ON THE ENERGY TRANSFER TO HIGH FREQUENCIES IN
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ABSTRACT. We consider a damped/driven nonlinear Schrédinger equation in
an n-cube K™ c R", n is arbitrary, under Dirichlet boundary conditions

ut —vAu+ifu?u = Von(t,z), zeK"™ ulggn =0, v>0,

where 7(¢, ) is a random force that is white in time and smooth in space. It is
known that the Sobolev norms of solutions satisfy |u(t)|2, < Cv~™, uniformly
in t >0 and v > 0. In this work we prove that for small v > 0 and any initial
data, with large probability the Sobolev norms |u(¢,)||m of the solutions with
m > 2 become large at least to the order of v~ "7 with kn,m > 0, on time
intervals of order O(%)

1. INTRODUCTION

In this work we study a damped/driven nonlinear Schrédinger equation
uy — vAu+iluu = on(t,z), xeK", (1.1)

where n is any, 0 < v <1 is the viscosity constant and the random force 7 is white
in time ¢ and regular in . The equation is considered under the odd periodic
boundary conditions,

w(t,...,xj, . ) =ult,...,x;+ 27,0 ) =—ult,...,x;+m,...), j=1,...,n.
The latter implies that u vanishes on the boundary of the cube of half-periods
K" =[0,x]",

u |3Kn: 0.

We denote by {¢4(), d=(di,...,d,) € N*} the trigonometric basis in the space of
odd periodic functions,

wa(x) = (%)5 sin(dyzy)---sin(dpxy,).
The basis is orthonormal with respect to the scalar product {-,-) in Ly (K™, 7~ "dx),

(o) = [ (u(@).v@)n"dz,

where (-,-) is the real scalar product in C, (u,v) = Ruv. It is formed by eigenfunc-
tions of the Laplacian:
(-A)¢pa = ld*¢a.
The force n(t,z) is a random field of the form

0
n(t,z) = 5.8(tx), £(ta) = > baBa(t)pa(x).
deN™

Here B4(t) = BE(t) +iBL(t), where BE(t), BL(t) are independent real-valued stan-
dard Brownian motions, defined on a complete probability space (2, F,P) with a
filtration {F;¢ > 0}. The set of real numbers {bg, d € N*} is assumed to form a

non-zero sequence, satisfying
0< B, <o, my=min{meZ:m >n/2}, (1.2)
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where for k£ ¢ R we set

By = Y [d**|bgf* < co.
deN™
For m > 0 we denote by H™ the Sobolev space of order m, formed by complex odd
periodic functions, equipped with the homogeneous norm,

[l = [(=2) % ulo,

where | - ||o is the L?*norm on K™, |u|3 = (u,u). If we write u € H™ as Fourier
series, u(x) = Tgann tapa(@), then [[ul?, = Tgenn [dI*™ ugl®.

Equation (1.1) with small v > 0 is a natural model for the small-viscosity Navier—
Stokes system with a random force in dimensions 2 and 3, describing 2d and 3d
turbulence. Indeed, the former is obtained from the latter by replacing the Euler
equation wu; + (u-V)u+ Vp =0, divu =0, which is a 2-homogeneous Hamiltonian
PDE, with the 3-homogeneous Hamiltonian system u; + iju|?>u = 0. See more in
[?, ?]. So a progress in the study of eq. (1.1) with small v should help to understand
turbulence a bit better.

The global solvability of eq. (1.1) for any space dimension n is established in [?, ?].
It is proved there that if

u(0,2) = uo(x), (1.3)

where ug € H™, m > 4, and if B, < co, then the problem (1.1), (1.3) has a unique
strong solution w(t,z) in H™ which we write as u(t,x;up) or u(t;up). Its norm
satisfies

Ellu(t;uo)|2, < Cru™, >0,

where C),, depends on |ug || m, |[to|s and By, By, . Furthermore, denoting by Co(K™)
the space of continuous complex functions on K", vanishing at 0K"™, we have that
the solutions u(¢,x) define a Markov process in the space Co(K™). Moreover, if
the noise n(t,-) is sufficiently non-degenerate (depending on v, see Theorem 10),
then this process is mixing.

Our goal is to study the growth of higher Sobolev norms for solutions of the
equation (1.1) as ¥ — 0 on time intervals of order O(+). The main result of this
work is the following.

Theorem 1. For any real number m > 2, in addition to (1.2), assume that B, < co.
Then there exists knm >0 such that for every fixed quadruple (6,k, % ,Ty), where

K€ (0,knm), 0€(0,%), H,TyH>0,
there exists vg > 0 with the property that if 0 < v < vy, then for every ug € H™ n
Co(K™), satisfying
[uoloo < |ug|m < v, (1.4)
the solution u(t,x;ug) is such that
(1)

P{ sup |6 () [ > "™} 216, Vg >0.
te[to,to+Tov1]

(2) If m is an integer, m > 3, then a possible choice of K m 1S Knm = %, and

there exists C' > 1, depending on k < 3—15, K ,m, By, and B,,, such that

t0+l/71
Cly et <Ry [ Jun(s)|2,ds) < Cv™, Vg 20, (1.5)
to

A similar result holds for the classical C*-norms of solutions:
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Proposition 2. For any integer m > 2 in addition to (1.2) assume that B,, < co.
Then for every fixed triplet K,K,Ty >0 and any 0 < k < 1/16 we have
P{ sup [ (t;up)|em > Kv™™} -1 as v -0, (1.6)
te[to,to+Tov 1]

rm

for each ty > 0, if up satisfies |ugleo < I, |uglem < v~ The rate of convergence

depends only on the triplet and k.

The result is proved by adapting the argument from [?, Section 5] to the current
settings and arguing similar to when proving Theorem 1; see in Appendix C. Due
to (1.6), for any m > 2+ n/2 we have

IP’{ sup luw()|m > KV_Lm_%J”} -1 as v—-0,
To<t<to+Tov~1
for every K > 0 and 0 < x < 1/16, where for a € R we denote |a] = max{n e€Z:n <a}.
This result improves the first assertion of Theorem 1 for large m.
We have the following two corollaries from Theorem 1, valid if the Markov process
defined by the equation (1.1) is mixing:

Corollary 3. Assume that By, < oo for all m and by # 0 for all d. Then eq. (1.1)
is mizing and for any k < 1/35 and 0 < v < vy its unique stationary measure pi,
satisfies

CLym2mel ¢ f )2, (du) < ™™, 3<meN. (1.7)
Here C' and vg are as in Theorem 1.

Corollary 4. Under the assumptions of Corollary 3, for any ug € C* we have
%C‘ly_Qm“l <E|u(s;uo)|?, <2Cv™, 3<meN,
if s> T(v,ug, Ky Bm,Bm,), where C is the same as in (1.7).

Remark 5. The exponent in the lower bound here can be slightly improved to
—(2m - 7.001)k, see Remark 15.

Theorem 1 rigorously establishes the energy cascade to high frequencies for so-
lutions of eq. (1.1) with small v. Indeed, if up(z) and n(t,z) are smooth functions
of z (or even trigonometric polynomials of z), then in view of (1.5) for 0 <v « 1
and ¢ 2 v! a substantial part of the energy 3 |uq(t)|* of a solution u(t,z;uo)
is carried by high modes ug, |d| > 1. Relation (1.5) (valid for all integer m > 3)
also means that the averaged in time space-scale [, of solutions for (1.1) satisfies
I, € [v'2,01/3%], and goes to zero with v (see [?] and [?, Section 7.1]). We recall
that the energy cascade to high frequencies and formation of short space-scale is
the driving force of the Kolmogorov theory of turbulence, see [?] and [?, Section 6].

Two-sided estimates, similar to (1.5), are known for solutions of the stochastic
Burgers equation on S*:

Up = Vllgg + utly = 1(t,z), xS, fudx:/ndsz (1.8)

(in view of the strong dissipativity in the small-viscosity Burgers equation, to get
solutions of order one the force should be ~ 1, rather then ~ /v as in (1.1)). Due to
some remarkable features of the Burgers equation, the lower and upper estimates
for Sobolev norms of solutions for (1.8) are asymptotically sharp in the sense that
they contain v in the same negative degree. Moreover, they hold after averaging
on time-intervals of order one; see [?, Section 2].

Deterministic versions of the result of Theorem 1 for eq. (1.1) with n = 0, where
v is a small non-zero complex number such that Siv > 0 and Jv < 0 are known,
see [?]. In particular, if v is a positive real number and ug is a smooth function of
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order one, then for any integer m > 4 a solution u, (¢, z;ug) satisfies estimates (1.5)

with the averaging vIE [ttw 1. ..ds replaced by v/3 fOV 1/3. ..ds, with the same upper
bound and with the lower bound C,,v™"""™ where k,, - 1/3 as m — co. Moreover,
it was then shown in [?] that the lower bounds remain true with x = 1/3, and that
the estimates sup;q |, -1/s7 |u(t)[cm > Colv[7™3,m > 2, hold for smooth solutions
of equation (1.1) with 7 =0 and any non-zero complex “viscosity” v.

The better quality of the lower bounds for solutions of the the deterministic
equations is due to an extra difficulty which occurs in the stochastic case: when
time grows, simultaneously with increasing of high Sobolev norms of a solution, its
Lo-norm may decrease, which accordingly would weaken the mechanism, responding
to the energy transfer to high modes. Significant part of the proof of Theorem 1 is
devoted to demonstration that the Lo-norm of a solution cannot go down without
sending up the second Sobolev norm.

If n =0 and v = 40 € iR, then (1.1) is a Hamiltonian PDE (the defocusing
Schrodinger equation), and the Lo-norm is its integral of motion. If this integral
is of order one, then the results of [?] (see there Appendix 3) imply that at some
point of each time-interval of order 6'/3 the C"-norm of a corresponding solution
will become 2 §™™" if m > 2, for any x < 1/3. Furthermore, if n =2 and § = 1, then
due to [?] for m > 1 and any M > 1 there exists a T = T'(m, M) and a smooth ug(x)
such that |ug|, < M~ and |u(T;ug)|m > M.

The paper is organized as follows. In Section 2, we recall the results from [?, ?]
on upper estimates for solutions of the equation (1.1). Next we show in Section 3
that if the noise 7 is non-degenerate, the L?-norm of a solution of eq. (1.1) cannot
stay too small on time intervals of order O(%) with high probability, unless its
H?-norm gets very large (see Lemma 13). Then in Section 4 we derive from this
fact the assertion (1) of Theorem 1, and prove assertion (2) and both corollaries in
Section 5.

Constants in estimates never depend on v, unless otherwise stated. For a metric
space M we denote by B(M) the Borel o-algebra on M, and by P(M) — the space
of probability Borel measures on M. By D(§) we denote the law of a r.v. &.

We submit to a journal an abridged version of this paper, where we removed
the proof of the lower bounds for the classical C™-norms of solutions for eq. (1.1),
presented in Appendix C, and made some other small diminutions.

2. SOLUTIONS AND ESTIMATES
Strong solutions for the equation (1.1) are defined in the usual way:

Definition 6. Let 0 < T < oo and (Q, F, {F; }1»0, P) be the filtered probability space
as in the introduction. Let ug in (1.3) be a r.v., measurable in Fy and independent
from the Wiener process {. Then a random process u(t) = u(t,-) € Co(K™), t €
[0,T], adapted to the filtration, is called a strong solution of (1.1), (1.3), if

(1) a.s. its trajectories u(t) belong to the space
#([0,T]) = C([0,T],Co(K")) n L*([0,T], H');

(2) we have

u(t) = up + fot(VAu —ilulu)ds + /v E(t), Vte[0,T], a.s.,

where both sides are regarded as elements of H~.
If (1)-(2) hold for every T < oo, then u(t) is called a strong solution for ¢ € [0, c0).
In this case a.s. u € H([0,00)), where

H([0,00)) = {u(t),t 2 0:u |o.r1e H([0,T]) YT >0},
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Everywhere below when we talk about solutions for the problem (1.1), (1.3) we
assume that the r.v. ug is as in the definition above. In particular, ug(x) may be
a non-random function.

The global well-posedness of eq. (1.1) was established in [?, ?]:

Theorem 7. For any ug € Co(K™) the problem (1.1), (1.3) has a unique strong
solution u® (t,z;up), t > 0. The family of solutions {u®(t;ug)} defines in the space
Co(K™) a Fellerian Markov process.
In [?, ?] the theorem above is proved when (1.2) is replaced by the weaker
assumption B, < oo, where B, =Y |b4| (note that B, < CnB#/f).
The transition probability for the obtained Markov process in Co(K™) is
Pi(u,T) =P{u(t;u) €T}, wueCo(K™), T e B(Co(K™)),

and the corresponding Markov semigroup in the space Z(Co(K™)) of Borel mea-
sures on Co(K™) is formed by the operators {B;,¢ >0},

BZu(F)=fC(Kn)Pt(u,F)u(dUL teR.

Then B; 1 = Du(t; up) if ug is a r.v., independent from ¢ and such that D(ug) = p.

Introducing the slow time 7 = vt and denoting v(7,2) = u(7,x), we rewrite
eq. (1.1) in the form below, more convenient for some calculations:

ov

— - Av+iv P =dq(r, z), (2.1)
or
where 9
ﬁ(T’x) = Eg(ﬂﬁ)’ g(Tax) = Z bdgd(T)QOd(x)a

deNm

and Bd(T) = v28,(rv71), d e N, is another set of independent standard complex
Brownian motions.
Let T € C*(R) be any smooth function such

f <
T(r) = {O, or r
r, forr>

Writing v € C in the polar form v = re’®, where r = |[v|, and recalling that (-,-)
stands for the real scalar product in C, we apply 1t6’s formula to T (Jv|) and obtain
that the process Y(7) := T(Ju(7)|) satisfies

()= Yo+ [ [X()(Tr-rivaf)

. % > BT () ) + T'(r)%(|god|2 (e, pa)?)) Jds + W),

where Yo = Y(|v(0)]) and W(7) is the stochastic integral
W)= ¥ [T )bapale™ dBa(s)).

deNn

(2.2)

In [?] eq. (2.1) is considered with v = 1 and, following [?], the norm |v(t)|e of
a solution v is estimated via Y(¢) (since |v| < T + 1/2). But the nonlinear term
iv~!|v[*v does not contribute to eq. (2.2), which is the same as the YT-equation (2.3)
in [?] (and as the corresponding equation in [?, Section 3.1]). So the estimates
on |Y(t)|e and the resulting estimates on |v(t)|w, obtained in [?], remain true for
solutions of (2.1) with any v. Thus we get the following upper bound for a quadratic
exponential moments of the Le-norms of solutions:!

n [?] polynomial moments of the random variables SUP,<serir [V(8)[%) are estimated, and
in [?] these results are strengthened to the exponential bounds (2.3).
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Theorem 8. For any T > 0 there are constants ¢, >0 and C > 0, depending only
on B. and T, such that for any r.v. v§ € Co(K™) as in Definition 6, any T 20 and
any c € (0,c.], a solution v(T;v0) of eq. (2.1) satisfies
Eexp(c sup |v(s)|%) < CEexp(5e |vgl2) < oo. (2.3)
TSST+T

In [?] the result above is proved for a deterministic initial data vg. The theorem’s
assertion follows by averaging the result of [?] in v .

The estimate (2.3) is crucial for derivation of further properties of solutions,
including the given below upper bounds for their Sobolev norms, obtained in the
work [?]. Since the scaling of the equation in [?] differs from that in (2.1) and the
result there is a bit less general than in the theorem below, a sketch of the proof is
given in Appendix B.

Theorem 9. Assume that B, < oo for some m € N, and vy = v§ € H™ n Co(K"™)
satisfies
[voloo < M, |vollm € Mpv™, O0<v<l.
Then
Elv(7;00) |2, < Crav™, V7 € [0, 00), (2.4)
where Carm also depends on M, M, and By,, B, .
Neglecting the dependence on v, we have that if B,, < oo, m € N, and a r.v.

vg € H™ n Co(K™) satisties E|vg|?, < oo and Eexp(c |vg|%) < oo for some ¢ > 0,
then eq. (2.1) has a solution, equal vy at ¢ = 0, such that

E|v(r; UO)H2 <e"Elvo an +C, 720, (2.5)
E sup |v(r;v0)|3, <, (2.6)
0<r<T

where C' > 0 depend on ¢, v, Eexp(c |vo[%), By, and B,,, while C’ also depends on
E|wvo||?, < 0o and T. See Appendix (B).

As it is shown in [?], the estimate (2.3) jointly with an abstract theorem from
[?], imply that under a mild nondegeneracy assumption on the random force the
Markov process in the space Co(K™), constructed in Theorem 7, is mixing:

Theorem 10. For each v > 0, there is an integer N = N(B,,v) > 0 such that if
by # 0 for |d| < N, then the equation (1.1) is mizing. Le. it has a unique stationary
measure p, € P(Co(K™)), and for any probability measure X\ € P(Co(K™)) we
have Bf X — p1, ast — oo.

Under the assumption of Theorem 9, for any ug € H™ the law Du(t;ug) of a
solution u(t; ug) is a measure in H™. The mixing property in Theorem 10 and (2.4)
easily imply

Corollary 11. If under the assumptions of Theorem 10 By, < oo for some m > n/2
and ug € H™, then D(u(t;ug)) = py tn P(H™).
In view of Theorems 8, 9 with vy = 0 and the established mixing, we have:

Corollary 12. Under the assumptions of Theorem 10, if v¥¢(7) is the stationary
solution of the equation, then

Eexp(e. sup [v*(s)[%) <C,

T<8<T+T

where the constant C > 0 depends only on T and B,. If in addition B,, < oo for
some m e Nu {0}, then E|v¥(7)|3, < Cpuv™, where C,,, depends on B, and B,,.
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Finally we note that applying It6’s formula to [[v%(7)||2, where v*! is a stationary

solution of (2.1), and taking the expectation we get the balance relation
E[v*(7)]} = Bo. (2.7)

We cannot prove that E|v*!(7)|2 > B’ > 0 for some v-independent constant B’, and
cannot bound from below the energy E|v(7;v0)[3 of a solution v by a positive
v-independent quantity. Instead in next section we get a weaker conditional lower
bound on the energies of solutions.

3. CONDITIONAL LOWER BOUND FOR THE L2—NORM OF SOLUTIONS
In this section we prove the following result:

Lemma 13. Let m > 2 and B,, < oo. Let u(t) € H™ be a solution of (2.1). Take
any constants x > 0,I' > 1,79 > 0, and define the stopping time

1= 1inf{r > 70 : |Ju(r)||2 2 T}

(as usual, T = oo if the set under the inf-sign is empty). Then

E [ Lo (Ju(@)lo)ds < 201+ 1) B (3.1)

for any T > 19. Moreover, if u(7) is a stationary solution of the equation (2.1) and
E|u(7)|2 T, then

P({lu(r)lo < x}) <2B5'xT,  ¥7 >0, (3.2)

Proof. We establish the result by adapting the proof from [?] (also see [?, Theo-
rem 5.2.12]) to non-stationary solutions. The argument relies on the concept of local
time for semi-martingales (see e.g. [?, Chapter VIL.1] for details of the concept). By
[-]o we denote the quasinorm [u]? = ¥, |ug|*b3.

Without loss of generality we assume 79 = 0, otherwise we just need to replace
u(7,x) by the process (7, x) := u(7 + 70, ), apply the lemma with 75 = 0 and with
ug replaced by the initial data af = u®(79;up), and then average the estimate in
the random 4. Let us write the solution u(7;ug) as u(7,x) = ¥ genn wa(7)a(x).
For any fixed function g € C?(R), consider the process

F() = g(lu(r ATe)l).

Since

Oug(lul) = 29" (Nul§)(u, ), Ouug(lul) = 49" (lulld) §u, D, ) + 29" (Nul§){-, ),

then by It6’s formula we have

10 =1+ [T A+ 3 b [T 20 (Rt dBal), - (33)

deNn

where
A(s) = 29" (Jull) {u, Au - lz'|u|2u>> +2 Z ba(g" (Juld)lual® + ' (Jul3))

= =2¢"(Julld)ull} + 29" (Jul§)[ul; +2g(IIUH )Bo,  u=u(s).

Step 1: We firstly show that for any bounded measurable set G c R, denoting by
I its indicator function, we have the following equality

28 [ 160560 (9 () 1D) Tu) s = [~ To(@)

TATD (35)
[E(f(r) ~ @) ~E(f(0)=0)s ~E [ L) (/(s) A(s)ds]da
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Let L(7,a), (1,a) € [0,00) x R, be the local time for the semi martingale f(7)
(see e.g. [?, Chapter VI.1]). Since in view of (3.3) the quadratic variation of the
process f(71) is

S, £)s = 229 (ul)lualba)” - 4(g' (Jul?)) w2,

then for any bounded measurable set G c R, we have the following equality (known
as the occupation time formula, see [?, Corollary VI.1.6]),

L 16U E)A Ju)ID) [w)ids = [ Te@Lra)da.  (36)

For the local time L(7,a), due to Tanaka’s formula (see [?, Theorem VI.1.2]) we
have

(J(1) =a) =) -a).
# 3 b [ L) (P20 () B (), 4Bu()) 57

deN™
TATD 1
[ Koy (F())A(s)ds + S L(r,0).
Taking expectation of both sides of (3.6) and (3.7) we obtain the required equal-
ity (3.5).

Step 2: Let us choose G = [po, p1] with p1 > po > 0, and g(z) = g,,(x) € C*(R)
such that ¢'(z) > 0, g(z) = /z for x > py and g(z) = 0 for x < 0. Then due
to the factors Ig(f) and Ig(a) in (3.5), we may there replace g(z) by \/x, and
accordingly replace g([[ul3),¢'(Julg) and ¢”(Julg) by [ulo, 3]ulg! and —F[ulg?.
So the relation (3.5) takes the form

B[ ()R =2 [ [ - a). - B 0) - o), Jda
_ 2[”1 {]E [OT - H(a,«@(f(S))[ﬁ(Bo —u(s)|?) - M)[U(S)]g]ds}da.

Po

Since the Lh.s. of the above equality is non-negative, we have

[ H(a,+oo)(f(5))w(15)|g(30|u(8)|(2) - Lu(s)3)ds |da

Po

< [TE (U@ -0 - o -0+ [

Noting that

(3.8)

AT

emtr el

1 By
Bollulg - 3[u(s)]5 = 3. (Bo— s0@)ual* > = ul3,
deN™ 2 2

that by the definition of the stopping time 7
(f(r)—a)s = (f(0) —a), <T,
and that by interpolation,

TAT 2 TAT)
[ lul)lh 4 ¢ [ ) lads < (r AT
o fu(s)lo 0

we derive from (3.8) the relation

DL E [ Ky (F6)) ) 5 d)da < (o1 = po) (1 + 7).
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When py — 0, we have g(z) - /z and f(7) = |u(T A7) ]0. So sending po to 0 and
using Fatou’s lemma we get from the last estimate that

P1 TATD 1 1
LB [ Loy (1) o) fu(s) [ dsda < 201 (1 + 7) By 'T.

As the Lh.s. above is not smaller than

L e [T dsd
;‘[0 fo (a1 ([u(s)]o)dsda,

- Ef Ty (Ju(s)|o)dsda < 2(1 + 7)B; T x. (3.9)

By the monotone convergence theorem

TATD TATD
lim E Laxg(lu(s)]o)ds = E fo Lo (u(s)lo)ds,

then

a—0

so we get from (3. 9) that

IE/ Lo (Ju(s)]l0)ds < 2(1 + 7) B 'T'y. (3.10)

Step 3: We continue to verify that

E/OTMF Ty (Ju(s)]o)ds = 0. (3.11)

To do this let us fix any index d € N” such that b; # 0. The process ug(7) is a
semimartingale, dug = vgds + bgdB4, where vy(s) is the d-th Fourier coefficient of
Au+ Lilu[*u for the solution u(7) = ¥yuq(7)¢a which we discuss. Consider the
stopping time

Tr =inf{s <7 AT : ju(s)|e = R}.
Due to (2.3) and (2.6), P(tg = 7 A7r) - 1 as R — oo. Let us denote uf(7) =
uq(T A TR). To prove (3.11) it suffices to verify that

TAT
71'(5) ::E./O‘ F]I{‘ud(s)k(;}ds—)() as 0 — 0.

If we replace above ug by udR, then the obtained new quantity 7(8) differs from
7(8) at most by P(7r <7 A7r). The process u% is an Ito process with a bounded
drift. So by [?, Theorem 2.2.2, p. 52], 71*(§) goes to zero with 6. Thus, given any
e > 0, we firstly choose R sufficiently big and then § sufficiently small to achieve
m(d) < g, for a suitable §(¢) > 0. So (3.11) is verified. Jointly with (3.10) this

proves (3.1).

Step 4: We now consider the stationary case. Let u(7) be a stationary solution
of (2.1). Then applying Itd’s formula to the process f(7) = g(|u(7)|3), following
the same argument as in Step 1, we obtain for any bounded measure set G c R,

25 [ “16(/()) (o (us) ) Tu(s)
~ [T 1@[BGT) ) - EGO) =) ~E [ Taroy(()) A(5)ds Jda,

(which is exactly (3.5) without the stoping time 7r). From the stationarity of the
solution, we have

E(f(r) - a), ~ E(f(0) ~a), =0,
E [ 16(£(6)) (o' Qu()D) Tu(s)Tids = B (T (F(5)) (o' (Ju() 1) Tu()]2), ¥s >0,

and

E [ Tarooy (F(90)A(3)ds = 7Ty (F(5)A(S)), V30
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Therefore, with (3.4), we have
E [ oo (o01u2)) (29 1u13)(Bo ~ 1ul?) 29" (L) [u
+ 3 B(La(g(uld)) (20' (1l lual)*) = 0.

deNn

Then proceeding as in Step 2, we obtain the inequality (3.2). Thus, we finished the
proof of the theorem. O

4. LOWER BOUNDS FOR SOBOLEV NORMS OF SOLUTIONS

In this section we work with eq. (1.1) in the original time scale ¢ and provide
lower bounds for the H™-norms of its solutions with m > 2. This will prove the
assertion (1) of Theorem 1. As always, the constants do not depend on v, unless
otherwise stated.

Theorem 14. For any m > 3, if B,, < oo and

O<k<sz, Tp>20, T1>0,
then for any r.v. ug(z) e H™ nCo(K™), satisfying

Eluol2, <0, Eexp(c ugl2,) < C < oo (4.1)
for some ¢,C >0, we have

IP’{ sup [w(t; uop)|m = Kufm'{} -1 as v-0, (4.2)
ToStST0+T1V_1

for every K > 0.

Proof. Consider the complement to the event in (4.2):

QV={ sup Ju(t)|m< Kv ™"}

T
Tost<To+—+

We will prove the assertion (4.2) by contradiction. Namely, we assume that there
exists a v > 0 and a sequence v; — 0 such that

P(Q") 25y for j=1,2,..., (4.3)
and will derive a contradiction. Below we write Q%7 as Q and always suppose that
ve{vy,va,...}.

The constants below may depend on KC, K,~, B.vm,, but not on v.

Without lost of generality we assume that 77 = 1. For any Tp > 0, due to (2.5)
and (2.3) the r.v. 4g = u(7T}) satisfies (4.1) with ¢ replaced by ¢/5. So considering
u(t,z) = u(t + Ty, x) we may assume that Ty = 0.

Let us denote J; = [0, 1]. Due to Theorem 8,

P(Q)>1-7, Q1= {supfu(t)le < 21(7)},

uniformly in v, for a suitable Cy (). Then, by the definition of @ and Sobolev’s
interpolation,

[u ()i < CLav™, we@QnQy, tely, (4.4)
for [ € [0,m] (and any v € {v1,va,...}).
Denote Js = [0, %] and consider the stopping time

mo=inf{te o u(t)]2> Coor 2} < L

= 2v°
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Then 7 = i for we QN Q1. So due to (3.1) with I' = Cy ,v2F, for any x > 0, we
have

E(v [ Ton(lu(s)lo)dsTong, () =E(v [ Lo (Ju(s)lo)dslno, (@)

ﬁ/\Tl ok
<1E(y/0 T (Ju(s)o)ds) < Cv2"y.
Consider the event
A={we@QnQq:|u(s)|o<x, Vse o}

Due to the above, we have,

P(A) < 2E(v f] T (u(5) o) dsIgno, () < 20172y
So P(A) <« if we choose

X =cs(Nr*, es(v) =~(20)7h (4.5)
Let us set
Q2=(Q@nQ1) A, P(Q2) >3, (4.6)
and for x as in (4.5), consider the stopping time
71 =1nf{t € Jo : |u(t)|o = x}-
Then 7 € i for all w € Q2. Consider the function

’U(t,l‘) = u(%1+t7'r)7 te [Oai]
It solves eq. (1.1) with modified Wiener processes and with initial data vo(x) =
u¥ (71, x), satisfying
[vg o> x = c® if weQs. (4.7
Now we introduce another stopping time, in terms of v(t,z):

Ty =inf{t € [0, =]t [|o(t) | m > Kv ™} < 2L

) 2v =2

For w € Q2, 72 = 5> and in view of (4.4)

”Uw(t)”l < C3(’V)V_m, te [0 ’ ]7 le [Ovm]a Vwe Q2~ (48)

) 2v
Step 1: Let us estimate from above the increment &(t,z) = [v(t Ao, 2) >~ |vo(2)[%.
Due to It6’s formula, we have that

E(t,x) =2v /Otmz ((v(s,x),Av(s,x)) + ) bflgoﬁ(x))ds +Vr M(t,z),

deN"™
tAT2
M(ta)= [ Y baga(a)v(s,a). dBas)).
deN"™
We treat M as a martingale M (t) in the space H'. Since in view of (A.3) for
0 < s <19 we have

lo(s)pally < C[v(5)leel@all1 + [0(s) 1]0dles) < C(¢d+ ¢ DIM07),

where ( = supge 1 [t(8)]o (the assertion is empty if 75 = 0), then for any 0 < T < 5
T,
E|M (T, < f E Y bilpav(s)|ids < CT.v™", (4.9)
0 d
where we used that By < co. So by Doob’s inequality
]P’( sup | M(s)||3 > 7’2) SCOTr 20725 ¥r>0. (4.10)

0<s<Ty

Let us choose
T.=v" be(0,1),
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where b will be specified later. Then 1< T, < % if v is sufficiently small, so due to
(4.10)

P(Qs)21-7 Qs={ sup |M(7)]s < Ca(y)v "I},

<TETy
for a suitable Cy(y) (and for v « 1); thus P(Q2 N Q3) > 2. Since |{v,Av)|; <
Clv|es|lv]3 by (A.2) and | ¥4 bapal1 < C, then in view of (4.8) and the definition of

Q37
16T 1 < C() W T, + 2 "TH?),  Vre[0,T.], YweQanQs. (4.11)

Step 2: For any z € K", denoting R(t) = |v(t,z)|?, a(t) = Av(t,z) and &(t) =
&(t, ), we write the equation for v(t) := v(t,z) as an It6 process:

dv(t) = (=iRv + va)dt + /v d&(t). (4.12)
Setting w(t) = el R(s)dsy (1), we observe that w also is an Ito process, w(0) = vg

and dv = e~*Jo B()9s gy — iRy dt. From here and (4.12),

t . El I’ ’ t . s 4 I’
w(t) =vg + Z/f et Jo R(s')ds a(s)ds +\/v f et Jo B(s)ds d&(s).
0 0
So v(t AT3) =v(t ATe,x) can be written as
v(tATe,x) =L (AT, ) + (t A T2, ) + I3(E AT, 2), (4.13)
where

-t t .t o N
Lt ) = e fWeaPdsy  p py =y f L P Ay (5 2,
0

t ’ ’ t - s ’ ’
I3(t,x) = /we H Jo (" m)Pds f o s P ds' ge (g 0.
0
Our next goal is to obtain a lower bound for |v(T%)|1 when w € Q2 N Q3, using
the above decomposition (4.13).
Step 3: We first deal with the stochastic term I5(¢). For 0 < s < s1 < T ATo we set

W(ssua)mexp(i [ (s 0)Pds)), Fls,sna)i= [ (s a)Pdss (414)

then W (s,s1,z) = exp (iF(s,sl,x)). The functions F' and W are periodic in =z,

but not odd. Speaking about them we understand | - ||,, as the non-homogeneous
Sobolev norm, so | F|7, = |F[3 + [ (=A)™?F3, etc. We write I3 as
_ tATo
I(t) = /o W(0,t AT, ) fo W (0, s,2)dé (s, ). (4.15)

In view of (A.1),
H eXp(iF(Svsl'))Hk SCk(l+|F(Sv517')|°°)k71HF(57Slv')Hkv keN. (416)
For any s € J = [0,T. A 72), by (A.3) and the definition of 75, we have that

v :=v(s) satisfies
[0 11 < Cloleof[vly < Cloleolvllg™ ™ ol 3™ < €' of2 ™ 07" (4.17)

(this assertion is empty if 75 = 0 since then J = @). So for s,s1 € J,

_ 2-k/
[F'(s,51,7) o0 < Isl—SIS}lrjlv(S')li, | F(s,51,) |k < Cv ”k|81—8|(8}113|v(8')|oo) "
s'e s'e

for k <m. Then, due to (4.16),
W (0,8 ATo,-) |1 < C'Tov ™" (1 +suplo(s)%). (4.18)
seJ
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Consider the stochastic integral in (4.15),

t
N(t,x):[ W (0, s,2)dé (s, 7).
0
The process t = W(0,t,z) is adapted to the filtration {F;}, and
dW (0,t,z) = ilv(t,z) W (0,t,z)dt.
So integrating by parts (see, e.g., [?, Proposition IV.3.1]) we re-write N as
t
N(t,2) = WO, t)e(t,w) i [ €(s.0)lo(s,) PW(0,5,2)ds,
0

and we see from (4.15) that

AT
I5(t) :\/Zg(t/\TQ,x)+i\/;[ 2£(s7gc)|v(s,x)|2W(s,t/\7'27116)61ls. (4.19)
0
Due to (1.2) and since B,, < oo, the Wiener process £(t, z) satisfies
EH&(T*’x)H? < CBlT*a

and

E sup |§(t7)|°° X Z bd ]E sup |ﬂd( )‘pdloo) SCB*\/E7

0<t<Ty deN"™ 0<t<Tx

(we recall that B, = ¥ jenn
PQ0)>1-7 Qu={ s (I VD)) < <oT?y,

0<t<Ty

bg| < 00). Therefore,

with a suitable C' = C(v). Let
4
= m in

then IF’(Q) v. As 15 = T, for w € Q, then due to (4.17), (4.18), (4.19) and (A.3),
for w e Q we have

sup @< Vo s (JEO]+ [ 1€ (6P (s.0)luds) (4.20)

<CT? /2 B

Setp 4: We then consider the term I = I/[tM2 W (s,tATe,2)Av(s, z)ds. To bound
its H'-norm we need to estimate |[IWAv];. Since

loswabullo < CIW 5 [0 [uli  if Jal =1, bl = 2,
(see [?, Proposition 3.6]), we have
IWavy < C(lolls + W5 [vl37 0] 22).
Then in view of (4.16) and (4.8), for w e Q
[WAv|; < C’(V‘P"€ + (Tfy_s“)1/3u_2“) < Cv™3"T,,

and accordingly

sup |15 (t)]|1 < v sup HW“(S T.)Av¥(5)|1ds < Cv*™" T2 YweQ. (4.21)

0<t<Ty 0<t<Ty

Step 5: Now we estimate from below the H'-norm of the term I¢(T%,z), w € Q.
Writing it as I (7., x) = e=iTulvo @) g=i [ E(s,2)ds g0 (1) wee see that

T,
|17 (T 1 > [V (exp(=i T |vol*)volo - HV(eXp(—ifO &(s)ds))vollo = vols-
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This first term on the r.h.s is
T Jvov (o) o = T2 2| Vlvol* o 2 CT | |vol* 0 > CT Jwoll§ > CTwv*", € >0,

where we have used the fact that u|ggxn» = 0, Poincaré’s inequality and (4.7).
For we @ and 0 < s < Ty, in view of (4.11), the second term is bounded by

T, .
H(f V& (s)ds)vollo < CTy|volee sup [ &(s)|1 < OT, (v 73T, + V%_“T,}ﬂ).
0 0<s<Ty
Therefore, using (4.11), we get for the term I3’ (7T) the following lower bound:
17T |1 > C(v* T = T (v T4 w3 T2) 7).

Recalling T, = vt we see that if we assume that

6k —b< -k,

6r—b<1-3k—2b, (4.22)

6k —-b<1/2- k-3,
then for w € Q,

| I5(T)]1 > Cvo Ty, C >0, (4.23)

provided that v is sufficiently small.

Step 6: Finally, remembering that 7 = T, for w € Q and combining the relations
(4.20), (4.21) and (4.23) to estimate the terms of (4.13), we see that for w e @ we
have

[0 (T 1> 115 (Tl = 115 (T 1 = 115 (7)1 > 5Cv™ ™, Ci>0,  (4.24)

if we assume in addition to (4.22) that

6/{—b<1—n—§b, (4.25)
2 2

and v is small. Note that this relation implies the last two in (4.22).
Combining (4.8) and (4.24) we get that
TR ot (4.26)

for all sufficiently small v. Thus we have obtained a contradiction with the existence
of the sets Q"7 as at the beginning of the proof if (for a chosen k) we can find a
be (0,1) which meets (4.22), (4.25) and

-b+ 7k <0.

Noting that this is nothing but the first relation in (4.22), we see that we have
obtained a contradiction if

1 1 3
K)<?b, H<ﬁ 14b,

for some b€ (0,1). We see immediately that such a b exists if and only if < %

Amplification. If we replace the condition m > 3 with the weaker assumption
R>m>2,

then the statement (4.2) remains true for 0 < k < k(n,m) with a suitable (less
explicit) constant x(n,m) > 0. In this case we obtain a contradiction with the
assumption (4.3) by deriving a lower bound for |v(T%)|a, where a = min{1,m -2},
using the decomposition (4.13). The proof remains almost identical except that
now, firstly, we bound |I3]s (@ < 1) from above using the following estimate from
[?, Theorem 5, p. 206] (also see there p. 14):

1-2a

e 2a
[WAu[a < Cllufzra(Wle + [Wle ™ [W]5");
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and, secondly, estimate [I$°(T)|a (o < 1) from below as
|12 (T o > HE (T 1T 115 (T 12,

which directly follows from Sobolev’s interpolation. The lower bound for |15 (T%.) |1
in (4.23) stays valid, so to bound |I§ (7% )|l (@ < 1) from below, we just need to

estimate the upper bound of |I§(7%)|2. Since I5 (Ty,x) = W(0,T%,x)vo(x) (see
(4.14)), then in view of (A.3) we have

175 (T) |2 < CUW(T) oo w02 + [W (T2 |2fvoleo )
So by (4.18), | I§(T%) |2 < Cs v~ **T2. Therefore,

(VGHT*)Q—Q
Y (V—QHTE)l—a)

We then can complete the proof by an argument, similar to that at Step 6.

113 (T2 ) o > Co > Oy yH47Be)n=ber (4.27)

Remark 15. If eq. (1.1) is mixing and wu(t) is a stationary solution, then if
E|u(t)|2 < v72%, we have for m > 3,

IF’{ sup [ ()] > Ku-m} >1 as v—0. (4.28)

To<t<To+Tv7-001%

Indeed, due to (3.2), in the stationary case, we can choose Q)2 as in (4.6) such that
for the stopping time 7 defined in (??), 71(w) = 0, if w € Q2. Then the same
argument gives the above assertion.

5. LOWER BOUNDS FOR TIME-AVERAGED SOBOLEV NORMS

In this section we prove the assertion (2) of Theorem 1. We provide a space H",
r >0, with the scalar product

{u, o) = ((~2) Eu, (=A)%0)),

corresponding to the norm |ul,. Let u(t) = Y uq(t)pq be a solution of eq. (1.1).

Applying It6’s formula to the functional |u|?,, we have for any 0 <t <’ < co the

relation
lu(t) 7, =lu(®)]5, +2 ftt (u(s), vAu(s) = ilu(s)Pu(s) hmds
+2uB,, (t' —t) + 2y/vM(t,t),

where M is the stochastic integral

M) = [ P (), das))

deNm

(5.1)

Let us fix a v € (0, %) Due to Theorem 8 and 14, for small enough v there exists
an event 0y c Q, P(21) > 1 —+/2, such that for all w e Oy we have:

a) SUPgic1 [u¥(t)|eo < C(7), for a suitable C(7y) > 0;

b) there exist ¢, € [0, 3%] and t;, € [3%, 1] satisfying

[ (E) s [ () [ > 7" (5.2)
Since for the martingale M (0,t) we have that

1
BIM (0, D) < B [ 7 u(s) [2ds = Xon,
0

then by Doob’s inequality
P(Q2)21-2. Qo= { sup [M(0,6)] <c()X}/}.

o<t
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Now let us set € = Q1 N Q. Then P(Q) > 1 -~ for small enough v, and for any
w € €) there are two alternatives:
i) there exists a tJ, € [0, 5] such that [u® (t2)] ., =

(5.2) in view of (A.4) we get

$v7"™. Then from (5.1) and

u?(s)|2,ds + 2B, + 2v/we(y) X M2

8 t, >
w2y [ ()2 ds < Cmy ) [
9 10 0

ii) There exists no ¢ € [0, 3%] with |u® (¢)|m = %V"‘“m. In this case, since |u“ (t) | m

is continuous with respect to ¢, then due to (5.2) |[u® (t) [ > 7™ for all t € [0, 35],
which leads to the relation

1
Lym2meel ¢ fo Y (s)]2, ds.
In both cases for w € () we have:

1 T
<Oy [ () s + 2B+ ve(1)? + Xon:

This implies that
1

By [ fu(r)|dr > Gy 2
0

(for small enough v), and gives the lower bound in (1.5). The upper bound follows
directly from Theorem 9.

Proof of Corollaries 3 and 4: Since By < oo for each k and all coefficients by are
non-zero, then eq. (1.1) is mixing in the spaces H™, see Theorem 10. As the
stationary solution v*' satisfies Corollary 12 with any m, then for each p ¢ N and
M >0, interpolating the norm |ul, via |u]o and |u], with m sufficiently large we
get that the stationary measure pu, satisfies

f [ M 1 (du) < 00 ¥ peN, ¥M > 0. (5.3)
Similar, in view of (2.5) and Theorem 8,
Efu(t;uo)|M < Cy(ug) VYt 20, (5.4)

for each ug € C* and every u and M as in (5.3). Now let us consider the integral
in (1.5) and write it as

t+vt
Jy=v /t E|u(s)|2,ds.
Replacing the integrand in J; with E(|u, (s)|mAN)?, N > 1, using the convergence
E([lu(s;00)[m A N)* - f (Julm A N)*pt (du) as s—o0 VN, (5.5)
which follows from Corollary 11, and the estimates (5.3), (5.4) we get that
B~ [l () as ¢, (5.6)

This convergence and (1.5) imply the assertion of Corollary 3.

Now convergence (5.5) jointly with estimates (5.3), (5.4) and (1.6) imply Corol-
lary 4.



ENERGY TRANSFER IN NLS 17

APPENDIX A. SOME ESTIMATES
For any integer [ € N and F € H' we have that
| exp(iF ()]l < Ci(1 +|Flo) " | F 1. (A1)

Indeed, to verify (A.1) it suffices to check that for any non-zero multi-indices
Bi,..., By, where 1 <1’ <l and |B1|+ - +|By| =1, we have

|05 F-- 03 Fllo < CIFI [l (A2)
But this is the assertion of Lemma 3.10 in [?]. Similarly,
[FGlr < Cr(|Fleo|Gllr + |Gl [Fl),  F,G e H", 7 €N, (A.3)

see [?, Proposition 3.7] (this relation is known as Moser’s estimate). Finally, since
for |B] <m we have |02v],,/5 < C|v|<1,;w|/m|\v|\‘£l/m (see relation (3.17) in [?]), then

2m
m+1

2m+4
m+1
m+1171

([0l 0)m| < Crnllvl7alols, I{loPo, vl < O o

v

(A.4)

APPENDIX B. PROOF OF THEOREM 9

Applying Tto’s formula to a solution v(7) of eq. (2.1) we get a slow time version
of the relation (5.1):

lo(D)7 = Tvoll 7, + 2 fo (= lole = v (ilolPo, 0)m )ds + 2By, +2M (1), (B.1)
where M(7) = ;" ¥4 bald*™(va(s),dBa(s)). Since in view of (A.4)
E[([0f*v, v)m| € Con(Elo[7q) ™ E(Jol2™) ™,

then denoting E||v(7)|2 =: g.(7), r e Nu {0}, taking expectation of (B.1), differen-
tiating the result and using (2.3), we get that

d g m 4 -1
J9m < =20ms1 + CuV ™ g3 + 2By < =2gpmi1 (1 - Clv ' g™ +2By,),  (B.2)

since g, < gé/(m+1)gm/(m+1) < Cmgm/(m+1). We see that if g,,, > (2071C’ )™, then

M+l m+1
the r.h.s. of (B.2) is
< —Gma1 + 2By, < —Ctglm DM L oB, < —Cp ™l 4 2B, (B.3)
which is negative if v «< 1. So if
gm(T) < (2v7tC )™ (B.4)

at 7 = 0, then (B.4) holds for all 7 > 0 and (2.4) follows. If g,,(0) violates (B.4),
then in view of (B.2) and (B.3), for 7 > 0, while (B.4) is false, we have that

digm < —~Crg{mIm 1 9B, .
.

which again implies (2.4) (see details of this argument in the proof of Theorem 2.2.1
in [?]). Note that in view of (B.2),

d
digm < =gm + Cn (v, |U()|°OvBmkam)‘
-

This relation immediately implies (2.5).
Now let us return to eq. (B.1). Using Doob’s inequality and (2.4) we find that
E( sup |[M(7)]*) <C < co.
0

<r<T

Next, applying (A.4) and Young’s inequality we get that

f (= 10201 - v (i, ) )ds < Com f o(s)2"*3ds, VO0<r<T.
0 0
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Finally, using in (B.1) the last two displayed formulas jointly with (2.3) we obtain
(2.6).

APPENDIX C. LOWER BOUND FOR C"-NORMS OF SOLUTIONS

In this appendix we work with eq. (2.1), in the time scale 7. Our goal is to prove
the following result:

1

Theorem 16. If m > 2 is an integer and k < then for any 79 > 0 and 7" > 0,

16’
every solution u(7,z) of (2.1) with a smooth nitial data ug(x) satisfies
]P’{ sup  |u(7)|om > Ku_m”} -1 as v-0, (C.1)
To<T<TO+T’

for each K > 0.

Proof. Step 1 (preliminaries): Consider the complement to the event in (C.1):

Q=Q"={ sup |u(r)|lcm < Kv "}

TOST<TO+T!

To prove (C.1) we assume that there exists a v > 0 and a sequence v; - 0 such that

P(Q") 25y for j=1,2,..., (C.2)

and will derive a contradiction. Below we write Q¥7 as Q and always suppose that
ve{v,va, ...}

Without lost of generality we assume that 79 = 0 and 7’ = 1. The constants below
may depend on K, on the norms |ug|e. and |ug ], but not on v.
Let us denote J; =[0,1]. Due to Theorem 8§,

P(@)21-7,  Qu={suplu(t)lco < Cr(7)}

TeJy

uniformly in v, for a suitable Cy (7). Then, due to the Hadamard-Landau-Kolmogorov
interpolation inequality,

[u(t)|em <Cu(y)r™F Ywe@QnQq, tel, (C.3)

for any integer p € [0,m] (and any v € {v1,va,...}).
Denote Jy = [0, ] and consider the stopping time

2
T =inf{r € Jy : [u(7)|c2 2 Kv 2"}, (C.4)
Then 7 < % and 71 = % for w e @ N Q. So due to (3.1) with I' = Kv=2%, for any

x > 0 we have

min(%,'rl)
E( [, Toa(Ju(s)lo)dsIgng, () = E( [ o () l0)dsIong, ()

min(%,‘rl) min(%n-p) ok
<k [ To. (u(s) lo)ds < [ o (lu()lo)ds < CKv 2.
Consider the event
A={we@QnQi:|u(s)]o<x Vsea}.
Due to the above,
P(8) < 2B( | To(lu(s)o)dsLgng, (w)) < 20Kv2 x.
2
So P(A) < if we choose
x=cs(Nr*, () =v(2CK) (C.5)

Consider the event

Q2=(QnQ1)NA,  P(Q2) 2 3y.
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For x as in (C.5) consider the stopping time
7o =inf{7 € Jy : |u(s)|o > x}- (C.6)

Then 75 < 5 for all w e Q3. Now we consider the function

1

2
v(r,z) =u’ (e +1,2), T€Jy=[0, %]

It satisfies the equation (2.1) with modified Wiener processes and with initial data

vo(z) = u¥ (72, x).

Step 2 (the radius-function |v|(7,2)): If w € Q2, then |vg(-)|e > x. We define
the stopping time 7 € Jo by relation (C.4) with u replaced by v. Then 7 < % and
7'1:% for w e Qs.

Since vo(0) = 0, we can find a point o € K™ ¢ R™ such that |vg(xo)| = x.
Considering the ray R in R™ through this point, R := R,xg ~ R, we, firstly, find
there the smallest point xs where |vg(z2)| = X, and, secondly, find on [0,z2] the
biggest point x1 such that |vg(x1)| = %X- We are interested in the behaviour of
v¥(t,x) for  in the segment
L=L(vg) = [27,25] c {z: gx < [vo(@)| < x}n K™, LcR.

We will study this behaviour for 7 from a time-interval Jo = [0, 7, ] such that there
still
ix<p(r,@)|p|<2x for wel. (C.7)

Applying Ito’s formula to I(7,z) = [v(T A 71, )|*> we have

I(r,z) - I(0,z) + /(;T]I{SSTI}[ -2(Av(s,x),v(s,x)) + 2%:b(21|\<pd(x)|2]d5 o)
.8

=2 [ Lioery T bapal@)v(s.0), dBa(s)) = M(7,).
Now we extend the segment L = [21,22] ¢ R ~ R, to the segment
L* = [z1,max(x2,z1 + 1)] c Ry, 1<|LY| < /n,
and consider the space HP = HP(L*), 1/2 < p < 1. We will regard I as a semi-
martingale I(7) € H” and M — as a martingale in H”. As
lea(-)v(s, lae < Cpledlorv(s,-lae,

and since for s <7y

_ _ 1-£2 .
|'U(57 ')lH" < Hv(s’ ')H}‘;()LﬂHU(Sv')Hle(L+) < C|v(s,~)|io”|\v(s, ')Hpcl([(n) < C|'U(5a )|°° myP ’
noting that

sup [v(7)]eo € suUp |u(7)le,
0<r<} 0<7<1

then in view of Theorem 8 we have
E|M(7)E, <C, f V205 S B2 |d2ds = C, By~ (C.9)
0
So by Doob’s inequality,

IP’( sup |M(7)[5, > 7’2) < Coy 2R 2,

0<7<Ty

Since H c C°(L*), then
P(Qs3)21-7,  Qa={sup [M(7)|oo(r+) < Co(Nr "7}, (C.10)

0<7T< Ty

for a suitable C3(y) (depending on p).

Now let us choose
T = 64(’}/)V2(4+p)n < 1

> (C.11)
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Then from (C.8) and (C.3),

[(r,2) = I1(0,2)| < Cy(ruv >  + v P /) < 2P, TeJ3:=[0,7.], xeL, (C.12)
for w e Qo N Qs3, if ¢*(y) < 1. This implies (C.7) for w € Q2 N Q3 with 7, as in
(C.11), since |vg| > 3x on L.

Step 3 (the angles): Finally we examine the behaviour of the angles Argv* (7, z)
for « in L(vp). To do this we consider the angle-function on the annulus
Ann={z: 1x <|2] <2x},
ie.
O:Ann S, 2w Argz,
and define the stopping time 7, =inf{r > 0:v¥(7,2) € C\ Ann}. Then 7, = 0 if
x=0and 7, >7, if x € L(vg) and w € Q2 N Q3. For a fixed “past” vg and = € L(vp)
let us consider the random process ¥ (7) = Argv“ (7 A 7, 2). Applying to it Tto’s
formula, we get:

pe(1) = a0 407 [T a0 (05, 0) GloPo(s,0))ds
:fOTw (d@(v(s,x))(m(s,x))+%bgdm(v(s,x))(%(z),@d(x)))ds (C.13)

+fOTMIZd:bddé(v(s,x))(wd(x)d,@d(s)), 730, 2eL(v).

Let us denote the stochastic integral in the r.h.s. as N,(7). It is convenient to
regard ¢, (7) as a point in the real line rather than in S'. To do that, if 7, = 0
for some x € L, we take oy (0) € [0,27). Otherwise we take for oy (0) the value
of Argog (x) € [0,27), continuously extend it to a function ¢%(0) on L, and then
construct ¢ () from (C.13) by continuity.
Since
ld®(2)| < Cx7t,  |d*®(2)|<Cx? VYzeAnn,

then for w € Q2 N @3 and for 7 < 7, the sum of the two deterministic integrals in
the r.h.s. of (C.13) is bounded by

C,,T*[X’llf% + sz] < C’YV(4+2P)I<;'

Now consider the stochastic integral N, (7). Since E|d®(v(s,2))(pq)]* < Cx 72,
then E|N,(7)[* < C,x27. So for any z € L,

PQD21-9/2 Qf={ swp [N(r)| < Chx'Vm),

<r<r
for a suitable C’fi. Let us define Q4 = Q3' n Q3?* and consider
Q=Q2nQsnQu,  PQ27.
For any w ¢ Q and J=1,2 we have 7., > 7, and
d®(v(s, ;) (ilv[*o(s,2)) = [o(s,z;),
for 0 < s < 7. Due to (C.12), [v(s,z1)[* > Zx* and [v(s,z2)[* < 2 x. Therefore in
view of the Ito’s formula for ¢, for any w € @,

P (1) 20T T B = O (VP 4 T/
> §C4(7)Cs(7)y—1+n(12+2p) _ C/y(y(4+2p)n ECEONY
P (1) < §eH (N O ()220 4 O,
Since k < 1/16, then choosing p close to 1/2 we achieve that
Par (1) = Py (74) 2 Oy )r e 0220), (C.14)
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if v < 1. From the other hand, since for w € Q, [v(7y,z)|c1 < Kv™* and |v(rs,-)| is
> iX on the segment L, then

[VArgo(re, )| | <4Kv™"x ™ = C(y)v™> .

So for any w € Q we must have |y, (74 ) = @, (72 )] < C(7)r~3¢. Combining here and
(C.14), we obtain
V71+n(15+2p) < C(f)/)

As for p we can take any number > 1/2 and the last relation holds for arbitrarily

small v, then K > 11—6. This conclusion has been obtained for any w from the event

Q, where ]PQ > . The obtained contradiction with the assumption of the theorem
proves the assertion (C.1). O
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