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Abstract

To study arithmetic structures of natural numbers, we introduce a notion of entropy
of arithmetic functions, called anqie entropy. This entropy possesses some crucial
properties common to both Shannon’s and Kolmogorov’s entropies. We show that
all arithmetic functions with zero anqie entropy form a C*-algebra. Its maximal ideal
space defines our arithmetic compactification of natural numbers, which is totally
disconnected but not extremely disconnected. We also compute the K-groups of the
space of all continuous functions on the arithmetic compactification. As an applica-
tion, we show that any topological dynamical system with topological entropy A, can
be approximated by symbolic dynamical systems with entropy less than or equal to
A.

Keywords Angie entropy - Arithmetic compactification - C*-algebra - K-groups -
Totally disconnectedness

Mathematics Subject Classification 37A35 - 37A44 - 46110 - 37A55

1 Introduction

Let N={0,1,2,...} be the set of natural numbers. Complex-valued functions
defined on N are usually called arithmetic functions. They are important in the study
of the distribution of primes and other arithmetic problems (e.g., the Prime Number
Theorem, the Twin Prime Conjecture, etc). In this paper, we shall apply tools from
operator algebra and dynamical systems to study arithmetic functions. We start from
C*-subalgebras of [*(N), the algebra of all bounded arithmetic functions, which is
an abelian C*-algebra acting on Z(N).
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Suppose that A is a unital C*-subalgebra of [*(N), then there is a compact Haus-
dorff space X such that A is *-isomorphic to C(X) by Stone-Gelfand—Naimark the-
ory, where C(X) is the space of all continuous complex-valued functions on X. The
space X is known as the maximal ideal space of .A. Moreover, if A is generated by
a bounded arithmetic function f, its maximal ideal space X is homeomorphic to the
closure of f(N)in C. For example, the C*-algebras generated by yp, the character-
istic function defined on the set of primes, and by f(n) = (—1)" are *-isomorphic, as
their maximal spaces are homeomorphic to the space with two points. However, it
is obvious that y, carries more arithmetic information than (—1)". So generally, C*-
algebras may not reflect arithmetic properties of N. We are interested in C*-subalge-
bras of [*(N), which can preserve arithmetic structures of natural numbers, thus we
introduce the following concept of angie.

Definition 1.1 Let .4 be a unital C*-subalgebra of [*(N). We call .A an anqie (of N)
if A is invariant under the map o, on [®(N), given by (c,f)(n) = f(n + 1), for any
fel®*(N)andn € N.

Throughout the paper, we shall assume that all abelian C*-algebras are unital.
From the viewpoint of dynamical systems, an anqie of N is a topological dynami-
cal system associated with the additive structure of N. Precisely, suppose that A is
a C*-subalgebra of /*(N) and X is its maximal ideal space. Let 1 be the map from N
to X given by the multiplicative state of point evaluation, i.e., 1(n) : f — f(n) for any
f € A. We conclude that (see Proposition 2.3) A is an angie if and only if the map
i(n) = 1(n + 1) from 1(N) to X (corresponding to n — n+ 1 on N) can be continu-
ously extended to a map from X to X. If we denote this map by A, then we also call
(X, A) an angie (of N).

Based on such connections between arithmetics and dynamics, algebraic and
analytical methods can be used in the study of arithmetic functions. This idea was
explored in [26] to give some partial results about Sarnak’s Mobius disjointness
conjecture. In this paper, we further study arithemetic functions through angies.

1.1 Angie entropy

A major tool we use to study angies is the notion of “entropy”. Originated in phys-
ics, “entropy” measures some uncertainty or disorderness of a thermodynamical
system. A mathematical notion of entropy, initiated by Shannon [22], is a measure-
ment of information contained in signals or random variables. Inspired by Shannon’s
entropy, Kolmogorov [15] and Sinai [23] introduced a metric entropy on dynami-
cal systems. Similar ideas were used by Adler et al. [2] (and later by Bowen [5])
to define a topological entropy for continuous maps on compact Hausdorff spaces.
Moreover, Furstenberg [9] introduced an entropy for stationary sequences of finite-
valued random variables through the information contained in certain fields of
measurable sets determined by them; Voiculescu [24] established free probability
theory and introduced free entropy.
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In this paper, we shall introduce the angie entropy of an anqie A, denoted by
A (A), which is defined to be the topological entropy of the additive map A on X.
We refer readers to Sect. 3 for more details. For a family of arithmetic functions
F € I®(N), denote by A, the anqie generated by F. It is the smallest o4-invari-
ant C*-subalgebra of /*(N) containing F. For simplicity, we write Z£(F) =&(Az)
and call it the angie entropy of 7. When F = {f|,....f,} is a finite set, we also
use the notations A, - and £(f;, ....f,).

The following inequalities about anqie entropy will be proved in Sect. 4,

E(f+9). B(f-9) < E()+Bl), EWf)<E), fgel*N).
More generally, the following sub-additivity holds.

Theorem 1.2 For any arithmetic functions fi, ... ,f, 81 -+ » & € [®(N), we have

E(fh"'vf’fvah'"aQ’Wb) SjE(fh,fn)‘i'E(gl,,gm)

The above equality holds if fi,....f, and g,,...,8,, are two angie independent
families.

The formal definition of angie independence will be given in Sect. 4. One of
the most crucial features of Shannon’s entropy is its additivity for independent
random variables. Theorem 1.2 shows that the angie entropy shares similar prop-
erty as well.

Entropy sometimes has continuity properties. For example, Yomdin [28] and
Newhouse [19] showed that, for any compact smooth manifold M, the topological
entropy function f ~— A(f) from C*(M,M) to [0, +o0] is upper semi-continuous.
Newhouse also concluded the continuity for C* diffeomorphisms of surfaces from
a result of Katok [14]. Furthermore, for a compact interval I, Propositions 30 and 31
in Chapter 8 of [4] show that the set of all maps f € C(I, ) with A(f) = oo is dense
in C(I, I), and the topological entropy, regarded as a map & : C(I,I) — [0, 0], is
lower semi-continuous. Also, Kolmogorov—Sinai entropy is an upper semi-contin-
uous function of invariant measures. For the angie entropy, we have the following
result.

Theorem 1.3 Let £, (N) be the set of all functions f in [®(N) with £(f) = +oco. Then
E(N) is dense in [*°(N) in norm topology.

The following theorem shows the lower semi-continuity of the angie entropy.

Theorem 1.4 Let F = {fy.f;,...} be a family of bounded arithmetic func-
tions with £(F) < +o0. Then for any € > 0, there is a 6 > 0, such that whenever
G =1{80-81,---} € I®°(N)satisfies sup;5 |lg; — fill ;= < 6, we have £(G) >A(F) — €.

Intuitively, Theorem 1.3 shows that a slight perturbation on a function may turn

its entropy to infinity, while Theorem 1.4 implies that to substantially decrease the
entropy of an arithmetic function, a large perturbation is needed.
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1.2 Arithmetic compactification of natural numbers

As a corollary of Theorem 1.4, we shall prove in Sect. 5 that £ (N), the set of
all bounded arithmetic functions with zero angie entropy, is an anqie (see Theo-
rem 5.1). We call the maximal ideal space of £y(N) the arithmetic compactifica-
tion of natural numbers, denoted by E,(N). Problems involving transitive topo-
logical dynamical systems with zero topological entropy may be studied in this
space. For example, in our language, Sarnak’s Mobius disjointness conjecture
(see [17]) is equivalent to that limy_ N~ 22:01 un)f(n) = 0 for all continuous
function f on E,(N). Here u(n) is the Mobius function defined to be (—=1)" if n is
the product of r distinct primes and 0 otherwise.

In Sect. 5, we shall study properties of E,;(N). From the topological viewpoint,
the arithmetic compactification is the maximal zero entropy topological factor of
the Stone—Cech compactification of N. Here, recall that the maximal ideal space
of I°(N) is known as the Stone—Cech compactification of N (see [6]). The arith-
metic and Stone—Cech compactifications of N are both uncountable and unmetriz-
able. For comparison, the Stone—Cech compactification is extremely disconnected
(i.e., the closure of any open set is still open) and totally disconnected (i.e., each
pair of points can be separated by sets that are both open and closed: clopen sets),
while for the arithmetic compactification, we obtain

Theorem 1.5 The space E,(N) is totally disconnected but not extremely
disconnected.

To further study &,(N), we investigate its K-groups. The operator K-theory
provides us with useful tools to learn about the structure of C*-algebras. The
K-groups can be treated as invariants to distinguish two C*-algebras. For exam-
ple, Elliott showed in [8] that the K-group is a complete invariant for approxi-
mately finite-dimensional C*-algebras. Another important application of K-the-
ory to C*-algebras was presented by Pimsner and Voiculescu [20]. They proved
that the reduced C*-algebra of the free group of two generators has no projec-
tion other than 0 and 1. We also mention that, in the study of C*-dynamics, the
K-groups are essential for the classification of homomorphisms and dynamical
systems (see, e.g., [16]). The C*-algebras and the associated topological dynami-
cal systems in this paper are different from those C*-dynamics. However, the
study of K-groups would be helpful. For £,(N), we have the following results.

Theorem 1.6 The group Ky(&Ey(N)) is homeomorphic to the additive group
f € &N 1 fN) € Z),

Theorem 1.7 The group K,(E,(N)) is trivial.

As a corollary of Theorem 1.7, we have the following result.
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Corollary 1.8 For any arithmetic function f with zero angie entropy and |f(n)| = 1
for any n €N, there is a real-valued function g(n) with A(g) =0 such that
f(n) = exp(ig(n)).

In the process to prove the above results, we develop an approximation method
for arithmetic functions. We shall prove the following theorem in Sect. 6.

Theorem 1.9 Suppose that f is a bounded arithmetic function with angie entropy
A(0 £ A< +4). Then for any N > 1, there is an arithmetic function fy with finite
range, such that £(fy) < Aand||fy —fll;= < 1%/

In the following, we give some applications of the above conclusion.

1.3 Applications

Let F,(N) be the subset of [*(N) consisting of functions with zero anqie entropy and
finite ranges. Then as a simple corollary of Theorem 1.9, F,(N) is dense in &y(N)
relative to the norm topology. Note that a function in F;(N) belongs to the algebra
generated by {0, 1 }-valued functions with zero anqgie entropy (see Proposition 7.1).
One can deduce from Theorem 1.9 that Sarnak’s Mobius disjointness conjecture is
true if and only if limy_ N~ ZnNzl um)f(n) =0 for any {0, 1}-valued arithmetic
function with ZE(f) = 0 (see also [1, Lemmas 4.28, 4.29], where a proof is given via
weak* convergence of invariant measures).

We also generalize the angie entropy of an arithmetic function to that of a map
f N =X, where X is a compact Hausdorff space. Let X; be the closure of the
set {(f(n),f(n+1),...) : n€N}in XV and B, the Bernoulli shift B restricted to the
space X,. We define the angie entropy of f to be the topological entropy h(By). Note
that this definition coincides with the definition of the anqgie entropy of arithme-
tic functions when X C C (see Theorem 3.4). As an application of Theorem 1.9,
we show the following approximation result for topological dynamical systems in
Sect. 6.

Proposition 1.10 Let (X, d) be a compact metric space and T a continuous map on
X with topological entropy A (A > 0). Then for any x € X and € > 0, there is a map
ffromN to the set {T"x : n € N} with finite range, such that the anqie entropy of f is
less than or equal to A and sup, d(T"x, f(n)) < e.

We remark that similar results can be proved for Z and E,(Z). Note that the addi-
tive map A is invertible on E(Z), but not on E;(N). So the two topological dynami-
cal systems (E,(Z),A) and (Ey(N),A) are different. Many questions for Ey(Z) may
have easier answers than those for E,(N). Moreover, we may ask whether the similar
results in this paper hold for other amenable topological semigroups.

This paper is organized as follows. In Sect. 2, we list some frequently used nota-
tion and prove some preliminary results. In Sect. 3, we introduce the definition
of angie entropy. Some basic properties of the angie entropy are also discussed.
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Comparisons of the angie entropy with Shannon’s entropy are presented in Sect. 4.
Theorems 1.2, 1.3, and 1.4 are proved in this section. In Sect. 5, we investigate the
structure of the arithmetic compactification E,;(N) of N. We discuss the approxima-
tion method for maps from N to compact Hausdorff spaces in Sect. 6, where Theo-
rems 1.5, 1.9, and Proposition 1.10 are proved. In Sect. 7, we compute the K-group
and K -group of the space of all continuous functions on Ey(N). Corollary 1.8 is
shown.

Some notions in this paper have been introduced by the survey paper of Liming Ge
[10], in which the author announced that proofs of results there would appear later (see
the introduction of [10] and references there in). Sects. 3, 4, 5 of this paper are based on
results from the author’s Ph.D. thesis written at the University of New Hampshire under
the supervision of Professor Liming Ge. Results in Sects. 6 and 7 are new. We refer to [7,
13] for basics and preliminary results in operator algebra, to [11, 25] for that in dynami-
cal systems, and to [3, 21] for that in K-theory for C*-algebras.

Notation. For an arithmetic function f, we use f(N) to denote the closure of f(N)
in C. For a compact Hausdorff space X, denote by XM the Cartesian product of X
indexed by N. The topology on XN we concern in this paper is always the product
topology. For a finite set C, the notation ICl means the cardinality of C. For a sub-
set R of N, we write yj for the characteristic function defined on R. The symbol t
denotes the imaginary unity/—1.

2 Preliminaries

In this section, we prove some preliminary results. First, we list some notation that
will be used.

Let ‘H be a Hilbert space. Denote by B(H) the algebra consists of all bounded
linear operators on H. By Riesz representation theorem, for any 7' € B(H), there is
a unique bounded linear operator T* satisfying (Tx,y) = {x, T*y) for any x,y € H.
Such a T* is called the adjoint of T. We call a norm-closed *-subalgebra of B(H) a
C*-algebra.

Suppose that A is a unital C*-algebra. We use A* to denote the set of all
bounded linear functionals on A. Denote by (.A’i)1 the unit ball in A% ie.,
(.A’i)1 ={pe A :|pl <1} In general, the space A¥ can be equipped with many
topological structures. Among them, the norm topology and weak* topology are
used most frequently. For p € A%, its norm is given by ||pl| = sup,e 4 <1 12CO]-
When x € A, the equation o,(p) = |p(x)| defines a semi-norm on .4". The fam-
ily {0, : x € A} of semi-norms determines the weak* fopology on A", Note
that each p, € A" has a base of neighborhoods consisting of sets of the form
{(pe A : [p(x;) = po(x)| < €} (j=1,...,m), wheree > O and xy, ..., x, € A.

A non-zero linear functional p on an abelian C*-algebra A is called a multiplica-
tive state if for any A, B € A, p(AB) = p(A)p(B).

Suppose now that .4 is an abelian C*-algebra and X is its maximal ideal space.
We define the mapy : A — C(X) by

X Birkhauser
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rp) =p(f), fEA peEX. 1))

Here we use the fact that X is also the space of all multiplicative states of A. The
map y is known as the Gelfand transform from A onto C(X), which is a *-isomor-
phism (see, e.g., [7, Theorem 2.1]).

It is known that the above Hausdorff space X is weak* compact. Next we show
that A is countably generated as an abelian C*-algebra if and only if X is metrizable
and the topology induced by the metric coincides with the weak* topology on X.
The sufficient part directly follows from [13, Remark 3.4.15]. The necessary part is
shown in the following proposition.

Proposition 2.1 Let A be an abelian unital C*-algebra. If A is countably generated,
then (Aﬂ)l is metrizable and the toplology induced by the metric is equivalent to the
weak* topology on (Aﬁ)l. In particular, the maximal ideal space of A is a compact
metrizable space.

Proof Since A is countably generated, there is a countable dense subset in A. Let
{81, 85, ...} be a dense subset of (A),, the unit ball in .A. For any p,, p, € (Aﬁ)l, we

define d(p,, p,) = 221 I(pl—;w. It is not hard to check that d is a metric on (.Aﬁ)l.
Moreover, for any net {p, } of elements of (An) 1» the net {d(p,, p)} converges to 0 is
equivalent to the condition that, for any i > 1, the net {p,(g;)} converges to p(g;).
Next, we show that the weak* topology is equivalent to the topology induced
by the metric d on (.Aﬁ)l. Suppose that the net {p,} of elements in (Aﬁ)l, weak*
converges to p. Then, for any i > 1, the net {p,(g;)} converges to p(g;). Thus the

net {d(p,, p)} converges to 0. Conversely, if the net {d(p,, p)} converges to 0, where
Py € (An)l, then {p,(g;)} converges to p(g;) for any i > 1. Note that, for any a,
o, ]l £ 1. Then for any g € A, the net {p,(g)} converges to p(g). So the net {p,} is
weak* convergent to p in (.Au)l.

By Alaoglu—Bourbaki theorem (Aﬁ)1 is weak* compact. Let X be the maximal
ideal space of A. Then, relative to the weak* topology, X is a closed subset of (A I
From the above analysis, we see that the weak* topology on (.A’i)1 coincides with the
topology induced by the metric d on it. Thus X is a compact metrizable space. O

Proposition 2.2 Suppose that A is a C*-subalgebra of I®(N) and X the maximal
ideal space of A. Let1 : N — X be the map given by 1(n) : f — f(n), for any f € A.
Then the weak* closure of I(N) is X (write i(N) = X).

Proof Assume on the contrary that #(N) # X. Choose y € X\«(N). By Urysohn’s
lemma, there is a G € C(X) such that G(y) = 1 and G(x) = 0 for any x € «(N). By
Eq. (1), for any n € N, 0 = G(i(n)) = 1(n)(y"'G) = (y"'G)(n). Then y~'(G) = 0 and
G = 0 correspondingly. This contradicts G(y) = 1. Hence I(N) = X. O
Proposition 2.3 Suppose that A is a C*-subalgebra of I1°(N) and X the maximal
ideal space of A. Then A is an angie of N if and only if the map 1(n) — 1(n + 1) can

be extended to a continuous map from X to itself.
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Proof Suppose that the map i(n)—~ i(n+1) is extended to a con-
tinuous map on X, denoted by A. Given f € .A, assume that F = y(f)
(see Eq. (1)). Note that FoA € C(X). Let g=y !(FoA) in A. Then
g(n) = FoA((n)) = F(u(n + 1)) = f(n+ 1) = 6,f(n). Thus g = 5,f in A. This shows
that A is o4-invariant and thus an angie of N.

On the other hand, suppose that A is an angie of N. Let A be the map from X
to itself given by Ap(f) = p(c,f) for any p € X and f € A. It is easy to see that
A((n)) = 1i(n + 1). Now we show that A is a continuous map on X. If {p, } is a weak*
convergent net of elements of X, with limit p, then for any f € A, p,(6,f) = Ap,(f)
converges to p(o,f) = Ap(f). Thus the net {Ap,} weak* converges to Ap in X. Hence
A is the continuous map on X extended by 1(n) — i1(n + 1). O

At the end of this section, we recall Weyl’s Criterion (see, e.g., [12, Chap-
ter 21]) which will be used in this paper to compute some examples. A sequence
{a, = (o150, k)}°° in R¥ is said to be uniformly distributed modulo I if for any
1 C (O, 1]]—1 ,k, we have

Lu ‘ZHm 51D = H<b

n=1 j=

[J’J

where {x} denotes the fractional part of the real number x.

Proposition 2.4 (Weyl’s Criterion) The sequence {a, = (X, 1, ..., X, )} in R¥ is
uniformly distributed modulo 1 if and only if for any (1, ... ,1,) € Z*\{0},

lim — Z 27i(ly X, X, ) — =0.

N—oo N

We also need the following well-known result (see, e.g., [18, Exercise 11.1.21]).
Lemma 2.5 Let P(n) = a;n® + a;_n®' + - - - + a;n + a, be a polynomial with real
coefficients. Assume that at least one coefficient a; with i > 1 is irrational. Then the
sequence of fractional parts of P(n) is uniformly distributed modulo 1.

As a corollary of Proposition 2.4 and Lemma 2.5, we have the following result.

Corollary 2.6 Suppose that x, = ({n*0}, {(n + 1)?0}) for n > 1, where 0 is irrational.
Then the sequence {x,}, is uniformly distributed modulo 1.
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3 Angie entropy

From the definition of anqie, we see that each angie corresponds to a topological
dynamical system associated with the additive structure of N. To understand angies,
it is natural to study the associated dynamics. The “entropy” for anqies defined in
this section is based formally on the topological entropy of the additive map A (see
the paragraph below Definition 1.1). Here, let us first recall the definition of topo-
logical entropy for topological dynamical systems.

Definition 3.1 Let X be a compact Hausdorff space and T a continuous map on
X. Suppose U and V are two open covers for X. Denote by UV V the open cover
whose elements consist of all intersections of elements from ¢/ and V (i.e.,
UvV={AnB:AelUBeV)), and by NI the minimal number of open sets in
U that cover X. Define

WT,U) =lim l{log (./\/(UV TUYN e v T—n+1u)) }’
non
h(T) =sup {h(T,U) : Uis an open cover of X}.
u

We call h(T) the topological entropy of 7.

We refer to [2] for basics on topological entropy. Topological entropy is an
invariant of topological dynamical systems. For two topological dynamical sys-
tems (X, T}) and (X,, T,), if there is a continuous surjective map z : X; — X, such
that T, = #T,, we say that (X,,T,) is a (topological) factor of (X;,T,) and r a fac-
tor map. In this case, we have i(T,) < h(T)). Additionally, we say that (X;,T;) and
(X,, T,) are topologically conjugate (to each other) when 7 is an homeomorphism. In
this case, we have i(T) = h(T,).

When (X, T) is a point transitive dynamical system and a transitive point x; is
given, we shall denote this dynamical system as (X, T,x;). We say that (X,, 75, x,)
is a factor of (X;,T;,x,) if there is a factor map = : X; — X, such that #(x,) = x,.
When 7 is a homeomorphism, we say that (X;, 7, x;) and (X,, T, x,) are equivalent
(to each other).

Now we are ready to introduce the notion of entropy for anqies.

Definition 3.2 Suppose that A C [*(N) is an angie. We define the anqie entropy of
A, denoted by £(A), to be the topological entropy A(A) of the additive map A which
extends the map n — n + 1 on N to the whole maximal ideal space of A. If A is gen-
erated by a family of bounded arithmetic functions F as an anqie, we call £(A) the
angie entropy of 7, denoted by ZA(F). In particular, when F = {f;,f}, ...} is at most
countable, we also use the notation Z(f,, f|, ...) to denote the angie entropy of F.

We list some simple but very useful facts of £ in the following lemma.

Lemma 3.3 Suppose that A, A, C I®(N) are angies.

) Birkhauser
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() If A, is a subangie of A,, i.e., A, C A,, then £(A,) < £(A,);

(i) For any f,....[, €I®(N) (n>1) and any polynomials ¢,,...,p,
€ Clxy, ..., x,1(m > 1), we have E(D(f1s -+ f)s cors D(Fis ooe s fo)) SEF s s [

Proof (i) Suppose that (X;,A,) and (X,,A,) are topological dynamical systems cor-
responding to A, and A,, respectively. Let ¢ : X, — X be the map given by

(P@)() =), weX, feA,. @

Since every maximal ideal in A, extends to a maximal ideal in .A,, we have that ¢ is
surjective. The continuity of ¢ follows from the definition of weak* topology on X;
and X,. Moreover, it is not hard to check that ¢poA, = A,0¢. Then (X;,A,) is a topo-
logical factor of (X,,A,). Hence h(A,) < h(A,) and £(A,) < E(A,).

(i1) follows from (i). O

More generally, the above polynomials ¢;’s can even be replaced by con-
tinuous functions defined on the maximal ideal space of the anqgie generated by
fi»-..»f,. For example, we can obtain ZE(Re(f)),ZE(Im(f),ZE(\/If]) < £(f) for any
f € 1®(N). Clearly, the angie entropy Z£(F) takes value in [0, +oo0] for any fam-
ily F C I®(N). One may ask whether there is an arithmetic function with infinite
anqgie entropy. In the following, we construct an f so that ZA(f) = co. Then from
Lemma 3.3(i), one can easily see that E(/*(N)) = .

Example LetU, ,[1 —27",1— 27"=1y be a partition of [0, 1). For each n, there is a
partition of [1 — 27", 1 — 27"~} into 27 subintervals of equal length, denote them by
(X0 X v 1) accordingly, for i =0,1,..., 27 _ 1. On the interval (i X a1 s define

F((xm- +xn’i+1)/2) =2""2 and F(x,;) = F(xn,l-H) =0, with remaining part con-
nected linearly (assume F(1) = 0). Then F is a zigzag function of height 277/2 in the
interval [x,, ;, x,, ;41 ]. Moreover, F is continuous on [0, 1]. One can verify that, for any
open subset U of [0, 1], there is an integer N such that FN(U) = [0, 1] (Here denote
by FV the composition of F for N times). Hence the topological dynamical system
([0, 1], F) is transitive and there is an x, € [0, 1] such that the set {F"x, : n € N}is
dense in [0, 1] (see [4, Chapter V, Proposition 39]).

Note that for m > 0, when x € [0,272"], F™(x) = 4"x. Choose the interval
J

i = [0 /227, (s + X, 141) /2241 for n=0,1,...,4m and i=0,1,...,2" — L.
So there are 1+2+2%+...420¢m" (=q ) disjoint closed intervals J

n,i

in [0,272™m) such that for each n/, i/ with 0 <n’ <4m and 0<i <27 —1,

Ui:‘o U12="20_] Jn,i Q [0, 2_2m) Q Fm+l(.]n/,ir) = F([.xn/,ir, (xn/!ir + xn/!,-rH)/Z]) = [0, 2_"//2].

By [4, Chapter VIII, Proposition 8], A(F™*") > loga,, > log2#™’ Hence, we obtain

h(FmH 1 2(4m)2
h(F) = ( ) > °g — oco(When m — o0).
m+1 m+1
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Therefore, h(F) = co. Now we let f(n) = F"(x,) and X, the maximal ideal space of
A;. Then (X;,A) and ([0, 1], F) are topologically conjugate. Thus A(f) = h(F) = co.

In fact, the set £ (N) consisting of bounded arithmetic functions f with £(f) = oo
is dense in [*(N) (see Theorem 1.3), which will be proved in the next section. Now
let us explore a way to compute the anqgie entropy of a family of arithmetic func-
tions F. From the definition of anqgie entropy, we see that it is important to know the
properties of the angie associated with F.

Let F be a family of bounded arithmetic functions. Suppose that A, is the angie
generated by F, i.e., Ay is the C*-algebra generated by {1,(c,)f : f € F,j € N}.
Let X be the maximal ideal space of A;. Then X is metrizable if F is countable
(see Proposition 2.1). The following dynamical Gelfand-Naimark theorem gives a
description of X 7. This provides us with a method to compute the anqie entropy of F.

Theorem 3.4 Let F = {f,} ,ca be a family of bounded arithmetic functions, where A
is an index set. Let A, be the C*-algebra generated by F, and Ay the smallest o,
-invariant C*-algebra that contains A,,. Suppose that X r is the maximal ideal space
of Ar. The following statements hold.

(i) For each n € N, write z,, = (ffl(n)),leA’ an element in [, fi(N). Let X, be
the closure of {z, : n € N}in [],crfi(N). Then Ay = C(X,).

(ii) Write x, =(2,,2,41,.-.), an element in X?‘. Let Yy be the closure of
{k, : n€N}Yin X}\. Then Ay = C(Yy).

(iii) Suppose B is the Bernoulli shift on X(')\J defined by B : (wy,®,...)
— (w,®,, ...). Then the map B restricted to Y r, denoted by B, is identified with A
on Xr.

Proof (i) Define the map w : C(X,)) = [®(N) by w(g)(n) = g(z,) for g € C(X). Let
b, : [Lieafi(N) = f;(N) be the projection map from [],., f,(N) onto its A-th coor-
dinate. Denote by ¢, the restriction of ¢, to X,. Then ¢, € C(X,) and w(¢,) = f; for
any A € A. Since {z, : n € N} is dense in X,,, we conclude that @ is isometric and
Ay € w(CXy)).

Let w; = (0 ;) 1ep and @, = (@, ;)4 be distinct points in X,. Then there is a
A9 € A such that w, ; # w,, . Hence ¢, = W_](fzo) satisfies ¢, (0)) # ¢, (@,).

This implies that w~!(A,) separates the points of X,. Note that w~!(A,) is a closed
*-subalgebra of C(X,). By the Stone-Weierstrass theorem (see, e.g., [13, Theo-
rem 3.4.14]), w~'(A4,) = C(X,). Thus A, = C(X,).

(ii) Define the map z : C(Yz) — [®(N) by n(h)(n) = h(x,) for h € C(Yr). Note
that {x, : n € N}is dense in Y, then x is an injective homomorphism and C(Yz) is
*-isomorphic to 7(C(Y ).

To prove Ay C n(C(Yyr)), we only need to show that, for any given j& N
and f € A, (6,)f € n(C(Yy)). Define a function ®; on Yz, such that for any
p=(pg, p1>---) E Y,
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@,(p) =1 (p)). 3)

Here we use the fact that f corresponds to f(x) € C(X,) by (i). Since p; is the image
of the projection of p to the (j + 1)-th coordinate, one concludes that @; € C(Yp).
From ¢,(x,) = f(z,;) = f(n+)), we obtain z(¢p;) = (64)f. Thus Az C z(C(Yp).

Given distinct points p = (py, py,...) and p' = (p], p|,...) € Y, there isanl € N
such that p; # p; in X. Then by (i), there is an f; € A so that fi(p;) # f1(p)). Let @,
be the function defined in Eq. (3) replacing j by / and f by f;. Then ¢,(p) # @,(p").
Combining with @, = 77 !((¢,)f,), we conclude that 7= (A ;) separates points in Y.
Note that 771(A) is a closed *-subalgebra of C(Y ). By the Stone-Weierstrass theo-
rem, 7' (Az) = C(Yy). Thus Az = C(Yyp).

(iii) Recall that the map A on X sends i(n), the multiplicative state of point
evaluation at n, to 1(n + 1). From the definition of  in the above proof of (ii), it is
not hard to check that the map X — Y, extended by 1(n) — k,, denoted as F, is a
homeomorphism. Note that BzoF = FoA. Thus the additive map A on X~ coincides
with the restriction of B to Y ~. O

In the following, we treat X, the same as Y and call (X5, Bf) the canoni-
cal representation of the angie A,. By the definition of angie entropy, we see that
A(F) = h(By). Next, we show an example to help us understand the above theorem.

Example Let f(n) = ¢2*"%, forn > 0 and 6 irrational. Denote by A, the angie gener-
ated by f and X, the maximal ideal space of .A;. Then X, is homeomorphic to St x st
and Z(f) = 0, where S' is the unit circle.

The proof of the above example is more involved. We list below
some details. Let X, =f(N). Theorem 3.4 gives that X, is the closure of

{K, = (270 2710y neN} in X). It is easy to see that for any
x = (xyp,X},...) € X, the coordinate x; (! > 2) can be determined by the first two coor-
dinates x, x,. In fact,

X = P2ri(E=D0 o, 7). 4)

Define @ to be the projection from X, onto its first two coordinates, i.e., for any
x = (xyp,X;,...) € X, ®O(x) = (xy,x;). From the above analysis, we see that
® is a homeomorphism from X; onto ®(X;). By Corollary 2.6, the sequence
{({n60}, {(n + 1)*6})} is uniformly distributed modulo 1. Then ®(X;) = §' x S
and thus X, is homeomorphic to S' x S™.

In addition, the map A (or the Bernoulli shift) on X, corresponds to a con-
tinuous map on S' x S, denoted by A again, such that, for any (xy,x;) € S' x S,
A(xg, x;) = (x1,X,), where x, = ¢*"x?X; by Eq. (4). If we identify S' x S! with
R/Z x R/Z, then we can rewrite the map A as

Alay, @) = <_01 é) <Z;> + (209>.
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The map A is an affine linear transformation on the torus and the coefficient matrix
only has eigenvalue 1. By [25, Theorems 8.11, 8.14], h(A) = 0 and then Z£(f) = 0.

4 Angie-independence and semi-continuity of anqgie entropy

Additivity for independent objects is one of the most crucial features of all kinds
of entropies. To state this property for angie entropy (see Theorem 1.2), we define
anqgie independence by tensor products as follows.

Definition 4.1 We call angies .A; (¢ € E) angie independent if the C*-algebra they
generate, denoted by A, is canonically isomorphic to ) tez A as a C*-algebra ten-
sor product, or equivalently, the space X is homeomorphic to the [ ez Xe» Where
X, Xg are the maximal ideal spaces of A, Ag, respectively. Families of arithmetic
functions F; (£ € E) are called angie independent if Af: (¢ € E) are angie inde-
pendent. Here the symbolic = is an index set.

Remark 4.2 As far as we are concerned here, all C*-algebras involved are abelian.
The tensor product of abelian C*-algebras has a unique C*-algebra tensor-product
norm. Let X, and X, be the maximal ideal spaces of .4 and B, respectively. Then the
C*-tensor-norm on A @ B agrees with the norm on C(X; X X,).

The following simple example shows how our anqgie independence is related to
certain arithmetic structures of natural numbers.

Example Let f, ={0,1,...,1—-1,0,1,...,/—1,...}, for any [ > 1. Here f;is viewed
as a periodic function of period /. Then f,, and f, are angie independent if and only
if(m,n) = 1.

In the following, we give detailed argument for the above claim. Let .4 be the
angie generated by {f,,.f,} and X the maximal ideal space of .A. Denote by A,
and A, the anqies generated by f,, and f,, respectively. Then by Theorem 3.4, the
maximal ideal space of A,,, denoted by X, is the set f,(N) consisting of m ele-
ments. Similarly we use X, to denote that of A,, which is the set f,(N) consisting
of n elements. It is not hard to check that X = {(f,,(k),f,(k)) : k=0,1,...}. Then
X C X, xXX,.Itis easy to see that X = X, X X, if and only if foranyi =0, ...,m—1
and j=0,...,n— 1, the linear system of congruences k = i(mod m), k = j(mod n)
has one solution. By Chinese remainder theorem, we conclude that X = X; X X, if
and only if (n,m) = 1. Hence the claim in the above example holds.

For f,(n) = e* % with @, irrational (0 <i <t,t€N), if 6,,...,0, are Q-lin-
early independent, then f, ,....f, are anqgie independent. In the following, we
give a brief explanation to the above fact. From Proposition 2.4 and Lemma 2.5,
we obtain that the sequence {(n,, ...,n6,)}> is uniformly distributed modulo
1. Then by Theorem 3.4, the maximal ideal space of the anqie generated by
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fgo, e fet is the Cartesian product of ¢+ 1 copies of S, while that of the anqie
generated by f, is S, fori =0, ..., 7.
Now we prove one of the main results in this section.

Proof of Theorem 1.2 Set F, = {f},....f,}, F, = {&...-.8,} and F = F, U F,. Let
(X, A) (or, A) be the angie generated by F. Denoted by (X;,A4,) (or A,) and (X,,A,)
(or A,) the angies generated by F, and F,, respectively. Then there is a continuous
injective map, denoted by i, from X to X, X X, given by i(p) = (p| A],p| A,) for any
p € X. In this case (X, A) can be viewed as a subsystem of (X; X X,,A; X A, ), that is
X is a closed subset of X; X X, and the restriction of A; X A, to X is identified with
A. Note that h(A; X A,) = h(A,) + h(A,) (see [2, Theorem 3]). Then

If 7, and F, are anqie independent, then i is a homeomorphism and thus the equality
holds. =

Corollary 4.3 Forany f,g € I®°(N), we have

[E(f) — £(g)| < B(f £ g9) < E(f) + £(g).
B(f - g) < B(f) + E(g).

Proof Since A;,, and A, , are subangies of A;,, Lemma 3.3(i) and Theorem 1.2
imply that

E(f £9), B(f-g) < E(f,g) < E(f) + E(g).

The conclusions result from &£(f) =&((f + g) F g) < £(f + g)+ £(g). O
As a simple application of the above corollary, we obtain the following result.

Proposition 4.4 For any f,g € [®(N) with £(g) =0, we always have L(f + g) =
().

Proof From Corollary 4.3, we have £(f + g)+&(—g) > A((f) and £(f + g) < E()+
A(g). It follows that E(f + g) =&(f). a

Write 0, (F) = {o,f : f € F}. Since A, 5 C Ay, one has B(A, 5) < E(Ax)
by Lemma 3.3. From Theorem 3.4, it is not hard to see that Xz\X, (5 contains at
most one element. Thus the following corollary holds.

Corollary 4.5 For any family F C I®(N), we have &(c 4(F)) =A(F).

The following lemma considers the angie entropy of the inverse of an arithmetic
function.
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Lemma 4.6 Let ¢ be a positive constant. Then for any f € [®(N) with |f(n)| > c for
alln € N, one has £(1/f) =&£(f).

Proof Let (Xf, Bf) and (X /f,B1 /f) be the canonical representations of Af and
A, s, respectively. Applying Theorem 3.4, the map ¢ : X; — X, defined by
P(wy, @y, ...)) = (1 /wy, 1/ wy, ...), for (wy, @y, ...) € Xf, is a homeomorphism sat-
isfying @oB, = B, ;;o¢. Then the topological entropy of B, equals that of B, and
thus () =£(1/f). O

Now we prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3 From Example 3, we see that £ (N) # @. Choose a g € £ (N)
such that g # 0 and Z£(cg) = +oo for any complex number ¢ # 0. For each f € [*(N)
with Z£(f) < 400, we have ||[(f + € - 8) —fllj» =€ |Iglle = 0 (¢ = 0™). It follows
from Corollary 4.3 that B(f + € - g) > Z(e - g)—&E(f) = +oo.

Proof of Theorem 1.4 Without loss of generality, we assume sup;cy |If;|l < 1/2.
Then for any G = {gg, g, ...} € I®(N) with sup,¢ |lg; = fill=» <6 < 1/2, all f,(N)
and g;(N) (i €N) lie in the closed unit disc D on the complex plane. Write

= (fitn+ j))iJ and 7, = (g(n + j))iJeN, viewed as matrices of infinite dimension
with columns given by elements in HZOW and HZO m, respectively. The shift
map B on (DV)N sends @ = (@;)); jen t0 B(@) = (@, j,1); jen- Recalling Theorem 3.4,
we consider the canonical representation (Xz, By) and (Xg, Bg) of Az and Ag,
respectively, where B = Bly_and By = Bl . There is a metric d on (DM)N given by

dw,0") = Z Z 2_j_i_2|a)iJ - a);/.|

jeN ieN

for any @ = {w;;}; ;e and @ = {a);J}

ijen- 1t is not hard to see that d(i,, 7,,) < 6 for
any ne€N  whenever  sup;llf; — gill= <. Define  open sets
Um= {a) €EXr: dw,1,) < 10_’”} andV, , = {a) €X;: do,1,) < 10_’”}. Then
Uu,={U,,, :neN}and vV, ={V,, : n €N} (m € N) are refining sequences of
open covers for Xr and X, respectively. By [2, Property 12], we obtain

h(Bg) = lim h(Bx,U,), h(Bg) = lim h(Bg,V,,).

m

Moreover, the sequences on the right side of above equalities are non-decreasing.
Now for any € > 0, there is a sufficiently large m’ such that

/’Z(B]_-,Um/_l) > h(B]: — €.

For any s > 1, let §; be a subcover of \/OstS_l

B;j (V) of X satisfying that the car-

dinality of g, is equal to A/ ]:(; Bg (V,»)) (the minimal cardinality of all possible
subcovers). Suppose that '
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p, = {vm NBG (V)0 OBV, ) (g any_y) € Sm,},

where S, is some subset of the Cartesian product of s copies of N.
We next show that

{Upywt NBZ WU,y o) 00 BEH U, o)) 5 (ng, i ) €S,

denoted by a,, is an open cover for X . Indeed, for any @ € X, there is an n’ € N
such that d(w, 1,,) < 10~"=5*1_ One may verify that

d(Byoty.y) = d(Byo, By ) <2 - d(@,1,) <2 107774 < 107
for 0 <j < s— 1. Assume further that
2y €V, w NB;'(V, )0 -nBS(V, L),

which is an open set in the cover f,. For 0 < j < s — 1, the condition 7,, € B;f (an’m,)
implies d (rn, + Tn,») < 107" Tt follows that

d(B]fa), an_> < d(B’fa), ln,+j> +d(y g Tysg) + ATy T,) + d(T, 0 0)
<107 46410 +86 <107+, (0<j<s-1),
provided that § < 10~ (this choice is independent of s). Therefore,
[ONS] Un m'—1 ﬂB ( ny, mr_l)n" .nB;-‘S*-l(Unx_l,m’—l)

for any s > 1. So a, is an open cover of X and a subcover of \/os/'ss—l B;j(um,_l).

Hence one has
s—1 _j ) ( s—1 _j )
/\/(\/j=0 BRUy-) <N\ BZ0w))-
Letting s tend to infinity, we then have

log M1y B7 (V,,))

h(Bg, er) = llm
N
) long B_/ ’—l))
Z llm = h(B]:,Z/{m/_l) > h(B]: — €.
§—00 s
It follows that A(Bg) > h(Bg, V,,) > h(Bf) — €, i.e., £(G) >A(F) — e. O

Remark 4.7 In the statement of Theorem 1.4, if F= {f,,f},...} is a family of
bounded arithmetic functions with £(F) = +o0, by similar proof to above, for any
N > 0, there is a 6 > 0, such that £(G) > N whenever G = {g;, g;, ...} C [®(N) sat-
isfies sup;oq llg; — fill = < 6.
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Corollary 4.8 View £: [®°(N) — [0, +o0] as a map defined on the set of all bounded
arithmetic functions. It is lower semi-continuous. Equivalently, if {f, }72  C I®(N) is
a sequence of functions that converges to f € [*(N), i.e., klim Il[fy =fll;» =0, then

A(f) < lilgn inf £(f,).

5 The arithmetic compactification of natural numbers

In this section, we shall use properties of angie entropy to construct a new compacti-
fication of natural numbers which is comparable to the Stone-Cech compactification.
The function space of our compactification is described by the following theorem.

Theorem 5.1 Let £,(N) be the set of all functions in 1*°(N) with vanishing angie
entropy, i.e., EN) ={f el*(N): E(f) = 0}. Then E(N) is a subangie of 1°(N).

Proof Corollary 4.3 shows that £(N) is an algebra closed under complex conjuga-
tion. Suppose that f € [®(N) and {fk}/c:;o is a sequence in &y(N) with
klim Ilfy = fll;» = 0. By Corollary 4.8, one has 0 < £(f) < 1il£n inf Z(f,) = 0. This

implies f € &,(N). Hence, the algebra &,(N) is closed under /*-norm. By Corollary
4.5, it is also o -invariant. Thus £,(N) is an anqjie. O

Definition 5.2 Let £,(N) be the set of all functions fin /®(N) with Z(f) = 0. Denote
by E,(N) the maximal ideal space of &,(N), and call it the arithmetic compactifica-
tion of natural numbers.

By definition, £,(bN) = C(E,(bN)). Define 6,,(n) to be 1 when n = m, and 0 oth-
erwise. Clearly, for any m € N the function §,,(n) has zero angie entropy. Denote
Co(N) by {f : lim,_ ., f(n) = 0}. Then Cy(N) C &(N). Each 1(m) € 1(N) is an iso-

lated point in Ey(N). In fact, the set {®w € Ej(N) : |w(5,,) — 1(m)(6,,)| < %} is a
neighborhood of 1(mm) in E,(N), which has only the point :(m).

The following lemma is a generalization of [2, Theorem 3], where a finite product
is replaced by an infinite one. The proof is similar. We omit the details here.

Lemma 5.3 Let (X;,T;) (¢ € E) be topological dynamical systems and (X, T) be the
product system ([ ] sz X¢, [ [ sez T¢) indexed by E. Then

WT) = Z h(T}).

fex

Lemma 5.4 With the notation given in Theorem 5.1, we have £(Ey(N)) = 0.

Proof Choose F = &,(N) in Theorem 3.4, then (E;(N), A) can be viewed as a subsys-

tem of (erfo(N) Xp [ee,n Af>, where X; is the maximal ideal space of A, and A,

is the continuous map on X, extended by the map i(n) — i(n + 1) on «(N). By Lemma
5.3, B(E(N)) = 0. O
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Each topological system has at least a maximal zero entropy factor [27, Theo-
rem 6.2.7]. Indeed, for (N, A), where N is the Stone-Cech compactification of N,
the system (E(N), A) is exactly the one.

Proposition 5.5 The following universal properties hold.
(i) If A is an angie with £(A) = 0, then A C E,(N).

ity The topological dynamical system (Ey(N),A,1(0)) satisfies the following
property: for any point transitive dynamical system (X, T,x,) with i(T) = 0, there
is a factor map « : (Ey(N),A, 1(0)) - (X, T,x,) such that #(1(0)) = x,. Moreover, if
another point transitive system (Z, K, z,) with h(K) = 0 satisfies this property, then it
is equivalent to (Ey(N), A, 1(0)).

Proof (i) For any f € A, the anqgie A, is a subangie of A. It follows that A£(f) <
ZE(A) =0. Thus A C E(N).

(ii) Since x, is a transitive point for (X, 7), the map n — T"x, gives rise to a map
from N to X with a dense range. It induces an injective homomorphism, denoted
by ¢, from C(X) into [*(N), i.e., (of)(n) =f(T"x,) for any f € C(X) and n € N.
So o(C(X)) is a C*-subalgebra of [*(N). Note that foT € C(X) for any f € C(X).
Thus o(C(X)) is o4-invariant and an anqgie of N. Suppose that Y is the maximal ideal
space of o(C(X)). It is easy to see that i(n) = T"x, extends to a homeomorphism
from Y to X, also denoted by ¢. Hence (Y, A, 1(0)) and (X, T, x,)) are equivalent. Since
ZE(o(C(X))) = h(T) = 0, it follows from (i) that o(C(X)) is a subangie of &,(N). Thus
(Y, A) is a topological factor of (E,(N), A). The factor map ¢ can be chosen as in Eq.
(2). Therefore, the map 7 = go¢p : (E,(N),A,1(0)) = (X, T, x,) is a factor map with
7(1(0)) = x,.

Let (Z, K, z;)) be another point transitive dynamical system with 2(K) = 0 satisfy-
ing the above properties. Then there is a continuous surjective map ¢ : E,(N) - Z
such that poA = Ko and ¢(1(0)) = z,. It follows that poA"(1(0)) = K"o¢(:(0)) and
@((n)) = K"z,. Symmetrically, there is a continuous surjective map y : Z — E,(N)
such that wyoK = Aoy and w(zy) =1(0). It follows that wyoK" = A"oy and
w(K"zy) = 1(n). It is easy to see that y is the inverse of ¢. Thus ¢ is a homeomor-
phism. Therefore, (Z, K, z,,)) and (E;,(N), A, 1(0)) are equivalent. O

To get a better understanding of functions with zero angie entropy, we show some
properties of the arithmetic compactification below.

Proposition 5.6 The arithmetic compactification Ey(N) has the following properties.
(i) It is not extremely disconnected.
(i1) Let R be an infinite subset of N. The closure of the set I(R) in Ey(N) is

uncountable.
(i1i) The space Ey(N) is not metrizable.
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Proof (i) Assume on the contrary that Ey(N) is extremely disconnected. Then the
closure of any open set is still open. It is not hard to construct a characteristic func-
tion yg (n) defined on a certain subset S; of N with (g ) # 0. For example, choose

(;(SI 0), )(s,(l)’ ...) € {0, 1} containing every finite sequences of 0’s and 1’s. Then
by Lemma 6.1, }E()(Sl) =log2. Let S, = N\S,. Since each point 1(n) (n € N) is iso-
lated in Ey(N), 1(S;) is an open set in E,(N). Let 1(S;) be the closure of 1(S;) in Ey(N).
Then by the assumption, we have that m in Ey(N) is clopen and thus
Xy € C(Ey(N)). Since «(S;) N 1(Sy) = @, the preimage of XSy under the inverse of
the Gelfand transform (see Eq. (1)) in &y(N) is Xs, This contradicts the fact
E(xs,) # 0.

(ii) Write R = {n; };2 , with ny <n; <n, < .... Note that the sequence {n,0}72, is
uniformly distributed modulo 1 for almost all 8 € (0, 1) (see [18, Theorem 11.2.5]).
Choose one such 6, and consider the transitive dynamical system (S', Ry, 1) with
zero topological entropy, where R, is the irrational rotation with the angle 6 on
S!. By Proposition 5.5, there is a factor map ¢ from (Ey(N),A) onto (Sl,Rg) such
that @(1(0)) = 1. Moreover, {@(i(m))}>, = {e*™™?}* = The closure of the lat-
ter is S', which is uncountable. Therefore, the closure of {z(nk)}l‘:‘;0 in Ey(N) is also
uncountable.

(iii) Assume on the contrary that E,(N) is metrizable. Choose @ € E,(N)\i«(N).
Since E(N) is a metric space by the assumption, there is a sequence of integers
{z(nk)};‘;o such that i1(n;) converges to w in Ey(N) as k — oo. This contradicts the fact
in (ii) that the set {i(n;), 1(n,), ...} has infinite limit points. O

In general, for a compact Hausdorff space X, if X is extremely disconnected,
then it is totally disconnected. However, the converse may not be true. We have
proved that E,(N) is not extremely disconnected. So it is interesting to ask if
Ey(N) is totally disconnected. We shall prove that E,(N) is totally disconnected
in the next section. At the end of this section, we show an equivalent condition
about the statement that E,(N) is totally disconnected.

Proposition 5.7 Suppose that Fy(N) is the set of all arithmetic functions with zero
angie entropy and finite ranges. Then Ey(N) is totally disconnected if and only if
E(N) = Fy(N), where Fy(N) is the closure of Fo(N) in I®°(N).

Proof Assume that E(N) is totally disconnected. Then for any x,y € Ey(N) with
X #y, there is a clopen set U such that x € U,y ¢ U. Then y,; € C(Ey(N)) and
xu®) =1, yy(y) = 0. This implies that the *-subalgebra y(F,(N)) in C(E,(N)) sepa-
rates the points in E,(N), where y is the Gelfand transform (see Eq. (1)). Then by
the Stone—Weierstrass theorem, we have y(F,(N)) is dense in C(E,(N)), and thus
E(N) = Fy(N).

Conversely, suppose that £,(N) = F,(N). Given distinct points x,y € Ey(N),
by Urysohn’s lemma, there is an f € C(E,(N)) such that f(x) # f(y). Then by
the assumption, there is a g € Fy(N) such that g =y(g) in C(E,(N)) satisfying
¢(x) # g(y). Note that the continuous function g has a finite range. It is not hard to
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check that g~!({2(x)}) is a clopen set in Ey(N). Thus x, y can be separated by a clo-
pen set. It follows that E(N) is totally disconnected. O

6 Approximation method for arithmetic functions

In this section, we shall develop an approximation method for any map f from N to
X, where X is a compact Hausdorff space. Recall that in Sect. 2, the angie entropy of
fis defined to be the topological entropy of the Bernoulli shift B (on X™) restricted
toNthe space X;, where X, is the closure of the set {(f(n),f(n+1),...) : n €N} in
X"

In the approximation process, we need to compute angie entropies of maps
with finite ranges. First let us recall some basic concepts in symbolic dynami-
cal systems. For a finite set A, a block over A is a finite sequence of symbols from
A. An m-block is a block of length m. For any given (finite or infinite) sequence
x = (xy, Xy, ...) of symbols from A, we say that a block w occurs in x or x contains

w if there are natural numbers i, j with i < j, such that (x;, ... ,xj) =w. A concat-
enation of two blocks w; = (a,...,a;) and w, = (b, ...,b)) over A is the block
W1W2 = (Cll, e ,ak,b], een ’bl)

Now suppose that f : N — X has a finite range. We can view f as a sequence
{f(m)}> in f(N)N. Let B, (f) denote the set of all m-blocks occurring in f, i.e.,

n=0

B,() ={(fm),fn+1),....f(n+m—1)) : n>0}.

Lemma 6.1 Let X be a compact Hausdorff space and f a map from N to X with finite

range. Then the angie entropy of f equals lim,,_, W.

Proof Let X, be the closure of the set {(f(n),f(n+1),...,) : n € N}in F(N)N. Then
by the definition of anqie entropy, we have that the anqgie entropy of f equals the top-
ological entropy of By, the Bernoulli shift B restricted to X,. We assume that
JN)y=Aay,...,q} for k> 1. Let D; = {(x,x;,...) EX; t xy =q;} for 1 <i<k.
Denote by E={D,,....D.}, an open cover of Xf. Define
&, =¢& VBf‘1§ Ve VBf_"“.f. Thenn = {&, : n > 1}is a refinement cover family of
X;. Thus h(Bf) =lim,_, h(Bf, £,) (see [2, Property 12]). Here the notation h(Bf, &)
is introduced in Definition 3.1. Let @,,(f) be the image of the projection map from
X, onto its ﬁrlst o coordinates. 1 It is not hard to check that
h(Bf,Zjn) =lim,,_, 108 1@y DI _ lim w. Note that the convergence of a

m m—oo
sequence in X, is coordinate-wise. Then |®,,(f)| = |B,(f)| and the claim in this
lemma holds. O

Lemma 6.2 Let X be a compact Hausdorff space and f a map from N to X with finite

range. Denoted by R, (f) = {f(Im),f(Ilm + 1),....f(Im+m—1) : | > 0}. Then the
angie entropy of f equals
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log R, ()
m  —-.

m—oo m

&)

Proof On one hand, since |R,(f)| < |B,,(f)| we have limsup,,_, ., W < E(.
On the other hand, for any given m > 1 and any km-block w with k > 1 occurring
in f, there is a concatenation of certain k + 1 successive m-blocks in R, (f) such
that the concatenation contains w. Thus |B,,,(f)| < m(|R,(f)|)**!, which implies

A(f) = lim;_, w w. We then have A(f) < liminf,,_ 2Rl

m

Hence ZA(f) = llmm_> M O

m

Now we prove a stronger version of Theorem 1.9.

Theorem 6.3 Suppose that (X, d) is a compact metric space and f a map from N to X
with angie entropy A (0 < A < 4+00). Then for any N > 1, there is a map fy fromN to
S(N) with finite range such that the angie entropy of f is less than or equal to A and

sup, d(fy(n).f () < 5

Proof Given N > 1, suppose that {U; = B,(x;, llv) :i=0,1,...,k}is an open cover
of f(N), where B,(x;, 1%/) ={xeX :dx,x) < %v}' We may assume that x; = f(m,).
For simplicity, we use X, to denote f(N). Suppose that X, is the closure of the set

{(f(n),f(n+1),...) : n€N}in X(’}‘. Let B, be the Bernoulli shift on X('?‘ restricted to
Xy, given by (wp, wy, ...) = (w1, ®,, ...). For s > 1, denote W, by

U xU, x..x U, x X MOLes=l)
iy i i 0

: {io,il,...,is_l}E{O,l,...,k}s},
which is an open cover for X;. Set#, = 1and U =w,

We use iteration on [ for [ =0,1,2,.... At the beginning of the /-th step, we
always assume that there is a natural number ¢, and an open cover U of X which is
a subcover of V,. From the definition of the angie entropy of f, we have that the
topological entropy of B;, denoted by h(By), is equal to A. So h(Bt’ ) = t;A. For each

s > 1, write Z/fil) = \/]S;0 (B;f) <. Then Slin;s ! logJ\f(Uﬁ,)) < t;A. Here, for an open
cover U of X, recall that M) denotes the minimal number of open sets in U that
cover X, So there is a sufficiently large natural number s, such that
s log/\/(Z/{g)) <t,A+27L Set t,,; =t;5,. Then Z/{(Yf) is a subcover of W, . Now
choose a subcover W) = {V(l), V;Z), e V]Ef)} of L{Ef) which satisfies
V01 = A = k

Note that a point (f(j),fG+1),...) G €N) may lie in many open sets

in V). We employ the following strategy to chose a particular one. Let
m 2 {0, 1,... .k} =W, be the bijection defined by

.o . N\{O,1,....t1,,—1
”l((l()’ll""’ltH_l—l)) :Ul.o)(Ui1 X XU, XX A\ li41 }

Y11 0
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Define

ip=min{l <i <kt (FGtry). . SG+ Dty = DofG + Dty ...) € V)

and g, to be the map fromNto {0, 1, ..., k} by
§1(t141): -+ 8(G + Dty = D) = 77 (V)"

for each j > 0. Then we set "D = V¥ and iterate on [ + 1. ,

Now, by the above construction ﬂljrl(V(l“)) C (ﬂl‘l(VU)))s’+l for all / > 0. It fol-
lows that for any r > 0, the sequence (g,(0), g,(1),...) can be viewed as an infinite
concatenation of at most e(#+27)% different £, ,-blocks for each [ < r.

Next we constructamap g : N — {0,1,2,...,k} by g(m) = go(m) for0 <m < t,
and g(m) = g,(m) fort; <m < 1, (I > 1). It is not hard to verify that

(&Gt - s 8(G + Dipyy = D) 2 j 20} < @205 41

for all / > 0. Here the term +1 counts the possibility that (g(0), ..., g(#,,; — 1)) does
not belong to 7! (D). It follows from Lemma 6.2 that

KE(g) = lim —log‘ {(gGtis1), -, 9((G+ Dtigr —1)) 1 j =2 0F[ < A

I—00 Ty41

Finally, define fy(n) = x,,) =f(my,). From the above construction of g, we see
f(n) € Uy, Note that Uy, = Bd(xg(n), ) Then d(f(n),fy(n)) = d(f(n), x,,)) <3

By Lemma 6.1, we conclude that the angie entropy of f), is equal to £(g) < A. |:|

Theorem 1.9 is a consequence of the above theorem. Now we are ready to prove
Theorem 1.5.

Proof of Theorem 1.5 Applying Theorem 6.3 and Proposition 5.7, we obtain that the
space Ey(N) is totally disconnected. From Proposition 5.6(i), we know that E,(N) is
not extremely disconnected. The proof is completed. a

As an application of Theorem 6.3, we now prove Proposition 1.10.

Proof of Proposition 1.10 Let x be a given point in X and g be the map from N to X
defined by g(n) = T"x. Let O, denote the orbit of x,i.e.,O, = {T"x : n=0,1,2,...}.
We use O, to denote the closure of O, in X. Then the topological entropy of T
restricted to O, is less than or equal to A. By the definition of angie entropy, we
have that the anqgie entropy of g equals the topological entropy of T restricted on O,
which is less than or equal to A. Then by Theorem 6.3, the claim in the proposition
holds. O

At the end of this section, we prove the following result, which is crucial to prove

Theorems 1.6 and 1.7 in the next section. The proof of this result is similar to that in
Theorem 6.3.
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Lemma 6.4 Suppose that X is a compact Hausdorff space and f a map from N to
X with angie entropy A (0 £ A < +00). Let U be an open set in X, and K C U, be
a closed set in X. Then there is a set C C N with f~1(K) C C C f~'(U,) such that
Axc) < A

Proof Let Uy = X\K, then X = U, U U,. Suppose that X, is the closure of the set
{((f),f(n+1),...) : n€N}in XM Fors > 1, let

W, ={U, XU, X -+ x Uy x XMUolehad g i} € {0,11),

which is an open cover for X;. Then similar to the proof of Theorem 6.3, we
can construct an arithmetic function g : N — {0,1}N such that A(g) < A and
f(n) € Uy, Moreover, for n € f~1(K), we have f(n) € U,\U, and then g(n) = 1.
For n & f~1(U,), we have f(n) € U,\U,, then g(n) = 0. The lemma follows by tak-
ingC={n:gn =1} O

7 The K-groups of £,(N)

Recall that £y(N) is the C*-algebra of all arithmetic functions with zero angie
entropy. It is *-isomorphic to C(Ey(N)). In this section, we shall prove that
Ky(EN)) = {f € §(N) : f(N) € Z} (Theorem 1.6) and K,(&y(N)) =0 (Theo-
rem 1.7). Lemma 6.4 is an essential tool to prove the above results. The following
proposition follows from Lemma 6.1 that will be used in our proof.

Proposition 7.1 Let f € Fy(N), i.e., f has zero anqgie entropy and finite range. For
any ¢ € f(N), let f. € I°(N) be the characteristic function defined on f~'({c}). Then
A(f.) = 0. In particular, any function in Fy(N) is a linear combination of {0, 1}-val-
ued functions with zero angie entropy.

We first list some notation and recall the definition of K,-group of unital C*-alge-
bras. Let A be a unital C*-algebra. Denote M, ;(A) as the set of all k X [ matrices
with entries in A. In particular, M, ;(A), also denoted by M;(A), is a C*-algebra.
For ay,...,a, € A, the expression diag(a,, a,, ..., ;) stands for the k X k diagonal
matrix with diagonal elements a,, a,, ..., a, in order. Denote by P(A) the set of all
projections in A, i.e.,

PA) ={peA:p*=p"=p}.
Set

Pu(A) = P(M,(A) and P (A) = U2, Py(A).

Here we view P,(A), k= 1,2, ..., as being pairwise disjoint. For any p € P,(A)
and g € P)(A), we say p ~ q if and only if there is a u € M;;(A), such that
p = u'u,q = uu*. It is known that ~ is an equivalence relation on P_ (A). Define
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D(A) = P, (A)/ ~, and let [p], € D(A) be the equivalence class of p € P (A).
The formula

[plp + [glp = [diag(p, 9)]p

gives a binary operation on D(A) such that (D(A), +) forms an abelian semigroup.
Recall that the K-group K,,(A) is defined to be the Grothendieck group of the semi-
group D(A). More specifically, define an equivalence relation ~ on D(A) X D(A) by
([p11ps [q11p) ~ ([p2]p, [92]p) if there is some [ply, € D(A) such that

(P1lp + [@21p + [Plp = [91]p + [P2]p + [Plp-

Then Ky(A) = (D(A) x D(A))/ ~.

Now, let us return to the computation of K,;(&y(N)). Recall that £y (N) = C(E,(N))
and E(N) is totally disconnected by Theorem 1.5. We remark that Exercise 3.4 in
[21] gives a general result for the K;-group of C(X), where X is a totally discon-
nected space. Here for the specific object E(N), we present a different method to
compute the K, group, from which we obtain a result (Lemma 7.2) that can not be
deduced from the general K-theory.

For simplicity, we use &, to denote £,(N) in this section. We first prove that each
projection in P, (&) can be “diagonalized”.

Lemma 7.2 For any k>1 and any P € P(&,), there is a diagonal matrix
0 € P (&), such that P ~; Q.

Proof For any k > 1and r with 0 < r < k, define
Ri(r) = {P1<ijer € PilE) © T, pis(n) = r for any n € NJ.

Claim: For any P € R,(r), there is a diagonal matrix Q € R,(r) such that P ~, Q.
First we show how to prove this lemma if the claim holds. Let
P=@i<ijex € Pi(&y). Define

r(n) = py(n) + pyr(m) + - - - + py(n) = rank(P(n)),

where P(n) = (sz(”))lgi <k Then by Corollary 4.3 we have r(n) € &, Note that
r(n) has a finite range. For any i =0,1,... .k, set R, = {n €N : r(n) =i}. Then
ZA(yz) =0 by Proposition 7.1. Let E; = diag(l;,0,_;) € M;(C). Consider the
projeétions

P, = AP+ (=g )E;, i=0,1,....k

Then 131 € R;(i). From the assumption of the claim, there is a V; € M, (&),
such that V,Vr = 131 and V'V, is a diagonal matrix in R, (). Note that
P= Zf:o xR P = 25;0 )(R,-ﬁi' Choose U = Zf:o A& V- Then UU* = P and U*U is a
diagonal matrix in P, (&y).

Next, we prove the correctness of the claim. We use induction on k with
k=1,2,.... For k = 1, the proof is trivial. Assume inductively that the claim holds
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for some k — 1 and any » with O < r < k — 1, where k > 2. In the following, we show
that the claim holds for R, (r) with 0 < r < k.

When r =0, the proof is trivial. In the following, we assume that » > 1. Sup-
pose that P = (p;);<; j<x € Ry(r). Since P is a projection, it follows from P*P = P
that 0 <p,; <1 (1 <i<k). Let p; = p,;. By Lemma 6.4, there is a C; C N with

Z(xc,) = 0, such that
pri(r/k 1) € €, C pyl((r/2k, 1).

In the following, we use 1terat10n on [/ to construct a function p; and a set C,
2<I<k).Letp,=p,- Hj l(1 Xc,)- Equivalently,

() = 0, ifneCiu...uC_,,
Pi pun), ifngC,U...UC_,.

Note that Z£(p;) = 0. Applying Lemma 6.4 again, one obtains a set C; € N with
E(xe) = 0 such that

"[r/k,11) € C, € p; ' ((r/2k, 1])

Since p,(n) > r/2k > 0 for n € C; (2 < [ < k), one sees that the sets Cy, ..., C, are
pairwise disjoint. Moreover, we have Uf.‘ZICl- = N. Actually, if UZ‘:]Ci # N, then
choose n € N\ Uk C;. Since p;(n) = p;(n) < - z (1 < i< k), this contradicts the fact

that Y5 | p;(n) = r. Thus U C; = Nand P = 2 L xe P
As matrices in M (&), let F, = = F, = diag(1,,0,_,) and F; = diag(0,_,, 1,,

0)) for r+1<i<k. Let Pl = )(C,P+ (I = yc)F; for 1<i<k. Then
P= Zf.;] Xc, P Suppose that P; = (f;il)lsh,lsk € Ry(r). It is not hard to check that
fi) > r/2k for all n by the construction of C;. Let V; = (v} ), be given by

vio=fi/\/fi forl =iand v| = 0 otherwise. By Lemma 4.6, we have V; € M, (&,).

By the relations P P; = P; and P} = P,;, we obtain that ZI;, AP =1 <1<k
Now a simple calculatlon leads to V*V =diag(0,_,, 1, 0,_;), which belongs to (1),
and V,VF € R;(1) as well. Since Range(V V¥) C Range(V;) C Range(P;), we have
P, = V.V € Ry(r—1). It is not hard to check that every element in the i-th row and
the i-th column of P; — V,V is zero. By inductive hypothesis for k — 1 case, there
is aU; € M (&) with every element in the i-th row and the i-th column of U, being
zero, such that U;Ur = P; — V;V*and U U, is a diagonal matrix Q; in P(&).

Note that U, V!V, U* = Udlag(Ol 1 L0 U =0. So U;Vi=0. By the
fact that VIU; U*V V*(P ViV)V; =0, we obtain UV, =0. Finally, set

U= Zi:l xc,(U;+ V). Then UU* = P and U*U is a diagonal matrix Q in P, (&).
a

When a diagonal matrix diag(f;, ..., f;) in M (&) is a projection, it satisfies that

fl2 =f =]7, foralll <I<k.So fi,....f, all take values in {0, 1} and they are char-
acteristic functions.
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Lemma 7.3 Let k> 1. Suppose that diag(fi,....f,) € P(&y). Then there are
characteristic functions 8,8, ...,8; € E(N) with g, > g, > -+ > g, such that

diag(g,, ... &) ~odiag(f, ..., f). Moreover Zj;lfi(n) = Zle g/(n)foralln € N.

Proof Assume inductively that the claim holds for some k with k > 1. Then we
may assume that diag(f}.f. ... .fer)) ~o diag(f, hy, ..., lyyy), where h; = x,, for

i= ,k+ 1, satisfying Ay 2 A; 2 -+ 2 Ay, and Zf:zlﬁ(”) = Zk+1 h;(n). Sup-
pose that Ji = xa, for some A,. Let

V= <f‘ Aa\a, > and U = diag(V, s, ..., I).
AA,0A,

Note that x4, =fihy and gy \4, = hy = fih,. SoU € My, (&) and
U*U = dlag(fl,hz,h3, e ’hk+1) ~0 l]U>‘< = diag()’/Alqu, xA]ﬁAz’ h3 een ’hk+1)'

It is easy to see that

k+1 k+1

A+ Y () = 00, (0) + 00, (1) + D ().
=2 i=3

By induction on the k case, we further assume that

diag(¥a,ua,» Xa,na, 13 - > Papr) ~o diag(xa 04, 820 83 -+ > 8k1)s

where g, > g, > - >g, and g, rvb(n) + Ziﬁ; h(n) = Zk+21 gi(n). Observe
that )(Alqu(n) = 0 implies h;(n) =0 for i = ,k+ 1. Thus Zk+21 gi(m) =0, and
gi(n)=0forall jwith j=2,....k+ 1. Let g, = x4 ua,- Then g; > g, > - > g4
Now we obtain the k + 1 case of the claim. O

From Lemma 7.2 and Lemma 7.3, we see that

D&y = {[diag(fi,fos .- S)lp t k= 1, € P(&),i=1,....,k
andfy > f, > - = fi }.

The following theorem gives a more simple description of D(&).

Lemma 7.4 The semigroup D(E,) is isomorphic to the additive semigroup
{fe& f(N) S N}L

Proof Let Tr be the map from D(&) to {f € &, : f(N) C N} defined by Tr([plp)(n)
= Z, 1p”(n) for p = (p;)1<ij<x € Pi(&y) and n € N. We first show that Tr is well-
defined, i.e., for any p,q € P (&), if [plp = [g]p. then TI([p]D) =Tr([g]p). Since
D ~¢ ¢, we have rank(p(n)) = rank(g(n)) for any n. Thus Zl , Pi(n) = Zf:l q;;(n).

Now we prove that Tr is one-to-one and onto. On one hand, suppose that
p.q € P (&) and Tr([plp) =Tr([qlp). Using Lemmas 7.2 and 7.3, we assume that
for some k£ > 1,
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p ~q diag(f1, /5, ... .fy) and g ~, diag(g;, &, ..., &)

where f; >-->f, and g, >--2>g. Since Tr([plp) =Tr([gqlp), we have
T =X gm for any neN. Let C;={n:Y. f(n)>i}. Then
fi=xc, =gifori=1,....k Hence[plp = [¢lp, i.e., the map Tr is injective.

On the other hand, for any ge&, with g(N)C{0,1,2,...,k}, let
i) = Xym:gom»in(m) for i=1,....k. Then A(f;)=0 by Proposition 7.1 and
g= Zf:lfl = Tr([diag(f}, ..., fi)]lp)- Thus Tr is a surjective map. In addition, the
map Tr is a homomorphism. This is because that for any &, > 1,

Tr([diag(fy. /2, --- . fi)lp + [diag(gy, &, -+, &)]p)
= Tr(ldiag(f for - i 815825 > 8)10) = T i+ X1 &
= Tr([diag(f}.f>, ... . f)]lp) + Tr([diag(g,, &2 --- - 8)1p)-

Therefore, Tr is an isomorphism. O

The K-group K, (&) is the Grothendieck group of the semigroup D(&), i.e.,
Ky(&) = D(&y) X D(&y)/ ~. We use {[plp, [q]p) to denote the equivalence class of
([plps [4]p) under ~.

Proof of Theorem 1.6 Let ® be the map from K,(&;) to the additive group
{f €& : f(N) C Z}defined by

@(([plp, 9]p)) = Tr([plp) — Tr((qlp), P.q € Pe(&y)

Here the map Tr is given in Lemma 7.4, that is Tr([plp) = Zle p;i(n) for any
P = Wi<ijex € Piu(&). By Lemma 7.4, we know that Tr is an isomorphism from
D(&,) to the semigroup {f € &, : f(N) C N}.

We first show that @ is well-defined. Suppose that ([p;1p, [p2]p) = ([P|1p, [P5]1p),
where  py,pa.p.P5 € Pyo(&). Then there is some [glp such that

[p1]p + [Pyp + [9lp = [P)1p + [P2lp + [qlp. So Tr(lp 1p)+Tr(pSlp) = Tr(p)lp)
+Tr([p,1p) and @([p,1p. [P21p)) = ®([P)1p, [P5]p)). Since Tr is a surjective map,
it follows that @ is surjective.

Next, we show that @ is injective. Suppose that p,,p,, p’l, p’2 are elements in

P (&) such that q’(([l’ﬂp» [Pz]p)) = q’(([P'l]D’ [plz]D>)' Then

Tr([diag(p,. P)lp) = Tr((py1p) + Tr((p}1p)
= Tr([p}1p) + Tr((p,1p)
= Tr([diag(p'l,pz)]p)-

Note that the map Tr is injective, then [diag(p,, p’)]p = [diag(p}, p,)1p. Hence @ is

injective. It is not hard to check that ® is a group homomorphism. Thus we conclude
that @ is a group isomorphism. O
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Next, we show K, (&;) = 0. To prove this result, we first recall the definition of K|
-group of unital C*-algebras. Let A be a unital C*-algebra with the unit 1 ,. We use
U(A) to denote the group of unitary elements of A4, i.e.,

UAD ={ue A v'u=uu"=1,}.

Two elements u, v € U(A) are called homotopic in U(A), denoted by u ~,, v, if there
is a continuous map @(¢) from [0, 1] into (.A) such that ¢(0) = u and (1) = v. It is
not hard to check that ~, is an equivalence relation on Z/(A). Denote by U(A), the
connected component of 1 4 in U 4, i.e., U(A), = {u € U(A) : u ~, 1 4}. It is known
that U(.A), is a normal subgroup of U(A).

Let U(A) = UM (A). Also let U (A) =UR U(A), which is a disjoint
union. For u € U,(A) and v € U,,(A), we define u ~, v if and only if there is a
k > max{n,m} such that diag(u,1,_,) ~, diag(v,1,_,). It is known that ~; is an
equivalence relation on U/ (A). The K;-group of A is defined to be U (A)/ ~;.

To prove that K, (&) is trivial, we need to show U (&) = U, (&), for all k. That
is, for any u € U (&), it satisfies u ~, I;, where I, denotes the k X k diagonal matrix
in U (&) with diagonal elements all equal 1. We recall some well-known results in
operator algebra (see, e.g., [21]) in the following lemma.

Lemma 7.5 Let A be a unital C*-algebra with the unit 1 4. The following proposi-
tions hold.

(i) Let u € U(A). Suppose that the spectrum sp(u) of u is not S'. Thenu ~, 1 4.
(i) Let u,v € U(A) and ||lu — v|| < 2, where || - || is the norm on A. Then u ~,, v.
(iii) U(A)y = {exp(ivy) ---exp(iv,) : n=1,2,. SV = v eAj=1,..,n}kL

In the rest of this section, we use I, to denote diag(l,1,...,1), the unit of
E @M (C)fork > 1. Let E(k) be the element in £, @ M, (C) obtalned by exchanging
the i-th row and the j-th row of I,. Since sp(E( ) is a finite set, E( ) » 1, by Lemma
7.5(1). First, we consider the case k = 1.

Lemma 7.6 For any f € U(E,), we have f ~; 1

Proof Note that the spectrum of any function fe lm(N)isp(F) =?(N). Sup-
pose that f € U(&y), ie., |f(n)]=1 for any n € N. If f(N) # S!, then f ~, 1
by Lemma 7.5(i). In the following, we assume that f(N)=S! Note that
AE()=0 implies ZA(Im()])=0. Let F,={neN: |Im{)@n)| <1/4} and
F,={neN: |[Im({f)n)] <1/2}). Applying Lemma 6.4, there is a CCN
with F{ C C C F,, such that B(y,)=0. Let g=fy-+1— y.. We can check
that g € U(Ey). Tt is easy to see sp(g) # S'. So g ~, 1 by Lemma 7.5(i). Since
I = gllie = (1 =(1 = 2o < 2. f ~, g by Lemma 7.5(i). Thus f ~, L. O
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Proof of Corollary 1.8 By Lemmas 7.5(iii) and 7.6, we have, for any f € U(&,), there
is a real-valued function g € &, such that f = exp(ig), as claimed in Corollary 1.8.
O

Next we consider the case k = 2.

Lemma 7.7 Foranyu € U,(&,), we have u ~, I,.

Proof For any u € U, (&), one may assume that u = (? hj;ff> for some f},f, € &,
2
with |[f;(m)|* + [L(n)|> =1 for any n, and h € [®(N) with |h(n)| =1 such that

hfy, hf, € &y. Thus h = hfsfy + hfyf, € & and h € UE,). By Corollary 1.8, there is a
real-valued function g € &, such that 7 = exp(ig), i.e., h(n) = exp(ig(n)) for n € N.

Note that the map z : [0, 1] — U,(&,) defined by z(r) = (J;l exp(irg)f; 2_> is con-

> —exp(itg)fy
u ~h Ltl = <J;1 f2—>.
> —h
The eigenvalue functions of u, are

M) =1-Imfi(n) + /1 = Amf, ()2, Ay(n) = i - Imf (n) — 1/ 1 — (Imf, (n))2.

(6

tinuous. We obtain that

Then sp(u;) = 4,(N) U 4,(N). Note that £E(|f,]|) = 0. Set
Fi=neN:12<|ffn)| <1}, F,={neN:1/4<|i(n)| <5/4}.

By Lemma 6.4, there is a subset C of N with F; € C C F,, such that £(y.) =0.
Suppose that

v ul)(c+(1—;(c)'diag(1,—l)=<g‘ g2_>,

82 — 81

(1 = xe) + xcEp = <h —_>‘
2 1

V2

This construction ensures that
uy = yc+u(1—yo)=vixe+v,(1 = x0).

Note that g,(n) =f,(n)yc(n)+1— y-(n), then |g,(m)| > 1/4 for all n € N. By
Lemma 4.6 and Corollary 1.8, we can rewrite g,(n) as |g,(n)| exp(ig; (n)) with some
real-valued function g; € &,. Now we obtain

e (laml %
" hvl‘( 2 —|g1<n>|>'
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Note that Im(|g,(n)|) = 0. A similar argument as in (6) shows that sp(v}) is con-
tained in the real line, which differs from S'. By Lemma 7.5(i), we conclude
v, ~, I,. Since |fj(n)| < 1/2 for n & C, one has |h;(n)] < 1/2 in the expres-
sion of v,. Similar argument results in sp(v,) # S'. So v, ~,, I,. Finally, let @;(t)
(i=1,2) be the corresponding path in U, (&,) connecting v; and I,, respectively.
Set @(t) = @ (D) xc + @,(H)(1 — x). Then (¢) is a continuous map from [0, 1] into
U, (&) with @(0) = u; and ¢(1) = I,. Therefore, u ~;, u; ~, I,. O

Finally, let us prove Theorem 1.7.

Proof of Theorem 1.7 We prove the claim by induction on & that u ~, I, for any
u € Uy(&y). By Lemma 7.6, the statement holds for the k = 1 case. Assume induc-
tively that the statement has been proved for the & — 1 case with some k£ > 2. Now
we consider the k case. Letu = (f}) <; ;< € Uy(&y)- Then Zf:] If;;(m)|? = 1for any n.
We apply the same method as in the proof of Lemma 7.2. Set i, = f;, and

Fi={n:1/Vk<Iml <1}, G = {n: 1/@Vh < ] < 1+1/@Vh).

By Lemma 6.4, there is a C; € N with F, € C, C G, such that £A(y.)=0. In
the following, we use iteration on [/ to construct a function /; and sets F;, G;, C,
2<LILh.

Lethy = fiy - [Ty (1 = xe)- Set

Fi={n: /Vk<Inm| <1}, G ={n:1/@Vh < | <1+1/QVk).
Since A(h)) =0, there is a set C; with F; € C; € G; and Z(yc,) = 0. It satisfies
that Cy, ..., C, are pairwise disjoint and N = C,; U --- U C}. Moreover, we have that

[fn(m)] < 1/Vk for n & C, U - U C, and [f,, (m)| > 1/2\/k) form € C,;(1 < [ < k).
For i with 1 <i <k, letv; = uyc, + E\ (1 = x¢). Then v; € U,(£y) and the i-th ele-
ment in the first column in v; is the function with the range in (1/2 \/%, 1]. In the fol-
lowing, we show v, ~,, I,.
Suppose that vi = (g;);<; < Let
g &1

=] Vien?+lgnl? Vil + gyl
! 821 811

\/|811|2+ e \/|gl1|2+ |g21 12

and u; = diag(i1,I,_,). It follows from Lemmas 3.3, 4.6, and Corollary 4.3 that

1 I 1
up € U(&y). Setuyvy = (ggj))lgi,jgk’ then g(l 1) = VIgi11* + 182 |* and 8(21) = 0. More-

m(n)l > 1/(2\/%) for n € N. So similar to the above process, we can obtain

oVver, |g11
Uy, ..o Uy € U(E,), such thatu,_, - - - uu v, = diag(1,u), where u € U,_,(&,). By
Lemma 7.7, u;~, I, for i=1,....k—1 This implies wu'u;"---u' ~, L.
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Together with % ~, I,_, from the inductive hypothesis on the k — 1 case, we obtain
~p e

For i with 2 <i <k, applying the above argument to E( ) v;, we conclude

E( )v ~y Iy and thus v; ~;, I,. Suppose that ¢,(?) is the contmuous path in U, (&)

from vito I, for j=1,... ,k. Recall that u = Zj;l uje, = Zf:l viXc,- Then the path

o(t) = 2;;1 (pj(t))(q is continuous such that ¢(0) = u, @(1) = I,. The proof is com-
pleted. O
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