Then we have [HM : H0
M ] = w ·

∏r
i=1(qi + 1)/2, which is odd, 

where w = 1/3 if p = 3, and w = 1 otherwise. We have

∑
d|M

χd(σ) =
{

2r if σ ∈ Gal(HM/H0
M ),

0 otherwise,

which follows that

∑
d|M

yd = 2ry0, where y0 =
∑

σ∈Gal(HM/H0
M )

fM (σ). (5.3)

We claim that ord2(yd) ≥ r + 1 for all d �= M . Indeed, for any prime q | M with 
qd | M , we have
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yd =
∑

σ∈Gal(HM/q/K)

xd(σ)
∑

τ∈Gal(HM/HM/q)

fM (στ)

=
∑

σ∈Gal(HM/q/K)

xd(σ)
∑

τ∈Gal(HM/HM/q)

f(στxM )

=
∑

σ∈Gal(HM/q/K)

xd(σ) · u−1
M/q · aqf(σxM/q)

(5.4)

The last equality comes from Theorem 5.2. Moreover, if there exists a prime q′ | M/q

with q′d | M/q, the same argument shows that

yd = u−1
M/qu

−1
M/qq′ · aqa

′
q ·

∑
σ∈Gal(HM/qq′/K)

xd(σ)f(σxM/qq′).

Thus we have

yd = u ·

⎛
⎝ ∏

q|M/d

aq

⎞
⎠ · Pχd

(fd) for some u ∈ 2Z + 1.

By induction hypothesis, we know that ord2(Pχd
(fd)) = μ(d). By Lemma 3.1, we have 

aq ≡ 0 mod 4 so that

ord2(yd) ≥ 2μ(M/d) + μ(d) ≥ r + 1.

Then the equation (5.3) gives

yM ≡ 2ry0 mod 2r+1.

Finally, since fM takes values ±1, we have that y0 ≡ [HM : H0
M ] ≡ 1 mod 2. Hence we 

conclude that ord2(yM ) = r.
We now assume that s(M) > 0 and that the result holds for every divisor d | M with 

s(d) < s(M). Similarly, we have
∑
d|M

yd =
∑
d|M
M−|d

yd +
∑
d|M
M−�d

yd = 2ry0. (5.5)

However, there exists at least one prime q | M+ so that [HM : H0
M ] is divided into 

(q − 1)/2, and hence y0 ≡ [HM : H0
M ] ≡ 0 mod 2. Hence the equation (5.5) gives

∑
d|M
M−|d

yd +
∑
d|M
M−�d

yd ≡ 0 mod 2r+1. (5.6)

For each d | M with M− | d and d �= M , by a similar calculation as in (5.4), Theo-
rem 5.2 tells us that
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yd =
∏
q|Md

(aq − Frobq − Frobq̄) · Pχd
(fd), (5.7)

where Md = M+/(d, M+) and q, q̄ are the primes of K above q. We have

Frobq · Pχd
(fd) =

∑
σ∈Gal(HM/K)

fd(Frobq · σ)χd(σ) = χd(Frobq)Pχd
(fd)

and similarly

Frobq̄ · Pχd
(fd) = χd(Frobq̄)Pχd

(fd).

By the fact that χd(Frobq) = χd(Frobq̄) and that aq ≡ 0 mod 4, the equation (5.7) gives

yd ≡ 2μ(Md)Pχd
(fd) mod 2r+1.

By the induction hypothesis, we have ord2(Pχd
(fd)) = μ(d), and hence ord2(yd) =

μ(Md) + μ(d) = r.
On the other hand, for each d | M with M− � d, there exists at least one prime q | M−

with q | (M/d). By a similar argument as in (5.4) and (5.7), we see that

ord2(yd) ≥ r + 1.

Thus the congruence (5.6) becomes

yM +
∑
d|M

M−|d, d�=M

yd ≡ 0 mod 2r+1.

Since the number of d | M such that M− | d and d �= M is odd, we conclude that 
ord2(yM ) = r. �
5.2. Induction method via the unramified periods

Combining with Theorem 5.3, we will now compute the 2-adic valuation of both 
L(alg)(A(M), 1) and L(alg)(A(−pM), 1), using an induction argument of unramified periods. 
In this subsection, we take K = Q(

√
−pM). Recall that B is the quaternion algebra over 

Q ramified exactly at Σ(B) = {∞, 2} or {∞, 7}, according as r is even or odd. Let R be 
the global order as given in (4.4), and let U = R̂×. We fix an embedding of K into B
such that K ∩R = OK , which induces a homomorphism of K̂× into B̂×.

Let f be a primitive integral Gross–Prasad test vector for (A, χd). Note that χd

corresponds to the unramified extension K(
√
d)/K, i.e. its conductor c is equal to 1. In 

this manner, the period

Pχd
(f) =

∑
f(t)χd(t)
t∈Pic(OK)
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is called an unramified period. By Proposition 4.3, we recall

L(alg)(A(d), 1)L(alg)(A(−pM/d), 1) = |Pχd
(f)|2
C

, (5.8)

where C = 6 or 3, according as r is even or odd.

Theorem 5.4. Let p be a prime congruent to 3 mod 8 which is inert in Q(
√
−7). Let 

M = q1 · · · qr be a square free integer, where each qi is a prime congruent to 5 mod 8
which is inert in Q(

√
−7). Then we have

ord2(L(alg)(A(M), 1)) = r − 1, ord2(L(alg)(A(−pM), 1)) = r.

Proof. We will use induction on r = μ(M). When r = 0, the result holds because we 
know by the assumption (5.1) that

L(alg)(A, 1) = 1/6, ord2(L(alg)(A(−p), 1)) = 0.

We now assume that r > 0 is even and that the result holds for every divisor d | M with 
d �= M . By a similar calculation as in (5.3), we have

∑
d|M

Pχd
(f) = 2ry0, y0 =

∑
σ∈Gal(H/H0)

f(σ),

where H0 = K(√q1, · · · , 
√
qr). Remark that y0 is usually called the genus period (see 

[18]). It follows that

Pχ1(f) + PχM
(f) +

∑
d|M

d�=1,M

Pχd
(f) ≡ 0 mod 2r. (5.9)

By the induction hypothesis and the formula (5.8), for all d �= 1, M , we have

ord2(Pχd
(f)) = 1

2 ((μ(d) − 1) + (μ(−pM/d) − 1) + 1) = r

2 .

The number of d | M with d �= 1, M is even, and hence the congruence (5.9) gives

Pχ1(f) + PχM
(f) ≡ 0 mod 2r/2. (5.10)

Applying the formula (5.8), we have

1
6 |Pχ1(f)|2 = L(alg)(A, 1)L(alg)(A(−pM), 1),

1 |PχM
(f)|2 = L(alg)(A(M), 1)L(alg)(A(−p), 1).
6
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If we denote by x = ord2(L(alg)(A(M), 1)) and y = ord2(L(alg)(A(−pM), 1)), then we have

ord2(Pχ1(f)) = y

2 , ord2(PχM
(f)) = x + 1

2 .

Theorem 5.3 tells us that x + y = 2r − 1. By (5.10), we conclude that x = r − 1 and 
y = r. This completes the proof of the theorem for r even.

For r odd, one can prove the assertion using a similar argument as above. We omit 
the details. �

Finally, we shall prove the assumption (5.1) to complete the proofs of Theorem 5.3
and Theorem 5.4.

Proposition 5.5. Let p be a prime congruent to 3 mod 8 which is inert in Q(
√
−7). Then 

we have

ord2(L(alg)(A(−p), 1)) = 0.

Proof. The proof is similar to that of Theorem 5.3 and Theorem 5.4. Take M = 5. In 
the setting of Theorem 5.3, the equation (5.3) is given by

y1 + y5 = 2y0 ≡
{

2 mod 4 if 5 is inert in K,
0 mod 4 if 5 is split in K.

Since the class number of K is odd, we know that ord2(Pχ1(f1)) = 0. If 5 is in-
ert in K, by (5.4) we have y1 ≡ a5 · Pχ1(f1) ≡ 0 mod 4, and if 5 is split in K, 
by (5.7) we have y1 ≡ 2 · Pχ1(f1) ≡ 2 mod 4. Thus we have ord2(y5) = 1 and 
ord2(L(alg)(A(5), 1)L(alg)(A(−5p), 1)) = 1. Since L(alg)(A(5), 1) = 3, we have

ord2(L(alg)(A(−5p), 1)) = 1. (5.11)

On the other hand, in the setting of Theorem 5.4, the congruence (5.9) is given by

Pχ1(f) + Pχ5(f) ≡ 0 mod 2.

Applying the formula (5.8), we have

1
3 |Pχ1(f)|2 = L(alg)(A, 1)L(alg)(A(−5p), 1), 1

3 |Pχ5(f)|2 = L(alg)(A(5), 1)L(alg)(A(−p), 1),

noting that r is odd in this case. By (5.11), we conclude that ord2(L(alg)(A(−p), 1)) =
0. �
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5.3. More twists

We will now consider a square free integer M in the main theorem of this paper, say

M = (−1)t · q1 · · · qr · p1 · · · pt,

where the primes qi ≡ 5 mod 8 and the primes pj ≡ 3 mod 8 are inert in Q(
√
−7). For 

the cases where t = 0, 1, we obtained the desired results in Theorem 5.4. We will use 
similar arguments as above, but we should note that apj

≡ 2 mod 4, see Lemma 3.1. 
The following theorem proves (2.3).

Theorem 5.6. Let M = (−1)t ·q1 · · · qr ·p1 · · · pt be a square free integer, where the primes 
qi ≡ 5 mod 8 and the primes pj ≡ 3 mod 8 are inert in Q(

√
−7). Then we have

ord2(L(alg)(A(M), 1)) = r + t− 1.

Proof. We will use induction on t. When t = 0, the assertion has been proved in The-
orem 5.4. We now assume that t > 0 and that the result holds for every divisor d | M
with d �= M .

For t even, we take K = Q(
√−p1) and χ to be the quadratic character over K

associated to the extension K(
√
M)/K. Note that the conductor of χ is equal to M ′ =

M/p1 so that we write χ = χM ′ . As in Proposition 4.3, we have the explicit Waldspurger 
formula for (A, χM ′)

L(alg)(A(M), 1)L(alg)(A(−M/p1), 1) =
|PχM′ (f)|2

6 ,

where f is a primitive integral Gross–Prasad test vector for (A, χM ′). By the induction 
hypothesis, it suffices to show that ord2(PχM′ (f)) = r + t. Let

yd =
∑

σ∈Gal(HM′/K)

f(σ)χd(σ)

so that yM ′ = PχM′ (f), and let H0
M ′ = K(√q1, · · · , 

√
qr, 

√−p2, · · · , 
√−pt) be the sub-

field of HM ′ . Note that its index [HM ′ : H0
M ′ ] is even. As (5.3), we have

∑
d|M ′

yd = 2r+ty0 ≡ 0 mod 2r+t+1. (5.12)

To simplify the notation, we write R = q1 · · · qr and N = p2 · · · pr so that M ′ = RN . 
We also write R+ (respectively, R−) for the product of the primes dividing R, which 
are split (respectively, inert) in K, and similarly for N+ and N−. If there exists a prime 
q | R− such that qd | M ′, then the argument (5.4) shows that

ord2(yd) ≥ r + t + 1.
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On the other hand, if there exists a prime p | N+ such that pd | M ′, then the argument 
(5.7) also shows that

ord2(yd) ≥ r + t + 1.

Hence the congruence (5.12) becomes

yM ′ +
∑
d|M ′

R−N+|d, d�=M ′

yd ≡ 0 mod 2r+t+1.

Similarly, the arguments (5.4) and (5.7) show that ord2(yd) = r + t for all yd in the 
summation. Hence we conclude that ord2(yM ′) = r + t.

For t odd, we take K = Q(
√−p1), M ′′ = −M/p1, and χ = χM ′′ to be the quadratic 

character over K associated to the extension K(
√
M ′′)/K. We also have the explicit 

Waldspurger formula for (A, χM ′′)

L(alg)(A(M ′′), 1)L(alg)(A(M), 1) =
|PχM′′ (f)|2

6 ,

and hence it suffices to show that ord2(PχM′′ (f)) = r + t. The proof is similar as above. 
We omit the proof of this case. �
6. Proof of the main theorem

The 2-adic valuations (2.3) of the L-values for the quadratic twists A(M) have been 
computed in the previous section. To complete the proof of Theorem 1.1, we should com-
pute the Tamagawa factors for A(M). In this section, we assume that M is an arbitrary 
square free non-zero odd integer with (M, 7) = 1. Let cp(A(M)) denote the Tamagawa 
factor for A(M) at a finite prime p, and let c∞(A(M)) be the number of connected com-
ponents of A(M). The A(M) has bad additive reduction at all primes dividing M . We 
have (cf. Lemma 37 of [8])

ord2(cp(A(M))) = ord2(A(Qp)[2]) (6.1)

for all p | M . The following proposition (see also Proposition 6.3 of [5]) computes all 
Tamagawa factors for A(M), and in particular, it completes the proof of Theorem 1.1.

Proposition 6.1. Let M be a square free odd non-zero integer. Then we have

(1) A(M)(R) has only one connected component,
(2) c2(A(M)) is equal to 2, 6 or 4, according as M ≡ 1, 5 mod 8 or otherwise,
(3) c7(A(M)) is equal to 1, 3 or 4, according as 

(
M
7
)

= −1, 1 or 0,
(4) cq(A(M)) = 2 if q is a prime dividing M which is inert in Q(

√
−7), and
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(5) cq(A(M)) = 4 if q is a prime dividing M which is split in Q(
√
−7).

Proof. The assertion (1) is clear from the fact that Q(A[2]) = Q(
√
−7). For any prime 

q | M , we have cq(A(M)) ≤ 4. Hence the assertions (4) and (5) follows immediately 
from (6.1), noting that A(Qq)[2] is of order 2 or 4, according as q is inert or split in 
Q(

√
−7). For c7(A(M)), Tate’s algorithm (see Chapter IV of [16]) shows that its Kodaira 

symbol is I3 or I∗3, according as M is divisible by 7 or not. Moreover, A(M) has split 
multiplicative reduction at 7 if and only if 

(
M
7
)

= 1. Note that the j-invariant is equal to 
2−6537−3433. This implies the assertion (3). Similarly, for c2(A(M)), the Kodaira symbol 
is I∗14, I6 or I∗10 according as M is even, ≡ 1 or ≡ 3 mod 4. Further if M ≡ 1 mod 4, 
A(M) has split multiplicative reduction at 2 if and only if M ≡ 1 mod 8. This proves the 
assertion (2). �
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