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Abstract. Consider a system of periodic pendulum lattice with analytic
weak coupling:

ẍi + sinxi = −ε
i∑

j=i−2

∂xiβα(xj , xj+1, xj+2), xi = xi+N , i ∈ Z,

where N > 3 is an integer, ε > 0 is a small parameter and the function
βα is an analytic function of a certain form. It is shown in this paper
that for small enough ε, the system admits motions such that the energy
transfers between the pendulums in any predetermined order.

1. Introduction

1.1. Equation.

Let us consider a pendulum lattice with near couplings:

ẍi + sinxi = −ε
i∑

j=i−2

∂xiβα(xj , xj+1, xj+2), i ∈ Z, (1.1)

where 0 < ε� 1 and

βα(x, y, z) = (1 + cosx)(1 + cos y)(1 + cos z)fα(x)fα(y)fα(z), x, y, z ∈ R.
(1.2)

For α ∈ (0, 1), we define the function fα to be a real analytic function on R
satisfying the following conditions:

1. It is 2π-periodic.
2. 0 6 fα(z) 6 1, ∀z ∈ R.
3. fα(z) > 1− α, if |z − Z2π| 6 α, and fα(z) 6 α2, if |z − Z2π| > 2α.

The explicit form of fα is not important and we will choose α to be a small
but fixed number, see Lemma 2.1 below.

Let us impose a periodic condition to system (1.1):

xi+N = xi, ∀i ∈ Z, (1.3)
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where N > 3 is a fixed integer.
Thus, the system (1.1) and (1.3) can be written into a Hamiltonian

system in R2N ,

ẋi = yi, ẏi = −∂xiH(X,Y ), i = 1, . . . , N,

where X = (x1 . . . , xN ) ∈ RN , Y = (y1, . . . , yN ) ∈ RN and the Hamiltonian
function H(X,Y ) (the total energy) is defined as

H(X,Y ) =

N∑
i=1

y2
i

2
+ V (xi) + εβα(xi, xi+1, xi+2),

with the pendulum potential V (x) = −1− cosx.

1.2. Result

For any solution (x1(t), . . . , xN (t)) of the system (1.1) and (1.3), let us denote
the energy corresponding to each pendulum as

Ei(t) =
ẋ2
i (t)

2
−
(
1 + cosxi(t)

)
, i = 1, . . . , N.

In this paper, the main interest is focused on the long time behaviors of
the quantities Ei, i = 1, . . . , N . The system (1.1) is nearly integrable if ε is
small enough. Due to the famous KAM theory, a large part (in the sense
of the Lebesgue measure) of the phase space is foliated by the KAM tori.
Particularly, for most of the initial data the energy Ei(t) stays close to its
initial value for all the time. Nevertheless, we will show that there exist certain
motions of the system (1.1) such that the corresponding energy would slowly
transfer along the chain of pendulums in any predetermined way, propagating
to the right or to the left by any distances and for any moment the energy is
almost concentrated in at most two pendulums. The precise statement is as
follows.

Let us call a sequence

· · ·σi−1σiσi+1 · · · , σi ∈ {1, . . . , N}, i ∈ Z
a regular path on Z if

|σi − σi+1| = 1, ∀i ∈ Z.
In the virtue of the periodic condition (1.3), we set |1 − N | = 1. The main
result is the following theorem.

Theorem 1.1. For any r > 0 and N > 3, there exists ε0 > 0 such that for any
0 < ε < ε0, and any sequence · · ·σ−1σ0σ1 · · · ∈ {1, . . . , N}Z that is a regular
path on Z, there is a solution γ(t) of the system (1.1) with total energy H = 1
and a sequence of time instances · · · t−1t0t1 · · · such that the energy of each
pendulum satisfies

|Eσj
(
γ(tj)

)
− 1| 6 C

√
ε, |Ei

(
γ(tj)

)
| 6 C

√
ε, i 6= σj , (1.4)

and
0 < tj+1 − tj < Cε−4−r, (1.5)

where C is a universal constant.
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Particularly, if we choose the sequence to be a monotone,

· · · 123 · · ·N123 · · ·N · · · ,
then the orbit we obtain may be viewed as a (very slow) “traveling wave” in
in the pendulum lattice (1.1).

1.3. Strategy of the proof

To fix ideas, below we shall concentrate on the case of four pendulums (N =
4). The general cases are quite similar (see Appendix A). The proof is based
on the variational methods initiated by Mather [22] and Bessi [3, 4]. Let us
consider the Lagrangian

Lε =

4∑
i=1

(
ẋ2
i

2
+ 1 + cosxi)− ε

4∑
i=1

βα(xi, xi+1, xi+2), (1.6)

where we have adopted the periodic condition (1.3). Clearly, the correspond-
ing Euler-Lagrange equation is exactly the same as the system (1.1). Gen-
erally, the orbits γ are chosen to minimize the Lagrangian action

∫
γ
Lεdt

under certain boundary conditions. In this work, we use a slightly different
version of this approach. Instead of directly minimizing the Lagrangian ac-
tion, using the Maupertuis principle, we will minimize the geodesic distance
of the associated Jacobi metric on the energy surface, and construct the or-
bits as the geodesics of the Jacobi metric (so the orbits we get would have
the prefixed total energy). These (long) geodesics are obtained by concate-
nating (short) geodesic segments that follow a well-arranged itinerary. This
approach is sometimes referred as the methods of broken geodesics. Similar
constructions were also carried out in [20, 5, 16, 15, 17, 25].
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Figure 1. The stages of energy transferring and advancing.

Following [17], the itineraries that we construct have two types of stages:
energy transferring and advancing. At the stage of energy transferring, e.g.
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from the pendulum 1 to the pendulum 2, only three pendulums, 1, 2 and 3,
are “active”, while the pendulum 4 keeps “sleeping” near the “top” (x4 = π)
throughout the whole stage (see the left of Figure 1). In the full period of this
stage, there are many substages. For each substage, a small amount of energy
transfers from 1 to 2, while the pendulum 3 moves closely to a heteroclinic
orbit of the system: its energy remains close to zero. At the end of the energy-
transferring stage, the pendulum 2 takes up most of the energy, while the
pendulums 1 and 3 have energy close to zero. There begins the stage of
advancing. At this stage, the pendulum 4 slowly drops from the top to the
“bottom” (x4 = 2π) and the pendulum 1 slowly climbs up to the top, while
the pendulum 2 rotates with speed O(1) and the pendulum 3 moves along a
heteroclinic orbit of the system (see the middle of Figure 1). After this stage,
the three active pendulums would “advance” from 1, 2 and 3 to 2, 3 and 4.
Then there follows a new stage of energy transferring, e.g. from 2 to 3 (see
the right of Figure 1). The detailed construction of these stages is presented
in Paragraphs (I)-(III) in Section 6.

1.4. Further discussion

Arnold diffusion. In his celebrated paper [2], Arnold constructed a nearly
integrable system with 2.5 degrees of freedom, showing that despite the fact
that the KAM tori fill up most of the phase space of a nearly integrable system
with many degrees of freedom (> 2), there may still exist orbits such that the
action variables of the system exhibit a change of order 1 in a long time span.
Now these phenomena of the large variations of the action variables of a nearly
integrable system are called Arnold diffusion. Arnold conjectured that they
should exist for generic (analytic or smooth) perturbations of an integrable
system. Arnold diffusion has been a hot field of researches in the past decades.
A survey (even a very short one) on the related results is out of the scope
of the current paper. The reader is kindly referred to [24, 9, 8, 18, 6, 19, 7]
and the references therein for several recent breakthroughs in the category
of systems with finite smoothness and for historical remarks. However, it
seems that the current sophisticated theories developed for Arnold diffusion,
in the category of finitely many smooth systems, could not reach the scope of
analytic nearly integrable systems. The result in this paper provides a good
example of Arnold diffusion with N degrees of freedom in the category of
analytic systems. It captures some of the most important features of Arnold
diffusion: Eg. the stages of energy transferring bear strong resemblances to
the processes of passing single-resonant zones and the the stages of advancing
are analogous to the crossing of double-resonant regions. The author believes
that this result provides useful insights to the studies of Arnold diffusion in
the analytic systems.

Energy propagations in lattice systems. Localization or delocalization
are important physical phenomena observed in the context of wave propa-
gation through disordered media, which was often modeled with lattice sys-
tems. When the disorder is significant, certain types of waves get trapped
and wave propagation is extremely slow or absent. These phenomena were



On energy transferring in a pendulum lattice 5

firstly systematically studied by Anderson ([1]), whom now these phenomena
were named after. Nowadays, Anderson localization is extensively studied
by mathematicians and physicists. Mathematically, it could be partially ex-
plained by the KAM theories and the Nekhoroshev estimates (see, e.g. [12]):
these motions lie on the KAM tori, so no propagation occurs; or their rates
of propagation are just too slow to be observed experimentally.

For the delocalization or energy propagation, rigorous results are rare
(nonetheless, see [17]1). In this direction, there are several essential questions
asked by the physicists (see, e.g. [13]):

1. Is energy propagation possible when the interactions are weak?
2. If it is possible, what’s the speed of the propagation? Is it polynomial

or exponential (with respect to the intensity of the interactions)?
3. Does the speed depend on the range of interactions, the size of the lattice

system, or both?

The result in the present paper gives an affirmative answer to the first ques-
tion, at least for the particular lattice system (1.1), and the speed of propa-
gation is polynomial (see (1.5)). Due to the special form of the interaction,
given in (1.2), the range of interaction is fixed in the system (1.1), so no
information of the third question is provided here. It would be interesting
to investigate whether Theorem 1.1 still holds true for the system (1.1) with
any other form of interactions. For other physical lattice models, see e.g. [13].

Perhaps, the most famous lattice lattice system is the FPU lattice, in-
troduced by Fermi, Pasta, and Ulam in their work [11]. Most of the small-
amplitude solutions of the FPU lattice do not exhibit energy propagation,
due to the fact that near the equilibrium, the FPU system is nearly integrable
(see, e.g. [14]). Proving the existence of energy propagation in the FPU lattice
is still a wide open problem of great interest.

1.5. Plan of the paper

The paper is organized as follows: In Section 2, we introduce the Melnikoff
function and choose the parameter α such that the Melnikoff function possess
‘local-minimum’-like property at certain points. In Section 3, we study a
modified Lagrangian (3.1), and show that its minimum actions under certain
boundary conditions can be approximated by the Melnikoff function (up to a
fixed constant). Mather’s Barrier function for the modified Lagrangian (3.1)
is studied in Section 4. We discuss the Maupertius principle in Section 5
and rewrite the results from Sections 3 and 4 in the context of the geodesic

1In [17], a result similar to Theorem 1.1 was proven for the system (1.1) with interaction

function β̃ε of the form,

β̃ε(ỹ) = εk
∑
n∈Z3

η
( |ỹ − 2πn|

ε

)
, ỹ ∈ R3,

where k > 3 is a fixed number and η : R+ → R is a C∞ bump function such that η(x) > 0

if |x| < 1 and η(x) = 0 if |x| > 1. Notice that unlike the interaction βα in (1.2), which

is independent of the small parameter ε and analytic, the Ck−1-norm of β̃ε tends to 0 as
ε→ 0, while the Ck+1-norm is unbounded as ε→ 0.



6 HUANG Guan

distance corresponding to the associated Jacobi metric. Finally, Theorem 1.1
is proved in Section 6.

2. Melnikoff function

Let us set up some notations. For−∞ 6 a < b 6 +∞, we denoteH1([a, b],Rn)
the space of absolutely continuous functions with the H1-norm

‖u‖21 =

∫ b

a

(
|u|2 + |u̇|2

)
dt.

For any two functions f , g on Rn and λ > 0, we write

f = g ± λ

if

−λ+ g(x) 6 f(x) 6 g(x) + λ, ∀x ∈ Rn.
Since the potential of the system (1.1) is 2π-periodic in all variables, we thus
can take T4 as our configuration space, where

T = [−π, π]/{−π, π}.

It is easy to see that the system (1.1), for any ε, admits several families of

2-dimensional invariant tori, precisely, for any h, h̃ > 0, we have

T 2
i =


ẋ2
i

2 − (1 + cosxi) = h,
ẋ2
i+1

2 − (1 + cosxi+1) = h̃,

xi+2 = xi+3 = π,

ẋi+2 = ẋi+3 = 0,

i = 1, . . . , 4,

where we adopt the periodic condition xi+4 = xi, i = 1, . . . , 4. These families

are parametrized by (h, h̃) and belong to the energy surface H = h+ h̃.

Recall that the pendulum of the Lagrangian ẋ2

2 + (1 + cosx) has hete-
roclinic solution of the form

q0(t) = −π + 4 arctan(et), q̇0(t) =
2

cosh(t)
.

Let us denote A±(x), x ∈ T, the action of the pendulum Lagrangian along
this heteroclinic orbit,

A+(x) =

∫ +∞

0

{ [q̇0(t0 + t)]2

2
+ [1 + cos(q0(t0 + t))]

}
dt,

and

A−(x) =

∫ 0

−∞

{ [q̇0(t+ t0)]2

2
+ [1 + cos(q0(t+ t0))]

}
dt,

where q0(t0) = x. Clearly, A+(0) = A−(0) and we will simply denote A+(0)
as A0. Also, let us set

A(x) = min{A+(x),A−(x)}, x ∈ T. (2.1)
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For any x ∈ R and h > 0, let qh(x, t) be the solution of the free pendulum
with energy h and positive speed such that qh(x, 0) = x. See Figure 2.

q0(t)qh(x, t) ẋ

x

Figure 2. The phase portrait of a free pendulum.

In the case h > 0, for any x, y ∈ R, there exists a unique T ∈ R such
that qh(x, T ) = y. Let us define a metric on R by

Sh(x, y) =

∫ T

0

[ q̇2
h(x, t)

2
+ 1 + cos(qh(x, t))

]
dt, h > 0. (2.2)

Slightly abusing notations, we also denote

S0(x, y) = A+(x) +A−(y), x, y ∈ T. (2.3)

For any (x, y) ∈ R2, and h, h̃ > 0, we introduce the Melnikoff function

Mα(h, h̃, x, y) as

Mα(h, h̃, x, y) = −
∫
R
βα
(
q0(t), qh(x, t), qh̃(y, t)

)
dt,

where the interaction βα is defined in (1.2). The Melnikoff function can be
seen as the integral of the perturbation along a heteroclinic orbit of the
unperturbed system to the invariant torus T 2

i with the energy level h + h̃.
Similarly let us define

M+
α (h, h̃, x, y) = −

∫ +∞

0

βα(q0(t), qh(x, t), qh̃(y, t))dt,

and

M−α (h, h̃, x, y) = −
∫ 0

−∞
βα(q0(t), qh(x, t), qh̃(y, t))dt.

We will call them the one sided Melnikoff functions. It is easy to see that these
functions are well defined, 2π-periodic in x, y, and continuous with respect
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to all their arguments. Moreover, we have

Mα(h, h̃, x, y) =M+
α (h, h̃, x, y) +M−α (h, h̃, x, y).

We would like to choose a number α in the definition of the function βα
such that the Melnikoff function Mα(h, h̃, x, y), as a function of (x, y), has
‘local minimum’-like property at (0, 0). This is done in the following lemma.

Lemma 2.1. For any δ ∈ (0, 1
2 ), there exist positive numbers α and κ such

that ∀h, h̃ ∈ [0, 1], we have

inf
{
Mα(h, h̃, x, y) : (x, y) ∈ ∂

(
[−δ, δ]× [−δ, δ]

)}
−Mα(h, h̃, 0, 0) > κ.

(2.4)

Proof. For |t| < α
4 , we have |q0(t)|, |qh(0, t)|, |qh̃(0, t)| 6 α, and

fα(q0(t))fα(qh(0, t))fα(qh̃(0, t)) > (1− α)3.

So for α small enough,

−Mα(h, h̃, 0, 0) >
∫
|t|6α

4

(1− α)3dt >
α

16
.

On the other side, if |x| = δ and |y| 6 δ, we have that for α small enough,

0 6 fα(q0(t))fα(qh(x, t)) 6 α2, ∀t ∈ R,

implying that

−Mα(h, h̃, qh(x, t), qh̃(y, t)) 6 4α2

∫
R
[1 + cos(q0(t))]dt,

Thus we have

−Mα(h, h̃, x, y) 6 8A0α
2, if |x| = δ, |y| 6 δ.

Analogously, for |x| 6 δ and |y| = δ, we have

−Mα(h, h̃, x, y) 6 8A0α
2, if |x| 6 δ, |y| = δ.

This implies the assertion of the lemma. �

We now choose three numbers

(δ, α, κ),

such that the inequality (2.4) holds true and keep them fixed throughout the
whole paper. From now on, we will drop the subindex α of the Melnikoff
functions and denote them as M and M±.

By the continuity of the one sided Melnikoff functions, there exists λ0 >
0 such that for any h, h′, h̃, h̃′ ∈ [0, 1], if

|h− h′|+ |h̃− h̃′| 6 λ0,

then ∣∣∣M±(h, h̃, x, y)−M±(h′, h̃′, x, y)
∣∣∣ < κ

33
, ∀x, y ∈ R. (2.5)
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From the definition of functions A±, we know that there exists δ̄ > 0 such
that

A−(−π + δ̄) = A+(π − δ̄) =
κ

400
. (2.6)

We also keep λ0 and δ̄ fixed in the rest of the paper.

3. Modified Lagrangian

For any h1, h2 ∈ [0, 1], we consider the following modified Lagrangian

Lh1,h2
ε =

2∑
i=1

1

2
(ẋi− vhi(xi))2 +

4∑
i=3

ẋ2
i

2
+ [1 + cosxi]− ε

4∑
i=1

βα(xi, xi+1, xi+2),

(3.1)
where we adopt the periodic condition xi = xi+4, i = 1, . . . , 4, and

vh(x) =
√

2(h+ 1 + cosx). (3.2)

Direct calculation shows that the Euler-Lagrange equation corresponds to
the modified Lagrangian (3.1) is the same as the system (1.1).

Lemma 3.1. For any h1, h2 ∈ [0, 1], let (x1(t), x2(t), x3(t), x4(t)) minimize∫ T

0

Lh1,h2
ε dt,

with the boundary conditions:
x1(0) = x, x1(T ) = qh1

(x, T ),

x2(0) = y, x2(T ) = qh2
(y, T ),

x3(0) = 0, x3(T ) = π,

x4(0) = z, x4(T ) = π,

(3.3)

where x, y ∈ R are any real numbers and |z − π| 6 δ̄.
Then there exists ε0 > 0, which is independent of h1 and h2, such that

for 0 < ε 6 ε0 and T > ε−1, we have∫ T

0

Lh1,h2
ε (x1, x2, x3, x4)dt = A0 +A(z) + εM+(h1, h2, x, y)± ε κ

32
.

Proof. Without loss of generality, we assume z < π. Then

A(z) = A+(z).

The key of the proof is to show that (x1(t), x2(t), x3(t), x4(t)) approximates
well the orbit (qh1

(x, t), qh2
(y, t), q0(t), q0(z, t)) of the free pendulums for

small enough ε. Let us consider the curve γT : [0, T ]→ R4 defined by

γT (t) =

{(
qh1

(x, t), qh2
(y, t), q0(t), q0(z, t)

)
, t ∈ [0, T − 1],(

qh1(x, t), qh2(y, t), q̄0(t), q̄0(z, t)
)
, t ∈ [T − 1, T ],

where

q̄0(t) = q0(T − 1) + (π − q0(T − 1))(t− T + 1),
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and

q̄0(z, t) = q0(z, T − 1) + (π − q0(z, T − 1))(t− T + 1).

Clearly γT satisfies the boundary conditions (3.3). Since (x1, x2, x3, x4)(t)

minimizes
∫ T

0
Lh1,h2
ε dt, then if ε is small enough, we have∫ T

0

Lh1,h2
ε (x1(t), x2(t), x3(t), x4(t))dt 6

∫ T

0

Lh1,h2
ε (γT (t))dt

6 A0 +A+(z) + εM+(h1, h2, x, y) + 12εA+(z) +O(e−
1
2ε )

Obviously, the terms in the right hand side are bounded as ε→ 0. From the
form of the modified Lagrangian Lh1,h2

ε , we thus have∫ T

0

4∑
i=3

(1

2
ẋ2
i (t) + 1 + cosxi(t)

)
dt− ε

∫ T

0

4∑
i=1

βα(xi, xi+1, xi+2)dt 6 C1.

From the definition of the function βα we have that

4∑
i=1

βα(xi, xi+1, xi+2) 6 C2

4∑
i=3

(
1 + cosxi

)
.

Thus, for ε small enough,∫ T

0

[

4∑
i=3

ẋ2
i

2
+ (1 + cosxi)]dt− ε

∫ T

0

4∑
i=1

βα(xi, xi+1, xi+2)dt

>
1

2

∫ T

0

4∑
i=3

(1 + cosxi +
1

2
ẋ2
i )dt,

which implies ∫ T

0

4∑
i=3

(
ẋ2
i

2
+ 1 + cosxi)dt 6 C3. (3.4)

Therefore, ∣∣∣ ∫ T

0

4∑
i=1

βα(xi, xi+1, xi+2)dt
∣∣∣ 6 C4.

That leads to ∣∣∣ ∫ T

0

[
ẋ2

3

2
+ (1 + cosx1)]dt−A0

∣∣∣ 6 Cε, (3.5)

and ∣∣∣ ∫ T

0

[
ẋ2

4

2
+ (1 + cosx4)]dt−A+(z)

∣∣∣ 6 Cε, (3.6)

By (3.5), we know that x3(t), as ε → 0, is a minimizing sequence of the
pendulum Lagrangian in the class of orbits connecting 0 and π. So

x3(t)→ q0(t), in H1(R+,T), as ε→ 0.

We set

E1(t) =
ẋ2

1(t)

2
− [1 + cosx1(t)].
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Since

ẍ1 = − sin(x1)− ε∂x1

3∑
i=1

βα(xi−2, xi−1, xi),

with

∂aβα(a, b, c) = [− sin afα(a)+(1+cos a)f ′α(a)](1+cos b)(1+cos c)fα(b)fα(c), ∀a, b, c ∈ R,
we have∣∣∣ d

dt
E1(t)

∣∣∣ = |ẋ1ẍ1+sin(x1)ẋ1| = ε
∣∣ẋ1·∂x1

3∑
i=1

βα(xi−2, xi−1, xi)
∣∣ 6 εC 4∑

i=3

(1+cosxi).

If ε is small enough, for any 0 6 t′ < t′′ 6 T , by (3.4), we have

E2(t′′)−E2(t′) =

∫ t′′

t′

d

dt
E2(t)dt 6 εC

∫ t′′

t′

4∑
i=3

(1+cos(xi(t))dt 6 C ′ε. (3.7)

Since x1 covers the distance qh1(x, T )−x in the time T , therefore there must
exist some t0 ∈ [0, T ] such that E1(t0) = h1. So

|E1(t)− h1| 6 C ′ε, t ∈ [0, T ].

This implies that for any given R > 0,

‖x1(t)− qh1
(x, t)‖L∞([0,R]) → 0 as ε→ 0.

Similar relation is true for x2(t) and qh2
(y, t). Therefore we have∣∣∣− ∫ T

0

βα(x1, x2, x3)dt−M+(h1, h2, x, y)
∣∣∣→ 0 as ε→ 0.

Due to (3.6) and (2.6), we know that for small enough ε,∣∣∣ ∫ T

0

4∑
i=2

βα(xi, xi+1, xi+2)dt
∣∣∣ 6 12A+(z) + Cε 6

κ

33
.

It is obvious that∫ T

0

Lh1,h2
ε (x1, x2, x3, x4)dt > A0 +A+(z)− ε

∫ T

0

4∑
i=1

βα(xi, xi+1, xi+2)dt.

Thus follows the assertion of the lemma. �

Similarly, we obtain the following lemma.

Lemma 3.2. For any h1, h2 ∈ [0, 1], let (x1(t), x2(t), x3(t), x4(t)) minimize∫ 0

−T
Lh1,h2
ε dt,

with the boundary conditions:
x1(0) = x, x1(−T ) = qh1

(x,−T ),

x2(0) = y, x2(−T ) = qh2
(y,−T ),

x3(0) = 0, x3(−T ) = −π,
x4(0) = z, x4(−T ) = −π,
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where x, y ∈ R are any real numbers and | − π − z| 6 δ̄. Then there exists
ε1 > 0, which is independent of h1 and h2, such that for 0 < ε 6 ε1 and
T > ε−1, we have∫ 0

−T
Lh1,h2
ε (x1, x2, x3, x4)dt = A0 +A(z) + εM−(h1, h2, x, y)± ε κ

32
.

Due to the symmetry of the system, we can interchange the positions
of x3 and x4 and get the same results. It is not difficult to see that similar
results also hold for the modified Lagrangians

Lh1,h2

ε,i =

i+1∑
j=i

1

2
(ẋj−vhj (xj))2+

i+3∑
j=i+2

ẋ2
j

2
+1+cosxj−ε

4∑
j=1

βα(xj , xj+1, xj+2),

(3.8)
where i = 1, . . . , 4 and hj ∈ [0, 1].

4. Mather’s barrier function

Firstly, let us introduce some basic knowledge of the Mather theory.

Let M be a compact connected Riemannian manifold, and let L(θ, v) :
TM → R be a C2 function with the following properties:

i) (Positive definite) ∂2
vvL(θ, v) as a bilinear form is strictly positive

definite.

ii) (Superlinear growth on the fiber)

lim
‖v‖→∞

L(θ, v)

‖v‖
=∞, ∀θ ∈M, v ∈ TθM.

We define

c[0] = − inf
µ

∫
Ldµ,

where the infimum is taken over all Borel probability measure µ on TM that
is invariant under the Euler-Lagrange flow of L. The number c[0], sometimes
called the Mañé critical value, has very deep meanings in dynamics and it
plays a essential role in the Mather theory (and the weak KAM theory). The
reader is kindly referred to e.g. [21, 22, 10, 23] for more information. All we
need here is its definition.

For T > 0, let

BT (θ0, θ1) = inf
γ

∫ T

0

L(γ, γ̇)dt,

where the infimum is taken over all absolutely continuous curves γ : [0, T ]→
M such that γ(0) = θ0, γ(T ) = θ1. The following function is usually referred
to as the Peierls barrier, defined by Mather [22]:

B(θ0, θ1) = lim inf
T→∞

(BT (θ0, θ1) + c[0]T ).
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The liminf is indeed a limit in the autonomous case (Corollary 6.3.3 in [10]).
Nonetheless, we still use Mather’s original definition, since it fits our purpose
here.

We have the following statement:

Proposition 4.1. ([22] or Corollary 5.3.3 in [10]) The function B(·, ·) is finite,
Lipschitz, and satisfies the triangle inequality B(θ0, θ2) 6 B(θ0, θ1)+B(θ1, θ2).

Now come back to our case in which

M = T2 × 2T× 2T.

(We choose the double cover 2T here so that we can distinguish between π
and −π in the configuration space.) It is easy to see that the Lagrangian
Lh1,h2
ε , introduced in (3.1), is well defined on TM and satisfies the conditions

i) and ii). From the special form of the Lagrangian Lh1,h2
ε , we know that for

small enough ε,

Lh1,h2
ε > 0.

Particularly, it vanishes on the set

Th1,h2
= {x1, ẋ1 = vh1

(x1), x2, ẋ2 = vh2
(x2), x3 = x4 = ±π, ẋ3 = ẋ4 = 0},

where vh is defined in (3.2). Therefore, we have c[0] = 0 and the infimum is
attained by the invariant measure, which is supported on the torus Th1,h2

.

We will denote

Bε,T (·, ·) and Bε(·, ·),
for the actions and the Peierls barrier of the Lagrangian Lh1,h2

ε . As a conse-
quence,

Bε(θ0, θ1) = lim inf
T→∞

Bε,T (θ0, θ1).

Moreover the sets

Aπ := {x3 = x4 = π} ⊂M and A−π = {x3 = x4 = −π},

have the property that the Peierls barrier vanishes in them.

Lemma 4.2. Let θ0, θ1 ∈ Aπ ⊂M . Then Bε(θ0, θ1) = 0. The same result holds
for points in A−π.

Proof. Let θ0 = (x0
1, x

0
2, π, π) and θ1 = (x1

1, x
1
2, π, π). For every T > 0, we

consider

γT (t) =
(
qh1

(x0
1, t), qh2

(x0
2, t), π, π

)
+
(x1

1 − qh1(x0
1, T )

T
t,
x1

2 − qh2
(x0

2, T )

T
t, 0, 0

)
.

Clearly γT (t) is absolutely continuous and γT (0) = θ0, γT (T ) = θ1. We have∫
γT

Lh1,h2
ε dt 6

∫ T

0

C

T 2
dt =

C

T
→ 0 as T →∞.

Therefore Bε(θ0, θ1) = 0. �
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For any point θ0 ∈ A−π, we consider function Bε(θ0, θ) with

θ = (x1, x2, 0, z) ∈M,

where | − π − z| 6 δ̄. We will call this functions the “backward” barrier
function. Roughly speaking, Bε(θ0, θ) is the infimum of the actions among
curves starting at θ and backward asymptotic to θ0.

Proposition 4.3. With the above notations, for θ = (x1, x2, 0, z), we have the
following statements:

1. The backward barrier function Bε(θ0, θ) is independent of the choice of
θ0:

Bε(θ0, θ) = Bε(θ′0, θ), ∀θ′0 ∈ A−π ⊂M.

2.

Bε(θ0, θ) = inf
γ∈C−(θ)

lim inf
s→−∞

∫ 0

s

Lh1,h2
ε (γ, γ̇)dt,

where C−(θ) denotes the set of absolutely continuous curves

γ : (−∞, 0]→M, t 7→ (x1(t), x2(t), x3(t), x4(t)),

such that γ(0) = θ, lims→−∞ x3(t) = −π and lims→−∞ x4(t) = −π.
3. There exists ε2 > 0 such that for any 0 < ε 6 ε2, we have

Bε(θ0, θ) = A0 +A(z) + εM−(h1, h2, x1, x2)± ε κ
31
.

Proof. We first show that the function Bε(θ0, θ) is independent of the choice
of θ0. Indeed, for any θ′0 ∈ A−π, by Proposition 4.1 and Lemma 4.2, we have

Bε(θ′0, θ) 6 Bε(θ′0, θ0) + Bε(θ0, θ) = Bε(θ0, θ).

In the same way, Bε(θ0, θ) 6 Bε(θ′0, θ). Therefore Bε(θ0, θ) does not depend
on the choice of θ0.

Now we begin the proof of statement (2). For γ ∈ C−(θ), let tn → −∞
be a sequence such that

lim
n→∞

∫ 0

tn

Lh,h̃ε (γ, γ̇)dt = lim inf
s→∞

∫ 0

s

Lh,h̃ε (γ, γ̇)dt.

Passing to a subsequence, if necessary, we may assume that γ(tn) approaches
θ̄ ∈ {x3 = x4 = −π} as n→∞. Let dn = ||γn(tn)− θ̄||, and define the curves
ξn : [tn − dn, 0]→M by

ξn(t) =

{
γ(t), t ∈ [tn, 0]
θ̄−γ(tn)
dn

(tn − t) + γ(tn), t ∈ [tn − dn, tn].

Clearly, ξn(0) = θ and ξn(tn − dn) = θ̄. Therefore

Bε,−tn+dn(θ̄, θ) 6
∫ 0

tn

Lh1,h2
ε (γ, γ̇)dt + dnK,
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where K = supθ∈M,||v||61 Lh1,h2
ε (θ, v). By taking the lower limit as n → ∞,

we obtain

Bε(θ0, θ) = Bε(θ̄, θ) 6 lim inf
n→∞

Bε,−tn+dn(θ̄, θ) 6 lim inf
s→−∞

∫ 0

s

Lh1,h2
ε (γ, γ̇)dt.

It follows that

Bε(θ0, θ) 6 inf
γ∈C−(θ)

lim inf
s→−∞

∫ 0

s

Lh1,h2
ε (γ, γ̇)dt.

For the opposite inequality, we have that there exists a sequence Tn →∞ and
a family of curves γn(t) : [−Tn, 0]→M with γn(0) = θ and γn(−Tn) = θ0 = (x0

1, x
0
1,−π,−π)

such that

Bε(θ0, θ) = lim
n→∞

Bε,Tn(θ0, θ) = lim
n→∞

∫ 0

−Tn
Lh1,h2
ε (γn, γ̇n)dt. (4.1)

Let γ̄n(t) : (−∞, 0]→M be such that

γ̄n(t) =

{
γn(t), t ∈ [−Tn, 0],(
qh1

(x0
1, t+ Tn), qh2

(x0
2, t+ Tn),−π,−π

)
, t ∈ (−∞,−Tn).

Since Lh,h̃ε (γ̄n(t), ˙̄γn(t)) = 0 for t 6 −Tn, we have

lim
n→∞

∫ 0

−Tn
Lh1,h2
ε (γn, γ̇n)dt = lim

n→∞
lim inf
s→−∞

∫ 0

s

Lh1,h2
ε (γ̄n, ˙̄γn)dt

> inf
γ∈C−(θ)

lim inf
s→−∞

∫ 0

s

Lh1,h2
ε (γ, γ̇)dt.

This establishes statement (2).

For statement (3), let {Tn, n ∈ N} be as in (4.1). By the definition of
Bε,T (·, ·), we have that

Bε,Tn(θ0, θ) 6 Bε,Tn2 (θ0, θn) + Bε,Tn2 (θn, θ),

and

Bε,2Tn(θ′n, θ) 6 Bε,Tn(θ′n, θ0) + Bε,Tn(θ0, θ),

where

θn = (qh1
(x1,−

Tn
2

), qh2
(x2,−

Tn
2

),−π,−π)

and

θ′n = (qh1
(x1,−2Tn), qh2

(x2,−2Tn),−π,−π).

By Lemmas 3.2 and 4.2, we have that for ε small enough,

Bε(θ0, θ) = A0 +A(z) + εM−(h1, h2, x1, x2)± ε κ
31
.

We thus prove all the assertions of the lemma. �
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Similarly, for any θ1 ∈ Aπ and

θ′ = (x′1, x
′
2, 0, z

′),

with |π − z| 6 δ̄, we define the ’forward’ barrier function Bε(θ
′, θ1), which is

the infimum of the actions among curves staring at θ′ and forward asymptotic
to θ1. Mimicking the arguments in the proof of Proposition 4.3, we obtain
the following statements.

Proposition 4.4. With the above notations, we have the following:

1. The forward barrier function Bε(θ
′, θ1) is independent of the choice of

θ1:
Bε(θ′, θ1) = Bε(θ′, θ2), ∀θ2 ∈ Aπ ⊂M.

2.

Bε(θ′, θ1) = inf
γ∈C+(θ′)

lim inf
s→+∞

∫ s

0

Lh1,h2
ε (γ, γ̇)dt,

where C+(θ′) denotes the set of absolutely continuous curves

γ : [0,+∞)→M, t 7→ (x1(t), x2(t), x3(t), x4(t)),

such that γ(0) = θ, lims→+∞ x3(t) = π and lims→∞ x4(t) = π.
3. There exists ε3 > 0 such that for any 0 < ε 6 ε3, we have

Bε(θ′, θ1) = A0 +A(z) + εM+(h1, h2, x
′
1, x
′
2)± ε κ

31
.

As in the Section 3, similar results of this section remain true for the

modified Lagrangian Lhi,hi+1

ε,i , defined in (3.8).

From now on, for each i = 1, . . . , 4 and θ ∈ {xi+2 = 0} ⊂M , we denote
respectively

B+
ε (i, hi, hi+1, θ) and B−ε (i, hi, hi+1, θ), (4.2)

the “forward” and “backward” barrier functions for the Lagrangian Lhi,hi+1

ε,i ,
to indicate their dependence on hi, hi+1 and the positions of the pendulums.
When the context is clear, we would simply write them as B±ε (θ).

5. The Maupertuis principle

In this section we describe the Maupertuis principle. Fix an energy level
H = 1, the Maupertuis principle states that a geodesic γ of the Riemannian
metric

dρε =
√

2

√√√√1 +

4∑
i=1

(1 + cosxi)− ε
4∑
i=1

βα(xi, xi+1, xi+2) ds,

where ds denotes the usual Euclidean metric, is an orbit of the Euler-Lagrange
system (1.1), up to a reparametrization. This special parametrization will be
called the “time parametrization”. If a geodesic γ is parametrized by the
time variable t, then we have that γ(t) = (x1, x2, x3, x4)(t) solves the equa-
tion (1.1) and

dρε(γ(t)) = ||γ̇||2dt,
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with

‖γ̇‖ =
√

2

√√√√1 +

4∑
i=1

(1 + cosxi)− ε
4∑
i=1

βα(xi, xi+1, xi+2),

where γ̇ = dγ
dt and ‖ · ‖ denote the standard Euclidean norm in R4.

In this section, we will unfold x1, x2, x3, x4 directions, i.e. (x1, x2, x3, x4) ∈
R4. For any θ0, θ1 ∈ R4, we write

ρε(θ0, θ1) = inf
γ

{∫
γ

dρε

}
,

where the infimum is taken among all piecewise C1 curves that connect θ0

and θ1. For small ε, e.g. ε < 1
8 , along a geodesic γ parametrized by t, we have

1 6 ‖γ̇(t)‖ 6 5. Hence any geodesic can be extended indefinitely, implying
the geodesic completeness of the Riemannian manifold. It follows that the
infimum in the definition of ρε(θ0, θ1) is realized by a minimizing geodesic.
In the following lemma, we give the relation between the geodesics of the
Riemannian metric dρε and the modified Lagrangian Lh1,h2

ε .

Lemma 5.1. For any γ : [0, T ]→ R4 that is a piecewise geodesic with the time
parametrization, and any h1, h2 ∈ [0, 1] such that h1 + h2 = 1, we have∫

γ

dρε − vh1
(x1)dx1 − vh2

(x2)dx2 =

∫ T

0

Lh1,h2
ε (γ, γ̇)dt,

where Lh1,h2
ε is the modified Lagrangian defined in (3.1) and vh is defined in

(3.2).

Proof. We have
∑4
i=1 ẋ

2
i = H + Lε = 1 + Lε. It follow that∫

γ

dρε − vh1
(x1)dx1 − vh2

(x2)dx2

=

∫ T

0

[
‖γ̇‖2 − vh1(x1)ẋ1 − vh2(x2)ẋ2

]
dt

=

∫ T

0

[
Lε(γ, γ̇) +

(
h1 − vh1(x1)ẋ1

)
+
(
h2 − vh2(x3)ẋ2

)]
dt

=

∫ T

0

Lh1,h2
ε (γ, γ̇)dt.

Thus we prove the assertion of the lemma �

Before introducing the main results of this section, let us define the
following metric on R2 by

dp =
√

2

√√√√1 +

2∑
i=1

(1 + cosxi) ds,

and denote

P(θ̃0, θ̃1) = inf
γ̃

{∫
γ̃

dp
}
, θ̃0, θ̃1 ∈ R2, (5.1)
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where the infimum is taken over all piecewise C1 curves that connect θ̃0

and θ̃1. From the Maupertuis principle we know that the geodesics of the
Riemannian metric dp correspond to orbits of the system with two free pen-
dulums and total energy 1. The following lemma is well known in literature,
see e.g. Section 4 of [17].

Lemma 5.2. (1) Let θ̃i = (yi1, y
i
2) ∈ R2, i = 0, 1. Assume there exist k0, k1 ∈ Z

such that
y0
j < (2kj + 1)π < y1

j j = 1, 2. (5.2)

There exists K > 0 such that if D = ‖θ̃0 − θ̃1‖ > K, then there exist unique

T , h, h̃ > 0 such that

h+ h̃ = 1, qh(y0
1 , T ) = y1

1 , and qh̃(y0
2 , T ) = y1

2 .

Moreover, D
4 < T < D and

P(θ̃0, θ̃1) = Sh(y0
1 , y

1
1) + S h̃(y0

2 , y
1
2),

where Sh is defined in (2.2).

(2) There exists C > 1 such that if any two pairs of points θ̃i0, θ̃i1,
i = 1, 2, in R2 satisfy condition (5.2) with∣∣θ̃i0 − θ̃i1∣∣ > C, i = 1, 2,

and ∣∣e2 − e1

∣∣ 6 1

C
, where ei =

θ̃i1 − θ̃i0∣∣θ̃i1 − θ̃i0∣∣ , i = 1, 2,

then
max{|h1 − h2|, |h̃1 − h̃2|} 6

∣∣e2 − e1

∣∣,
where hi, h̃i, i = 1, 2 are from the first part of the lemma.

Now we can state the main technical lemmas. Pick any two points
θ0, θ2 ∈ R4 on the sections {x3 = 2iπ} and {x3 = 2(i+1)π} with |x4−Z2π| 6
δ̄, we would like to estimate the geodesic distance ρε(θ0, θ1), see Figure 3.

θ0 θ1

2iπ 2(i+ 1)π(2i+ 1)π

Figure 3. The geodesics between sections.
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In the following lemma we will show that if ‖θ0−θ1‖ is sufficiently large,
the difference between geodesic distance ρε and the pendulum distance P is
approximate by the one-sided barrier functions B±ε , defined in (4.2).

Lemma 5.3. There exists ε4 > 0 such that for any 0 < ε < ε4, the following
holds: Consider any i ∈ Z, θj = (θ̃j , 2(i + j)π, zj) ∈ R4, j = 0, 1 with

θ̃j = (yj1, y
j
2) ∈ R2 satisfying the condition (5.2), and

|zj − (2k + 1)π| 6 δ̄, j = 0, 1,

for some k ∈ Z. Then if ||θ̃0 − θ̃1|| > 1
ε , then

ρε(θ0, θ1)−P(θ̃0, θ̃1) = 2A0+

1∑
j=0

A(zj)+εM+(h1, h2, y
0
1 , y

0
2)+εM−(h1, h2, y

1
1 , y

1
2)±ε κ

14
,

where h1, h2 are determined by Lemma 5.2 for the pendulum distance P(θ̃0, θ̃1).

Proof. It is sufficient to prove the statement for i = k = 0. Without loss of
generality, we assume z0 < π < z1.

By Lemma 5.2, we have T > 1
4ε , h1 > 0, h2 > 0 such that

h1+h2 = 1, qh1
(y0

1 , T ) = y1
1 , qh2

(y0
2 , T ) = y1

2 , and P(θ̃0, θ̃1) = Sh1(y0
1 , y

1
1)+Sh2(y0

2 , y
1
2).

We first prove the “6”-inequality. Let us define

x+
3 (t) = 4 arctan et − π and x−3 (t) = 4 arctan et + π.

Clearly x+
3 (t)→ π as t→ +∞ and x−3 (t)→ π as t→ −∞. Let

x1(t) = qh1
(y0

1 , t), x2(t) = qh2
(y0

2 , t),

and
x+

4 (t) = x+
3 (t+ t+), x−4 (t) = x−3 (t+ t−),

where x+
3 (t+) = z0 and x−3 (t−) = z1. Denote νm = |x+

m(T2 ) − x−m(−T2 )|,
m = 3, 4. It is easy to see that ν4 6 ν3 6 8e−

T
2 .

Let T̃ = T + ν3. We will build a curve γT̃ as (see Figure 4)

γT̃ (t) =


(x1(t), x2(t), x+

3 (t), x+
4 (t)), t ∈ [0, T/2],

(x1(T2 ), x2(T2 ), x̃3(t), x̃4(t)), t ∈ [T2 ,
T
2 + ν3],

(x1(t− ν3), x2(t− ν3), x−3 (t− T̃ ), x−4 (t− T̃ ), ), t ∈ (T2 + ν3, T̃ ]

where

x̃m(t) = x+
i (
T

2
) + min{

t− T
2

νm
, 1} ·

(
x−m(−T

2
)− x+

m(
T

2
)
)
, m = 3, 4.

It follows that γT̃ : [0, T̃ ]→ M is a piecewise C1 curve with γT̃ (0) = θ0 and

γT̃ (T̃ ) = θ1. We have that

ρε(θ0, θ1) 6
∫
γT̃

dρε 6
∫
γT̃ |[0,

T
2 ]

dρε +

∫
γT̃ |[

T
2 +ν,T̃ ]

dρε + ν3 := I + II + ν3.

To simplify notations, we write x+
m(t) as xm(t), m = 3, 4, in the following

arguments.
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x = 0 x = π x = 2π

x+(t) x−(t)

x̃(t)

Figure 4. The construction of γT̃ .

Since

‖γ̇T̃ (t)‖ =
√

2

√√√√1 +

4∑
i=1

[1 + cosxi(t)], t ∈ [0,
T

2
],

then

I = 2

∫
γT̃

∣∣[0,T2 ]


√√√√1 +

4∑
i=1

[1 + cosxi − εβα(xi, xi+1, xi+2)]×

√√√√1 +

4∑
i=1

(1 + cosxi)

 dt.

Using (2.6) and the inequality
√
a
√
a+ b 6 a+ 1

2b, we have that

I 6 2

∫ T
2

0

[1 +

4∑
i=1

[1 + cosxi(t)−
1

2
εβ(xi(t), xi+1(t), xi+2(t))]dt

6 A0 +A(z0) + Sh1(y0
1 , x1(

T

2
)) + Sh2(y0

2 , x2(
T

2
))

+ εM+(h1, h2, y
0
1 , y

0
2) + ε

κ

33
+O(e−

T
2 ).

Similarly,

II 6 A0 +A(z1) + Sh1(x1(
T

2
), y1

1) + Sh2(x2(
T

2
), y1

2)

+ εM−(h1, h2, y
1
1 , y

1
2) + ε

κ

33
+O(e−

T
2 ).
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Since T > 1
4ε , for small enough ε, we have |O(e−

T
2 )| < ε κ

100 . Thus we obtain
that for ε small enough,

ρε(θ0, θ1)−P(θ̃0, θ̃1) 6 2A0+

1∑
j=0

A(zj)+εM+(h1, h2, y
0
1 , y

0
2)+εM−(h1, h2, y

1
1 , y

1
2)+ε

κ

14
.

Now we continue to the proof of the “>”-part.

Let γ = (x1, x2, x3, x4)(t) : [0, T̄ ] → R4 be a minimizing geodesic for
ρε(θ0, θ1). Denote τ := min{τ ∈ [0, T̄ ] : x3(τ) = π}. See Figure 3.

We claim that there exists C0 such that for small enough ε, we have

|x4(τ)− π| = O(e−
1
C0ε ). (5.3)

Let us define

ξ+(t) =

{
γ(t), t ∈ [0, τ ],

(qh1
(x1(τ), t− τ), qh2

(x2(τ), t− τ), π, x̂+
4 (t)), t ∈ (τ,+∞),

and

ξ−(t) =

{
γ(t+ T̄ ), t ∈ [−(T̄ − τ), 0]

(qh1
(x1(τ), t+ T̄ − τ), qh2

(x2(τ), t+ T̄ − τ), π, x̂−4 (t)), t ∈ (−∞,−(T̄ − τ)),

where

x̂+
4 (t) =

{
x4(τ) + (t− τ)(π − x4(τ)), t ∈ [τ, τ + 1]

π, else,

and

x̂−4 (t) =

{
x4(τ) + (t+ T̄ − τ)(x4(τ)− π), t ∈ [−(T̄ − τ)− 1,−(T̄ − τ)]

π, else.

Clearly ξ+ ∈ C+(θ0) and ξ− ∈ C−(θ1). (See the defnitions in Propositions 4.3
and 4.4.) Moreover,

Lh1,h2
ε (ξ+(t), ξ̇+(t)) = 0, t > τ+1 and Lh1,h2

ε (ξ−(t), ξ̇−(t)) = 0, t 6 −(T̄−τ)−1.

So by Proposition 4.3 and 4.4, we obtain

B+
ε (h1, h2, θ0) 6 lim inf

t→+∞

∫
ξ+|[0,t]

Lh1,h2
ε (ξ+(s), ξ̇+(s))ds

=

∫
γ|[0,τ ]

dρε − vh1
(x1)dx1 − vh2

(x2)dx2 +O(e−
1
C0ε ),

and

B−ε (h1, h2, θ1) 6 lim inf
t→−∞

∫
ξ−|[t,0]

Lh1,h2
ε (ξ−(t), ξ̇−(t))dt

=

∫
γ|[τ,T ]

dρε − vh1
(x1)dx1 − vh2

(x2)dx2 +O(e−
1
C0ε ),
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(here we have used (5.3)). So,

B−ε (h1, h2, θ1) + B+
ε (h1, h2, θ0)

6
∫
γ|[0,T ]

dρε − vh1(x1)dx1 − vh2(x2)dx2 +O(e−
1
C0ε )

6 ρε(θ0, θ1)− Sh1(y0
1 , y

1
1)− Sh2(y0

2 , y
1
2) +O(e−

1
C0ε ).

Therefore, for small enough ε, we have

ρε(θ0, θ1)−P(θ̃0, θ̃1) > 2A0+

1∑
j=0

A(zj)+εM+(h1, h2, y
0
1 , y

0
2)+εM−(h1, h2, y

1
1 , y

1
2)−ε κ

14
.

This implies the assertion of the lemma.
We still need to prove the claim (5.3). From the equation (1.1) we see

that there exists C > 0 such that

−(1 + Cε) sinx3 6 ẍi 6 −(1− Cε) sinx3 x3 ∈ [
3π

4
, π],

and

−(1− Cε) sinx3 6 ẍ3 6 −(1 + Cε) sinx3, xi ∈ [π,
5π

4
].

Let v = ẋ3(τ). Clearly v > 0 and v → 0 as ε→ 0. We have∫ 5π
4

π

1√
v2 + 2(1 + Cε)(1 + cosx)

dx 6 T̄−τ 6 2

∫ 5π
4

π

1√
v2 + 2(1− Cε)(1 + cosx)

dx,

and∫ π

3π
4

1√
v2 + 2(1 + Cε)(1 + cosx)

dx 6 τ 6 2

∫ π

3π
4

1√
v2 + 2(1− Cε)(1 + cosx)

dx.

So for ε small enough,

0 < C1τ 6 T̄ − τ 6 C ′1τ.
This leads to

T̄ − τ > 1

C2ε
and τ >

1

C2ε
.

Without loss of generality we assume x4(τ) > π. Therefore,

T̄ − τ <
∫ 5π

4

x4(τ)

1√
2(1− Cε)(cosx− cos(x4(τ))

dx = O(
∣∣ log

(
x4(τ)− π

)∣∣).
Hence |x4(τ)− π| = O(e−

1
C0ε ). This finishes the proof of the lemma. �

In the lemma above we deal with the “substages of energy transferring”:
the pendulum 3 is moving closely to a heteroclinic orbit of the system while
the pendulum 4 remain close to the “top” (x4 = π ∈ T). In the following
lemma, we study the “stages of advancing”: the pendulum 2 moves with speed
O(1), while the pendulum 3 move along a heteroclinic orbit of the system
with the pendulum 1 climbing to the “top” and the pendulum 4 dropping
from the “top” simultaneously.
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Lemma 5.4. There exists ε5 > 0 such that for ε ∈ (0, ε5], the following holds:
Consider any i, j, k ∈ Z, θ0, θ1 ∈ R4 with θ0 = (x0

1, x
0
2, 2iπ, x

0
4) and θ1 =

(x1
1, x

1
2, x

1
3, 2jπ) satisfying

|x0
1 − 2kπ| 6 δ,
|x1

1 − (2k + 1)π| 6 δ̄,
|x1

3 − 2(i+ 1)π| 6 δ,
|x0

4 − (2j − 1)π| 6 δ̄.

Then if D = x1
2 − x0

2 >
1
ε , then

ρε(θ0, θ1)− S0(x0
1, x

1
3)− S1(x0

2, x
1
2)

= 2A0 +A(x1
1) +A(x0

4) + εM+(0, 1, x0
1, x

0
2) + εM−(0, 1, x1

3, x
1
2)± ε κ

14
,

where S1 and S0 is defined in (2.2) and (2.3), respectively.

Proof. It is sufficient to prove the statement for i = j = k = 0. Without loss
of generality, let us assume x1

1 > π and x0
4 < −π.

Let x2(t) = q1(x0
2, t). Then there exists unique T > 0 such that x2(T ) =

x1
2. Moreover T > D

4 . Denote

x+
1 (t) = 4 arctan et+t

+
1 − π, x−1 (t) = 4 arctan et+t

−
1 + π,

x+
3 (t) = 4 arctan et − π, x−3 (t) = 4 arctan et

−
3 +t + π,

and

x+
4 (t) = 4 arctan et+t

+
4 − 3π, x−4 (t) = 4 arctan et − π.

where t±1 , t−3 and t+4 are chosen such that

x+
1 (0) = x0

1, x
−
1 (0) = x1

1, x
−
3 (0) = x1

3 and x+
4 (0) = x0

4.

Let νi =
∣∣x−1 (−T2 ) − x+

1 (T2 )
∣∣, i = 1, 3, 4. Denote ν = max{ν1, ν3, ν4}. Set

T̃ = T + ν. We construct a curve γT̃ (t) : [0, T̃ ]→ R4 by

γT̃ (t) =


(x+

1 (t), x2(t), x+
3 (t), x+

4 (t)), t ∈ [0, T2 ],

(x̂1(t), x2(T2 ), x̂3(t), x̂4(t), t ∈ (T2 ,
T
2 + ν],

(x−1 (t− T̃ ), x2(t− ν), x−3 (t− T̃ ), x−4 (t− T̃ )), t ∈ (T2 + ν, T̃ ],

where

x̂i(t) = x+
i (
T

2
) + min{ t− T/2

νi
, 1}
(
x−i (−T

2
)− x+

i (
T

2
)
)
, i = 1, 3, 4.

Clearly the curve γT̃ is piecewise C1 with γT̃ (0) = θ0 and γT̃ (T̃ ) = θ1.
Therefore

ρε(θ0, θ1) 6
∫
γT̃ |[0,T̃ ]

dρε.
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By similar argument in the proof of the Lemma 5.3 we obtain that for ε small
enough,

ρε(θ0, θ1)− S0(x0
1, x

1
3)− S1(x0

2, x
1
2)

6 2A0 +A(x1
1) +A(x0

4) + εM+(0, 1, x0
1, x

0
2) + εM−(0, 1, x1

3, x
1
2) + ε

κ

14
,

Let γ(t) = (x1(t), x2(t), x3(t), x4(t)) : [0, T̄ ]→ R4 be the minimizing geodesic
of ρε(θ0, θ1). Denote

τ = inf{t ∈ [0, T̄ ] : x3(t) = π}.

Argument as in Lemma 5.3 we have that there exists C0 > 1 such that for
small enough ε,

|x1(τ)− π| = O(e−
1
C0ε ) and | − π − x4(τ)| = O(e−

1
C0ε ).

We define

ξ+(t) =

{
γ(t), t ∈ [0, τ ],

(x̃+
1 (t), q1(x2(τ), t− τ), π, x̃+

4 (t)), t ∈ (τ,+∞),

and

ξ−(t) =

{
γ(t+ T̄ ), t ∈ [τ, 0],

(x̃−1 (t), q1(x2(τ), t− T + τ), π, x̃−4 (t)), t ∈ (−∞, τ)),

where for i = 1, 4,

x̃+
i (t) =

{
xi(τ) + (t− τ)(π − xi(τ)), t ∈ [τ, τ + 1]

π, else,

and

x̃−i (t) =

{
xi(τ) + (t+ T̄ − τ)(xi(τ)− π), t ∈ [−(T̄ − τ)− 1,−(T̄ − τ)]

π, else.

Clearly ξ+(t) ∈ C+(θ0), defined for the modified Lagrangian L0,1
ε,1 (see (3.8)),

and ξ−(t) ∈ C−(θ1), for the modified Lagrangian L1,0
ε,2 . By the construction

of ξ+ we have

L0,1
ε,1(ξ+(t), ξ̇+(t)) = 0, t > τ+1 and L1,0

ε,2(ξ−(t), ξ̇−(t)) = 0, t 6 τ− T̄ −1.

Then by similar arguments as in Lemma 5.3, we get that for sufficiently small
ε,

ρε(θ0, θ1)− S0(x0
1, x

1
3)− S1(x0

2, x
1
2)

> 2A0 +A(x1
1) +A(x0

4) + εM+(0, 1, x0
1, x

0
2) + εM−(0, 1, x1

3, x
1
2)− ε κ

14
,

This completes the proof of of the lemma. �
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6. Construction of diffusion orbits

To fix ideas, in this section we will construct an orbit of the system (1.1)
corresponding to the periodic monotone sequence, i.e.

. . . σ−1σ0σ1 · · · = . . . 123412341234 . . . .

To construct orbits for general sequences will not pose any additional diffi-
culty.

Fix any r > 0. Choose K to be the smallest integer greater than
4ε−2−r/2. Starting from the point (0, 0, 0, π), we consider a sequence of sec-
tions in R4:

(Σ1
12,3,Σ

2
12,3, . . . ,Σ

K
12,3)︸ ︷︷ ︸

1→ 2

(Σ1
23,4, . . . ,Σ

K
23,4)︸ ︷︷ ︸

2→ 3
, (6.1)

where the sections are defined according to the rules explained below:

(I) The sections in the bracket “1 → 2” correspond to the stage of energy
transferring that the energy slowly transfers from the pendulum x1 to
the pendulum x2, while the pendulum x3 moves along a heteroclinic
orbit with the pendulum x4 hanging near the top x4 = π. The sections
Σi12,3, i = 1, . . . ,K are given by

i) Σ1
12,3 := (0, 0, 0, π).

ii) C1
r1 = (0, 0, 0, π).

iii) O12,3 = {(x1, x2, x3, x4) : |x1| 6 δ, |x2| 6 δ, x3 = 0, |x4| 6 δ̄} ⊂
R4.

iv) C1
ri+1

= Cri + 2π(K − i, i, 1, 0).

v) Σi+1
12,3 = C1

ri+1
+O12,3, i = 1, . . . ,K − 1.

(II) The sections in the bracket “2→ 3” represent the stage of energy trans-
ferring that the energy transfers, bit by bit, from the pendulum x2 to
the pendulum x3, while the pendulum x4 moves closely to a heteroclinic
orbit with the pendulum x1 hanging near the top. The sections Σi23,1

are given as
i) C2

ri+1
= C2

ri + (0,K − i, i, 1), i = 1, . . . ,K − 1.

ii) O23,4 = {(x1, x2, x3, x4) : |x1| 6 δ̄, |x2| 6 δ, |x3| 6 δ, x4 = 0}.
iii) Σi23,4 = C2

ri +O23,4, i = 1, . . . ,K − 1.

iv) ΣK23,4 = C2
rK .

(III) The sections ΣK12,3 and Σ1
23,4 are connected by a stage of advancing:

C2
r1 = C1

rK + 2π(
1

2
,K, 1,

1

2
).

Clearly, for any i ∈ {2, . . . ,K − 1}, θj ∈ Σj12,3, j = i− 1, i, i+ 1, we have

|ej − ej+1| 6 ε2+r/2, ej =
θj+1 − θj
|θj+1 − θj |

, j = i− 1, i,

and

|ei−1 − e′i−1| 6 ε2+r/2, ei−1 =
θi−1 − θ′i
|θi−1 − θ′i|

, ∀θ′i ∈ Σi12,3.
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The same estimates hold for the sections Σi23,4, i = 1, . . . ,K − 1.

Lemma 6.1. There exists ε6 > 0 such that for every 0 < ε 6 ε6, the following
holds true:

(i) For each i = 2, . . . ,K − 1, any two points θj = (θ̃j , 2iπ, x4) ∈ Σi12,3,

j = 0, 1, if we fix θk = (θ̃k, 2(i+ k)π, x4) ∈ Σi+k12,3, k = ±1, then∣∣∣P(θ̃−1, θ̃
0) + P(θ̃0, θ̃+1)− P(θ̃−1, θ̃

1)− P(θ̃1, θ̃+1)
∣∣∣ 6 4ε1+r/4,

where the pendulum distance P is defined in (5.1). The same relation holds
true for points in the sections Σi23,4, i = 2, . . . ,K − 1.

(ii) For any two points θj = (xj1, x
j
2, x3, x4) ∈ ΣK12,3, j = 0, 1, if we fix

(θ̃1, x̃3, x̃4) ∈ ΣK−1
12,3 and (x′1, x

′
2, x
′
3, x
′
4) ∈ Σ1

23,4, then∣∣∣P(θ̃1, θ̃
0)+S0(x0

1, x
′
3)+S1(x0

2, x
′
2)−P(θ̃1, θ̃

1)−S0(x1
1, x
′
3)−S1(x1

2, x
′
2)
∣∣∣ 6 4ε1+r/4,

where θ̃j = (xj1, x
j
2), j = 0, 1 and the metrics S1, S0 are defined in (2.2) and

(2.3). The same result holds for points in Σ1
23,4.

For a proof of this lemma, see e.g. Section 2 of [17], or Lemma 2.1 of
[4].

Now we set up our variational problem. Assume ε is small enough, i.e.

ε < min
{
ε0, . . . , ε6,

( κ
28

) 4
r , (

λ0

4
)

4
r

}
.

Let

Y = {Θ = (θ1, . . . , θK , θ
1, . . . , θK) : θi ∈ Σi12,3, θ

i ∈ Σi23,4}.

We define a function F : Y→ R by

F(θ1, . . . , θK , θ
1, . . . , θK) =

K−1∑
i=1

ρε(θi, θi+1) + ρε(θK , θ
1) +

K−1∑
i=1

ρε(θ
i, θi+1).

Since ds 6 dρε 6 5ds as Riemannian metrics, the metric space defined by
dρε is equivalent to the Euclidean metric space. It follows that the geodesic
distance ρε(θ0, θ1) is continuous in both θ0 and θ1. Hence F is also continuous.
As Y is a compact manifold with boundary, the function F must attain its
minimum in Y. Let us pick one of the minimal points and denote it by

Θ̄ = (θ1, θ̄2, . . . , θ̄K , θ̄
1, . . . , θ̄K−1, θK).

The following lemma is the key of our proof.

Lemma 6.2. The point Θ̄ is in the interior of Y.

Proof. Assume the contrary that Θ̄ ∈ ∂Y. Then there exists i such that
θ̄i ∈ ∂Σi12,3 or θ̄i ∈ ∂Σi23,1.
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Case I: Energy transferring. For any i < K. We write θ̄j = (xj1, x
j
2, x

j
3, x

j
4) ∈

Σj12,3, j = i− 1, i, i+ 1. Then by Lemma 5.3, we have that

ρε(θ̄i−1, θ̄i) + ρε(θ̄i, θ̄i+1)− P(θ̃i−1, θ̃i)− P(θ̃i, θ̃i+1)

= 4A0 +A(xi−1
4 ) + 2A(xi4) +A(xi+1

4 ) + εM+(hi−1
1 , hi−1

2 , xi−1
1 , xi−1

2 )

+ εM−(hi−1
1 , hi−1

2 , xi1, x
i
2) + εM+(hi1, h

i
2, x

i
1, x

i
2)

+ εM−(hi1, h
i
2, x

i+1
1 , xi+1

2 )± εκ
7
,

where θ̃j = (xj1, x
j
2) ∈ R2, j = i−1, i, i1 and hj1, hj2, j = i−1, i are determined

by Lemma 5.2 for the pendulum distances P(θ̃j , θ̃j+1), j = i− 1, i, moreover,

|hi1 − hi−1
1 |+ |hi2 − hi−1

2 | 6 ε2+r/2.

If θ̄i ∈ ∂Σi12,3, then there are two kinds of possibilities.

Possibility 1: |xi1 − 2k1π| = δ or |xi2 − 2k2π| = δ. In this situation, let

θ̄′i = (2k1π, 2k2π, x
i
3, x

i
4) ∈ Σi12,3.

We will show that by moving θ̄i to the the point θ̄′i in the section Σi12,3, the
geodesic distance decreases,

ρε(θ̄i−1, θ̄i) + ρε(θ̄i, θ̄i+1) > ρε(θ̄i−1, θ̄
′
i) + ρε(θ̄

′
i, θ̄i+1),

which contradicts with the minimality of Θ̄. See Figure 5.

θ̄i+1

θ̄i−1

θ̄i

θ̄′i

Σi−1
12,3

Σi12,3

Σi+1
12,3

ρε(θ̄i−1, θ̄i)

ρε(θ̄i, θ̄i+1)

ρε(θ̄i−1, θ̄
′
i)

ρε(θ̄
′
i, θ̄i+1)

Figure 5. Moving the point from the boundary to the center.

Let θ̃′i = (2k1π, 2k2π). Then, by Lemmas 5.3,

ρε(θ̄i−1, θ̄
′
i) + ρε(θ̄

′
i, θ̄i+1)− P(θ̃i−1, θ̃

′
i)− P(θ̃′i, θ̃i+1)

= 4A0 +A(xi−1
4 ) + 2A(xi4) +A(xi+1

4 ) + εM+(hi−1
1 , hi−1

2 , xi−1
1 , xi−1

2 )

+ εM−(h̃i−1
1 , h̃i−1

2 , 0, 0) + εM+(h̃i1, h̃
i
2, 0, 0) + εM−(h̃i1, h̃

i
2, x

i+1
1 , xi+1

2 )± εκ
7
,

where h̃j1, h̃
j
2, j = i − 1, i are determined by Lemma 5.2 for the pendulum

distances P(θ̃i−1, θ̃
′
i) and P(θ̃′i, θ̃i+1).
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By Lemmas 6.1 and 5.2, we have

|P(θ̃i−1, θ̃i) + P(θ̃i, θ̃i+1)− P(θ̃i−1, θ̃
′
i)− P(θ̃′i, θ̃i+1)| 6 4ε1+r/4,

and

|hi−1
1 − h̃i−1

1 |+ |hi2 − h̃i2| 6 2ε2+r/2.

So

ρε(θ̄i−1, θ̄i) + ρε(θ̄i, θ̄i+1)− ρε(θ̄i−1, θ̄
′
i)− ρε(θ̄′i, θ̄i+1)

> εM+(hi−1
1 , hi−1

2 , xi−1
1 , xi−1

2 ) + εM−(hi1, h
i
2, x

i
1, x

i
2)

+ εM+(hi1, h
i
2, x

i
1, x

i
2) + εM−(hi1, h

i
2, x

i+1
1 , xi+1

2 )

− εM+(h̃i−1
1 , h̃i−1

2 , xi−1
1 , xi−1

2 ) + εM−(h̃i1, h̃
i
2, 0, 0)

− εM+(h̃i1, h̃
i
2, 0, 0) + εM−(h̃i1, h̃

i
2, x

i+1
1 , xi+1

2 )− 4ε1+r/4

> εM(hi1, h
i
2, x

i
1, x

i
2)− εM(hi1, h

i
2, 0, 0)− ε5κ

7
> ε

2κ

7
> 0,

where in the second inequality we have use the continuity property (2.5)
of the one sided Melnikoff functions M±, while the third inequality we use
Lemma 2.1.
Possibility 2: |x4 − π| = δ̄. Let us consider

θ̄′′i = (xi1, x
i
2, x

i
3, π).

Since A(π) = 0, then by Lemma 5.3, we have

ρε(θ̄i−1, θ̄
′′
i ) + ρε(θ̄

′′
i , θ̄i+1)− P(θ̃i−1, θ̃i)− P(θ̃i, θ̃i+1)

= 4A0 +A(xi−1
4 ) +A(xi+1

4 ) + εM+(hi−1
1 , hi−1

2 , xi−1
1 , xi−1

2 )

+ εM−(hi−1
1 , hi−1

2 , xi1, x
i
2) + εM+(hi1, h

i
2, x

i
1, x

i
2)

+ εM−(hi1, h
i
2, x

i+1
1 , xi+1

2 )± εκ
7
.

Therefore

ρε(θ̄i−1, θ̄i)+ρε(θ̄i, θ̄i+1)−ρε(θ̄i−1, θ̄
′′
i )−ρε(θ̄′′i , θ̄i+1) = 2A(x4)±ε2κ

7
>

κ

400
> 0.

This excludes the possibility that |x4 − π| = δ̄. Hence θ̄i 6∈ ∂Σi12,3.

Similarly, we show that θ̄i 6∈ ∂Σi23,4, i = 2, . . . ,K − 1.

Case II: Advancing. Let us write

θ̄K = (xK1 , x
K
2 , x

K
3 , x

K
4 ) ∈ ΣK12,3, and θ̄j = (x̃j1, x̃

j
2, x̃

j
3, x̃

j
4) ∈ Σj23,4, j = 1, 2.

Then by Lemmas 5.3 and 5.4 we have that

ρε(θ̄K , θ̄
1) + ρε(θ̄

1, θ̄2)− S0(xK1 , x̃
1
3)− S1(xK2 , x̃

1
2)− P(θ̃1, θ̃2)

= 4A0 +A(xK4 ) + 2A(x̃1
1) +A(x̃2

1) + εM+(0, 1, xK1 , x
K
2 )

+ εM−(0, 1, x̃1
3, x̃

1
2) + εM−(h̄1, h̄2, x̃

1
3, x̃

1
2)

+ εM+(h̄1, h̄2, x̃
2
3, x̃

2
2)± εκ

7
,
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where θ̃j = (x̃j3, x̃
j
2) ∈ R2, j = 1, 2, and h̄1, h̄2 are determined by Lemma 5.2

for the pendulum distance P(θ̃1, θ̃2). Clearly, |h̄1|+ |1− h̄2| 6 ε2+r/2.
If θ̄1 ∈ ∂Σ1

23,4, then there are two possibilities.

Possibility 1′: |x1
2 − 2k′2π| = δ or |x1

3 − 2k′3π| = δ. Let us consider

θ̄∼1 = (x̃1
1, 2k

′
2π, 2k

′
3π, x̃

1
4) ∈ Σ1

23,4.

Then by Lemmas 5.3 and 5.4, we have

ρε(θ̄K , θ̄
∼1) + ρε(θ̄

∼1, θ̄2)− S0(xK1 , 2k
′
3π)− S1(xK2 , 2k

′
2π)− P(θ̃∼1, θ̃2)

= 4A0 +A(xK4 ) + 2A(x̃1
1) +A(x̃2

1) + εM+(0, 1, xK1 , x
K
2 )

+ εM−(0, 1, 0, 0) + εM−(h̄∼1 , h̄
∼
2 , 0, 0)

+ εM+(h̄∼1 , h̄
∼
2 , x̃

2
3, x̃

2
2)± εκ

7
,

where θ̃∼1 = (2k′3π, 2k
′
2π) ∈ R2 and h̄∼1 , h̄∼2 are determined by Lemma 5.2

for the pendulum distance P(θ̃∼1, θ̃2). It is easy to see that

|h̄∼1 |+ |1− h̄∼2 | 6 ε2+r/2.

Due to Lemma 6.1, we have

|S0(xK1 , x̃
1
3)+S1(xK2 , x̃

1
2)+P(θ̃1, θ̃2)−S0(xK1 , 2k

′
3π)−S1(xK2 , 2k

′
2π)−P(θ̃∼1, θ̃2)| 6 4ε1+r/4.

Then by similar argument in Case I, we have that

ρε(θ̄K , θ̄
1) + ρε(θ̄

1, θ̄2)− ρε(θ̄K , θ̄∼1)− ρε(θ̄∼1, θ̄2) > 0,

which contradicts with the minimality of Θ̄. So this possibility is excluded.
Possibility 2′: |x̃1

1 − (2k′1 + 1)π| = δ̄. Let us consider

θ̄1
∼ = ((2k′1 + 1)π, x̃1

2, x̃
1
3, x̃

1
4) ∈ Σ1

23,4.

Then by the same arguments in Case I, we obtain

ρε(θ̄K , θ̄
1) + ρε(θ̄

1, θ̄2)− ρε(θ̄K , θ̄1
∼)− ρε(θ̄1

∼, θ̄
2) > 0.

This contradicts the minimality of Θ̄, which implies θ̄ 6∈ ∂Σ1
23,4.

Similarly, we show that θ̄K 6∈ ∂ΣK12,3. Therefore Θ̄ is in the interior of
Y. �

When the minimum of F is attained in the interior of Y, a standard
approach in variational methods shows that the series of geodesics can be
concatenated to a long geodesic of the Riemannian metric dρε, which gives
rise to a solution of the Euler-Lagrangian system (1.1).

Let γl : [0, Tl] → R4, l = 1, . . . , 2K − 1, be the minimizing geodesics,
parametrized by time: For l < K, γl minimizes ρε(θ̄l, θ̄l+1); for l = K, γl
minimizes ρε(θ̄K , θ̄

1); and γl minimizes ρε(θ̄
j , θ̄j+1) for l > K with j = l−K.

Let T =
∑
Tl, we will show that γ : [0, T ]→ R4 defined by

γ|[
j∑
l=0

Tl,

j+1∑
l=0

Tl] = γj |[0, Tj ],
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is a true geodesic. It is enough to prove that for any l, the concatenated curve
γl and γl+1 is a true geodesic. We will give detailed argument for the cases
l > K. The other cases can be dealt with in the same way.

Write θ̄i = (θ̃k, x̃i4). Since θ̄i is in the interior of the section Σi23,4, there

exists a neighborhood U of θ̃i in R3 such that U × {x̃i4} ⊂ Σi23,4. Let us

consider a cylindrical neighborhood of θ̄i given by K = Bi × {|x4 − x̃i4| 6 ν}
where ν is small and Bi is a small closed ball in R3 containing θ̃i. For ν and Bi
small enough, for any two points in K, the minimizing geodesic is unique in
K and contained in U×{|x4− x̃i4| 6 ν}. In fact we could take ν so small that
γi intersects Bi×{x4 = x̃i4−ν} at y0, γi+1 intersects Bi×{x4 = x̃i4 +ν} at y1

and the minimizing geodesic connecting y0 and y1 crosses the section Σi23,4

at the point y′. If the concatenated curve of γi and γi+1 is not a geodesic,
then y′ 6= θ̄i. See Figure 6.

x4 = x̃i4 − ν Σi23,4

θ̄i

y0

y1

y′

x4 = x̃i4 + ν

Figure 6. Concatenating geodesics.

Therefore,

ρε(θ̄
i−1, θ̄i) + ρε(θ̄

i, θ̄i+1)

= ρε(θ̄
i−1, y0) + ρε(y0, θ̄

i) + ρε(θ̄
i, y1) + ρε(y1, θ̄

i+1)

> ρε(θ̄
i−1, y0) + ρε(y0, y

′) + ρε(y
′, y1) + ρε(y1, θ̄

i+1)

> ρε(θ̄
i−1, y′) + ρε(y

′, θ̄i+1).

This contradicts the minimality of Θ̄.
Now we have established that γ is a real geodesic, hence it is an orbit

of the Euler-Lagrangian system (1.1) when parametrized by time. It is not
difficult to see that for each segment γi, for each t0 ∈ [0, Ti], we have at least
one j ∈ {1, 2, 3, 4} such that Ej(t0) > 1

4 . By (3.7), Ej(t) >
1
5 , ∀t ∈ [0, Ti],

which implies ẋj >
1
5 . Therefore Ti 6 20ε−2−r/2, and the total time

T =

2K−1∑
i=1

Ti 6 160ε−4−r.
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By similar argument as in Lemma 3.1, we have that for i = 1, 2, 3,

|Ei(ti)− 1| 6 C
√
ε, |Ej(ti)| 6 C

√
ε, j 6= i,

with t1 = 0, t2 =
∑K
i=1 Ti, and t3 = T . Obviously,

|ti+1 − ti| 6 80ε−4−r, i = 1, 2.

Clearly this construction can be carried out for any finite many sections
of the types in (6.1). Thus for each m ∈ N, and the sequence

σ−m . . . σ−1σ0σ1 . . . σm,

There exists an orbit γm of the system such that there exists a sequence of
time

tm−m < tm−m+1 < · · · < tm0 < tm1 < · · · < tmm,

satisfying the following property:

|Eσj (tmj )− 1| 6 C
√
ε, |Ek(tmj )| 6 C

√
ε, k 6= σj .

Since the energy surfaceH = 1 is compact, so does the set {γm(tm0 ), γ̇m(tm0 )}m∈N.
Let (γ0

∞, γ̇
0
∞) be one of its limiting points as m→∞. By Gronwall’s lemma,

we could see that the orbit γ∞ of the system with initial condition (γ∞(0), γ̇∞(0)) =
(γ0
∞, γ̇

0
∞) satisfies the requirement of the Theorem 1.1. We thus prove the

Theorem 1.1.

Appendix A.

For arbitrary 4 6 N ∈ N, let us consider the Lagrangian

LNε =

N∑
i=1

(
ẋ2
i

2
+ 1 + cosxi)− ε

N∑
i=1

βα(xi, xi+1, xi+2),

Clearly, the corresponding Euler-Lagrange equation is the same as system
(1.1). Now we choose δ̄N (similar to the δ̄ in (2.6)), such that

A−(−π + δ̄N ) = A+(π − δ̄N ) =
κ

400N
.

Then for the modified Lagrangians

Lhk,hk+1

ε,k,N =

k+1∑
i=k

1

2
(ẋi−vhi(xi))2+

k+N−1∑
i=k+2

ẋ2
i

2
+[1+cosxi]−ε

N∑
i=1

βα(xi, xi+1, xi+2),

where k ∈ {1, . . . , N} and we have imposed the periodic condition xi+N = xi,
we have the following lemma which is paralleled to Lemma 3.1

Lemma A.1. For any k ∈ {1, . . . , N} and hk, hk+1 ∈ [0, 1], let (x1(t), . . . , xN (t))
minimizes ∫ T

0

Lhk,hk+1

ε,k,N dt,
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with the boundary conditions:
xk(0) = x, xk(T ) = qhk(x, T ),

xk+1(0) = y, xk+1(T ) = qhk+1
(y, T ),

xk+2(0) = 0, xk+2(T ) = π,

xi(0) = zi, xi(T ) = π, i = k + 3, . . . , k +N − 1,

where x, y ∈ R are any real numbers and |zi − π| 6 δ̄N .
Then there exists ε0 > 0, which is independent of k, hk and hk+1, such

that for 0 < ε 6 ε0 T > ε−1, we have∫ T

0

Lhk,hk+1

ε,k,N (x1(t), . . . , xN (t))dt = A0+

k+N−1∑
i=k+3

A(zi)+εM+(h1, h2, x, y)±ε κ
32
.

Based on this fact, we could obtain results similar to those in Section 4

for the modified Lagrangians Lhk,hk+1

ε,k,N , k = 1, . . . , N , and those in Section 5
for the corresponding Jacobi metric

dρε,N =
√

2

√√√√1 +

N∑
i=1

(1 + cosxi)− ε
N∑
i=1

βα(xi, xi+1, xi+2) ds,

where ds is the Euclidean metric in RN . Eventually, similar constructions
as in Section 6 could be carried out and thus find the desired orbits of the
system (1.1).
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