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ABSTRACT. Consider nonlinear Schrédinger equations with small nonlineari-
ties

%u +i(—Au+ V(z)u) = €P(Au, Vu,u,z), =z T (*)
Let {¢1(z), ¢2(z), . .. } be the Lo-basis formed by eigenfunctions of the operator
—A + V(). For any complex function u(z), write it as w(z) = 3>-; 51 vk ()
and set I (u) = %|vk.|2. Then for any solution wu(t,z) of the linear equation
(*)e=0 we have I(u(t,-)) = const. In this work it is proved that if (x) is
well posed on time-intervals ¢ < e~ ! and satisfies there some mild a-priori
assumptions, then for any its solution u®(¢,z), the limiting behavior of the
curve I(uf(t,-)) on time intervals of order e~ !, as ¢ — 0, can be uniquely
characterized by solutions of a certain well-posed effective equation.

0. INTRODUCTION

We consider the Schrodinger equation

d
pri +i(—Au+V(z)u) =0, zeT (0.1)
and its nonlinear perturbation:
d
ST i(—Au+ V(x)u) = eP(Au, Vu,u, ), =T, (0.2)

where P : C4+2 x T¢ — C is a smooth function, 1 < V(x) € C™(T?) is a potential
(we will assume that n is sufficiently large) and e € (0, 1] is the perturbation pa-
rameter. For any p € R denote by HP the Sobolev space of complex-valued periodic
functions, provided with the norm || - ||,,

uli2 = ((=2)u, w) +{u, w), i peN,
where (-, -) is the real scalar product in L?(T%),
(u, v) = Re/ uvdz, wu, v € L*(TY).
Td

Ifp > % + 2 = pg, then the mapping H? — HP~2, u(x) — P(Au, Vu,u,r) is
smooth (see below Lemma 2.1). For any T > 0, a curve u € C([0,T], H?), p > pa,
is called a solution of (0.2) in HP if it is a mild solution of this equation. That is, if
the relation obtained by integrating (0.2) in ¢ from 0 to s holds for any 0 < s < T
We wish to study long-time behaviours of solutions for (0.2) and assume:
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Assumption A (a-priori estimate). Fiz some T > 0. For any p > pq + 2, there
exists n1(p) > 0 such that if n > nq(p), then for any 0 < € < 1, the perturbed
equation (0.2), provided with initial data
u(0) = up € HP, (0.3)
has a unique solution u(t,x) € HP such that
lull, < C(Top. [Juolly), for te[0,Te '],

Here and below the constant C' also depends on the potential V(x).
Denote the operator
Avu = —Au+ V(z)u.
Let {Cx}x>1 and {Ag}x>1 be its real eigenfunctions and eigenvalues, ordered in such
a way that
1< <A<
We say that a potential V(z) is non-resonant if

> Aksk #0, (0.4)
k=1

for every finite non-zero integer vector (s, $2, - - - ). For any complex-valued function
u(z) € HP, we denote by
U(u) :==v=(vi,v2,---), v; €C, (0.5)

the vector of its Fourier coefficients with respect to the basis {(x}, i.e. u(z) = > o vkCk.
In the space of complex sequences v, we introduce the norms

oy = > lokl?X}, pER,
k>1
and define h? := {v : |v|, < +oo}. Denote

1
Ik = §|’U/€|2, Pk = AI‘g VE, k 2 1. (06)

Then (I,¢) € R® x T are the action-angles for the linear equation (0.1). That
is, in these variables equation (0.1) takes the integrable form

d

d
—1 — Q= > 1. .
el E= e, k (0.7)

dt
Abusing notation we will write v = (I, ). Define h} to be the weighted I'-space

207

o0
KD = {1 = (L,...) ER®: 1| < +oo}, 1 =23 W),
=1

and consider the mapping
1
mr:h? = B v I, Ii(v) = §|’Uj\2, j=1.

It is continuous and its image is the positive octant b, = {I € hi : I; > 0,Vj}.

We mainly concern with the long time behavior of the actions I(u(t)) € R
of solutions for the perturbed equation (0.2) for ¢t < e~ 1. For this purpose, it is
convenient to pass to the slow time 7 = et and write equation (0.2) in the action-
angle coordinates (I, p):

In="Fi(l,¢), ¢p=€"N+Gr(l,p), k>1, (0.8)



AVERAGING THEOREM FOR NONLINEAR STRODINGER EQUATIONS 3

where T € R®, ¢ € T and T := {(6;)en : 0; € T} is the infinite-dimensional
torus endowed with the Tikhonov toppology. The functions Fj and Gg, k > 1
represent the perturbation term P, written in the action-angle coordinates. In the
finite dimensional situation, the averaging principle is well established for perturbed
integrable systems. The principle states that for equations

d d

%IZG‘]C(I,QDL %@ZW(I)J'_GQ(Ia()D%

where I € RM and ¢ € T™, on time intervals of order ¢! the action components
I(t) can be well approximated by solutions of the following averaged equation:

d

ST =N N = [ 100, (09)
’H‘m

This assertion has been justified under various non-degeneracy assumptions on the
frequency vector W and the initial data (1(0),¢(0)) (see [12]). In this paper we
want to prove a version of the averaging principle for the perturbed Schrédinger
equation (0.2). We define a corresponding averaged equation for (0.8) as in (0.9):

oo

A=MMﬂ,@wm:/‘muww,k>L (0.10)

where dp is the Haar measure on T°°. But now, in difference with the finite-
dimensional case, the well-posedness of equation (0.10) is not obvious, since the
map (F)(I) = ({(F1)(I),...) is unbounded and the functions (F})(I), k > 1, may be
not Lipschitz with respect to I in A +- In[9], S. Kuksin observed that the averaged
equation (0.10) may be lifted to a regular ‘effective equation’ on the variable v € h?,
which transforms to (0.10) under the projection 7;. To derive an effective equation,
corresponding to our problem, we first use mapping ¥ to write (0.2) as a system of
equation on the vector v(7):

0= e 1dVU(u)(—iAy (u)) + P(v). (0.11)

Here P(v) is the perturbation term P, written in v-variables. This equation is
singular when ¢ — 0. The effective equation for (0.11) is a certain regular equation

o = R(v). (0.12)

To define the effective vector filed R(v), for any 6 = (61,02, ---) € T let us denote
by @y the linear operator in the space of complex sequences (vy,vg, -+ ) € h? which
multiplies each component v; with e’i. Rotation ®y acts on vector fields on the
v-space, and R(v) is the result of action of &g on P(v), averaged in 0:

R(’U) = /oo <I>,9P(<I>9v)d9.

The map R(v) is smooth with respect to v in h?. Again, we understand solutions
for equation (0.12) in the mild sense.
We now make the second assumption:

Assumption B (local well-posedness of the effective equation). For anyp > pq+2,
there exists na(p) > 0 such that if n > na(p), then for any initial data vy € hP, there
exists T(|vglp) > 0 such that the effective equations (0.12) has a unique solution
v € C([0,T(|volp)], A*). Here T : Ry — Rsq is an upper semi-continuous function.
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The main result of this paper is the following statement, where v¢(7) is the
Fourier transform of a solution uf(t,z) for the problem (0.2), (0.3) (existing by
Assumption A), written in the slow time 7 = et:

v(r) =¥ (u (e '), T€[0,T).

We also assume Assumption B.
Theorem 0.1. For any p > pq + 2, if n = max{p,n1(p),n2(p)}, then there exists
I°(-) € C([0, T, hY) such that for every q < p,

I () = I°() i C([0,T],h]).
Moreover I1°(7), 7 € [0,T], solves the averaged equation (0.10) with initial data
1900) = I(¥(ug)), and it may be written as I°(t) = I(v(7)), where v(-) is the
unique solution of the effective equation (0.12), equal to ¥(ug) at 7 = 0.

Proposition 0.2. The assumptions A and B hold if (0.2) is a complex Ginzburg-
Landau equation

U4 e i(Au+ V(z)u) = Du—yrfp([ul®)u — iy fy(Jul®)u, €T (0.13)
where the constants Yr, v satisfy
YR, VI > 0) (014)

the functions f,(r) and f,(r) are the monomials |r|? and |r|?, smoothed out near
zero, and

d 2
a2
This work is a continuation of the research started in [7], where the author proved

a similar averaging principle (not for all but for typical initial data) for a perturbed
KdV equation:

0<pg<oo if d=1,2 and 0<p,qg<min{ if d>=3. (0.15)

U + Upgy — Buuy = ef (u)(x), z €T, /u(t,x)dx =0, (0.16)
T

assuming the perturbation €f(u)(-) defines a smoothing mapping u(-) — f(u)(-).
This additional assumption is necessary to guarantee the existence of an quasi-
invariant measure for the perturbed equation (0.16), which plays an essential role
in the proof due to the non-linear nature of the unperturbed equation. Since in
the present paper we deal with perturbations of a linear equation, this restriction
is not needed.

In [10], a result similar to Theorem 0.1 was proved for weakly nonlinear stochastic
CGL equation (0.13). There are many works on long-time behaviors of solutions for
nonlinear Schrodinger equations. E.g. the averaging principle was justified in [8] for
solutions of Hamiltonian perturbations of (0.1), provided that the potential V()
is non-degenerated and that the initial data up(x) is a sum of finitely many Fourier
modes. Several long-time stability theorems which are applicable to small amplitude
solutions of nonlinear Schrédinger equations were presented in [1, 3, 13, 6]. The
results in these works describe the dynamics over a time scale much longer than the
O(e~ 1) that we consider, precisely, over a time interval of order e~™, with arbitrary
m (even of order exp e~? with § > 0 in [1, 13, 6]). These results are obtained under
the assumption that the frequencies are completely resonant or highly non-resonant
(Diophantine-type), by using the normal form techniques near an equilibrium (this
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is the reason for which they only apply to small amplitude solutions). See [2] and
references therein for general theory of normal form for PDEs. In difference with
the mentioned works, the research in this paper is based on the classical averaging
method for finite dimensional systems, characterizing by the existence of slow-fast
variables. It deals with arbitrary solution of equation (0.2) with sufficiently smooth
initial data. Also note that the non-resonance assumption (0.4) is significantly
weaker than those in the mentioned works.

Plan of the paper. In Section 1 we recall some spectral properties of the operator
Ay . Section 2 is about the action-angle form of the perturbed linear Schrodinger
equation (0.2). In Section 3 we introduce the averaged equation and the correspond-
ing effective equation. Theorem 0.1 and Proposition 0.2 are proved in Section 4
and Section 5.

1. SPECTRAL PROPERTIES OF Ay

As in the introduction, Ay = —A + V(x), € T¢, where 1 < V(z) € C™(T?)
and {Ag}r>1 are the eigenvalues of Ay. According to Weyl’s law, the Ay, k& > 1,
satisfy the following asympototics

A = Cak?/d 4 o(K¥Y), k>1,

Fix an L?-orthogonal basis of eigenfunctions {(;}x>1 corresponding to the eigen-
values {\;}x>1, and define the linear mapping ¥ as (0.5). For any m € N, we have
(AT, u) = |v|?,, where v = Wu. Noting that (AfPu,u) is equivalent to ||u||2, for
m=1,...,n, since V(z) is C™-smooth, we have the following:

Lemma 1.1. For every integer p € [0,n] the linear mapping ¥ : HP — hP is an
isomorphism.

We denote

T (T4 == {V(z) > 1:V(z) € C"(T%)}.
For any finite M € N consider the mapping
AM: zl(Td)%RMa V(J?)—>()\1, a)\M)7
and define the open domain Ey; C C7(T?),
Ey = {V‘)\l <A < < )\M}

The complement of Fjs is a real analytic variety in C"(T%) of codimension at
least 2, so Eyy is connected. The mapping AM is analytic in Ej; (see [8]).

Let p be a Gaussian measure with a non-degenerate correlation operator, sup-
ported by the space C"(T?) (see [4]). Then u(C%,(T9)) > 0. Fix s € ZM \ {0}.
The set

Qs :=={V € Ex|AM(V) s =0},
is closed in Ejs. Since AM(V) -5 # 0 on Ey (e.g. see [8]), then u(Qs) = 0 (see

chapter 9 in [4] and the note [5]). Since this is true for any M and s as above, then
we have:

Proposition 1.2. The non-resonant potentials form a subset of C’_’f_l(’]I‘d) of full
p-measure.
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2. EQUATION (0.2) IN ACTION-ANGLE VARIABLES

For £k =1,2,..., we denote:
\I’k:Hp—>(C, ‘Ilk(u):vk,

(see (0.5)). Let u(t) be a solution of equation (0.2). Passing to slow time 7 = et,
we get for vy, = Uy (u(7)) equations

O +ie o, = U (P(Au, Vu,u, z)), k> 1. (2.1)

Since Ij,(v) = 3|¥x|? is an integral of motion for the Schrodinger equation (0.1),
we have

I, = (Uu(P(Au, Vu,u, ), v1) := Fi(v), k=1 (2.2)
(Here and below (-,-) indicates the real scalar product in C, i.e. (u,v) = Re u®.)
Denote ¢, = Arg v, if v # 0, and ¢, = 0, if vy = 0, £ > 1. Using equation
(2.1), we get

Or =€ N + ok 2 (VR (P(Au, Vu,u, ), dvg), if v #0, k=1 (2.3)

Denoting for brevity, the vector field in equation (2.3) by e '\ + G (v), we rewrite
the equation for the pair (I, ¢r)(k > 1) as

I = Fr(v) = Fe(I,9), ¢ =¢ "M + Gr(v). (2.4)
(Note that the second equation has a singularity when I, = 0.) We denote
F(L, @) = (A1, ¢), Fa(1,0), - -).
The following result is well known, see e.g. Section 5.5.3 in [14].
Lemma 2.1. If f(x) : C™ — C¥ is C™, then the mapping
My : HP(T4,C™) — HP(T4,CN), wuw f(u),

is C™-smooth for p > d/2. Moreover, it is bounded and Lipschitz, uniformly on
bounded subsets of HP(T4,C™).

In the lemma below, Pj and P,g are some fixed continuous functions.

Lemma 2.2. For any j,k € N, we have for any p > pq
1)The function Fy(v) is smooth in each space hP.
(i)
(ii) For any 0 > 0, the function Gy(v)x(1,>s} is bounded by 6‘1/2Pk(|v‘|p).
(iii)For any § > 0, the function %(L@)X{Ij}é} is bounded by 62 P] (|v|,).
w) The function 2L« I,¢) is bounded by P?(|v|,) and for any m € N and any

Jp k p
(I1,--+ , Ly) € R, the fucntion Fi(I1, @1, Im,@m,0,---) is smooth on T™.

Proof.  Ttem (i) and (ii) follow directly from (2.2), (2.3), Lemmata 1.1 and 2.1.
Item (iii) and (iv) follow directly from item (i) and the chain rule. O

Denote
Iy, h? — b x T, T ,(v) = (I(v),(v)). (2.5)

Definition 2.3. Let assumption A holds. Then for any p > pq+ 2 and T > 0, we
call a curve (I(1),p(7)), 7 € [0,T], a regular solution of equation (2.4), if there is
a solution u(t) € H? of equation (0.2) such that

7, (U(ule 7)) = (I(7), (1)) € WY x T, 1€0,T].
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Note that if (I(7),¢(7)) is a regular solution, then each I;(7) is a C*'-function,
while ¢;(7) may be discontinuous at points 7, where I;(7) = 0.

For any p > pg + 2, let (I(7),¢(7)) be a regular solution of (2.4) such that
|7(0)|, < Mp. Then by assumption A, for any € > 0 and T > 0, we have

1)y = )} < O, My T), 1 [0.7). (26)

3. AVERAGED EQUATION AND EFFECTIVE EQUATION
For a function f on a Hilbert space H, we write f € Lipj,.(H) if

[f(u1) = f(u2)] < P(R)[Jur —wall, if - Jual], [|uzl] < R, (3.1)

for a suitable continuous function P which depends on f. Clearly, the set of func-
tions Lipj,.(H) is an algebra. By Lemma 2.1,

Fy(v) € Lipjoc(h?), k€N, p> pa. (3.2)

Let f € Lipjoc(h?) and v € hP1, where p; > p. Denoting by IM M > 1 the
projection

I n0 = h°, (vy, v, ) = (1, ,0a7,0,--+),
we have
o =Tl < X" P2 ol
Accordingly,
£ @) = FAT0)] < P(lolp) Ay ™ 2 - (3.3)
We will denote v™ = (v1,...,vp) and identify v™ with (vi,...,var,0,...) if
needed. Similar notations will be used for vectors 8 = (01,6,,...) € T* and

vectors I = (Iy,...) € hY.

The torus TM acts on the space IT13;h° by linear transformations ®gar, 6 € TM
where ®gur @ (IM M) s (IM oM 4+ M), Similarly, the tous T* acts on kY by
linear transformations ®g : (I, ) — (I, + 0) with 6 € T .

For a function f € Lipj,.(h?) and any positive integer N, we define the average
of f in the first N angles as

v = [ F(@ox @id)(0))as"

and define the averaging in all angles as

(Fe(v) = i f(®q(v))do,
where df is the Haar measure on T*°. We will denote (-),, as (-) when there is no
confusion. The estimate (3.3) readily implies that

[(f)n () — ()] < PRATP2 it Jol, <R

Let v = (I,¢), then (f)y is a function independent of o1, -+, ¢, and (f) is
independent of ¢. Thus (f) can be written as {f)(I).

Lemma 3.1. (See [11]). Let f € Lipioc(hP), then

(i) Functions (f)n(v) and {f) satisfy (3.1) with the same function P as f and
take the same value at the origin.

(ii) They are smooth if f is. If f is C°°-smooth, then for any M, (f)(I) is a
smooth function of the first M components Iy, --- , Iy of the vector I.
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Proof. Ttem (i) and the first statement of item (ii) is obvious. Notice that
(fY(w) = (f)(VT1,...) is even on each variable \/T;, j > 1, i.e.

Do) = (D), G2 1.
Now the second statement of item (ii) follows from Whitney’s theorem (see Lemma A
in the Appendix). O

Denote C*1(T") the set of all Lipschitz functions on T™. The following result
is a version of the classical Weyl theorem.

Lemma 3.2. Let f € C°TL(T™) for some n € N. For any non-resonant vector
w € R™ (see (0.4)) and any 6 > 0, there exists Ty > 0 such that if T > T,
g € C(T™) and |g — f| < 6/3, then we have

1 T
3 [ ot (g <
T Jo
uniformly in xo € T".

Proof. 1t is well known that for any 6 > 0 and non-resonant vector w € R™, there
exists Ty > 0 such that

1 T
‘?/ f(zo + wt)dt — (f}‘ <0/3, VT =Ty,
0
(see e.g. Lemma 2.2 in [7]). Therefore if T' > T, g € C(T") and |g— f| < 6/3, then
1 [T I
’T/ g(xo + wt)dt — <9>‘ < ‘T/ f(zo + wt)dt — <f>‘

0 0

1 T
b [ 1o+ wt) - gloo + wblde + () - (9)] < &

0

This finishes the proof of the lemma. (I
We denote Py(v) = ¥, (P(Au, Vu,u, x))|y=y-1,, then equations (2.4) becomes

I = (v, Pe(v),  ¢r =€ M+ Gr(v), k=1 (3.4)
The averaged equations have the form
Te = (e, P))o(), k=1, (3.5)
i.e.
(00, P)) = / (ke Pu(®g0))d8 = (v, Ri(0), (3.6)
with
Ri(v) = /Tr By, Po(®4)do. (3.7)

Similar to equation (0.2), for any T' > 0, we call a curve J € C([0,T],h}) a so-
lution of equation (3.5) if for every s € [0, 7] it satisfies the relation, obtained by
integrating (3.5).
Consider the differential equations
T.Jk = Rk(v), k 2 1. (38)

Solutions of this system are defined similar to that of (0.2) and (3.5). Relation (3.6)
implies:
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Lemma 3.3. Ifv(-) satisfies (3.8), then I(v) satisfies (3.5).

Following [9], we call equations (3.8) the effective equation for the perturbed
equation (0.2).

Proposition 3.4. The effective equation is invariant under the rotation ®y. That
is, if v(T) is a solution of (3.8), then for each € T, ®yv(7) also is a solution.

Proof.  Applying @y to (3.8) we get that

d
— Qg =P .
ar X% 9R<’U)

Relation (3.7) implies that operations R and ®y commute. Therefore

i‘bgv = R(‘I’g’u).
dr

The assertion follows. O

4. PROOF OF THE AVERAGING THEOREM

In this section we prove the Theorem 0.1 by studying the behavior of regular
solutions of equation (2.4). We fix p > pq + 2, assume n > max{p,ni(p),n2(p)}
and consider ug € HP. So

7, (¥ (uo)) = (Lo, o) € hlp, x T™. (4.1)
We denote
By(M) ={I € b}, :|I|; < M}. (4.2)
Without loss of generality, we assume T = 1. Fix any My > 0. Let
({o, o) € Bp(Mo) x T := Ty,

and let (I(7),¢(7)) be a regular solution of system (2.4) with (1(0), ¢(0)) = (Io, ¥o)-
Then by (2.6), there exists My > M such that

I(t) € By(My), 7€l0,1]. (4.3)

All constants below depend on M; (i.e. on My), and usually this dependence is not
indicated. From the definition of the perturbation and Lemma 2.1 we know that

IF(L@)lp—e < Cuys V() € Bp(My) x T, (4.4)

Recall that we identify I = (I1,..., I;,) with (I,...,1,5,0,...), etc.
Fix any ng € N. By (3.2), for every p > 0, there is mo € N, depending only on
ng, M7 and p, such that if m > mg, then

|Fk(Ia<P)_Fk(Imv<pm)| gpv V(I7<p) EBP(Ml) XToov (45)

where k=1, --- ,ng.

From now on, we always assume that (I, ) € B,(My) x T.

Since V (z) is non-resonant, then by Lemma 2.2 and Lemma 3.2, for any p > 0,
there exists Ty = Tp(p, no) > 0, such that for all ¢ € T and T > Tp,

1 T
7 / Fu(I™ g™ + A™ot)dt — (F)(I7™)| < p, (4.6)
0
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where £ = 1,...,ng. Due to Lemma 2.2, we have
Co(j, M-
e L A
J
OF Co(k,j, My) .
— (I < —————=, if I; #0, 4.7
an ( 790)| \/Ij 1 J 7é ( )
OF},
— (I < Co(k,j, My).
\a%( )| < Col(k, j, M)
From Lemma 3.1, we know
() (1) = (Fi)(I™)] < Ci(k, mo, My)[I™ — I}, (4.8)
and by (3.2),
|Fk(1m07(pmo) - Fk(j'mo’@mo” < CQ(kvaleﬂvmo - @mo" (4'9)

where II; ,(v™0) = (I™°, ™) (see (2.5)) and |- | is the [**-norm. Denote
C;?l’mo =mgp HlaX{Co,Cl,OQ 01 g‘] < mo,l < k < Tlo}.
From now on we shall use the slow time 7 = et.

Lemma 4.1. For k=1,...,ng, the I-component of any regular solution of (2.4)
with initial data in 'y can be written as:

I (1) = I (0) + /()T<Fk>(1(s))ds + E(7),

where for any v € (0,1) the function |Z(7)| is bounded on [0, 1] by

_ nosmo [ L0€ | ToChr€
IE(r)| < Camo [271/2 + i+ ToCane

(4.10)
Ay + TOCM16)1/2] (eTp +1) +3p+3¢Cor, Ty 7€ [0,1],
where p > 0 is arbitary and Ty = To(p,no) is as (4.6).

Proof.  Let us divide the time interval [0,7], 7 < 1, into subinterval [a;, a;41],
0 < ¢ < dp, such that

ap =0,aq, =7, ag, — aqy—1 < €1p,

and a;11 — a; = €Ty, for 0 < i < dy — 2. Then dy < (Tpe)~! + 1. For each interval
[ai, a;+1] we define a subset Q(i) C {1,2,---,mp} in the following way:

1eQl) <= 3teEa,air1], L) <n.
Then if | € Q(i), by (4.4) we have
L) < ToCrye+7, t € [aj,ait1]
For I = (I1,I5,---) and ¢ = (@1, 92, -+ ) we set
k(D) =1, rilp) =&,
where the vectors I and ¢ are defined as follows:
If 1eQ), then I;=0,4,=0, else I;=1;, ¢ =¢.

We abbreviate x,(1,¢) = (ki(I), ki(©)).
Below, k =1,...,ng.
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Then on [a;, a;4 1], noting [v™0 —k; (V0| = v/2|T™0 —;(I™0)|'/2, and using (4.9)

we have
/:i+1 Fy, (Imo(s), cpmo(s)) — Iy, (m (Imo(s), @O (5))) ‘ds
< / + O VE e (5) — i (170(5)) ‘1/ *ds (4.11)
< eV2TCHR™ (v + ToCary€) /2.
By (4.5), we have
| Bt penas = [ Ram. s sam,  412)
0 0

where [£1(7)] < pT.
Proposition 1.

| (e drz [ A e @) e

where
1 'I'L m
|€2] < 5 i 0[4\[(’Y+T00M 6)1/2 + 1/2TOCM1 }(GTO—FI). (4.13)
Proof.  We may write &2 (t) as
do—1 pagyy do—1
=X [ (o) - () as = X1
i=0
For each ¢, by (4.4) and (4.7) we have
it
/ [Fr (ki (17 (5)), 0™ (5)) = Fie(ri (1™ (as), ™ (s))|ds
' a;y1
< [ e ) - e lds (1.19)

1
< SO O Ty

Replacing the integrand Fy, (10, ¢™°) by Fi(k;(I"™°, ™)), using (4.11) and (4.14),
we have

1 _
<50 [4V2eTo (v + ToCr, €)V/2 + 72 T5 Cor, €7].
The inequality (4.13) follows. O

On each subsegment [a;, @;+1], we now consider the unperturbed linear dynamics
i(7) of the angles ™ € T™o :

QZ%(T) = (pmo (ai) + 6_1Am0 (T — ai) S Tm07 T E [ai,aHl].

Proposition 2.

do—1

> /:i+1 F (Imo(ai% @i(S))ds + &(7),

i=0 v @i

/OT Fy, (Imo(ai), o (8)>d8 =



12 HUANG GUAN C.M.L.S, ECOLE POLYTECHNIQUE

where

[6a(r)] < [2V2C3,™ (v + ToCar, /7 + 27 S (G P+ el). (4.15)

Proof.  On each [a;,a;4+1], notice that

[ etmsofe [ [

Git1 T €2 ,
,m —1/2 S0~ o,
/ / Crpmoey™1/2ds ds Hi Cpome.

Ki Gm" (), (s/))>’ds’ds

Here the first inequality comes from equation (2.4), and using (4.7) we can get the
second inequality. Therefore, using again (4.7), we have

L (s e ) = P (s . 29)) s

it
< [ e (emets) - i) as
Tge? (Cnomoy2
= 271/2
Therefore (4.15) holds for the same reason as (4.13). O

We will now compare the integrals f (I (a;), pi(s))ds with the average
values (Fy,(I"™°(a;)))eTp.

Propositon 3.

do—1 aiq1 do—1
Y [ R ee)ds = Y- TofE (1) + (),
i=0 Y @i i=1
where
[€4(T) < p+ 20w, €T. (4.16)

Proof. For 0 < i< dy—2, by (4.6)

‘/:Hl [Fk(.’mo(ai)7§5i(8)) — (Fy) (Imo( ))}ds‘ epT.

So
do—2 1+1
2 [ A (e, 69 ds = R (17(00) T < (do = Do
Moreover,
’/ (a:), Z:(5)) = (F) (17 (a2) ) | ds| < 20, €T
This imphes the inequality (4.16). O

Proposition 4.

do—1

> (e = e (P (" (@) = | ) (17(5) ) s + 5 (7),

i=1
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where
|£5(T)| < EOMl C;L/;)l’moTo(eTo + 1) (417)

Proof. Indeed, as
do—1

(=] [ [0 (1700 ds = 3 s = et (17 an) |

i=1
then using (4.4) and (4.8) we get

do—1
1€5(8)] <

do*l
< e Cu O™ (Th)? < eCor, Cip ™ To(eTy + 1).
=0

Cop, "0 () = 1™ (ai)|ds
(@.9)

Finally, we have obvious

Proposition 5.

T

/OT<Fk>(zm°(s>)ds /0 (B (1)) s + &(7),

and |£6(7)| is bounded by pr.
Gathering the estimates in Propositions 1-5, we obtain

) = 10)+ [ Fe(165).006) s = 1.0) + [ (165)) ds + 200,

0 0
where Z(7)| < °°_, |€(7)| satisfies (4.10). Lemma 4.1 is proved. O

Corollary 4.2. For any p > 0, with a suitable choice of p, v and Ty, the function
|=(¢)| in Lemma 4.1 can be made less than p, if € is small enough.

Proof.  We choose vy =€*, Ty =€ 7,p= g with
l1—a/2-0>0,0<0<1.
Then for € small enough, we have |Z(t)| < p. O

For any (Ip, o) € Lo, let the curve (I°(7), (7)) € hf x T, 7 € [0,1], be a
regular solution of the equation (3.4) such that (1¢(0),¢°(0)) = (Io, ¥0)-

Lemma 4.3. The family of curves {I¢(7), T € [0,1]}o<e<1 is pre-compact in C([0, 1], hb~?).
Moreover every limiting (as € — 0) curve I°(7), T € [0,1] is a solution of the aver-
aged equation (3.5), satisfying

11°(r)
Proof. Due to (2.6) and (4.4), we know that for any € € (0,1),

< My, TE[O,”.

I

d
|12 < Oy 7€ [0,1]

Then by the Arzela-Ascoli theorem, we have that the set Z := {I°(7),7 € [0, 1] }o<e<1
is pre-compact in C([0, 1], h’fz). Let {pm }men be a sequence such that p,, \, 0.

[1°(r)|; < M,
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From Lemma 4.1 and Corollary 4.2, there is €, > 0 such that if € < ¢,,, then for
k=1,...,m, we have

) = 0) + [ {B(s))ds + Zu(r),
0
Zk(T)] < pm, 7 €[0,1].
Let I° = I°(1), 7 € [0,1] be a limiting curve of the set Z as ¢ — 0. Then we have
1°€ C([0,1],h572) and |I°(r)|y < M1, T€[0,1].
By (4.18), the curve I°(+) solves the averaged equation (3.5). O

(4.18)

For any 6 € T* and any vector I € hf, we set

V9(I) = (%1 (Il>7v92(12)7 s )a

where 0 = (01,02,...) and Vy, (I;) = \/2I; cos(0;) + i\/21;sin(0;), for every j > 1.
Then ¢;(Vy,) = 0, and for each 6 € T* the map I — Vp([) is a right inverse of
the map v — I(v). For any vector I we denote

I>N = (IN+17[N+2a . ")a ‘/9>N(I) = (%N+1(IN+1)7V9N+2(IN+2)a . )

Lemma 4.4. (Lifting) Let 1°(7) = (I)(7),k > 1) € hi, 7 € [0,1], be a solution
of the averaged equation (3.5), constructed in Lemma 4.3. Then, for any 6 € T,
there is a solution v(-) of the effective equation (3.8) such that

I(v(r)) =1%7), 7€[0,1], and v(0) = Va(I°0)). (4.19)

Proof. 1 For any m € N, consider the non-autonomous finite dimensional systems
. >m

by = (B (Do T, (1°0) )y B =150 m, (4.20)

s = Ry, (vl, o ,vm,v;m(ﬂ(f))), k=1,...,m. (4.21)

Obviously, (IY(7),...,1% (1)), 7 € [0, 1] solves system (4.20). It is its unique solu-
tion with initial data (I19(0),..., 12 (0)), since by Lemma 3.1 (Fj) is smooth with
respect to the variables (Iy,..., ).

For 99 = (Vy, (12(0)), ..., Va,, (12,(0))), system (4.21) has a unique solution v™ (1),

defined for 7 € [0,7"), with v™(0) = Ty, where 77 < 1 and v™(7) 2T i T < 1.
Due to equality (3.6), I(v™)(7) solves system (4.20) in time interval [0,7”). Since
I(v™(0)) = (I9(0),--- , 10 (0)), therefore 7" =1 and
I(W™(1)) = (I)(7),...,I2(1)) for 0<7<1.
Now denote
Vin (1) = (0" (7), V7™ (1)), 7€]0,1].
For the same reason as in the proof of Lemma 4.3, the family {V,,(7), 7 € [0, 1]} men
is pre-compact in C([0, 1], h?~2) and
Vin(0) = Vo(1°(0)), I(Viu(7)) =I°(7), 7€[0,1], meN.

So any limiting (as m — oo0) curve v(-) of the family{V,,(7),7 € [0,1]}men is a
solution of the effective equation (3.8), satisfying equalities (4.19). The lemma is
proved. (Il

LThis argument is a simplified version of the proof of Theorem 3.1 in [9]



AVERAGING THEOREM FOR NONLINEAR STRODINGER EQUATIONS 15

Lemma 4.5. (uniqueness) Under the same assumptions of Lemma 4.3, we have
I°(-) € C([0,1], k%) and for every q < p,

I°() — 1°C) in C((0,1], h]). (4.22)
Proof.  Let I°(-) and J%(+) be two limiting curves of the family {I°(-)}o<c<0, as

e — 0, in C([0,1], h’l’_z). Then by Lemma 4.4, for any 6§ € T, there are solutions
vr(+), vy(-) of the effective equation (3.8) such that for 0 < 7 < 1,

I(vr()) = I°(7), I(vs(7)) = J(r), wvr(0) =vs(0) = vo = Vy(lo).

Due to assumption B, for initial data vg the effective equation (3.8) has a unique
solution vg(-) € C([0,T(|volp)), hP). Therefore

’U[(T) :’UJ(T) :UE(T). (423)

This relation holds for 7 < 1 if T'(Jvg|p) > 1 and for 7 < T'(|vglp) if T(Jvolp) < 1.
But if T'(|Jvolp) < 1, then |vg(T)|, = o0 as 7 — T'(Jug|p). By the construction in
Lemmata 4.3 and 4.4, we know |vr(7)|2 < M, for 7 € [0,1]. Together with (4.23)
we have that T'(Jvg|,) > 1. Hence I° = J°, I° € C([0,1], hY) and

I() =, I°¢) in C([0,1],h273). (4.24)
e—
For any ¢ < p, assume that the convergence (4.22) do not holds. Then there
exists 0 > 0 and sequences €,, 7, € [0,1] such that
en =0 as n—oo and |[*(7r,)— IO(Tn)|qN > 4. (4.25)

Takes subsequence {nj} such that 7,, — 79 as ny — oo. Since the sequence
{I¢+ (7, )} is pre-compact in h?, and by (4.24), its limiting point as ny — oo
equals 1%(7p), so we have I"x (7,,, ) converges to I°(7g) in h? as nj, goes to co. This
contradicts with (4.25). So we completes the proof of Lemma 4.5 and also the proof
of Theorem 0.1. O

5. APPLICATION TO COMPLEX GINZBURG-LANDAU EQUATIONS
In this section we prove that assumptions A and B hold for equation (0.13),
satisfying (0.14) and (0.15).

5.1. Verification of Assumption A. In this subsection, we denote by |- |s the
L#-norm. Let u(7) be a solution of equation (0.13) such that u(0,x) = ug. Then

d
()3 = 26, = 2, — Ay -+ A= ypfulPu— i),

2p+2

= —2l[ull} + 2||ull§ — 2vr|ul5ps-

Since ||ul[§ < |ul3,, o, then relation ||u(ry)||o > %;1/2;) = By implies that
d
lhutm)l3 <o
So for any T' > 0 we have
[lu(T)[Jo < min{Bz, e”||uolo}- (5.1)
Now we rewrite equation (0.13) as follows:

0+ e ti(Au+ V(x)u + eyru*u) = Au — yr|u*Pu. (5.2)



16 HUANG GUAN C.M.L.S, ECOLE POLYTECHNIQUE

For any k € N, denote
lulle® = (AYu,w), Ay = A+ V().
The Lh.s is a hamiltonian system with the hamiltonian function e~ H (u),
2q+2
H(u) = <AVu u) + m| |2312~

We have dH (u)(v) = (Ayu,v) + eyr{|u|?*du,v), and if v is the vector field in the
Lh.s of (5.2), then dH (u)(v) = 0. So we have

d
EH(U(T)) = —yr(Avu, [u*Pu) + (Avu, Au)
— evrvrlulaniae s + evr{lul*u, Au),
Denoting Uy(z) = 7u?™" and U, = 17uP™, we get

mwmam<—/|www%n:4ww%,
T”'L

and a similar relation holds for ¢ replaced by p. Therefore

d 1 2p+2+2
EH(U(T)) < —§||U||§ —YrlIVU[§ — ev1lIVUII5 — evryrlulsbi5its

—/ V()| Vuldz + Cy[ull%,
Td

where Cy depends only on |V|c2. By this relation and (5.1), we have
H(w(T)) < H(u(0)) + C,TB3, for any T > 0. (5.3)
So
[[w(T)||7? < 2H(u(0)) + 2C,TB3, forany T > 0. (5.4)
Simple calculation shows that
Abu = (=N)u—2VAu —VV -Vu+ (V2 - AV)u.

‘We consider

d .
%<A%/u, u) = 2(A%u, Au — yr|u|*Pu — iyr|ul*u.) (5.5)

By the interpolation and Young inequality, we have
(AYu, Au) < —|[ull3 + CL(VDI[ull3 + Co([V]en)lull§ + C3(IVIe2)l|ull3

< =l 3+ Callull§ 1ull3 + Col[ul 3 |[ul 3 + Cs]lull3 (5.6)
3
< = Ill3 + C(Vies, llullo)-

We deduce from integration by part and Holder inequality that

—((=28)%u, [ul*Pu) < [Julls|([ulP V) |2 < |lullslul3t, [Velp, (5.7)
where p1,q1 < oo satisfy 1/p1 +1/¢1 = 1/2. Let p; and ¢; have the form
2d d
pP1 = m7 q1 = g-

We specify parameter s: For d > 3, choose s = p(d —2) < min{d/2,2}; ford = 1,2,
choose s € (0, ). Due to condition (0.15), we have the Sobolev embeddings

H*(T%) — LP(T4) and HY(T?) — L?P9(T?),
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implying that
2 2
(Valp, <lullies,  lulypg, < [lullt”
Applying again the interpolation and Young inequality we find that for any & > 0,

2
—( A%, [ulPu) < lulls][ulls]Jul [}

14142 228 2
< COllulls™* lullo® [ully? (5.8)
2—s

< Olfull3 + @) (llulle™ [lulli) =,

We can deal with other terms in (5.5) and (5.7) similarly. With suitable choice of
d, from the inequality above together with (5.6), we can get that for any T > 0

T
[Ju(T)|I5 +/O [lul3dr < [[w(0)]|32 + C(2,[V]es, T, Ba), (5.9)

By similar argument, for any m > 3 and T' > 0 we can obtain

T
(T[22 + / ul 2,517 < [Ja(O)[[52 + Cm, [V, T, Ba),

Then
[w(T)||m < C(J|w(0)||m, |V|cam, m, T, Bg), for any T > 0.

This finishes the verification of assumption A.

5.2. Verification of Assumption B. We follow [10]. In equation (0.13) with
u € H?, we pass to the v-variable, v = ¥(u) € h?:

O +ie Ay = Pp(v), k> 1. (5.10)
Here
P, =Pl +P?+ P2,
where P!, P2 and P? are, correspondingly, the linear, nonlinear dissipative and
nonlinear hamiltonian parts of the perturbation:

Pl(v) =¥(Au), P*(v) = —RP(|lul*Pu), P*(v) = —iyr¥(|ul*'u),

with u = ¥~1(v). Following the procedure in Section 3, the effective equations for
(0.13) has the form:

3

b= R'(v), (5.11)

i=1
where
Ri(v) = / <1>_9Pi(¢>9))d9, i=1,2,3.
Consider the operator
L:=TUo(-A)oU ' =To(Ay —V)oU 1 :=A—ToVolt:=A-"

Clearly, A is the diagonal operator A = diag{\; ( (1) (1) ) , j =1} By Lemma 1.1,

L0 =T oV oW~! defines bounded maps

£ A= ™ ¥Ym <n,
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and in the space h° the operator £° is self-adjoint. Since A commutes with the
rotation ®y, then

R' = — / D_gADgudd + / D _oL0(Dyv)dh

(5.12)
= —Av+R%v), R°) :/ D _oLO(Pgu)dh.
Since for v = (v, ve,...), we have
“+o0
L0); = Y (V(@pigi(a), ps(@), j> 1,
i=0
then,
+00 ) )
Ry(v) = Z/ (V(@)veip;(x), e or(x))df = vp(Vior, k).
j=171%
That is,
R' = diag {—Ax + My, k > 1}, My, = (Vior, o1). (5.13)

The term R?(v) is defined as an integral with the integrand
©_P?®g(v) = —yrP—o U (f(Jul*)u)u=w-12,0 = Fo(v).

Define H(u) = [ F(|u[*)dz, where ' = 1f,. Then VH(u) = f,(|u[*)u. Denoting
U~1®, = Ly, we have

Fy(v) = —yrLyVH(u)|u=r1,(v) = —YRV(H 0 Lg(v)).
So
R2(v) = =91V ( / (o W) (Wou)dh) =~V (Ho ¥ ).

Similarly, we have R® = —iy;V,(Go¥™1) with VG (u) = f,(Ju[*)u. Since (Go¥~1)
is a function only of the action (I1,...), we have that V,, (G o W~!) is proportional
to vg. Then vy - Ri(v) = 0. That is, it contributes a zero term in the averaged
equation. Hence we could set the effective equation to be

0 = R'(v) + R*(v).

It is a quasi-linear heat equation, written in Fourier coefficients, which is known to
be locally well posed. This verifies assumption B.
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APPENDIX

Consider the ly-space of sequences x = (z1,x2,...). The following lemma is a
slight modification of the well known theorem of Whitney [15].
Lemma A. For any n € N, let f € C°(l2) be even in n variables, i.e.

fley, ..oz, .) = fo1, ..o, —x4,...), 1=1,2,....n
Then there exists g, € C*°(l2) such that

gn(z2, . 22 i, ) = flx, 20, ... ).
1
Proof.  For n =1, we define g;(x1,22,...) = f(x?,x2,...). Since f is even with
respect to x1, for any s € N, we have
fl@r,me,...) = f(@) + fr(@)2] + - + foo1(8)27° 7% + ¢(2)a3°,

where & = (0, x2,...), fi = [(2))!]~ 1821]"( ) and ¢(x) is smooth when z1 # 0, even
with respect to x1, and satisfies

hm xlc‘?k d(x)=0, k=1,...,2s. (A1)

Set 1(z) = ¢(x},33,...), then
gi(@) = f(@) + frl@)zr + -+ foor (@i +P(a)z]

We wish to check that g; () is C*-smooth with respect to x;. It is sufficient to prove

that the limits lim,, 0 2§0% (), k =1,...,s, exist and are finite. Differentiating

P(a3,m9,...) = ¢(x) with respect to 21, we get that there are some constants ag;
such that

8’;1¢(x):2kx 8’“ w(xl,xg, .. Z Api 225"“ Wz xy,...), k=1,...,s.
1<i<k/2
Solving these equation successively for I%kal;l?/1, k=1,...,s, we obtain that there
are some constant Sg; such that
FOF (T ma,. ) = ) Briah IOk ().
0<i<k

By (A.1), we know the lim,, o 2§0% ¥ (z), k =1,..., s, exist and are finite. So
g1(z) is C*° -smooth. Since s is arbitrary and g;(x) defined in a unique way, we
have g; € C*(I?) and g; (2%, x2,...) = f(x1,2,...). This prove the statement of
the lemma for n = 1.

For n > 2, the assertion of the lemma can be prove by induction. Assume we
have proved the lemma for m = n — 1. Then there exists g,—1 € C°°(l2) such that

Gn_1(22,...,22 |, x,) = f(x1,72,...) and g,_1 is even in variable z,,. Applying

what we have proved for m = 1 to g,_1 with respect to x,, we get the assertion

for m = n. O
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