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Abstract. Recently, sparse coding has been widely used in many ap-
plications ranging from image recovery to pattern recognition. The low
mutual coherence of a dictionary is an important property that ensures
the optimality of the sparse code generated from this dictionary. Indeed,
most existing dictionary learning methods for sparse coding either implic-
itly or explicitly tried to learn an incoherent dictionary, which requires
solving a very challenging non-convex optimization problem. In this pa-
per, we proposed a hybrid alternating proximal algorithm for incoher-
ent dictionary learning, and established its global convergence property.
Such a convergent incoherent dictionary learning method is not only of
theoretical interest, but also might benefit many sparse coding based
applications.
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1 Introduction

Recently, sparse coding has been one important tool in many applications ([24])
including image recovery, machine learning, recognition and etc. Given a set of
input patterns, most existing sparse coding models aim at finding a small number
of atoms (representative patterns) whose linear combinations approximate those
input patterns well. More specifically, given a set of vectors {y1,y2,...,Yp} C
R™, sparse coding is about determining a dictionary (the set of atoms)

{dl,dz, .. .,dm} C R”,

together with a set of coefficient vectors {ci,...,¢c,} C R™ with most elements
close to zero, so that each input vector y; can be approximated by the linear com-
bination y; ~ Y, , ¢;(£)d,. The typical sparse coding method, e.g. K-SVD [1],
determines the dictionary {dq,ds,...,d,} via solving an optimization problem
with sparsity-prompting functional on the coefficients:

P

min Y (|yi — Deill3 + Alleillo),  subject to [|djfa =1, 1 <j <m, (1)

D.{c; f:l i=1

where || - ||o counts the number of non-zero entries and D = {di,...,d,} is
the dictionary for sparse coding. It is well known that the above minimization
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(1) is an NP-hard problem and only sub-optimal solution can be obtained in
polynomial time. Most existing methods use an alternating iteration scheme to
solve (1).

Despite the success of sparse coding in many applications, the sequence gen-
erated by most existing numerical solvers for solving the non-convex problem
(1) can only guarantee that the functional value of (1) is decreasing at each it-
eration, which can not guarantee the generated sequence is convergent. Indeed,
the sequence generated by the K-SVD method is not convergent; see Fig. 1 for
an illustration. Moreover, as it has been mentioned in the literature, good per-
formance of sparse coding in various recognition tasks requires imposing some
additional constraints of the dictionary. One of such essential dictionary proper-
ties is the so-called mutual coherence:

p(D) = max|(d;, d;)|, 2)
i#]
which further increases the technical difficulty of designing an effective numerical
method with theoretical soundness. Although there is no such term in (1), the
existing implementation of the K-SVD method implicitly tries to avoid learning
a dictionary with high mutual coherence by discarding the learned atom which
has large mutual coherence with the existing ones in each iteration.
In this paper, we consider the problem of sparse coding that explicitly imposes
additional regularization on the mutual coherence of the dictionary, which can
be formulated as the following minimization problem:

1 le}
Z(Q lyi — DeillF + Aleillo) + 9 ID'D - 1|7,

min
D’{ci f:l

The minimization models similar to (3) have been used in several sparse coding
based systems; see e.g. [21,16,7]. As a more general optimization problem which
contains the K-SVD model (1) by setting o = 0, the optimization problem (3)
is a even harder problem to solve.

This paper aims at developing a fast alternating iteration scheme specifically
designed for solving (3). As shown in the experiments, compared to the generic
dictionary generated by the K-SVD method, the dictionary generated by the
proposed method has much lower mutual coherence and it provides better per-
formance in several sparse coding based recognition tasks. Moreover, in contrast
to the existing numerical solvers for (3), we provided the rigorous analysis on
the convergence of the proposed method. It is mathematically proved that the
whole sequence generated by the proposed method converges to a stationary
point of the problem, while the existing analysis of all other solvers only shows
that the functional values of the sequence is decreasing or equivalently only
a sub-sequence is convergent. The whole sequence convergence of an iteration
scheme is not only of theoretical interest, but also important for applications,
e.g. the number of iterations does not need to be empirically chosen for obtaining
stability.
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1.1 Motivation and Main Contributions

The main motivation of this paper is two-fold: one is the need for learning an
incoherent dictionary for sparse coding in many applications, and the other is
the need of a numerical solver for solving (3) with proved convergence property.

Motivation. The need of an incoherent dictionary for sparse coding. Once a
dictionary is learned, the sparse code for each input is then computed via some
pursuit methods, e.g. orthogonal matching pursuit [25], basis pursuit [10]. The
success of these methods for finding the optimal sparse code depends on the in-
coherence property of the dictionary. In [25], Tropp showed that that the OMP
can recover the exact support of the coefficients whenever mutual coherence p
is less that 1/(2S — 1) where S is the number of nonzero entries of the cor-
rect coefficients. It is further proved in [23] that the similar requirement on the
mutual coherence is also needed for ensuring the correctness of the thresholding-
based sparse coding algorithms. In practice, it is also observed that a dictionary
with high mutual coherence will impact the performance of sparse coding based
methods; see e.g [21,26,8].

The need of a variational model that explicitly reqularizes mutual coherence. In
a quick glance, the widely used K-SVD method [1] for sparse coding considered
a variational model which has no explicit functional on minimizing the mutual
coherence of the result, i.e., it considered a special case of (3) with « = 0. How-
ever, the implementation of the K-SVD method implicitly controlled the mutual
coherence of the dictionary by discarding the "bad” atom which is highly corre-
lated to the ones already in the dictionary. Such an ad-hoc approach certainly
is not optimal for lowering the overall mutual coherence of the dictionary. In
practice, the K-SVD method may still give a dictionary that contains highly
correlated atoms, which will lead to poor performance in sparse approximation,
see [11] for more details.

The need of a convergent algorithm. The minimization problem (3) is a chal-
lenging non-convex problem. Most existing methods that used the model (3) or
its extensions, e.g. [15,28,18], simply call some generic non-linear optimization
solvers such as the projected gradient method. Such a scheme is slow and not
stable in practice. Furthermore, all these methods at most can be proved that
the functional value is decreasing at each iteration. The sequence itself may not
be convergent. From the theoretical perspective, a non-convergent algorithm cer-
tainly is not satisfactory. From the application perspective, the divergence of the
algorithm also leads to troublesome issues such as when to stop the numerical
solver, which often requires manual tune-up.

Main Contributions. In this paper, we proposed a hybrid alternating proxi-
mal scheme for solving (3). Compared to the K-SVD method that controls the
mutual coherence of the dictionary in an ad-hoc manner, the proposed method is
optimized for learning an incoherent dictionary for sparse coding. Compared to
the generic numerical scheme for solving (3) adopted in the existing applications,
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the convergence property of the proposed method is rigorously established in the
paper. We showed that the whole sequence generated by the proposed method
converges to a stationary point. As a comparison, only sub-sequence convergence
can be proved for existing numerical methods. The whole sequence convergence
of an iteration scheme is not only of theoretical interest, but also important for
applications as the number of iterations does not need to be empirically chosen
to keep the output stable.

1.2 Related Work

In this section, we gives a brief review on most related generic dictionary learning
methods and incoherent dictionary learning methods for sparse coding.

Generic Dictionary Learning Methods. Among many existing dictionary
learning methods, the so-called K-SVD method [1] is the most widely used one.
The K-SVD method solves the problem (3) with oo = 0 by alternatively iterating
between sparse code C and the dictionary D. The sparse code C' is estimated
by using the OMP method [25]: at each step, one atom is selected such that
it is most correlated with the current residuals and finally the observation is
projected onto the linear space spanned by the chosen atoms. In the dictionary
update stage for estimating D, the atoms are updated sequentially by using
the rank-1 approximation to current residuals which can be exactly solved by
the SVD decomposition. Most other existing dictionary learning methods (e.g.
[18,17,2,14]) are also based on the similar alternating scheme between the dictio-
nary update and sparse code estimation. In [17,14], the atoms in the dictionary
are updated sequentially with closed form solutions. The projection gradient de-
scent method is used in [18] to update the whole dictionary. For the ¢, norm
related minimization problem in the stage of sparse code estimation, many re-
laxation methods have been proposed and the ¢; norm based relaxation is the
most popular one; see e.g. [18,17,14,27]. Among these methods, the convergence
analysis is provided in [27] for its proximal method. Recently, an proximal alter-
nating linearized method is presented in [6] to directly solve the £y norm based
optimization problem for dictionary learning. The method proposed in [6] is
mathematically proven to be globally convergent.

Incoherent Dictionary Learning Methods. There are two types of ap-
proaches to learn an incoherent dictionary for sparse coding. The first one is
to add an additional process in the existing generic dictionary learning method
to lower the mutual coherence, e.g. [16,7]. Both [16] and [7] added the decor-
relation step after the dictionary update stage in K-SVD method. In [16], the
de-correlation is done via minimizing the distance between the learned dictionary
generated by the K-SVD method and the space spanned by the dictionaries with
certain mutual coherence level. However, this projection step doesn’t consider
the approximation error and may significantly increase the whole minimization
functional value. Thus, in [7], the iterative projection method is introduced to
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lower the mutual coherence of the dictionary, together with an additional dic-
tionary rotation step to improve the approximation error of the de-correlated
dictionary. The other way to learn the incoherent dictionary is directly solving
a minimization model that contains the functional related the mutual coherence
of the dictionary, e.g. [21,5]. In [21], an additional regularization term on mu-
tual coherence is added to (1) when being applied in image classification and
clustering. The approach presented in [7] used the OMP method in sparse code
estimation and method of optimal coherence-constrained direction for dictionary
update. In [5], the orthogonality constraints on the dictionary atoms are explic-
itly added in the variational model for dictionary learning such that its mutual
coherence is always 0. With the performance comparable to the K-SVD method
in image recovery, the orthogonal dictionary based method [5] is significantly
faster than the K-SVD method. Such advantages on computational efficiency
comes from the fact that both sparse code estimation and dictionary update
have closed-form solutions in [5].

2 Incoherent Dictionary Learning Algorithm

We first give an introduction to the definitions and notations used in this section.
We define Y be a matrix, y; be the j—th column of Y and y;; be the (¢, j)—th
element of Y. Given the matrix Y, the Frobenius norm of Y is defined by
1Y |r = (3, v)"?, its £o norm [|Y o is defined as the number of nonzero
entries of Y and the infinity norm of ||Y |« = max; ;{|y;;|}. Define the hard
thresholding operator Tx(D)[i, j] = d;; if |di;| > A and Tx(D)[i, j] = 0 otherwise.

2.1 Problem Formulation

Given the training samples Y = (y1,...,Yp) € R"*P, we consider the sparse
approximation of Y by the redundant dictionary D € R™ ™. Same as [21],
we can introduce the regularization ||[DT D — I||% to the variational model to
minimize the mutual coherence. The variational model of incoherent dictionary
learning model is given as follows,
1 2 Oy sT 2
LY~ DCJ +N[Cllo + 5 IDTD ~ 1|},
st ldillz=1, 1 <j<mjleiflc <M, 1 <0 <m,
where D = (di,...,d,) € R™™ C = (¢f,...,c))T € R™*P and M is the

rm
predefined upper bound for the elements in C'. It is noted that the predefined
upper bound M is mainly for the stability of the algorithm, which is allowed
to be set arbitrarily large. For the simplicity of discussion, define D = {D =
(di,...,dp) €ER™™ :||djlla =1, 1<j<m}and C={C = (¢,...,c))" €
R™*P l¢i|loo < M, 1 <i<m}. Then the model (4) can be reformulated as

min
D.C

(4)

1
win Y~ DC|}+AIClo+ IDTD— I}, st. DeD, CeC. (5)

In the next, we will propose the hybrid alternating proximal algorithm for solving
(5) with the whole sequence convergence property.
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2.2 A Hybrid Alternating Proximal Algorithm

The algorithm for solving (4) is based on a hybrid scheme that combines the
alternating proximal method [3] and the alternating proximal linearized method
[9], which are about tackling the non-convex minimization problem of the form:

min H(z,y) = F(z) + Q(z) + G(y), (6)
zi=(z,y)
where F,G are proper lower semi-continuous functions and @ is the smooth
function with Lipschitz derivatives on any bounded set, that is, for the bounded
set Z, there exists a constant L > 0, such that |VQ(z1) — VQ(z2)||r < L||z1 —
ZQHF,Zl,ZQ €z
The alternating proximal method [3] updates the (x,y) via as follows,

EN|
~—

. k
Tpg1 € argmin, F(x) + Q(z,yx) + Glyx) + 1 |l — a3 (
. k
Yrt1 € argming F(zp11) + Q(zrs1,y) + Gy) + % |ly — vkl 3,

where p*, A\F are suitable step sizes. In general, the scheme (7) requires solving
the non-smooth and non-convex minimization problems in each step which often
has no closed form solutions. This motivates a linearized version of alternating
proximal algorithm [9] such that each subproblem has a closed form solution.
Instead of solving the subproblems as (7), the alternating proximal linearized
algorithm replaces the smooth term @ in (7) by its first order linear approxima-
tion:

. A l‘k 2
Tpy1 € argmin, F(z) + Q(m,i’yk)(x) +Gyr) + %, ka— x| (8)
Yk+1 € argminy F(l'kJrl) + Q($k+17yk)(y) + G(y) + >\2 Hy - yk”%‘

where Q 4, y,) (%) = Q(Tr, Yi) + (V2 Q(Th, Yr ), T — Tk ), Qo ,yi) (¥) = Q(Th, y) +
(VyQ(xk, Yk), ¥ — yr), and pk \F are carefully chosen step sizes.

Although the proximal linearized method has closed form solutions for all sub-
problems, it requires more iterations to converge than the proximal method as
it only provides approximated solutions to two-subproblems in (7). The problem
(5) we are solving is different from the generic model considered in the proximal
method, as the first sub-problem for sparse code estimation in (7) has a closed-
form solution while the second one does not. Motivated by this observation, we
proposed a hybrid iteration scheme which uses the formulation of the proximal
method for sparse code estimation and uses the formulation of the proximal
linearized method for dictionary update. In other words, it is a hybrid version
that combines both the proximal method and the proximal linearized method. As
a result, the proposed one also has the closed form solutions for all sub-problems
at each iteration, but converges faster than the proximal linearized method.

Remark 1. Although both (7) and (8) are the alternating schemes between two
variables, they can be extended to the case of the alternating iteration among a
finite number of blocks [9,4].
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The iterations (7) and (8) can be re-written by using the proxzimal operator
[22]:
Feoy . - t 2
Proz; (z) := argmin F(u) + ) lu — x| %
u
Then, the minimization (7) can be re-written as

{karl € Pm:ﬂfJQ("yk)( k),

Y1 € ProxG+Q(wk+17 )(yk)7

and the minimization (8) can be re-written as

{l’kJr] € mef:k (zx — u" V2 Q(xr, Yr)),

10
Y1 € ProxSi (ye — i VyQ(@rs1,yr))- (o

Remark 2. Tt is shown in [9] that the proximal operator defined in (9), (10) are
well defined, i.e., the solution sets of (7) and (8) are nonempty and compact.

The minimization (4) can be expressed in the form (6) by setting
F(C) = A[CJlo +c(C),
Q(C,D)=,|Y - DC|% + §|D"D - I|%, (11)
G(D) = ép(D),
where d¢(C) and ép(D) are indicator functions, that is dx(x) = 0 if € X and
dx(r) = oo if z ¢ X. We propose the following alternating scheme to solve (4).

Sparse Code Estimator. given the dictionary d*), we update the sparse code
c®) = {ch};”zl row by row as follows:

k k (k)
eP) € Proz,, TP D)1 < <m, (12)
J
where U]l€ = (cgk)T,..., gk);r,c]T,cyill)T,...,cgrlf_l)T)T for 1 < 7 < m. The

minimization (12) is easy to solve as it has closed form solution. Define S]‘c =

{ildij # 0,1 <i <n}and RVF =Y — 3 dgk)cl(»k) - dgk)cgkfl). By direct
i<j i>j

calculation, the minimization (12) is equivalent to

1k
k—1 1 ik
o) e argmin " lle; — e VI + ) 30 Il = dyesllh + Alesllo, (13)
cjeC e Gk
1ES]
where RVF = (rP*T L pPRT)T € RMXP,
Proposition 1. Suppose M is chosen such that M > \/ where ’I“ = > d
ieSk
,u;?, the minimization (13) has the closed form solution for all 1 < j < m, given
by

k k—1
el = min (T saaso (( (3 dygr?® 4 kel =) /by, M), (14)
ZGSJ’“
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Proof. By direct calculation, it can be seen that he minimization (13) is equiv-
alent to the following minimization.

k k—1

i) € argminrlle; — (3 digrl™ + e TN E+ 2\ eglo. - (15)
6

ZES"

The variables in the minimization (15) above are separable. Thus, it is easy to
see that the solution of (15) is exactly the one defined by (14).

Dictionary Update. Given the sparse code ¢®), we update the dictionary
DY) = {d; }7L, atom by atom as follows:

& as™y Lk 1
d; ¢ Prox)\? I (d; ) — A\ vde(C(k)v‘/jk))’ (16)
J
where
St = (@Y, d* qpdl, L dl),
ij _ (dgk+1)’m7d§k+1) d(k dglil’m’dgf))_

Denote d/F = d;k) - /\1@. Va,Q(C™), V), Then (16) can be reformulated as:
d;kﬂ) € argmin ||d; — d7¥||3, (17)
lld;ll2=1

From (17), it is easy to know dg.k'H) = for 1 <j<m.
There are two step sizes, M? and )\;? needed to be set in the calculation. The

step size M? can be set arbitrarily as long as there exists a,b > 0 such that
,u;? € (a,b), Vk = 1,2,...,5 = 1,...,m. The step size )\f can be chosen as
)\;? = max(a, pL(dgk))), where the )\f can be chosen so as to

IVa,Q(C"Y, D}) = Va,Q(C™, DY) ¢ < L(d})|d} — d|
for all d},d? € R where D} = (d**", ... a*V ,d;,djﬂ,...,d(k)) i=1,2.
Typically, we can choose ,uj po and L(dk) = c(k) (k) a||V;»k||2 for all
j=1,2,...,mand k = 1,2,.... It can been seen that L(d;?) is a bounded

sequence since C' is bounded in the model (5). See the Alg. 1 for the outline of
the proposed incoherent dictionary learning method that solves (5).

3 Convergence Analysis of Algorithm 1

Before proving the convergence property of the Alg.1, we define the critical points
for the non-convex and non-smooth functions [9].

Definition 1. Given the non-convez function f : R™ — R U {+occ} is a proper
and lower semi-continuous function and domf = {x € R" : f(z) < +o0}.
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Algorithm 1. Incoherent dictionary learning algorithm via solving (5).
1: INPUT: Training signals Y
2: OUTPUT: Learned Incoherent Dictionary D
3: Main Procedure:
1. Set the initial dictionary D®, p>1,a >0 and K € N.
2. For k=0,1,..., K,
(a) Sparse Coding: for j =1,...,m, let S}“ ={i: dg?) #0,1<i<n}

SR oY CRCI SFONCS

i<j i>]

ik ik kE (k-1 k k
= Z dij'f‘g +MjC§- ), T = Z d’?‘j + pj, (]_8)

icSk icSk
zESj zESj

k . ik k
c;- ) :mln(T\/Q/\/T;C(cJ /i), M).

(b) Update the step size: for j = 1,...,m

v =c®We®T L@") = v +a| V..
(c) Dictionary Update: let ,uf = max{pL(df), a}, for k=1,...,m,

) 1 ) .
@t =dl - Va,ECVVh d = d e (19)
l

— For x € domf, its Frechét subdifferential of f is defined as
Of (x) = {u: liminf (f(y) - f(z) = (u,y —2))/(ly — =) > 0}

YT, YFT

and Of (z) = 0 if © & domf.
— The Limiting Subdifferential of f at x is defined as

Of (@) ={u e R" : Fa* — x, f(z®) = f(z) and u* € df(z*) = u}.
— The point x is a critical point of f if 0 € Of(x).
Remark 3. (i) If x is a local minimizer of f then 0 € 9f (). (ii) If f is the convex

function, then df(x) = df(z) = {u|f(y) > f(x) + (u,y — x),Vy € domf}. In
that case, 0 € df(x) is the first order optimal condition.

Theorem 1. [Convergence Property] The sequence {(C*), DU} generated by
the algorithm 1, is a Cauchy sequence and converges to the critical point of (5).

Proof. See Appendix A.

4 Experiments

We used the proposed incoherent dictionary learning method in sparse coding
based recognition systems. The basic procedure is as follows. Firstly, the dic-
tionary is learned from the training set using Alg. 1. Then, the sparse code C'



Incoherent Dictionary Learning for Sparse Coding 311

for each sample in the training set, as well as the test set, is calculated using
the proximal alternating algorithm [20]. At last, a linear classifier is trained and
tested on the sparse codes. Two applications are considered in the experiments:
face recognition and object classification. The experimental results showed that
using the incoherent dictionary learned from the proposed method, the sparse
coding based recognition systems may have some additional performance gain.

4.1 Experimental Setting

The performance is evaluated on two applications: face recognition on the Ex-
tended YaleB dataset [13] and the AR face dataset [19], and object classification
on the Caltech-101 dataset [12]. Our approach is compared to two dictionary
learning based methods:

— K-SVD (Baseline) [1] : The basic procedure is similar to ours, i.e., the dictio-
nary is trained using K-SVD and the sparse codes are used to train a linear
classifier. The dictionary learning process and the classifier training process
are independent.

— D-KSVD [28] : This method is an extension of the above baseline method,
which incorporates the classification error into the objective function of K-
SVD dictionary learning. The dictionary and the linear classifier are trained
simultaneously.

Note that both methods are built upon the K-SVD dictionary learning method [1]
which does not impose dictionary incoherence, and all the tested methods are
based on a simple linear classifier. The experimental setting is as follows:

— Extended Yale B : The extended YaleB database [13] contains 2,414 im-
ages of 38 human frontal faces under about 64 illumination conditions and
expressions. There are about 64 images for each person. The original im-
ages were cropped to 192 x 168 pixels. Each face image is projected into a
504-dimensional feature vector using a random matrix of zero-mean normal
distribution. The database is randomly split into two halves. One half was
used for training the dictionary which contains 32 images for each person,
and the other half was used for testing.

— AR Face : The AR face database [19] consists of over 4000 frontal images from
126 individuals. For each individual, 26 pictures were taken in two separate
sessions. The main characteristic of the AR database is that it includes
frontal views of faces with different facial expressions, lighting conditions
and occlusion conditions. A subset of the database consisting of 2,600 images
from 50 male subjects and 50 female subjects is used. For each person, twenty
images are randomly picked up for training and the remaining images are
for testing. Each face image is cropped to 165 x 120 and then projected onto
a 540-dimensional feature vector.
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— Caltech101 : The Caltech101 dataset [12] contains 9,144 images from 102
classes (i.e., 101 object categories with 8677 images and one additional back-
ground category with 467 images) including vehicles, plants, animals, cartoon
characters, and so on. The number of images in each category varies from 31
to 800. We use 20 samples per category for training the dictionary as well as
the classifier and the rest for testing. The spatial pyramid feature presented
in [28] is computed on each image as input.

To obtain reliable results, each experiment is repeated 30 times with different
random splits of the training and testing images. The final classification accu-
racies are reported as the average of each run. Throughout the experiments, we
fix the sparsity parameter A to be 0.005 and the coherence parameter 5 to be
1. The iteration number K in Alg. 1 is fixed to be 10. The dictionary size is set
540 on the two face datasets and 3000 on the Caltech-101 dataset.

4.2 Experimental Results
The results and the conclusions are summarized as follows.

— Convergence behavior. The convergence behaviors of the K-SVD method
and Alg. 1 on the YaleB face dataset are compared in Fig. 1, which plots the
Frobenius norm of the increments of the sparse codes generated by two algo-
rithms at each iteration. It can be seen that the code sequence generated by
the K-SVD method does not converge to zero, which means that the K-SVD
method has at most sub-sequence convergence. In contrast, the increments
of the code sequence generated by Alg. 1 converges to zero which shows that
the whole sequence converges.

— Mutual coherence of dictionary. The matrices of the mutual coherence
of the dictionaries learned from the YaleB dataset are shown in Fig. 3, and
its normalized histograms are shown in Fig. 2. It can be seen that mutual
coherence of the dictionary from our approach can be significantly lower
than that from the K-SVD method when the regularization parameter 8 on
mutual coherence is set sufficiently large.

— Classification performance. The classification results are listed in Ta-
ble 1. It can be seen that our approach performs slightly better than the
compared methods.

Table 1. Classification accuracies (%) on two face datasets and one object dataset

Dataset K-SVD D-KSVD Ours
Extended YaleB 93.10 94.10 95.72
AR Face 86.50  88.80 96.18
Caltech-101 68.70  68.60 72.29
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Fig. 3. The mutual coherence matrices of the dictionaries learned from the YaleB face
dataset using the K-SVD method and Alg.1. The ith-column and jth-row element in
each matrix represents the mutual coherence between the ith and j-th atom.

5 Summary and Conclusions

This paper aims at developing an alternating iteration scheme for learning an
incoherent dictionary, which is the first available incoherent dictionary learning
method with proved sequence convergence. The proposed work not only is of
theoretical interest from the viewpoint of optimization, but also might be useful
to practical sparse coding based applications.
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Appendix A

In this appendix, we give a sketch of the proof of Theorem 1. The detailed proof
is provided in the complementary material. The proof of Theorem 1 is built upon
Theorem 2.9 in [4].

Theorem 2. ([/]) Assume H(z) is a proper and lower semi-continuous function
with inf H > —oo, the sequence {z(k)}keN is a Cauchy sequence and converges
to the critical point of H(z), if the following four conditions hold:
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(P1) Sufficient decrease condition. There exists some positive constant p1,
such that

H(®Y — HEEDY > py 25D — 202 v =1,2,....

(P2) Relative error condition. There exists some positive constant pz > 0,
such that

|w* D e < pollz*TY — 20| 5 w® € dH (W), VE=1,2,....

(P3) Continuity condition. There exists a subsequence {z*1)} ;e and Z such
that

2k oz H(z%)) - H(Z), asj— +oo.

(P4) H(z) is a KL function. H(z) satisfies the Kurdyka-Lojasiewicz property
in its effective domain.

Let Z*) := (C™ D®) denote the sequence generated by the algorithm 1.
Firstly, it can be seen that the objective function H(Z) = F(C) + Q(Z) +
G(D) is the proper, lower semi-continuous function and bounded below by 0
where F,Q,G are defined in (11). Secondly, the sequence {Z*)},cn generated
by algorithm 1 is bounded since D*) € D and C*) ¢ C for all k = 1,2,....
In the next, we show that the sequence {Z*)} satisfies the condition (P1)-(P4)
using the following four lemmas. The proofs of these lemmas are presented in
supplemental materials.

Lemma 1. The sequence {Z*)},cn satisfies

HT*Y, D®) < g(T*Y p®) -~ 43 Hc““*” (’“HF,
k k L(d (k k
H(CHE, V) < g(etH) v 1)) N — ),

for 1 < j < m, where

(k) _ ()T (BT (k=1)T cF=DTHT (k) _ (k-1
Tj(k) = (01(k) . ac(%) v(gj-&l-l yee (]; 717; )( v) T, = Cct=1), (20)
ViV =(dy", ... d;" ) ) dEY), V" = D%,
Sum up the above inequalities, we can obtain
H(C(k) D(k)) _ H(c(kJrl)’D(kJrl))
mo ok k ()
w k+1 k = L(d)) k (21)
=Y (e =PI Y —dP ).

Using the fact that there exist a,b > 0 such that a < pf,)\f < b and )\;? >

L(d;k))7 we can establish the sufficient decreasing property (P1) for {Z®)},cy.
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Lemma 2. Let wl) = (W&, ..., w2 )7 and wl® = (W, ..., wh) where

j k _ k k—
wg = Ve, Q(Z0) = Ve, QT D) u;?(f;% (it IO
wh =Va,Q(Z2") — Vg, Q(CH®, VY) — Nr(d® — af ™Y,

and (Tj(k),‘/}(k)) is defined in (20). Then, w* := (wgf),w(g)) € 0H(ZW®) and
there exists a constant p > 0, such that

lo*||F < pllZ® = Z5 V) 5.
Lemma 3. The sequence {Z*)},.cn satisfies the Continuity condition (P3).

For the property (P4), see [9] for the definition. An important class of functions
that satisfies the Kurdyka-Lojasiewicz property is the so-called semi-algebraic
functions [9].

Definition 2. (Semi-algebraic sets and functions [9,3]) A subset S of R™ is
called the semi-algebraic set if there exists a finite number of real polynomial
functions gij, hij such that

S = Uﬂ{x €R" : g;j(x) = 0, hij(x) < 0}.

A function f is called the semi-algebraic function if its graph {(x,t) € R*"xR,t =
f(x)} is a semi-algebraic set.

Theorem 3. ([9]) Let f is a proper and lower semicontinuous function. If f is
semi-algebraic then it satisfies the K-L property at any point of domf.

Lemma 4. All the function F(C), Q(Z) and G(D) defined in (11) are semi-
algebraic functions. Moreover, H(Z) = F(C) + Q(Z) + G(D) is the semi-
algebraic function.
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