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1. Introduction

Let E be an elliptic curve defined over Q, and let L(E,s) be the complex L-series
of E. For each square free non-zero integer d # 1, we write E(9) for the twist of E by
the quadratic extension Q(v/d)/Q, and L(E@, s) for its complex L-series. It has been
proved in [2] that there are infinitely many d such that L(E(?s) is non-vanishing at
5 = 1, and infinitely many d such that L(E®, s) has a simple zero at s = 1. Thanks to
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the results of Gross—Zagier and Kolyvagin, we know that for those d such that L(E(?, s)
has a zero at s = 1 of order 0 or 1, the rank of E(¥(Q) is equal to the order of this
zero at s = 1 and the TateShafarevich group III(E®) of E(® is finite. It is therefore
natural to ask whether L(E(%, s) has a zero at s = 1 of order 0 or 1 as d varies.

For the remainder of this section, we assume that L(E,1) # 0. Let C(E) denote
the conductor of F, and let Q. (E) denote the fundamental real period of the Néron
differential on E. We define

L®)(E, 1) = L(E,1)/Qu (E),

which is a non-zero rational number. Let ¢ (E) denote the number of connected com-
ponents of E(R), and for each prime ¢ dividing C(E), let ¢,(E) = [E(Qq) : Eo(Qy)],
where Ey(Q,) is the subgroup of points in E(Q,) with non-singular reduction modulo
q. The conjectural Birch and Swinnerton-Dyer formula is then given by

LE®) (B 1) = ¢ (E) H cq(E) - #(IH—(E)Q (1.1)
o RE@)

For each prime p, the equality of the p-primary parts of the two sides of (1.1) is called
the p-part of Birch and Swinnerton-Dyer formula. While £ has complex multiplication,
Rubin [14] proved that the p-part of Birch and Swinnerton-Dyer formula for E is valid
for all primes p > 5. On the other hand, the results of Skinner—Urban [17] and Kato
[11] on Iwasawa theory give the p-part of Birch and Swinnerton-Dyer formula for all
elliptic curves E without complex multiplication and for all primes p but a finite number
of primes p, including p = 2,3 always. The aim of the present paper is to prove the
remaining 2-part of Birch and Swinnerton-Dyer formula for an infinite family of quadratic
twists of the elliptic curve

A=Xo(14) 1 y* +xy +y =2 + 4z — 6.

We know that A(Q) = Z/6Z, the discriminant of A is —25- 73 the j-invariant of A is
276.53.773.43% and its Néron differential w = dz/(2y + x) has the fundamental real
period Q4 (A) = 1.98134 - --. Moreover, we have

L®8)(A 1) =1/6.

It is also known that the Tate-Shafarevich group of A is trivial and that co(A) = 2,
¢7(A) = 3 and ¢ (A) = 1. Therefore the full Birch and Swinnerton-Dyer conjecture is
valid for A. However, the full Birch and Swinnerton-Dyer conjecture is still unknown for
arbitrary quadratic twists of A that have non-vanishing L-values at s = 1. The following
main theorem gives a family of quadratic twists of A for which the 2-part of Birch and
Swinnerton-Dyer conjecture is valid.
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Theorem 1.1. Let v > 0 be an integer. Let M = €q1---q, be a square free integer,
where each q; is a prime which is inert both in Q(v/—=7) and in Q(v/2), and the sign
€ = %1 is chosen so that M = 1 mod 4. Then L(AM) 1) # 0, AM(Q) is finite, the
Tate—Shafarevich group of AM) is finite of odd cardinality, and the 2-part of Birch and
Swinnerton-Dyer formula is valid for AGM).

We remark that, using modular symbols, Cai-Li—Zhai [5] also proved this theorem in
the special case when M = q; - - - ¢, where each ¢; is a prime = 5 mod 8 which is inert
in Q(v/=7). In this paper, the main tool to prove Theorem 1.1 is an explicit form of
the Waldspurger formula given in [6]. The key to establishing this formula is an explicit
calculation on the test vector associated to A. For this, we will use the test vector theory
in [10] and the explicit description in [1] of the Hecke action on the Shimura set associated
to A.

This paper is motivated from the subsequent papers [18], [7] and [3]. They proved the
2-part of Birch and Swinnerton-Dyer formula for certain families of quadratic twists of
elliptic curves with complex multiplication, which have minimal Weierstrass equations

E:y*=2°—x, Xo49):9y*+ay=2>—2"-2r—1 and Xo(36):y*> =2 +1.

A new feature of this paper is that our elliptic curve A = X((14) does not have complex
multiplication, and that there is no Q-isogenous quadratic twist of A. Thus the induction
methods of [7], [4], [3], [L8] cannot directly apply to A, in a sense that one can only get
the 2-part of Birch and Swinnerton-Dyer formula for a product of two quadratic twists
of A. To overcome this difficulty, we will use both the induction method via the Euler
system of Gross points [3], and the induction method via the unramified periods [1§],
[7]. In the former induction method, we will use both the inert and the split Kolyvagin
primes’ Euler system properties (see also [4] for the case of Heegner points), and some 2-
adic properties of the Fourier coefficients of the newform associated to A at these primes
(see Lemma 3.1) play an essential role in our whole argument.

Overview of the paper. To compute the 2-Selmer groups, we introduce a classical 2-
descent method in §2. In §3, as an application of Corollary 2.4, we give an infinite family
of the rank 1 twists whose Tate—Shafarevich group is of odd cardinality. Most of the rest
of the paper is devoted to the L-series. We establish an explicit form of the Waldspurger
formula in §4, and use induction arguments to obtain the 2-adic valuation of the L-values
at s = 1 in §5. Finally, in §6, we compute Tamagawa factors and prove Theorem 1.1.
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2. Classical 2-descents

In this section, we will compute the 2-Selmer groups for a certain family of quadratic
twists of A. We will use a classical 2-descent method (see Chapter X of [15] for details).

For a classical 2-descent method, we first give another expression for A and AM). By
changing of variables, A is given by the equation

A:y? =2 4+ 1322 + 128z

Let M be a square free non-zero integer # 1 with M = 1 mod 4 and (M,7) = 1. Let
AM) be the twist of M by the quadratic extension Q(v/M)/Q. The equation for AXM)
is then given by

A 2 — 33 1 13Ma? + 128M >

and, dividing this curve by the subgroup generated by the point (0,0), we obtain the
new elliptic curve

A M) y2 — 93 26 Ma? — 343M 3z
The 2-isogenies between these elliptic curves are explicitly given by
¢ A — AOD (g y) s (y? /2, y(128M2 — 27) /a?) .
b A 5 ABD (g ) —s (v?/2*,y(—343 M2 — 2%) /2?) .

We write S(®)(AM)) and S(J’)(A’ (M)) for the Selmer groups of the isogenies ¢ and ,
respectively. Let S be the set of primes dividing 14M, and let Q(.S,2) be the subgroup
of Q*/(Q*)? defined by

Q(S,2) = {bc Q*/Q*? | ord,(b) = 0 mod 2 for all v ¢ S}.
The homogeneous space Cy for AM) is given by the equation
Cy : dw? = d* — 26dM 2 — 343M°2*,

and then S(®)(AM)) can be identified with the subgroup of all d in Q(S,2) such that
Ca(Q,) is non-empty for all v € S. Similarly, the homogeneous space C/; for A’(M) is
given by the equation

Cl - dw?® = d® 4+ 52dM 2% + 2048 M 22",

and S(® (A’ (M) can be identified with the subgroup of all d in Q(S, 2) such that C}(Q,,)
is non-empty for all v € S. Hence one can easily compute the Selmer groups S (A1)
and S(®) (A’ (M )) by checking whether their homogeneous spaces have a Q,-rational point
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or not. The proofs of the following propositions are similar to those of Proposition 3.1
and Proposition 3.3 in [7].

Proposition 2.1. Let M be a square free non-zero odd integer # 1 with (M,7) = 1. The
Selmer group S (AM)Y consists of the classes in Q(S,2) represented by integers d,
—7d, where d runs over all integers dividing M such that

D (8 =10 (%)= 1,
2) d=1mod 8, 0rdz7mod8and%z5mod8;

(1)
(2)
(3) for all primes q | M which are split in Q(v/—=7) and ¢ 1d, we have (%) =1; and
(4) f

4) for all primes q | M with q | d, we have (%) = 1, and moreover if (_77) =1,

(Bi%) = (MT/d) where a is any integer such that a®> = 2 mod q.

Proposition 2.2. Assumf: that M is a square free odd integer # 1, prime to 7, with
M =1 mod 4. Then S (A’ M) consists of the classes in Q(S,2) represented by integers
d, 2d, where d runs over all integers dividing M such that

(1) d>0and (%) =1;
(2) for all primes q | M which are split in Q(+v/2) and q 1 d, we have (g) =1; and
(3) for all primes q | M with q | d, we have (_77) = 1, and moreover if (%) =1,

(132:7‘1) = (‘J‘g/d) where a is an integer such that a®> = —7 mod gq.

We now give corollaries of Proposition 2.1 and Proposition 2.2. Recall that M is a
square free non-zero integer # 1, with M = 1 mod 4 and (M,7) = 1. Let S (A(MM))
denote the classical Selmer group of A for the endomorphism given by multiplication
by 2. We have the exact sequence

A OD(Q) [ 2 .

We define &) (AM)) and &) (AM)) to be the quotients of S(®)(AM)) and S (ADM))
by the images of the torsion subgroups of A’(™)(Q) and AM)(Q), respectively. By the
fact that the 2-primary part of AM)(Q) and A’M)(Q) are both of order 2, it easily
follows that we have the exact sequence

0 — 6@ (AM)) 5 @D (AAD)  gé) (4D, (2.1)

This enables us to compute S@(AM)) once we can compute both S (AM)) and
S@) (A’ (M) We note that the weak parity theorem of Dokchitser brothers [9] shows
that &3 (AM)) has even or odd Fy-dimension according as the root number is 41 or
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—1. Moreover, we can easily obtain the root number for quadratic twists of an elliptic
curve. If the conductor of quadratic character x s of Q(v/M)/Q is prime to the conductor
C(E) of an elliptic curve E/Q, the root number for EX) is given by

WgmM) = XM(—C(E))UJE (2.2)

Corollary 2.3. Assume that M = eqy - - - q,-, where each q; is a prime which is inert both
in Q(v/=7) and in Q(v/2), and the sign € = +1 is chosen so that M = 1 mod 4. Then
&AMy =0,

Proof. The above two propositions show that &) (AM)) = (0 and S(‘ZB)(A’(M)) has
order 2. Since AM) has root number +1, by (2.1) &@(AM)) should have even Fo-
dimension. O

Corollary 2.4. Assume that M = elyqy - -qr, where £y is a prime which is inert in
Q(v/—7) and is = 7 mod 8, and each prime q; and € are defined as in Corollary 2.5.
Then S (AM)Y has order 2.

Proof. By the above propositions, we have
S@O(AM)Y = {1,-7,—4y, 70y} and S (A M) = {1,2}.
The assertion of the corollary follows from the exact sequence (2.1). O

Corollary 2.3 implies that AM)(Q) = Z/2Z and II(AM) /Q)(2) = 0. We will prove
in the following sections that

ordy (L@ (AP 1)) = — 1, (2.3)

and that the 2-part of Birch and Swinnerton-Dyer conjecture is valid for AM) for
all those M. Similarly, Corollary 2.4 would imply that AM)(Q) = Z x Z/2Z and
1AM /Q)(2) = 0 if I(AM)/Q)(2) is finite. In the next section §3, we will prove
that L(A(M), s) has a simple zero at s = 1 in a special case for those M.

3. Rank 1 twists

In this section, we will briefly discuss an application of Corollary 2.4, using Theorem
2.5 in [7]. We remark that for those M in Corollary 2.4, the formula (2.2) shows that
AM) has root number —1. Among those quadratic twists A, we will find the family
of the twists which have a simple zero at s = 1.

Let ¢y > 3 be a prime = 3 mod 4 and let

L=Q(v~)
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be the imaginary quadratic field. A sensitive supersingular prime for an elliptic curve F
is defined to be a good supersingular prime ¢; for E where ¢g; = 1 mod 4 and C(F) is a
square modulo ¢;. For example, there are sensitive supersingular primes for A

q1 = 5,101,1637,10589,12101, - - - .

We now assume that E has a sensitive supersingular prime ¢;. For each integer r > 2,
we define the set X, consisting of all prime ¢ # ¢; such that (i) ¢ = 1 mod 4, (ii)
aq = 0 mod 27, (iii) (¢,C(E)) = 1 and C(E) is a square modulo ¢, and (iv) ¢ is inert
in L. Lemma 2.4 of [7] shows that the set ¥, is infinite of positive density. In order to
connect our primes in Corollary 2.4 with a sensitive supersingular prime and the primes
in ¥,, we have the following lemma (see also Theorem 6.1 of [5]).

Lemma 3.1. Let q be an odd prime £ 2,7. The Fourier coefficients of the newform asso-
ciated to A are given by

az = 713 ar = 17
and

2mod 4 if ¢ =1 mod 8§,
0 mod 4 if ¢ =7 mod 8,
0 mod 4 if ¢ = 3 mod 8 and q is split in Q(v/—T7),
2 mod 4 if ¢ = 3 mod 8 and q is inert in Q(v/=7),
2 mod 4 if g =5 mod 8 and q is split in Q(v/—7),
0 mod 4 if ¢ =5 mod 8 and q is inert in Q(v/—7).

e
=}
If

Proof. The assertions for as and a7 follow from the fact that A has non-split multiplica-
tive reduction at 2 and split multiplicative reduction at 7.

For other a,’s, we first note that Q(A[2]) = Q(v/—=7), Q(A’[2]) = Q(+/2) and that both
A and A’ have the same Fourier coefficients. If ¢ = +1 mod 8, then A'(F,)[2] ~ Z/2Z x
Z /27 and hence we have 4 | #A'(F,). Applying a, = ¢+ 1 — #A'(F,), the assertions
follow for these cases. On the other hand, if ¢ = £3 mod 8, A'(FF,)(2] ~ Z/2Z. Using
the duplication formula, it is easy to compute that Q(y/=7) is contained in Q(A’[4]*),
where A’[4]* is one of the 4-division points which comes from the non-trivial rational
2-torsion point of A(Q). This implies that if ¢ is inert (resp. split) in Q(v/—7), then
A'(Fy)[4] ~ Z/2Z (resp. ~ Z /27 x Z/2Z), and hence 2 | #A'(F,) but 41 #A'(F,) (resp.
4| #A'(F,)). It follows the remainder of the assertions. This completes the proof of the
lemma. O

In particular, if ¢; is a sensitive supersingular prime for A and if go,--- , g € X, then
all of the primes should be inert both in Q(v/=7) and in Q(v/2). By Theorem 2.5 of [7],
we obtain the following result.
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Theorem 3.2. Let r > 2 be an integer and let M = —{yqy - - - q, be a square free integer
which satisfies

(1) £y is a prime which is inert in Q(v/—7) and is = 7 mod 8,
(2) q1 is a sensitive supersingular prime which is inert in L,
(3) The qa,--- ,q, are distinct primes in 2.

Then L(AM) s) has a simple zero at s = 1, AM)(Q) has rank 1, and the Tate—
Shafarevich group of AM) is finite of odd cardinality.

Proof. Let R =¢q; ---¢g.. By Theorem 2.5 in [7], there exists a point

yr =Y xr(0)f(Pr)” € E(QQ(VM)),

ceG

which is of infinite order. Here G is the Galois group of the ring class field Hg over L of
conductor R, xr is the quadratic character of L(v/R)/L, f is a modular parametrization
of A, and Pg is the Heegner point on X(14) of conductor R. It follows that L(A/L, x g, $)
has a simple zero at s = 1. However,

L(A/L,xr,s) = L(AM) ) L(AR) 5)

and AM) and AU have root number —1 and +1, respectively. Hence L(AM), s) must
have a simple zero at s = 1 and the twist A®) has rank 1, and the Tate Shafarevich
group of AMM) is finite. Moreover, by Corollary 2.4, the Tate-Shafarevich group of A(M)
isodd. O

4. Explicit form of the Waldspurger formula

In this section, we will establish the explicit Waldspurger formula for the quadratic
twists of A in Theorem 1.1. We begin with a brief review of the test vector theory in [10]
to get an appropriate test vector for the formula.

If W is any abelian group, we will denote 144 by the tensor product over Z of W
with Z = [licoo Ze, and Wy by W ® Zy. Let B be a definite quaternion algebra over
Q, and let U be an open subgroup of B*. Let X denote the finite set B*\B* /U, and
write g1, -, gn for a set of representatives of X and [¢1] -+ , [gn] for their classes in X.
Denote by Z[X] the free Z-module of formal sums Y ., a;[g;] with a; € Z, and Z[X]°
the degree-0 submodule of Z[X]. Here the degree of 3 a;[g;] is defined to be > a;. We
define

w; = #I'; where T; = (B* N g;Ug; *)/{£1}, (4.1)
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and let (,) be the Z-bilinear pairing on Z[X] defined by ([gi],[g;]) = dijw;. Let
II = ®,II, be the automorphic representation of By associated to A via the Jacquet—
Langlands correspondence. There is a natural embedding

" — CIX]° = Z[X]’ ®z C, fHZf([gi])[gJ (4.2)

For our purpose, we will consider two quaternion algebras over Q. Throughout this
section, we write {P,Q} = {2,7}. Let B be the quaternion algebra over Q ramified
exactly at oo and Q.

e When Q = 2, we have B = Q + Qi + Qj + Qk with > = —1, j2 = —1 and
1 = —ji = k. The maximal order Op of B is given by
1+i+j+k
03:2+m+2j+ziigiiﬁ

The unit group O = (i, 7, (1 +i+ j + k)/2) is of order 24.
e When Q = 7, we have B = Q + Qi + Qj + Qk with i = —1, 52 —7 and
1j = —ji = k. The maximal order Op of B is given by

i 14k
sy

Op=2Z+7Zi+7Z 5 5

The unit group O = (i) is of order 4.

The representation II is naturally realized as a subspace of the space of smooth complex-
valued functions on B*\B* /Q*. By [10], the local representations IT, can be determined
as follows.

Il is trivial.
OX
I, is spherical if £ # 14 - oo, i.e. 1I, ¢ is of dimension one.

OX
I has conductor with exponent 0, i.e. HQBQ # 0.

L

IIp has conductor P, i.e. there is an order Rp in Op, such that it is isomorphic to
the Eichler order of level P

{(CCL Z) € My(Zp) : ¢ =0 mod P} C My(Zp) ~ Op,, (4.3)

RY . . .
and that II;” is of dimension one.

Let U =[], U, be the open compact subgroup of B* defined by Uy = ng for all £ # P
and Up = Rj. By the Propositions 8.4 and 6.4 of [10], we know that the representation
1Y is of dimension one.
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Next, we will compute an explicit basis of IIY. Our approach is to analyze the action
of Hecke operators on X = B*\B* /U via Bruhat-Tits trees. We remark that this idea
is presented and discussed in [1]. Since Q has class number 1, X can be rewritten as

X = B*\(Q*\B*/U),

and Q% \BX /U is the product of local spaces Q, \ B, /U, for all primes £. For each ¢ { 14,
we know that

Te = Q) \B, /U; = PGL2(Q¢)/PGL2(Zy)

is the Bruhat-Tits tree of PGL2(Qy). This is a graph whose vertices are in one-to-one
correspondence with the homothety classes of Z-lattices in Q7. Two vertices are joined
by an edge if they can be represented by lattices A; and As such that As C A; and
Ay /As is cyclic of order £. Given a vertex € PGL2(Q¢)/PGL3(Zy¢), the £+ 1 neighbors
T 20, ,T 21 and T - 2o, are given by

{4 . 1 0
Zl:(o 1)7 ZZO,,Z—l, Zoo:(o E)

The correspondence Ty is defined by

-1
Ty(x)=x- (Z’ZZ —|—z00> .
i=0

One extends it to the product tree @X\EX/U, and hence to X. We call it the Hecke
operator on X.

Proposition 4.1. The one-dimensional space IV has a basis f as follows. There is a
natural bijection

A= 03\03, /Up —— B*\B*/Q*U

induced by the embedding Op, C Bp < BX. The set A is of order 2, say {g1,g2}.
A basis [ is determined by f(g1) = 1 and f(g2) = —1. Such a basis is unique up to
multiplication by £1.

Proof. As remarked before, we already know that the dimension of IIV is one, but we
will reprove it by an explicit calculation. First, we fix an isomorphism ¢p of Bp onto
M5(Qp) such that ¢p(Op,) = Ma(Zp) as follows.
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e When P =7, we denote by p = (3 a primitive cube root of unity in Z7. Then

¢7(¢>=<_01 é>, ¢7(j>=(p£1 pf[f), <z>7<k)=<”_+,,1 _p_fl>-

e When P = 2, we denote by p = +/—7 in Zs. Then

)= (% §) ai=() 8). em=(§ °)

Since Op has class number 1, every element of X can be written as (u) with uy € ng'
The idéle u = (ug) is then uniquely represented by the element ¢p(up) in the coset
ép(OF)\GL2(Zp)/Up ~ A. The space GLy(Zp)/Up is identified with the projective
line P}(Fp) via v + 7 - co. The group ¢p(OF) act on P! (Fp) via the linear fractional
transformation.

When P = 7 and Q = 2, recall that O} is a group of order 24. There are exactly
two ¢7(Op)-orbits on P!(F7), {o0,0,2,3} and {1,4,5,6}. The stabilizers I'; and I's of
each orbit are of order 3 in O /{+£1}, and hence wy; = wy = 3. Let Y3, Y5 be the two
components of X corresponding to these orbits. For P = (uy) € X with uy € (’)Ee, we
have P € Y7 or Y3 according as ¢r(uz) - 00 = 00,0,2,3 or ¢7(uy) - 0o = 1,4,5,6. Hence
we have Z[X] = Zg:1 + Zg where the g; correspond to the Y; such that (g;, g;) = d;;w;.
The Hecke operator T3 acts on g1 and go by

T391 = g1 + 392, T392 =391 + go.

Hence the elements

vo=¢1+9g2, vV1I=9g1—92

give an eigenbasis of Z[X] for the Hecke operator T5. Since vy corresponds to the Eisen-
stein series of weight 2, by (4.2) we know that v lies in the one-dimensional line ITV.

When P =2 and Q = 7, we have O = (i). There are exactly two ¢2(O})-orbits on
PY(F3), {o0,0} and {1}. Similarly, we have w; = 1 and we = 2, and Z[X] = Zg; + Zg».
Here the Hecke operator T5 acts on g; and g2 by

T3(91) = 291 + 292, T3(g2) = 4g1,
and the elements
vo =291+ 92, V1=g1— g2

give an eigenbasis of Z[X] for the Hecke operator T5. Again, since vy corresponds to the
Eisenstein series of weight 2, the element vy lies in the one-dimensional line nmv. o
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Recall that M = q142 - - - ¢, where each g; is a prime congruent to 5 mod 8 which is
inert in Q(y/—7). Let p be any prime congruent to 3 mod 8 which is inert in Q(v/—7). We
denote by K the imaginary quadratic field Q(y/=p) or Q(v/=pM). Let d | M be a positive
integer, and let x be the quadratic character of K, say of conductor ¢, corresponding to
the extension K (v/d)/K. The L-series L(A/K, x, s) has the following properties.

e When K = Q(y/—p), we have ¢ = d and
L(A/K,x,s) = LAY s)L(ACPD ).
e When K = Q(v/—pM), we have ¢ = 1 and

L(A/K, X, 5) = L(A™, ) L(ACPM/D s).

Let R be the global order of B given by

R=0nN HoBe X Rp (4.4)
P

so that U = R*. We fix an embedding of K into B such that O, = Z + cOg is equal
to RN K (for the existence of such an embedding, see [10]). This embedding induces a
homomorphism ¢ of K* into B*.

For our later induction arguments in the next section, we introduce the notion of
primitive integral Gross—Prasad test vector.

Definition 4.2. We say that any non-zero vector f in the space IIV is a primitive integral
Gross—Prasad test vector for (A4, x) if

1. For £1 14, f is a simultaneous eigenvector for Ty with the same eigenvalue a, of the
newform associated to A.
2. The values of f are integers that generates Z.

Of course, by definition the f in Proposition 4.1 is a primitive integral Gross—Prasad
test vector for (A, x). For our purpose (see the assumption (ii) of Theorem 1.2 of [6]),
we should take the quaternion algebra B/Q and the vector f as follows.

o If K = Q(y/—p), we take the quaternion algebra B/Q ramified exactly at ¥(B) =
{0, 2}.

o If K = Q(v/—pM), we take the quaternion algebra B/Q ramified exactly at X(B) =
{00,2} or {o0, 7}, according as the number r of the prime factor of M is even or odd.
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Let H. be the ring class field of K of conductor ¢. Then Gal(H./K) ~ Pic(O.) =
K*\K*/Ox, and the embedding ¢ : K* — B* induces a map

KX\K*/OX — B*\B* /U = X.
We now define the period by

Pfy= > flx()

tePic(O.)

Proposition 4.3 (Explicit Waldspurger formula for (A, x)). Let M and d be defined as
above. Let f be a primitive integral Gross—Prasad test vector for (A, x).

1. If K = Q(y/—p), we have

2
LEIR) (4@ 1)L(618) (A(-Pd) 1) — 1Py (f)] .
b b 6

2. If K =Q(v/—pM), we have

2
L) (4@ 1y @) 4C-oM/a) gy — 1P X(Cf)‘

where the constant C' is 6 or 3, according as r is even or odd.

Proof. It follows from the explicit Waldspurger formula of Theorem 1.2 of [6]

872 (A, da)ro(14) ' [P (f)?

L(A/K,x,1) = D) . )

Here ¢ 4 is the newform associated to A, D is the discriminant of K, (f, f) is the pairing
defined by the map (4.2), and (¢4, ®A)ry(14) is the Petersson inner product defined by

(Pa,PA)ro(14) = // \pa(z + iy) |Pdxdy.
o(14)\H

Let A(C)* denote the + eigen-subgroups of A(C) under the action of the complex
conjugation. Thus A(C)*t = A(R) and A(C)~ = A’(R), where A’ is the twist of A by
C/R. Recall that w is the Néron differential on A, and that we have

If we define
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then we have

i ()2 (A) = / A G| = 87264, D)o (1)-
A(C)

The Main Result 1.1 of [13] tells us that

1. If D = —p, we have Q0 (AD)Q (APD) = QO (A)Qu0 (A)~ /dV/D.
2. If D = —pM, we have Qoo (AD)Q o (AP/D) = Q (A)Que(A)~/V/D.

Hence we have

872 (¢, dA)ro(1e) | Qoo (AD)Q (AP if D=—
c/|D] T Qe (AD)Q (ACPM/DY i D = —pM.

Finally, by Proposition 4.1, we have (f, f) = 6 if X(B) = {o00,2}, and (f, f) = 3 if
Y (B) = {00, 7}. This concludes the proof of the proposition. 0O

5. Induction methods
5.1. Induction method via Fuler system of Gross points

In this subsection, we will use an induction argument of the Fuler system of Gross
points to compute the 2-adic valuation of the product L&) (AM) 1)L(21e)(A(=PM) 1),
We keep the notation of the previous section, but we take K = Q(y/—p). Recall that
B is the quaternion algebra over Q ramified exactly at co and 2, that R is the global
order as given in (4.4), and that U = R*. We fix an embedding of K into B such that
K N'R = O, which induces a homomorphism of K* into B*.

Definition 5.1. For a positive integer m coprime to 2, 3,7, p, we say that a point x,, €
K>*\B* /U is a Gross point of conductor m if z,,Uz,,} N K* = OJ,. Here, for a positive
integer ¢, we recall that O, = Z 4+ cOk.

Note that Gal(H,,/K) ~ K*\K*/O} acts on x,, by left multiplication.

We will construct a Gross point z,, as follows. For any prime £ #£ 2,3,7, p, we fix an
isomorphism ¢, : By — Ms(Qy) such that ¢¢(R¢) = Mz(Z¢). Then we have

o Go(Ky) = {(8 2) ca,be Q@} if £ is split in K.
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o ¢(Ky) = {(Z bj) tab e Qg} for some § € Z)/(Z,)? if £ is inert in K.

For any positive integer m coprime to 2-3-7-p, we define z,, € Bx by taking the ¢-part

1 gordg(m) 0 . . .
of x,, to be ¢, 0 1) or 1, according as £ | m or £ { m. The image of z,, in

KX\EX/U, also denoted by z,,, is a Gross point of conductor m.
As a shorthand notation, we will also denote by z,, the image of z,, in X =
BX\BSX /U. The Euler system of Gross points is the following theorem.

Theorem 5.2. For any prime ¢ # 2,3,7,p and for any positive integer m coprime to
2-3-7-p, we have

Um, *

{Tg(.ﬁbm) if £ is inert in K,
>, owm=

o Gal( e/ Ho) To(@m) — gy Froby(zm,) if £ is split in K,

where Froby is the Frobenius at | ¢ in Gal(H,,/K), and uy = 1 if m # 1, and uy =
Ok - Z%].

Proof. See Proposition 4.8 of [12]. O

Now, let d = ¢ - - - qx where each g¢; is a prime congruent to 5 mod 8 which is inert in
Q(v/=T7). For each ¢;, we take an isomorphism ¢,, : B, — M>(Q,,) given by

. 0 1 . 0 v—1 v—1 0

Zi—>(1 0), ]+—>(T1 O),k»—><0 _T1>'
In particular, ¢g, (Op,,) = Ma(Zg,). Let x4, € By be the element such that ¢, (z4,) =
<% ?), and let x4y = Hle Zq; € B*. Then de:Ugl NK* = @dX Let f be an explicit
basis of IIV constructed in Proposition 4.1. We define

fa=r(za)f,

where 7(z4) is the right multiplication by 24 map, i.e. (r(zq)f)(b) = f(bxy) forallb € B*.
The fy is then a primitive integral Gross—Prasad test vector for (A4, xq), recalling that
X4 is the quadratic character over K of conductor d corresponding to the extension
K(v/d)/K. By Proposition 4.3, we have

2
L) (4D 1)) (A(=pd) 1y = |[Pra(fa)*
b b) 6

We can now state the main result of this subsection. For the moment, we assume that

ordy (L®8)(AP) 1)) =0, (5.1)
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which will be proved later (see Proposition 5.5).

Theorem 5.3. Let p be a prime congruent to 3 mod 8 which is inert in Q(\/—=7). Let
M = q1---q, be a square free integer, where each q; is a prime congruent to 5 mod 8
which is inert in Q(+/—7). Then we have

ordy (L®8) (AM) 1) [@18)(APM) 1)y = 9p — 1,

Proof. Let M (respectively, M_) denote the product of the primes dividing M, which
are split (respectively, inert) in K. Let pu(M) be the number of the prime factors of M,
and let s(M) be the number of the prime factors of M. We will use induction on both
s(M) and pu(M). For any divisor d | M, we define

va= >, fulo)xalo). (5.2)

oc€Gal(Hy /K)

Then the assertion of the theorem is equivalent to saying that ords(yas) = r.
We first assume that s(M) = 0. When p(M) = 0, the result holds because we know
that L(®12)(A,1) = 1/6 and by the assumption (5.1) that

ordy (L®8) (A, 1) L8 (AP 1)) = —1.

We now assume that u(M) = r > 0 and that the result holds for every divisor d | M
with d # M. Let

be the subfield of Hys. Then we have [Hy : HYy] = w - [[;_,(¢; + 1)/2, which is odd,
where w = 1/3 if p = 3, and w = 1 otherwise. We have

0 otherwise,

™ ulo) — {27“ if o € Gal(Hy/HY,),

M

which follows that

Z ya =2"y", where y° = Z fu(o). (5.3)

d|M o€Gal(H /HY,)

We claim that orda(yq) > r+ 1 for all d # M. Indeed, for any prime g | M with
qd | M, we have
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Ya = > z4(o) > fruloT)

ocGal(Hy g/ K) T€Gal(Hn /Haryq)
= Z z4(o) Z floTzp) (5.4)
o€Gal(Hyy/y/ K) T€Gal(Hr /Hag/g)

= Z Id(d) . U&l/q . aqf(O—IM/q)

o€Gal(Hy q/K)

The last equality comes from Theorem 5.2. Moreover, if there exists a prime ¢’ | M/q
with ¢'d | M/q, the same argument shows that

Yd = u&l/qu&l/qq, . aqa; . Z xd(a)f(UxM/qq’)'
e€Gal(Hyy ) yyr / K)

Thus we have
Ya =u- H aq | - Py,(fa) for some u € 2Z + 1.

By induction hypothesis, we know that ords(Py,(f4)) = u(d). By Lemma 3.1, we have
aq = 0 mod 4 so that

orda(ya) > 2u(M/d) + p(d) > r + 1.
Then the equation (5.3) gives
yar = 2"y° mod 2711,

Finally, since fys takes values +1, we have that y° = [Hjs : HY,] = 1 mod 2. Hence we
conclude that ords(yas) = r.

We now assume that s(M) > 0 and that the result holds for every divisor d | M with
s(d) < s(M). Similarly, we have

Zyd = Z Ya + Z ya =2"y". (5.5)

d|M d|M d|M
M_|d M_td

However, there exists at least one prime ¢ | M, so that [Hy : HY,] is divided into
(¢ —1)/2, and hence y° = [Hys : HY;] = 0 mod 2. Hence the equation (5.5) gives

Z Ya + Z yqa = 0 mod 2711, (5.6)
dM dM
M_|d M_td

For each d | M with M_ | d and d # M, by a similar calculation as in (5.4), Theo-
rem 5.2 tells us that
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ya = |[ (aq — Frobg — Frobg) - Py, (fa), (5.7)
q|My

where My = M1 /(d, M) and q, g are the primes of K above ¢q. We have

Frobg - Py,(fa) = Z fa(Frobg - o)xa(0) = xa(Frobg) Py, (fa)
ocGal(H /K)

and similarly

Frobg - Py, (fa) = xa(Frobg) Py, (fa)-
By the fact that yq(Frobg) = x4(Frobg) and that a; = 0 mod 4, the equation (5.7) gives
ya = 24D P (fy) mod 27

By the induction hypothesis, we have ords(Py,(fs)) = w(d), and hence orda(yq) =
p(Ma) + p(d) = .

On the other hand, for each d | M with M_ 1 d, there exists at least one prime ¢ | M_
with ¢ | (M/d). By a similar argument as in (5.4) and (5.7), we see that

orda(yq) > 7+ 1.

Thus the congruence (5.6) becomes

Yy + Z ya = 0 mod 2",
d)M

M_|d, d#M
Since the number of d | M such that M_ | d and d # M is odd, we conclude that
orda(ypm) =7. O

5.2. Induction method via the unramified periods

Combining with Theorem 5.3, we will now compute the 2-adic valuation of both
L@18) (A 1) and L®&) (AGPM) 1) using an induction argument of unramified periods.
In this subsection, we take K = Q(y/—pM). Recall that B is the quaternion algebra over
Q ramified exactly at 3(B) = {00, 2} or {00, 7}, according as r is even or odd. Let R be
the global order as given in (4.4), and let U = R*. We fix an embedding of K into B
such that K N'R = Ok, which induces a homomorphism of K * into B*.

Let f be a primitive integral Gross—Prasad test vector for (A, x4). Note that x4
corresponds to the unramified extension K (v/d)/K, i.e. its conductor ¢ is equal to 1. In
this manner, the period

Pu(H)= > fxad)

tePic(Ok)
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is called an unramified period. By Proposition 4.3, we recall

2
L(alg)(A(d) 1)L(alg)(A(—pM/d) 1) _ |de(f)| (5 8)
) ) C ) .

where C' = 6 or 3, according as r is even or odd.

Theorem 5.4. Let p be a prime congruent to 3 mod 8 which is inert in Q(+/—7). Let
M = q1---q; be a square free integer, where each q; is a prime congruent to 5 mod 8
which is inert in Q(v/—7). Then we have

ordy (LB (AMD 1)) = — 1,  ordy(LE®(ACPM) 1)) =

Proof. We will use induction on r = p(M). When r = 0, the result holds because we
know by the assumption (5.1) that

LeB(A4,1) =1/6, ordy(L®8) (AP 1)) = 0.

We now assume that r > 0 is even and that the result holds for every divisor d | M with
d # M. By a similar calculation as in (5.3), we have

SPL) =279 o= > flo)

d|M o€Gal(H/HO)

where H° = K(\/q1,- -+ ,1/qr)- Remark that y° is usually called the genus period (see
[18]). It follows that

PX1(f)+PXM(f)+ Z de(f)EOmOdQT. (59)
aZi

By the induction hypothesis and the formula (5.8), for all d # 1, M, we have

((u(d) = 1) + (u(=pM/d) = 1) +1) = £.

N | =

ordz(Py, (f)) =
The number of d | M with d # 1, M is even, and hence the congruence (5.9) gives
Py, (f) + Pyy, (f) = 0 mod 2772, (5.10)

Applying the formula (5.8), we have

1
_|P

SIP (D)2 = L9 (4, 1) L0 (4020, 1),

(f)? = L@ (A 1)L (AP 1),

XM

1
Z|P,
6‘
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If we denote by 2 = ordy(L®18) (AM) 1)) and y = ordy(L®1®) (APM) 1)), then we have

x+1
5

ordy(Py, (1)) = 5. orda(Py, (1) =

Theorem 5.3 tells us that  +y = 2r — 1. By (5.10), we conclude that = r — 1 and
y = r. This completes the proof of the theorem for r even.

For r odd, one can prove the assertion using a similar argument as above. We omit
the details. O

Finally, we shall prove the assumption (5.1) to complete the proofs of Theorem 5.3
and Theorem 5.4.

Proposition 5.5. Let p be a prime congruent to 3 mod 8 which is inert in Q(v/—7). Then
we have

ordy (L) (AP 1)) = 0.

Proof. The proof is similar to that of Theorem 5.3 and Theorem 5.4. Take M = 5. In
the setting of Theorem 5.3, the equation (5.3) is given by

2mod 4 if 5 is inert in K,

yitys =2 =
{O mod 4 if 5 is split in K.

Since the class number of K is odd, we know that orda(P,,(f1)) = 0. If 5 is in-

ert in K, by (5.4) we have y1 = as - P, (f1) = Omod 4, and if 5 is split in K,

by (5.7) we have y = P (f1) 2 mod 4. Thus we have ords(ys) = 1 and
) =

ordy (L(®18) (AG) 1)L )( ) = 1. Since L(®8)(A®) 1) = 3, we have

ordy (L®8) (A5P) 1)) = 1. (5.11)
On the other hand, in the setting of Theorem 5.4, the congruence (5.9) is given by

PXl(f)+PX5(f) = 0 mod 2.
Applying the formula (5.8), we have

1 . 1 . .
3P (NP = LE& (A DLED (A1), S|Py (P = L (AP, 1)L (A, 1),
noting that r is odd in this case. By (5.11), we conclude that ordy(L(8)(A(=P) 1)) =

0. O
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5.83. More twists
We will now consider a square free integer M in the main theorem of this paper, say

M=(-1)"qiq -p1pt

where the primes ¢; = 5 mod 8 and the primes p; = 3 mod 8 are inert in Q(v/=T7). For
the cases where t = 0,1, we obtained the desired results in Theorem 5.4. We will use
similar arguments as above, but we should note that a,, = 2 mod 4, see Lemma 3.1.
The following theorem proves (2.3).

Theorem 5.6. Let M = (—1)t-qq -+ q.-p1 -+ s be a square free integer, where the primes
¢i =5 mod 8 and the primes p; = 3 mod 8 are inert in Q(v/—7). Then we have

ordy (L®18) (AN 1)) = r 4+ ¢ — 1.

Proof. We will use induction on t. When t = 0, the assertion has been proved in The-
orem 5.4. We now assume that ¢ > 0 and that the result holds for every divisor d | M
with d # M.

For t even, we take K = Q(y/—pi1) and x to be the quadratic character over K
associated to the extension K (v/M)/K. Note that the conductor of x is equal to M’ =
M /py so that we write xy = x . As in Proposition 4.3, we have the explicit Waldspurger
formula for (A, x /)

2
L8 (40D 1) LG8 (A(-M/p) 1y — [Py, ()
b b 6 bl

where f is a primitive integral Gross—Prasad test vector for (A, xas). By the induction
hypothesis, it suffices to show that orda(Py,,, (f)) =7 +t. Let

Ya = > f(o)xa(o)

o€Gal(H,,;/ /K)

so that ya = Py,,, (f), and let HY; = K(\/q1,"** ,\/Grs\/—D2, -+ »/—Dt) be the sub-
field of Hyy. Note that its index [Hpp @ HY,/] is even. As (5.3), we have

> ya =2 =0 mod 271 (5.12)
d|M’

To simplify the notation, we write R = ¢1---¢, and N = ps---p, so that M’ = RN.
We also write Ry (respectively, R_) for the product of the primes dividing R, which
are split (respectively, inert) in K, and similarly for N and N_. If there exists a prime
q | R_ such that gd | M’, then the argument (5.4) shows that

orda(yq) > r+t+ 1.
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On the other hand, if there exists a prime p | Ny such that pd | M’, then the argument
(5.7) also shows that

orda(yq) > 7+t + 1.

Hence the congruence (5.12) becomes

ymr + Z yq = 0 mod 27T,
d|M’
R_Nt|d, d#M’

Similarly, the arguments (5.4) and (5.7) show that ordy(yy) = r + ¢ for all yg in the
summation. Hence we conclude that ords(ya) = 7+ ¢.

For ¢ odd, we take K = Q(y/=p1), M" = —M/p1, and x = xnm~ to be the quadratic
character over K associated to the extension K(v/M")/K. We also have the explicit
Waldspurger formula for (A, x )

2
L1 (A 1) Lake) (A 1y — | Py (F)
b b 6 )

and hence it suffices to show that ords (P,

Xnmr

(f)) =r+t. The proof is similar as above.
We omit the proof of this case. O

6. Proof of the main theorem

The 2-adic valuations (2.3) of the L-values for the quadratic twists A have been
computed in the previous section. To complete the proof of Theorem 1.1, we should com-
pute the Tamagawa factors for AM) . In this section, we assume that M is an arbitrary
square free non-zero odd integer with (M,7) = 1. Let c,(A™)) denote the Tamagawa
factor for AXM) at a finite prime p, and let co(A™)) be the number of connected com-
ponents of AM) The AM) has bad additive reduction at all primes dividing M. We
have (cf. Lemma 37 of [8])

ords (¢ (A1) = ords (A(Q,)[2)) (6.1)

for all p | M. The following proposition (see also Proposition 6.3 of [5]) computes all
Tamagawa factors for AXM) | and in particular, it completes the proof of Theorem 1.1.

Proposition 6.1. Let M be a square free odd non-zero integer. Then we have

(1) AMI(R) has only one connected component,

(2) c2(AM))Y s equal to 2, 6 or 4, according as M = 1,5 mod 8 or otherwise,
(3) cr(AMD)Y s equal to 1, 3 or 4, according as (%) =-1,1 or0,

(4) cq(A (M)Y =2 if q is a prime dividing M which is inert in Q(v/—7), and
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(5) cg(AM)) =4 if q is a prime dividing M which is split in Q(v/=7).

Proof. The assertion (1) is clear from the fact that Q(A[2]) = Q(v/=T7). For any prime
q | M, we have c,(A™)) < 4. Hence the assertions (4) and (5) follows immediately
from (6.1), noting that A(Q,)[2] is of order 2 or 4, according as ¢ is inert or split in
Q(y/=7). For c7(AM)), Tate’s algorithm (see Chapter IV of [16]) shows that its Kodaira
symbol is I3 or I3, according as M is divisible by 7 or not. Moreover, AM) has split
multiplicative reduction at 7 if and only if (%) = 1. Note that the j-invariant is equal to
27653773433, This implies the assertion (3). Similarly, for cz(A?)), the Kodaira symbol
is Iy4, Is or Ij, according as M is even, = 1 or = 3 mod 4. Further if M = 1 mod 4,
AM) has split multiplicative reduction at 2 if and only if M = 1 mod 8. This proves the
assertion (2). O
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