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Abstract. We consider a perturbed KdV equation:
U+ Uggy — Ouuy, = ef (z,u(-)), =z €T, /uda?:O.

For any periodic function w(z), let I(u) = (Il(u),Ig(u),-T--) € RY be the vector,
formed by the KdV integrals of motion, calculated for the potential u(z). Assuming
that the perturbation ef(z, u(x)) defines a smoothing mapping u(z) — f(z,u(x)) (e.g.
it is a smooth function ef(x), independent from w), and that solutions of the perturbed
equation satisfy some mild a-priori assumptions, we prove that for solutions u(¢, z) with
typical initial data and for 0 <t < e~ !, the vector I(u(t)) may be well approximated
by a solution of the averaged equation.

AMS classification scheme numbers: 35Q53, 7T0K65, 34C29, 37K10, 74H40
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0. Introduction

We consider a perturbed Korteweg-de Vries (KdV) equation with zero mean-value
periodic boundary condition:

U+ Uggy — 6uu, = ef(z,u()), xe€T=R/Z, /u(:c,t)d:v =0. (0.1)
T

Here ef(x,u(+)) is a nonlinear perturbation, specified below. For any p € R we denote
by HP? the Sobolev space of order p, formed by real-valued periodic functions with zero
mean-value, provided with the homogeneous norm || - ||,. Particularly, if p € N we have

oPu
= {ue (1) Jully < oo, [utr =0}l = [ |52

For any p, the operator a% defines a linear isomorphism: a% : H? — HP~'. Denoting

2
dx.

by (a%)_l its inverse, we provide the spaces H?, p > 0, with a symplectic structure by
means of the 2-form :

Qug, ug) = —<(((%)1u1,u2>, (0.2)

where (-,-) is the scalar product in L?(T). Then in any space H?, p > 1, the KdV
equation (0.1).—o may be written as a Hamiltonian system with the Hamiltonian #,

given by H(u) = [; <%ui - u3)dx. That is, KdV may be written as
.0
U= 8—$V7—l(u)

It is well-known that KdV is integrable. It means that the function space H? admits
analytic symplectic coordinates v = (vi,va,---) = U(u(+)), where v; = (v;,v_;) € R?,
such that the quantities [; = %|Vj‘2, j = 1, are actions (integrals of motion), while
w; = Arg v;, j > 1, are angles. In the (1, ¢)-variables, KdV takes the integrable form

I=0, ¢o=w({), (0.3)

where W(I) € R* is the frequency vector (see [1, 2]). The integrating transformation
U, called the nonlinear Fourier transform, for any p > 0 defines an analytic isomorphism
W . HP — hP, where
+00
h? = {v = (vi,va, ) 1 v = Z(Zﬂj)2p+1|vj|2 <oo, v;ER? j€ N}.
j=1

It is well established that for a perturbed integrable finite-dimensional system,
[=ef(l,p), o=W({)+eg(l,p), e<<1,

where I € R", p € T", on time intervals of order e ! the actions I(¢) may be well
approximated by solutions of the averaged equation:

J:€<f>(J)v <f>(J): Tnf(‘]vgo)d‘py

provided that the initial data (1(0),¢(0)) are typical (see [3, 4, 5, 6]). This assertion
is known as the averaging principle. But in the infinite dimensional case, there is no
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similar general result. Several theorems are available for different situations, mainly in
the context of perturbations of linear equations, see [7] and references therein. When
the unperturbed system is nonlinear (like KdV), results are rare. In [8, 9], S. Kuksin
and A. Piatniski proved that the averaging principle holds for the randomly perturbed
KdV equation of the form:

U — €Uy + Upgy — BUU, = Ven(t,z), x €S /udx = /nda: =0, (0.4)

where the force n is a white noise in ¢, is smooth in z and is non-degenerate. Our
goal in this work is to justify the averaging principle for the KdV equation with
deterministic perturbations, using the Anosov scheme (see [3]), exploited earlier in the
finite dimensional situation. The main technical difficulty to achieve this goal comes
from the fact that to perform the scheme one has to use a measure in the function
space which is quasi-invariant under the flow of the perturbed equation (it is needed
to guarantee that a small ’bad’ set which we have to prohibit for a solution of the
perturbed equation at a time ¢t > 0 corresponds to a small set of initial data). For a
reason, explained in Section 3, to construct such a quasi-invariant measure we have to
assume that the perturbation ef is smoothing. More precisely, we assume that:

Assumption A. (i) For any p > 0, the mapping defined by the perturbation in (0.1):
P HP — HPYO ues f(z,u(t)), (0.5)

is analytic. Here (y; > 1 is a constant.
(ii) For any p > 3 and T > 0, the perturbed KdV equation (0.1) with initial data

u(0) = ug € H?,
has a unique solution u(¢,z) € H? in the time interval [-T'e~!, Te!], and

u(®)]], < Cp, ||uollp T), |t| < Te .

We are mainly concerned with the behavior of the actions I(u(t)) € RY for [t] S e L.
For this end, it is convenient to pass to the slow time 7 = et and write the perturbed
KdV equation (0.1) in the action-angle coordinates (I, ¢):

dI dy
= B(I bt 4
dr (L), dr
Here I € R*®, ¢ € T and T* := {0 = (6;)i>1,0; € T} is the infinite-dimensional torus,

endowed with the Tikhonov topology. The two functions F'(I,¢) and G(I,¢) are the

='W +G(I,p). (0.6)

perturbation term €f, written in action-angle variables, see below (1.3) and (1.4). The
corresponding averaged equation is

T, D)= [P (07)

where dy is the Haar measure on T*. It turns out that the (0.7) is a Lipschitz equation,
see below (4.17). We denote by hf, the image of the space h” under the action-mapping

1
v I, Li(v) = §!Vj|2, j=1
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Clearly, I = m;(v) € b, C hY, where R} is the weighted I'-space

wp = {1 €R=: Iy = |1, =2 (2n)) 1 |I;| < oo},
j=1
and A}, is its positive octant, h, = {I € b} : I; > 0, V¥j}. This is a closed subset of hf.
For any 0 = (6;);>1 € T, let us denote by ®y the linear operator on the space of
sequences (v, Vg, --) € h? which rotates each component v; € R? by the angle 6;.

Definition 0.1 A Gaussian measure p on the Hilbert space h? is said to be ( -admissible
(where (p > 1 is the same as in assumption A), if the following conditions are fulfilled:

(i) It is non-degenerate and has zero mean value.

(ii) It has a diagonal correlation operator (vi,va,:--) — (01Vy,09Va, ), where
every 0; >0, >, 0; <00 and j=%/o; = O(1). In particular, x is invariant under the
rotations ®y.

Such measures are well defined probability measures on h”. They provide every
open ball of h? with positive measure and their densities can be written as:

+o0o
[ ™ e Cri) il
2mo; 20;

tdv;, (0.8)

where dv;, j > 1, is the Lebesgue measure on R% (See [10, 11] for more information
of Gaussian measure on Hilbert space.) Clearly, they are invariant under the KdV
flow (0.3).

The main result of this work is the following theorem:
Theorem 0.2. Fix any p > 3 and T > 0. Let the curve uf(t) € HP, |[t| < ¢ 'T be a
solution of equation (0.1) and v¢(7) = U(u¢(e717)), 7 = et, |7| < T. If assumption A is
fulfilled and p is a (p-admissible Gaussian measure on h”, then

(i) For any p > 0, there exists a Borel subset I') of h? and €, > 0 such that
lim o (A7 \ I')) = 0, and for € < €, we have

[L(v (7)) = J(T)lp < p, for |7[<T, v(0) €Iy, (0.9)

where J(7), |7| < T, is a solution of the averaged equation (0.7) with the inital data
J(0) = mr(v(0)).

(ii) There is a full measure subset I'y, of h? with the following property:
Ifive(())ie 'y, then for any 0 < Ty < T, < T the image 11, g, of the probability measure
(Ty, — T1)~'dr on [T, T3] under the mapping 7 +— ©(v¢(T )) € T converges weakly, as

e — 0, to the Haar measure dy on T.

The assertion (ii) of the theorem means that for any bounded continuous function
9(p) on T*,
1
-

Concerning assumption A, in particular, we have

| stewonar = [ oo e—o

'H‘OO
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Proposition 0.3. Assumption A holds if in (0.1) f = f(z) is a smooth function,
independent from w.

It is unknown for us that if the result of Theorem 0.2 remains true for equation
(0.1) with non-smoothing perturbations, e.g. if the right hand side of (0.1) is euy, or
—eu. So we do not know whether a suitable analogy of the result in [8, 9] holds true if
in equation (0.4) the noise 1 vanishes.

The paper has the following structure: Section 1 is about the transformation which
integrates the KdV and its Birkhoff normal form. In Section 2 we discuss the averaged
equation. We prove that the (y-admissible Gaussian measures are quasi-invariant under
the flow of equation (0.1) in Section 3. Finally in Section 4 and Section 5 we establish
the main theorem and Proposition 0.3.

Agreements. Analyticity of maps B; — By between Banach spaces By and By, which
are the real parts of complex spaces Bf{ and B, is understood in the sense of Fréchet.
All analytic maps that we consider possess the following additional property: for any R,
a map extends to a bounded analytical mapping in a complex (6g > 0)-neighborhood
of the ball {|u|g, < R} in Bf.

Notation. We use capital letters C' or C'(ay,as,...) to denote positive constants that
depend on the parameters ai, as, ... but not on the unknown function u. We set
Zsy = {n € Z,n > 0}. For an infinite-dimensional vector w = (wy, ws,...) and any
n € N we denote w" = (wy,...,w,,0,0,...). We often identify w™ with a corresponding
n-vector.

1. Preliminaries on the KAV equation

In this section we discuss integrability of the KdV equation (0.1).—o.

1.1.  Nonlinear Fourier transform for KdV

We provide the L%-space H® with the Hilbert basis {e,,s € Z \ {0}},
V2cos(2msz) s> 0,
es =
V2sin(2rsz) s < 0.

Theorem 1.1. There exists an analytic diffeomorphism ¥ : HY + h° and an analytic
functional K on h° of the form K (v) = K (I(v)), where the function K (I) is analytic in
a suitable neighborhood of the octant A%, in A9, with the following properties:

(i) The mapping ¥ defines an analytic diffeomorphism ¥ : H? — AP, for any
p € Zso. This is a symplectomorphism of the spaces (H?,) (see (0.2) and (h?,ws),
where wy = Y dug A dv_y,.

(ii) The differential d¥(0) takes the form 3 use, = v, v, = |27~/ ?u,.
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(iii) A curve u € C*(0,T; H®) is a solution of the KdV equation (0.1). if and only
if v(t) = W(u(t)) satisfies the equation

. 0 -1\ 0K ‘
Since the maps ¥ and U1 are analytic, then for m = 0,1,2..., we have

179 (W)l < Prlllullm), [ E ()]l < Qu[vlm), 5=0,1,2,

where P, and @,, are continuous functions (cf. the agreements).

We denote
0K
W(‘[) = (W17W27"')7 Wk(I) - 8_Ik(]>, k= 1,2,.. ..
Lemma 1.2. Forany n € N, if I,,,; = I,,,0 =--- =0, then

det((%h@,jéﬂ) # 0.

Let 1> be the Banach space of all real sequences | = (Iy, [, ...) with the norm

1|1 =supnt|l,| < co.
n=1

Denote k = (Kp)n>1, Where K, = (27n)3.

Lemma 1.3. The normalized frequency map
W:l—W(I)=W(I) -k
is real analytic as a map from hj, to .

The coordinates v = W(u) are called the Birkhoff coordinates, and the form (1.1) of
KdV is its Birkhoff normal form. See [1] (precisely Theorem 6.1 and 15.4) for Theorem
1.1 and Lemma 1.3. A detailed proof of Lemma 1.2 can be found in section 3.3 of [2].

1.2.  Equation (0.1) in the Birkhoff coordinates.

For Kk =1,2... we denote:
Uy H™ — R Wy (u) = vy,
where U(u) = v = (vy,Va,...). Let u(t) be a solution of equation (0.1). We get

Vi = dVg(u)(ef(x,u) + V(u)), k=1, (1.2)
where V(u) = —ugzpe + 6uu,. Since Ip(v) = %\\I/k\Q is an integral of motion of KdV
equation (0.1).—o, we have

Iy = e(dW¥p(u) f(z,u),vi) = eFp(v). (1.3)

Here and below (-, -) indicates the scalar product in R?.
For k > 1 define ¢y, = arctan(%) if vi # 0, and ¢ = 0 if v = 0. Using equation
(1.1), we get

Or = Wi(D) + e|vi| 2(dVy(u) f(z,u), Vi), if vi #0, (1.4)
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where vii = (—v_g,v;). Denoting for brevity, the vector field in equation (1.4) by

Wi(I) + eGg(v), we rewrite the equation for the pair (Ix, px)(k > 1) as
Iy(t) = eFy(v) = eFi(I, 0), 15)
Pu(t) = Wi(I) + Gy (0). '

We set
F<]’90) = (F1<]’90)7F2(17S0)"")'

In the following lemma P, and P,f are some fixed continuous functions.

Lemma 1.4. For k,j € N, we have for any p > 0

(i) The function Fi(v) is analytic in each space h”.
(ii) For any p >0, 0 > 0, the function G4(v)x (1,4 is bounded by §~Y2P;(|v],).
(iii) For any § > 0, the function %(I, ©)X{1,251 is bounded by 6-1/2P!(|vl,).
(iv) The function %(I, ¢) is bounded by PJ(|v|,), and for any n € N and (I,...,I,) €

R?%, the function Fi (11,1, .., In, ¢x,0,...) is analytic on T".

Proof: Items (i) and (ii) follow directly from Theorem 1.1. Items (iii) and (iv) follow
from item (i) and the chain-rule:

0F, OF, oFy, .
(9_<pj = /2I; <8v_j cos(yp;) — a0, sm(gpﬂ),
OF} 0F,

1 (OF} k.
—_— . 1 — . + — .
0I; (v2l;) <(9U- cos(5) ov_; sin j>>

j
From this lemma we know that equation (1.5) may have singularities at ohy,. We
denote

I, : h? — kY, I(v) = 1(v),
O, AP — W x T, Tl ,(v) = (I(v), ¢(v)).
Abusing notation, we will identify v with (7, ) = II; ,(v).

Definition 1.5. For p > 3, we say that a curve (I(t),¢(t)), |t| < T, is a regular
solution of equation (1.5), if there exists a solution u(t) € HP of equation (0.1) such
that u(t) € HP and

(W (u(t))) = (I(8), (1), [t <T.

If (1(t),¢(t)) is a regular solution of (1.5) and |I(0)|, < My, then by assumption A
we have

1)y = ()5 < Clp, Mo, T), |t <Te . (1.6)
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2. Averaged equation

For a function f on a Hilbert space H, we write f € Lip,.(H) if
|f(u1) = flu2)] < P(R)[Jux — o], [Jual], [Juz]| < B, (2.1)

for a suitable continuous function P which depends on f. Clearly, the set of functions
Lip,(H) is an algebra. By the Cauchy inequality, any analytic function on H belongs
to Lipioc.(H) (see agreements). In particularly, for any k& > 1,

Wi(I) € Lipioe(hy), p>=1, and Fi(v) € Lipie(h?), p = 0.

In the further analysis, we systematically use the fact that the functional Fj(v) only
weakly depends on the tail of the vector v. Now we state the corresponding results. Let
f € Lipio.(h?) and v € hP', p; > p. Denoting by 1™, M > 1 the projection

M n® — K (vi,va,...) = (Vi,...,var,0,..),
we have |v — ITMv|, < (20 M)~®P1=P)|y|,,. Accordingly,
[f(v) = FITM0)] < P(Jo],, ) (2 M) =017, (2.2)
The torus T acts on the space I1)/h° by linear transformations ®,,, )y € TV,
where ®,, : (Inr, o0r) = (Iar, s + Opr). Similarly, the torus T acts on h° by linear
transformations @y : (I, ) — (I, + 6) with 6 € T°°.

For a function f € Lip,,.(h*) and a positive integer N we define the average of f
in the first N angles as the function

(fin(v) = /TN f<(<I>9N @ Id)(v))deN,

and define the averaging in all angles as
(i) = [ [(Po(v))db,
TOO
where df is the Haar measure on T*. The estimate (2.2) readily implies that

[(Fw(w) = ()] < PR)2rN) P o], < R.
Let v = (I, ), then (f)x is a function independent of ¢4, - - -, o, and (f) is independent
of ¢. Thus (f) can be written as (f)(I).
Lemma 2.1. (See [8]). Let f € Lipio.(h?), then

(i) The functions (f)n(v) and (f)(v) satisfy (2.1) with the same function P as f and
take the same value at the origin.

(ii) These two functions are smooth (analytic) if f is. If f is smooth, then (f)(I) is a
smooth function with respect to vector (Iy,..., ), for any M. If f(v) is analytic
in the space h?, then (f)(I) is analytic in the space hf.
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We recall that a vector w € R™ is non-resonant if
w-k#0, VkezZ"\{0}.
Denote by C%t1(T™) the set of all Lipschitz functions on T".

Lemma 2.2. Let f € C*"!(T") for some n € N. Then for any non-resonant vector
w € R™ we have

1T _
hm—/0 f(zo +wt)dt = (f),

T—oo 1’

uniformly in xy € T™. The rate of convergence depends on n, w and f.
Proof.  Let us write f(z) as the Fourier series f(z) = > fre?®. Since the Fourier series
of a Lipschitz function converges uniformly (see [12]), for any € > 0 we may find R = R,

such that ‘ D k>R fkeik"r‘ < § for all z. Now it is enough to show that

1 T
‘27/ fr(zo + wt)dt — f0’ < g vT > T, (2.3)
0

for a suitable T¢, where fr(z) = > < fre®®®. Observing that

IR 2
- 7 -(:co—i—wt)dt‘ g
‘T/O ‘ Tlk-w|’

for each nonzero k. Therefore the Lh.s of (2.3) is smaller than

2 S

[kI<R

The assertion of the lemma follows. O

3. Quasi-invariance of Gaussian measures

Fix any integer p > 3, and let u be a (y-admissible Gaussian measure on the Hilbert
space hP. In this section we will discuss how this measure evolves under the flow of
the perturbed KdV equation (0.1). We follow a classical procedure based on finite
dimensional approximations (see e.g. [13, 11]).

We suppose the assumption A holds. Let us write the equation (0.1) in the Birkhoff
normal form, using the slow time 7 = et:
%Vj = Eilej([>Vj + X]'('U), ] S N, (31)
0 —1
1 0
For any n € N, we consider the 2n-dimensional subspace 7,(h*) of h? with

where X; = (X;, X_;)' € R? and J =

coordinates v" = (vi,...,v,,0,...). On m,(h?), we define the following finite-
dimensional systems:

d = — ny\,~ n :
70 = I TWIWN)d + X,(w"), 1<j<n, (3:2)
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where J; = (wj,w_;)" € R? and w" = (Jy,...,&n,0,...) € m,(hP).
We denote X"(v") = (Xy(v"),...,X,(v"),0,...) and X(v) = (Xy(v),...). By
assumption A and Theorem 1.1, for any p > 0 the mapping
X :h? — hPTO i X(v) is analytic. (3.3)

Theorem 3.1. For any T' > 0, w"(-) converges to v(-) as n — oo in C([-T,T];h?),
where v(-) and w"(-) are, respectively, solutions of (3.1) and (3.2) with initial data
v(0) € h? and w"(0) = v™(0) € m,(hP).

The proof of this theorem is long and standard, using finite dimensional
approximation. We move the detail of it to Appendix B and directly go to the main
theorem of this section.

Let 87 denote the flow determined by equations (3.1) in the space h?, and

By (M) :={v e h’: |v], < M}.

Theorem 3.2. For any My > 0 and T" > 0, there exists a constant C' > 0 which depends
only on My and T, such that if A is a open subset of By (M), then for 7 € [0,T7], we
have

™ p(A) < p(S7(4)) < €“Tu(A).
Proof:  From (1.6) we know that there is constant M; which only depends on M, and
T, such that if v(0) € By(My), then

v(T) € By(My), |7|<T. (3.4)

For any n € N, consider the measure p,, = 7, o u on the subspace m,(h?). Since u is a
(p-admissible Gaussian measure, by (0.8) p, has the following density with respect to
the Lebesgue measure:

by (V" "ﬁ (2mj) ** o exp{— zn:j

=1

1+2p|V]|2

Let 87 be the flow determined by equations (3.2) on subspace Wn(hp). For any open set
Ap C (B (Mp)), due to Theorem A in the Appendix A, we have

L (87(4)

[ i(awn(v;)jwn» [ A

/ Z 2p+1<UJX +UU—JX—] +%X +aa)v(—3>b (v™)do"
J —J

= / " (v"™)b, (v™)dv"
S7(An)

Since j7% /o; = O(1), using (3.3) and the Cauchy’s inequality, there exists a constant
C which depends only on Mj, such that

["(v")| <O, V" € m(By (M), VnéeN. (3.5)
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We have
e_CTNn(An> < :un(S:L(An)) < eCTﬂn(An)a (3-6)

as long as ST (A,) C m,(B)(My)).
Since p, convergences weakly to p, the theorem follows from (3.4), (3.6) and
Theorem 3.1 (see [13, 11]). O

4. Proof of the main theorem

In this section we prove Theorem 0.2 by developing a suitable infinite-dimensional
version of the Anosov scheme (see [3, 4, 5, 6]), and by studying the behavior of the
regular solutions of equation (1.5) and the corresponding solutions of (0.1). We fix
p = 3. Assume u(0) = ug € H?. So

I7o(¥(uo)) = (Lo, o) € by, x T™, p=3. (4.1)

4.1.  Brief scheme of the proof

We divide the phase space into "non-resonant set” E(d,Tp) (define later) and ”resonant
set” E¢(9,Tp) (the completion of E(d,Tp)). For initial datas which are correspondent to
solutions that spend ”little time” in the resonant set, we prove the averaging principle
holds true. This is done in Lemmata 4.1, 4.2 and 4.5. Then what remains to do is to
verify that such initial datas form a full measure set when € goes to zero. We finish this
in lemmata 4.3 and 4.4.

Now we proceed to the detail of the proof.

4.2. Proof of the assertion (i)

We denote
BI(M) = {I € 1+ |1], < M}.

Without loss of generality, we assume that 7= 1 and t > 0.
Fix any My > 0. Let

(Io, o) € By (M) x T := Ty,
that is,
Vo = \I/(U()) S B;:(\/ M(])

Let (I(t),(t)) be a regular solution of the system (1.5) with (1(0),¢(0)) = (Io, ¥o)-
Then by (1.6), there exists M; > M, such that

I(t) € BI(My), telo,e]. (4.2)
By the definition of the perturbation we know that
F(L @)l < Cany V(I ¢) € BL(M;) x T, (43)
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where the constant C;, depends only on Mj.
We denote I'™ = (I1,...,1,,0,0,...), " = (¢1,.-.,¥m,0,0,...), and W™(I) =
(Wil),...,W,(1),0,0,...), for any m € N.
Fix ng € N. By (2.2), for any p > 0, there exists mo € N , depending only on ny
and p, such that if m > my, then
[Fi(L, ) = B(I™, ™) < p, V(I 9) € By(My) x T, (4.4)

where £k =1,---,ng.
From now on, we always assume that

(I,p) € BY(My) x T, ie. ve BY(\/M).
By Lemma 1.4, we have
CO(j, Ml)

VI

OO(k7j7 Ml)
Vi

(I7 80)| < CO(k7j7 Ml)

G;(1, )] <

0%

0I;

F

dp;
From Lemma 1.3 and Lemma 2.1, we know that

(Wi(I) = W;i(I)] < Ca(j, M) [T = I|s,

[(Fi) (1) — (Fi)(D)] < Cu(k, j, My)|T = I]1.
By (2.1) we get

|Fk([m0, gOmO) — Fk([_mo, @m0)| g Cg(l{,mo,Ml”’Umo — ’Dmo s (47)

I,p)| <

(4.6)

where | - | is the maximum norm.
We denote

Cyp™ = mg - max{Cq, C1,Cy : 1 < j <myp, 1 <k <ngl.

Below we define a number of sets, depending on various parameters. All of them also
depend on mgy and ng, but this dependence is not indicated. For any § > 0, and Ty > 0,
we define a subset E(8,Ty) C BJ (M) as the collection of all I € B} (M) such that for
every ¢ € T and any T > Tj, we have

for k=1, -+ ,ng. Let S! be the flow generated by regular solutions of the system (1.5).
We define two more groups of sets.

S(t) = S(t,e,0,To, I, ) = {t; € [0,¢] : S"(I,p) ¢ E(0,Tp) x T}.
N(T) = N(T,¢,6,Ty) == {(I,9) € Ty : Mes[S(e 7L, ¢,6, Ty, I,)] < T}

Here and below Mes|-| stands for the Lebesgue measure in R.
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Clearly, by continuity, F(6,Tp) is a closed subset of B;;(Ml) and S(t, 8, Ty, I, ) is
a open subset of [0, ¢]. The following result is the main lemma of this work:

Lemma 4.1. For k = 1,...,ng, the Iy-component of any regular solution of (1.5) with
initial data in N (7€, 9, Ty) can be written as:

t
I (t) = I (0) + e/ (Fy)(I(s))ds + =(t),
0
where for any v € (0, 1) the function ()] is bounded on [0, ] by

460;1;1“0{ [2(7 n 2TOCM16)1/2} (Ty + T+

ToCh, € Toe  €Cy,TE
71/2 2’Y1/2 3

+2eChp, T + 2p + 26 + 2eCy, (Ty + T).

+ ToChre + (

+[ )k%+T+aﬂ}

Proof:  For any (I,¢) € N(T'), we consider the corresponding set S(¢). It is composed
of open intervals of total length less than min{7",¢}. Thus at most [T'/Tp] of them have
length greater than or equal to Ty. We denote these long intervals by (a;,b;), 1 < i < d,
d < T/T, and denote by C(t) the complement of Uj<;<q(a;, b;) in [0, 1].

By (4.4), we have

/0 FulI(s), o(s))dt = / E (), 66 + 6 (),

where |£1(t)] < Ca, T + pt.

The set C(t) is composed of segments [b;_1,a;] (if necessary, we set by = 0, and
agy1 = t). We proceed by dividing each segment [b;_1,a;] into shorter segments by
points t;, where b; = t{ <ty < --- < t, = a;. The points t} lie outside the set S(t)
and Ty < 154 — ¢} < 2Tp except for the terminal segment containing the end points a;,
which may be shorter than 7j.

This partition is constructed as follows:

—— If a; — b;_1 < 2Ty, then we keep the whole segment with no subdivisions. (| = b;_;
5 = ay).
— If a; — b1 > 2T}, we divide the segment in the following way:
a) If b;_1 + 2T, does not belong to S(t), we chose t§ = b; 1 + 2T}, and continue
by subdividing [t}, a;];
b) if b;_1 + 2T, belongs to S(t), then there are points in [b;_1 + To, b;—1 + 27¢]
which do not, by definition of b;_;. We set t} equal to one of these points and
continue by subdividing [t5, a;].

We will adopt the notation: b =t,,, —t} and s(i,7) = [t}, t5,,]. So

ct)=J U s(i.4), To < hi=s(i,4)] < 2Ty, j < ni —2.
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By its definition, C(t) contains at most [T'/Ty] + 1 segments [b;_y, a;], thus C(t)
contains at most [T/Ty] + 1 terminal subsegments of length less than Tj,. Since all
other segments have length no less than 7y and ¢ < %, the number of these segments
is not greater than [¢Ty]~'. So the total number of subsegments s(i, j) is bounded by
1+ [(€To) ] + [T/ To)-

For each segment s(i, j) we define a subset A(i, j) of {1,2,---,mg} in the following
way:

leA(i,j) <= 3es(i,jg), L) <ry.
If [ € A, then by (4.3) we have
|I(t)| < 2ToChre + 7y, t € s(i,)). (4.9)
For [ = (I}, I5,...) and ¢ = (¢1, @2, ...) we set
M) =1, Xij(e) = ¢,
where ¢ = (41, $a,...) and I = (I1, I,,...) are defined by the following relation:
If 1eA(i,j), then I, =0, =0, else I,=1, ¢ =q.
We also denote \;;(1,¢) = (Nij(I),\ij(p)) and when the segment s(i,j) is clearly

A

indicated, we write for short \; ;(I,¢) = (I, ).
Then on s(i, ), using (4.7) and (4.9) we obtain

F(170(5), 970 () ) = F(Qag (17 (s), 9™ (s)) ) | ds

s(0.9)

< [ amr|mee - au ()
5(6)

< 2T()O;\Z/?1’m0 (’)/ + QT()OMl 6)1/2.

In Proposition 1-5 below, £ =1,..., ng.

V2o (4.10)

Proposition 1.
[ E(mem@)as =30 [ R (1) e )ds + &,
0 7 Js(i)
where
6] < 4™ [(7 4 2ToChr )2 + W_I/QTOCMIE} (To+T+e b, (4.11)
Proof. We may write &(t) as

6) =3 [ [A(reem ) - B (), o) s

.3

= Zl(i,j).
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For each s(i, j), we have

[ B 6m0) = A7), o)

< / 71/20710 ,110
5(4,)

< 2’7_1/2T02CM16.

ds

[o(s) — Imo(¢)|ds (4.12)

We replace the integrand Fj (1™, ™) by Fy(I"™,¢™). Using (4.10) and (4.12) we
obtain that

I(Z,j) < 4TOC]H\4017m0 (’)/ + 2T()CM1€)1/2 —+ 771/2TOCM16
The inequality (4.11) follows. O

On each subsegment s(, j), we now consider the unperturbed linear dynamics o (t)
of the angles ™ € T™0 :

GLl) = $(E) + W) — ) € T™, ¢ € s(i. ).
Proposition 2.
S [ (@) =3 [ R )+ 6o,
i 7 s(id) i Y s(@d)
where
[€5(8)] < 4CT m°(7+2TOCM1 VAT +T + )
2The  4eC
no,mo\ 2 0 M
HOmP (S
Proof: For each s(i,j) we have

[ Paslerme —ito)]as

<Ll
s(i,5) Jt

< / / ™ [67’1/2 + |[I(s") — I(t;))|1] ds'ds
s(4,9) t3

_ 3 1 7
< /(' ') Cup™ [y V2¢(s — ti) + §CM1€(8 - tj)Q} ds
irj

C’?j’mo <2T02€ . 4eCM1T§’>.
1 ﬁ 3

Here the first inequality comes from equation (1.4), and using (4.5) and (4.6) we can

(4.13)

)(T0+T+e .

N (G (1), () + W™ (1(s)) = W™ (1(2)) ) |ds'ds

get the second inequality. The third one follows from (4.3).
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Using again (4.5), we get
/ » [F (im0 () ) = F (s (1™ (8), ¢i(5)) ) | ds
s(i,7

< [ amm(eme - vi)as
5(4,)

< (Cﬁ,m0)2<2Tge n 4€CM1T§)'
1 Vel 3
Therefore (4.13) holds for the same reason as (4.11). O
We will now compare the integral f Fk(I ™o (t%), ¢%(s))ds with the average value
(Ex(Im(t5))) .

Proposition 3.

Z/Sm) B (170(8), 5 (5) ) ds = th (1)) + &lt),

where
20 .
Gl < — + 20 (To + 1) (4.14)

Proof:  We divide the set of segments s(i,7) into two subsets A; and A,. Namely,
s(i,j) € Ay if b > Ty and s(4, j) € A, otherwise.
(i) s(i,7) € Aq. In this case, by (4.8), we have

‘/s@j) EL(170 (). 64(9)) = (B (1 (8) )| ds| < o3,
So

/(” Fk; fmo(tl) SDJ( ))ds— <Fk><]m°(t’)>h’

5(i,§) €A
(ii) s(i,7) € Ay. Now, using (4.3) we get
‘/” Fy, Imo@”) %( ))ds—(Fk>([mo(t1)> Bi

Since Card(A,) < (14 T/Tp), then

/(” Im(t), ¢5(s ))ds- <Fk>(pno<t1))hZ

< 20w, i < 203, T,

< 20y, (T +T1p).

s(4,7)EA2

This implies the inequality (4.14). O

Proposition 4.
S E () - L )as + &)

where

165(t)] < 4eCh, Chp™ To(To + T+ €71). (4.15)
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Proof.  Indeed, as
(0] =] 3 [, [ = o] as|

using (4.3) and (4.6) we get
(0] <3 [, CErel(s) = e
ZOMI O™ (hi)? < 4eCp, Cro™ To(Toy + T+ €7Y). O

Finally,
Proposition 5.

/C(t)<Fk> <[m0(5)>ds = /0 (Fy) ([(5)>d5 + &l(1),
and |&(t)| is bounded by Cy, T + pt. O

Gathering the estimates in Propositions 1-5, we obtain
t
() = 50) + ¢ [ F(1(6),0(5))ds
0
t
= 1,(0) + ¢ / <Fk><l(s))ds+5(t),
0

where

=) < GZ 1€:()]

IoCr,e

<4C™ |2y + 2T Car )2 + v

+ TOOM1€

T, Cu, Ty
(27(52 6 3 >](T0+T+e‘1)+2€CM1T1
1

+2p+20 4+ 2¢Ch, (To +T), te[0,~].
€
Lemma 4.1 is proved. [

Corollary 4.2. For any p > 0, with a suitable choice of p, v, 8, Ty, T, the function
|=(¢)| in Lemma 4.1 can be made smaller than p, if € is small enough.
Proof:  'We choose

with

Then for e sufficiently small we have

2] <p. O



An Averaging Theorem for Perturbed KdV Equation 18

On the Hilbert space h?, we adopt a (p-admissible Gaussian measure p. Define

corresponding measures pi; = II;op and piy, = I, o in the spaces hY, and hj x T>.
Lemma 4.3. The measure jiy, is a product measure dj;, = durdp, where dyp is the
Haar measure on T.
Proof: Since the measure 1 is invariant under rotations ®y, the II, o du is a measure
on T, invariant under the rotations. So this is the Haar measure dy. Consequently
the image of the measure y;,, under the natural projection (I,¢) — ¢ is dyp. Since
the spaces h}, and T* are separable, then for ¢ € T* there exists a Borel probability
measure 7,(dl) on kY, such that p;, = m,(dI)dy. That is, for any bounded continuous
function f(I, ), we have

o $= [ ([, f0omtan)de.
I+
(see e.g. [10]). For any 6 € T* we have
<:uI,<P7 :U“I 4,07 © (I)9>

//f Lo+ O)m (d])dp = //f ) o_o(d)dyp.

Integrating in df we see that

prp(dlde) = dy'(dl)dyp,
where dp/(dI) fToo (dl)dy. We must have du' = duy, and the assertion of the
lemma is proved. [J

The two lemmas below deal with the sets E and N, defined at the beginning of this
section.

Lemma 4.4. For any ¢ > 0, limz, 0o pJI(BZ{(Ml) \ E(0,Tp)) = 0.
Proof:  From the definition of E(d,T}), we know that

E(5,Ty) C B(S,T)), if Ty <T.
Let Eoo(d) := Ug, o £(9,T0). Due to the inclusion above we have to check that

pi(By (M) \ Ex(0)) = 0.
Denote

R(N) := U {I € Bl(M)): W™(I)-L=0},

Lez™o\{0},|L|I<N

where W™ (1) = (Wi(I),...,Wpn,(I)). Let us write Fj(I™,¢™°) as a Fourier series
Fip(Imo,@mo) = 3, e FEe™?™ where FF = FE(I™). Then there exists Ny > 0
such that

- X pt

|LI<No

Arguing as in the proof of Lemma 2.2, we see that if I ¢ R(Np), then

FL ZLWmOtdt‘ <—( f Wm°> FE|
Z / ke oeimin, I ) 2 IE

0| L|<No |L|<No
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where W™ = W™o(]). The r.h.s of the above inequality can be made smaller than §/2
by choosing T} large enough. So we have

BL(M;) \ R(Ng) € Eu(0),
and it remains to show that

ui(R(Ny)) = 0.
By Lemma 1.2,

wme(I)-L#0, VLez™\{0},

Since W™0(I) is analytic with respect to I and p; is a non-degenerated Gaussian
measure, then for any L € Z™°, we have

pr({I € b - Wm™(I)-L=0})=0.
(See chapter 9 in [14] and the note [15] for measure of the zero set of analytic functions.)
Therefore,

nr(R(No)) = 0. O

Lemma 4.5. Fix any 0 > 0, p > 0. Then for every v > 0 we can find T > 0 such that

16 (To \ V) < v,
where N = N(#,e,é, To).
Proof: Let us denote T'p = E(6,Ty) x T, Ty = BJ(M;) x T® and Ty :=
Uzyso TE(9,T0). Since the sets I'p(d,Tp) are increasing with Tp, then from Lemmas
4.3 and 4.4 we know that

A (T A\ TE(6,To)) = pre (T \T'E) = 0. (4.16)

Let dy, be the measure dudt on h? x R, and S}, be the flow of the perturbed KdV
equation (1.2) on h?. We now define following subset of h? x R:

B = {(0.1) : 8.,(v) € LT\ Tu6. To)).v € By(v/Mo).t € [0, 1]}.

€
By Theorem 3.2, there exists a constant Cy(M;) depending only on M; such that

)= [ (5 (00 T ) (AT )
0

1

EeCz(Mﬂ u(H;}P(Fl \T'5(0, To)))

_ 1602(M1)u1,‘p <r1 \ (6, T0)>.

€
For v € H;}O(FO), we define

S(I,¢) = S(v) = {t € [0, '] : S}, (v) € By(v/ M) \ T} (T (5, To))}.

By the Fubini theorem, we have

mB)= [ Mes(S(0)uta),

<

~
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Thus

b
p1,5(Co \ ) = pirs ({(1, ) € T Mes(S(1, ) > = L—})
9C M€
9C )y, eC2(M1)
< (T \ To(3.T9)),
by the Chebyshev inequality. In view of (4.16) the term on the right hand side becomes
arbitrary small when Tj is large enough. The statement of Lemma 4.5 follows. [

We pass to the slow time 7 = et. Let v(7), 7 € [0, 1], be a solution of the equation

(3.1) and (I°(7), ¢*(7)) = My p(v(7)).

By Lemma 2.1 and (3.3), we know that for any p > 0, the mapping
Fy:hh — b J e (F)(J),
where (F)(J) = ((F1)(J), (F5)(J),...) is analytic. Hence, there exists C5(M;) such that
|Fy(J1) = Fy(J2)lp < C3(My) |y — Jalp,  J1, Jo € BL(2M)). (4.17)
Using Picard’s theorem, for any .Jo € B} (M) there exists a unique solution J(t) of the
averaged equation (0.7) with J(0) = Jy. We denote
T(Jo) :==1inf{T > 0: |J(7)|, > 2M}.
Now we are in a position to prove the assertion (i) of Theorem 0.2.
For any v > 0, we can find M, large enough such that
1 (1) < v/2.
Define M, and other constants as before. For any p > 0, there exist n; such that

F(19) = F (1 g)l, < £, (1,0) € Bj(2M1) x T,

k (4.18)
ni p - 1
[(EYCT) = (B (D)l < e GO T e Bi(2M).
Choose pg such that
SZler?ppo _ ﬁefcs(Mﬂ_
j=1
By Lemmata 4.1 and 4.2, there is a set I'; = N(5&°%—,¢, &,¢77), 0 < 1/2, such

9C\, €’
that if € is small enough and (1°(0), »(0)) € I';, then 1

Ii(7) = 1(0) + /T<Fk>(1(8))d8+§k(7)a [§k(T)] < po, 7T €[0,1],
0
for k =1,---,n;. Therefore, by (4.17) and (4.18),

1) = Iy < [ CalIIr) = Jlds + ol L6a(r)] < G0,
for (1(0),(0)) € I';, 1(0) = J(0) and |7| < min{1,7'(J(0))}. By Gronwall’s lemma,

[1(r) = J(7)lp < p, 7] < min{1,T(J(0))}.
Assuming that p << Mj, we get from the definition of 7'(J(0)) that T'(J(0)) is bigger
than 1. This establishes inequality (0.9). From Lemma 4.5 we know that if ¢ small
enough, then py (T \ I'5) < /2. Therefore y; ,(I';) < v. This proves the assertion (i)
of Theorem 0.2.

[\
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4.3. Proof of the assertion (ii)

It is not hard to see that the assertion for any 0 < T} < T» < 1 would follow if we can
prove it for 77 = 0, To = 1. So we assume that 7} = 0, and T, = 1. For any (m,n) € N2,
we fix a < 1/8, and denote

Bo(e) = {1 € BY(My) : inf |1 < ea},
Runl) = | {I € BI(My) : [W(I)- L] < ea}}.
|L|<n,LeZ™\{0}
Then let
Trn(©) = (| Rungn(€)) UBu(e).

mo<m

Denote
S(G,m,n,I(),QD()) = {T € [07 1] : [6(7—) € Tmm(ﬁ)}

and fix any v > 0. Then using Theorem 3.2 and arguing as in Lemma 4.4 and Lemma
4.5, we get that, for any (m,n) € N2, there exists open subset I'"" C Ty, €,,,, > 0 and
a positive function p,, ,(€), converging to zero as € — 0, such that

MI,QD(FO - F]Tjn,n) < 2% and MGS(S(E, m,n, ]07 SO())) < pm,n(€)7
if (1o, o) € I')™ and € < €. Let

r,= () T

(m,n)EN?

then

pre(Lo—T) <. (4.19)
The sets I', may be chosen in such a manner that

I, cl,, if <. (4.20)
For any (Iy, pg) € I',, consider a solution (1¢(7), (7)) such that

(1(0), ¢(0)) = (Io, 20).
Fix m € N, take a bounded Lipschitz function ¢ defined on the torus T™ C T such

that Lip(g) < 1 and |g|p.. < 1. Let >, ,m gs€% be its Fqurier series. Then for any
p > 0, there exists n, such that if we denote g, = Z\s\gn gs€"”*?, then

5(0) ~ au(0)] < £, Ve

For any (lo,¢0) € T',, we consider the set S(e,m,n, Iy, ¢o). It is composed of
open intervals of total length less than T = Pm.n(€). Proceeding as in Lemma 4.1 and
Corollary 4.2, we find that for ¢ small enough we have

‘/019(906””(7»657 - /Tm g(w)dw‘ < p.
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That is ,

‘/g(so)ﬂ%l,@(dso) - /g(w)ds&( — 0 as e—0, (4.21)
for any Lipschitz function as above. Hence, uf,  converges weakly to dy (see [10]).
This proves the required assertion with I', replaced by I',. Let us choose

r,=|Jr..

v>0

Then

/*LI,QO(FO - FSO) = O’

by (4.19) and (4.20), and for any (Io, ¢o) € I', the required convergence of measures
holds. This proves the second assertion of Theorem 0.2. [J

5. Application to a special case

In this section we prove Proposition 0.3. Clearly, we only need to prove the statement (ii)
of assumption A. Let F : H™ — R be a smooth functional (for some m > 0). If u(t) is

a solution of (0.1), then
d
o () = (VF(u(t), =V (u) + ef (2)).
In particular, if F(u) is an integral of motion for the KdV equation, then we have
(VF(u(t),V(u)) =0, so
d
o () = e(VF(u(t), f(z)).

Since ||u(0)||2 is an integral of motion, then

%HU(L‘)H% = 2¢(u, f(2)) < e(|[ullg + IIf (@)][6)-

Thus we have
u®)]I5 < e([|u(0)][5 + et|[ f(2)]]5)- (5.1)

The KdV equation has infinitively many integral of motion 7,,(u), m > 0. The
integral J,, can be writen as

Tol) =fulfy + >3 [ Coma™ o™,

r=3 m
where the inner sum is taken over all integer r-vectors m = (my,...,m,), such that
0<m; <m-1,j5=1,...,rand my +--- +m, = 4+ 2m — 2r. Particularly,
To(u) = [[ul[5.

Lets consider

I — /u(ml) .f(mz) ...u(mrl)d:[;, ml _|_ oo _|_mr1 = M’
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where r1 > 2, M > 1, and 0 < m; < o — 1. Then, by Holder’s inequality,
M

< gy, - NF @y, - llu™ ]z, 2= — < o0,
J
Applying next the Gagliardo-Nirenberg and the Young inequalities, we obtain that
1] < dlfull} + Csllullg", 6 >0, (5.2)

where Cs; and C; do not depend on u. Below we denote C' a positive constant
independent of u, not necessary the same in each inequality. Let

Il = <vjm(u)7 f> = <u(m)7 f(m)> + Z Z C,/,,mu(ml) tee f(ml) tee umrdx,

r=3 m
where my + - -+ +m, = 6 + 2m — 2r. Using (5.2) with a suitable 0, we get
L < Nl + Cllullg™ < Mlullh, + @+ [lullg™) + (1117 (5:3)

If u(t) = u(t, z) is a solution of equation (0.1), then
d

T (1) = (VTm(w), ef) < ellully, + eCO+[[ullg™) + el fI]%

and
1 2 4m 2 4m
llulli = €A+ ulle™) < Fin(u) < 2jullz, + OO+ [ullg™).
Denote C,,, = C(1 + [[u(0)[|3™) + C[| f|2,, then from (5.1) and above, we deduce

) = C) < 5l To) = Co),
thus

T () = Cy < 2T (u(0)) = Ci],
SO

[u()[[2, < 4/[u(0)[[2,e2 + Ci.

This prove Proposition 0.3. [J

Appendix A.

Consider the following system of ordinary differential equations:

t=Y(x), z(0)=mz€R",
where Y (z) = (Yi(x), -+, Y,(z)) : R* — R™ is a continuously differentiable map. Let
F(t,z) be a (local) flow determined by this equation.
Theorem A (Liouville). Let B(zy,---,z,) be a continuous differentiable function on
R™. For the Borel measure dy = B(x)dx in R™ and any bounded open set A C R™, we
have

%M(F(t,A)):/F(tA)L %ﬁf(m]dm, te (~T,7),
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where T' > 0 is such that F'(¢,z) is well defined and bounded for any ¢ € (—T7,7) and
x € A

For B = const this result is well known. For its proof for a non-constant density B
see e.g. [16, 11].

Appendix B.

In this appendix, we give a detail proof of Theorem 3.1.
Fix any My > 0. From (1.6) we know that there exists a constant M; such that if
[v(0)|, < My, then

()|, < My, T€][0,T]. (B.1)
The equation (3.2) yields that

d n . . — n n n
e p=2> P X (w") = X (w"). (B.2)
j=1
We define
X(0) =23 57, X ().
=1

By (3.3), we know that there exists a constant C; > 0 such that

IX"(wW")| < Cy, W', < 2M;, VneN. (B.3)
Denote 7 = M, /Cy, then if |w"(0)|, < My, then
W™ (7)|, < 2My, 7€[-7,7], VneN. (B.4)

Lemma b.1. In the space C([—7, 7], i*~1), we have the convergence
W) = o(-) as n— oo.

Proof Denote & = v; — &, I, = I(v) and I, = I(w"). Since Jv; = v, using

equations (3.1) and (3.2), for 1 < j < n, we get
d » g — — n
TG = 20G) [ T W5 (L) vy = Wi(Lon)&)) + X5 (v) = X (w")]
= 2 W (1) = Wi(Lan)]vs - (@) +2(6)" - (X;(0) = X5 (")
By Lemma 1.3 and Cauchy’s inequality, we know that
Wi (v)) = W;(I(w"))] < Ca(Mi)jlv — w"|p-1.

Using (3.3) we get that

where
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Obviously, a,(v) — 0 as n — oo uniformly for |v|, < M.
The lemma now follows directly from Gronwall’s Lemma. [

Lemma b.2. If w"(0) — v(0) strongly in h? and 7,, — 7, 7, € [—7, 7], as n — o0, then
lim |v(7) — w"(7,)|, = 0.
n—oo

Proof: From (B.2) we know that for any 7,, € [—7, 7],

()= O = [ 3 (s))as.
Since w"(0) — v(0) strongly in h”, then using (3.3) and Lemma b.1 we get

|v(7)|§ < lim inf |w"(7'n)|§ < limsup |w"(7'n)|;
n—00 n—00
-

= lim sup (|w”(0)|127 + /Om X"(w"(s))ds) = [v(0)[? +/0 x(v(s))ds

n—00
= |v(7)[5-

Therefore, lim,, o [W"(7)]p, = |[0(7)]p. Since w"(7,,) — v(7) in the space h?~ as n — oo,

then the required convergence follows. [

Lemma b.3. In the space C([—7, 7], h?), w"(-) = v(:) as n — oo.

Proof.  Suppose this statement is invalid. Then there exists 6 > 0 and a sequence

{"}nen C [T, 7] such that

W (7") = v(7")]p = 0.

Let {7 }ren be a subsequence of the sequence {7"},cn converging to some 79 € [—7, 7.
But v(7%) — v(7°) in h? as k — oo, and using Lemma b.2, we can get w™ (77%) — v(7°)
as k — oo in h”. So we get a contradiction, and Lemma b.3 is proved. [J

If T < 7, the theorem is proved, otherwise we iterate the above procedure. This
finishes the proof of Theorem 3.1. [
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