arXiv:2112.06124v1 [cond-mat.str-el] 12 Dec 2021

L

IL.

III.

Iv.

Towards a complete classification of non-chiral topological phases in 2D fermion systems

Jing-Ren Zhou,! Qing-Rui Wang,>? and Zheng-Cheng Gu':*

' Department of Physics, The Chinese University of Hong Kong, Shatin, New Territories, Hong Kong, China
>Yau Mathematical Sciences Center, Tsinghua University, Haidian, Beijing, China
3Yangi Lake Beijing Institute of Mathematical Sciences and Applications, Huairou, Beijing, China
(Dated: Tuesday 14" December, 2021)

In recent years, fermionic topological phases of quantum matter has attracted a lot of attention. In a pioneer
work by Gu, Wang and Wen, the concept of equivalence classes of fermionic local unitary(FLU) transforma-
tions was proposed to systematically understand non-chiral topological phases in 2D fermion systems and an
incomplete classification was obtained. On the other hand, the physical picture of fermion condensation and
its corresponding super pivotal categories give rise to a generic mathematical framework to describe fermionic
topological phases of quantum matter. In particular, it has been pointed out that in certain fermionic topological
phases, there exists the so-called g-type anyon excitations, which have no analogues in bosonic theories. In this
paper, we generalize the Gu, Wang and Wen construction to include those fermionic topological phases with q-
type anyon excitations. We argue that all non-chiral fermionic topological phases in 2+1D are characterized by
a set of tensors (N7, F,?, Fy7™ )’2‘;5 ,n;,d;), which satisfy a set of nonlinear algebraic equations parameterized

—ijm,af —ij

by ph_ase fac.:tors_uk 1 s Egin, x50 Qfl”"aﬁ and Qf}n’x(;. Moreover, c_onsistency conditions among algebraic
equations give rise to additional constraints on these phase factors which allow us to construct a topological
invariant partition for an arbitrary triangulation of 3D spin manifold. Finally, several examples with g-type
anyon excitations are discussed, including the Fermionic topological phase from Tambara-Yamagami category

for Zan, which can be regarded as the Za v parafermion generalization of Ising fermionic topological phase.

CONTENTS

Introduction 2
A. The goal of this paper 2
B. Gapped quantum liquids 2 V1. acknowledgements
C. Fermionic gapped quantum liquids and its A. Super Fusion Category
classification 2 1. The modified fusion space
Wavefunction renormalization for generic non-chiral g ]I;he modified tensor product
topological phases in 2D fermion systems 3 4' -motve di .
A. Fixed-point wavefunctions on a graph 3 - Quantum dimensions
2. }he structure of fixed-point wavefunctions 451 B. Fermion Condensation
- oomove, : 1. Fermion Condensation Scheme
D. Fermionic pentagon equation 7 2. F-move in fermion condensation
]IE:' }O/—move ; 3. From bosonic to fermionic pentagon equation
- T -move . 4. Equivalence Relations
G. A gauge freedom and a relation between O-move 5. Phase factors from fermion condensation
and Y'-move . 10 6. Majorana toric code from Ising anyon model
H. Dual F-move and a relation between O-move and a. Ising anyon model
F-move 11 e )
7. F topol 1 ord f
I. H-move and an additional constraint between dual nggg;:uc opological order SO(3)s /4 from
I éi—move and F-move }g a. SO(3)¢ anyon model
- Summary b. Fermionic topological order SO(3)¢ /v
. . e . c. Majorana toric code model
Topological Invariant Partition Function 20 8 Fermig) nic tonoloical order ( 1p ) Jy from L
A. Partition function and spin structure 20 ' , polog \2te) /Y 26
B. 2-3 moves 21 a. Umta.ry fuswn catf?gory 5F6 )
C. The additional relations among projective phase b. Fermionic topological order (§E6) /Y
factors 23 9. Fermionic topological order from
D. 1-4 moves 24 Tambara-Yamagami category for Zon
a. Unitary fusion category TYtZ’;‘V
Examples 25 b. Fermionic topological order TYtZ’:V /N (N
A. Fermionic topological order SO(3)g /1 26 odd)
B. Majorana toric code 26
C. Fermionic topological order %Eﬁ /v 27 C. Equivalence relation for diagonal fusion states

D. Fermionic topological order TYtZ’;‘V JUN

V. Conclusion and discussions

28

29

30
30
30
31
31

31
31
32
32
33
35
36
36

36
36

36
38

40
41

43
43

44

47



D. Check the consistency between the 2-3 moves and the

projective unitary conditions 48
1. Obtain the second 2-3 move 48
2. Obtain the third 2-3 move 49
3. Obtain the rest five 2-3 moves 50

References 50

I. INTRODUCTION
A. The goal of this paper

Since the discovery of fractional quantum Hall effect
(FQHE)!, it has been realized that these peculiar quantum
matters can be described by a new type of order—topological
order’. The topological order of FQHE can be characterized
by its precise quantization of the Hall conductance, fractional-
ized charge and fractionalized statistics carried by elementary
excitations®. Mathematically, it is well known that topolog-
ical order in 2D bosonic systems can be systematically de-
scribed and classified by the advanced mathematical theory
— unitary modular tensor category (UMTC)*. On the other
hand, it has also been realized that the patterns of long-range
entanglement® gives rise to an essential physical picture to un-
derstand various topological phases. In particular, the equiv-
alence classes of local unitary(LU) transformations® allows
us to construct fixed point wavefunctions to classify all non-
chiral topological phases in 2D bosonic systems®’.

Nevertheless, the UMTC framework can not be applied to
fermion systems directly. Topological phases in interacting
fermion systems are strictly richer than bosonic systems due to
the Fock space structure of fermionic Hilbert space. In addi-
tion to the well known FQHE states which are known as chiral
topological phases, many new examples of non-chiral topo-
logical phases are constructed for 2D fermion systems®~!!. In-
terestingly, it has been shown that a fermionic generalization
of Pentagon relation is necessary for understanding topologi-
cal phases in 2D fermion systems. Very recently, the physical
picture of fermion condensation and its corresponding super
pivotal categories'? give rise to a generic mathematical frame-
work to derive the fermionic Pentagon relation'® and under-
stand the underlying physics for almost all non-chiral topo-
logical phases in 2D fermion systems. Most surprisingly, it
has been pointed out that there are two distinct types of ob-
jects in the resulting super fusion categories, and the so-called
g-type objects have no analogues in bosonic theories'?. Nev-
ertheless, it is still unclear how to understand the algebraic re-
lations generated by fermion condensation'?>~'* from the pat-
terns of long-range entanglement for 2D fermion systems.

In this paper, we aim at generalizing the equivalence classes
of fermionic LU(fLU) transformation framework to construct
and classify all non-chiral topological phases, including those
cases with g-type objects in 2D fermion systems. Then we
will try to understand the deep relationship between fermion
condensation picture and the equivalence classes of fLU trans-
formations. Below we will briefly review the precise meaning
of fermionic topological phases and fLU transformations.

B. Gapped quantum liquids

The classification of gapped quantum phases is in general
beyond the Landau symmetry breaking paradigm. For bosonic
systems, we define that two gapped quantum systems belong
to the same equivalence class if they are connected by a se-
quence of LU transformations without closing the energy gap,
and the LU transformations are generated by a finite-time evo-
lution of local Hermitian operators>!3-!7:

|B) ~ | iff &) = Te' /4 H D), (1)

where 7 is the time-ordering operator and H () = 3 , 0i(7)
is a summation of local Hermitian operators. Under such
a equivalence relation, the trivial phase is connected to the
direct-product state, and other nontrivial phases are long-
range entangled and called topologically ordered phases.

In discrete spacetime, e.g. on a lattice, the LU transforma-
tions can be expressed by a finite depth quantum circuit, gen-
erated by piece-wise local unitary operators Up.,; = [ [, U (%),
where {U (%)} is a set of unitary operators acting on non-
overlapping regions. A quantum circuit with depth M is given

by: UM = U,(l) U UM Thus the discrete version of

cire pwl ™~ pwl***~ pwl
the equivalence relation is written as:

) ~ [0) iff &) = U |®). @
More precisely, in this paper we only consider a subset of
gapped quantum phases, namely the gapped quantum liquid
(GQL)'® which can be defined on arbitrary lattice geometry.
In addition, we are also allowed to remove or add degree
of freedoms into the systems. Thus, the equivalence classes
should be redefined as the generalized local unitary (gLU)
transformations satisfying U] Uy = P and U,UJ = P’, where
P and P’ are two projectors. In particular, the action of P
does not change the state |®). In such a way, some of the
quantum gapped phases cannot be included, e.g. the fracton
topological order!®2!.

C. Fermionic gapped quantum liquids and its classification

In fermionic systems, the underset degrees of freedom are
fermions and the total Hilberst space is Fock space instead
of a simple tensor product of local Hilbert space. Hence we
should redefine the LU transformations as the fermionic LU

(fLU) transformations'?:

@) ~ |9) iff |9') = Te' S 2975 |p), 3)

which can also be discretized as the fermionic quantum
circuits, where the local fermionic Hamiltonian H;(g) =
>; Oi(g) is a summation of pseudo-local bosonic operators
O;(g). Here O;(g) is a product of even number of local
fermionic operators (due to the conservation of fermion par-
ity) and any number of local bosonic operators. It is called
”pseudo-local” as it is local for a fermion system in a sense
that the fLU transformations acting on different local regions,



but are non-local due to the global anti-commutation relation
of the fermion creation or annihilation operators. Similarly,
the fL.U transformations can also be redefined as the general-
ized fLU(gfLU) transformations for fermionic GQL(fQGL).
Thus, the fermionic topological orders are classified by the
equivalence classes of gfLLU transformations U, which are
projective unitary operators. Up to some unitary transforma-
tions, U, is a Hermitian projection operator:

U, = Uy PyUs,
Ulu, =1,

P?=Pp,  Pl=r,

UiUs = 1. @)

We will call such a gfLU transformation a primitive gfL.U
transformation. A generic gfLU transformation is a product
of several primitive gfL.U transformations which may contain
several hermitian projectors and unitary transformations, for
example, U, = U PgU2P£/] Us. We note that U, contains only

even numbers of fermionic operators (i.e. Uy is a pseudo-local

bosonic operator). We also regard the inverse of U, 9> Ug, asa
¢fLU transformation. An fLU transformation is viewed as a
special case of gfLU transformations. Clearly UgT Uy = P and

f]g U, g — P’ are two Hermitian projectors.

Similar to bosonic systems, U, can generate a wavefunc-
tion renormalization which allows us to connect the same
fGQL state defined on different lattice geometry with dif-
ferent degrees of freedoms. In this paper, by construct-
ing the most generic fixed point wavefucntions from U,
we argue that all non-chiral fermionic topological phases in
2D fermion systems are characterized by a set of tensors
(N, F, F,;{;”X‘gﬁ ,Mi,d;), which satisfy a set of nonlinear

algebraic equations parameterized by phase factors Egm’aﬁ ,

—ij kim,a ki . . .
Etns 1 and Q27 5. In particular, in order to to in-

clude those fermionic topological phases with g-type anyon
excitations, the tensor F,i{;nx‘f;ﬂ must be a gfLU transforma-
tion instead of the usual fLU transformation in Gu, Wang and
Wen’s construction. In such a way, we reveal the origin of
g-type anyon excitations and naturally explain why they do
not have analogues in bosonic theories from quantum infor-
mation perspective. Moreover, consistency conditions among
algebraic equations give rise to additional constraints on these
phase factors which allow us to construct a topological invari-
ant partition for an arbitrary triangulation of 3D spin manifold.

The rest of the paper is organized as follows: In section
II, we construct the most general fixed-point wavefunction for
non-chiral fermionic topological orders in 2D. Then we derive
the conditions for all wavefunction renormalization moves
with the inclusion of g-type strings, i.e., the conditions on
F-move, O-move, Y-move, H-move, and dual F/H-move.
Thus we obtain a set of most general algebraic equations
in section I1J. In section III, we explicit construct the topo-
logical invariant partition function for an arbitrary triangula-
tion of 3D spin manifold. We find that the relations among
phase factors for constructing the partition function can be
obtained from the fermionic Pentagon equation and four pro-
jective unitary conditions for F'-move. These relations match
with the results from fermion condensation theorylz, as illus-
trated in section B5. In section IV, several examples with

g-type strings are studied, including the fermionic topologi-
cal phase from Tambara-Yamagami category for Zsy, which
can be regarded as the Zoy parafermion generalization of
Ising fermionic topological phase. Finally, we summarized
this work in section V.

In Appendix A, we review some basic concepts in super
pivotal category introduced in Ref.12. Appendix B intro-
duces the explict steps to do fermion condensation. We ap-
ply the fermion condensation scheme to derive several equiv-
alence relations on fixed-point states with g-type strings, and
derive all fermionic F-symbols for the four examples from
their corresponding bosonic theory. In Appendix C, we de-
fine a special sequence of moves, whose equivalence relation
gives the phase factor A"’ “2 " which is involved in the re-
lations among phase factors needed for constructing the par-
tition function. Appendix D is a proof that all possible 2-3
moves induced by time-ordering are consistent with the four
projective unitary conditions as well as the relations among
the corresponding phase factors.

II. WAVEFUNCTION RENORMALIZATION FOR
GENERIC NON-CHIRAL TOPOLOGICAL PHASES IN 2D
FERMION SYSTEMS

A. Fixed-point wavefunctions on a graph

Since the wave-function renormalization may change the
lattice structure, we will consider quantum state defined on a
generic trivalent graph G with a branching structure such that
each vertex has two incoming or one incoming edges. Simi-
lar to the construction of string-net model for bosonic systems,
we assume each edge has V41 states, labeled by = 0, ..., N.
Each vertex also has physical states. The string fusion rules
and the local fermion parity are both encoded in the vertex
statesav = 1, ..., N7 or f =1, ..., Nl’; where N,/ (ijf) is the
number of fusion states with two incoming(outgoing) strings
1,7 and one outgoing(incoming) string k, graphically repre-

i J
sented as $ k or; /g\j’ Generally, we have

N/ =B +F/?, (5)

where B,’ is the number of bosonic fusion states, and F}” is
the number of fermionic fusion states (a local fermion excita-

.. . i J .
tion is involved), represented as a solid dot \(k . We intro-

duce a number s(«) to indicate the vertex states is bosonic or
fermionic: s(«) = 0 if the state « is bosonic and s(«) = 1 if
it is fermionic.
In this paper, we will assume that
ij _ ark ij _ pk iy _ ok
Nk _Nij7 Bk _Bij7 Fk _Fija (6)
as required by unitarity. Our fixed-point state is a superposi-
tion of those basis states
> )

W) = Y Wi

all conf.




In the bosonic string-net models, there is a very strong
assumption that the above graphic states on two graphs are
the same if the two graphs have the same topology. How-
ever, since different vertices and edges are distinct and a
generic graph state does not have such a topological invari-
ance. Similar as the construction in Ref. 10, here we will
consider vertex-labeled graphs (v-graphs) where each vertex
is assigned an index a. Two v-graphs are said to be topologi-
cally the same if one graph can be continuously deformed into
the other in such a way that vertex labelings of the two graphs
matches.

B. The structure of fixed-point wavefunctions

Firstly, we need to divide the state on each edge into m-
type and g-type strings. When all strings 4, j, k are m-type,
generally B,’ is not equal to F;”, however, when there is a g-
type string involved in the fusion (at least two strings in ¢, j, k
are g-type), we must have B, = F,’ (The physical reason
of such an assumption will be explained below). Thus we
can introduce the function B(a) = 1,..., B}’ to extract the
bosonic fusion state of a:

oo ifs_(_oz) =0
Ble) = { a—BY, ifs(a)=1 ®)

We note that B(«) is only defined when g-type strings are in-
volved in ¢, j, k. Here we introduce the notation - f to denote
the changing of fermion parity without changing the corre-
sponding bosonic state, i.e., B(a - f) = B(a).

Now let us consider the fixed-point wavefunctions on

i jok
a patch gy \KP/ , where the boundary string states
1

i, 7, k,l are fixed, while yellow shaded ellipse means that the
inner fusion states «, 5 and the inner string state m may vary.

i j ok
(More precisely, vy <\;§P/> should be regarded as func-
1

tion qﬁijkl’p(a, B, m) where the indices on the other part of
the graph are summarized by I'.) All such fixed-point wave-
functions(as functions of «, 3, m) form a linear space called
the support space V;"/ ¥ whose dimension is called the support

. . ik
dimension D;”".

i jok
For the fixed-point wavefunctions gy (W) , the num-
I

ber of inner states {c, 3, m} is N/¥ = 32 NN/ Spe-
cially, if the inner string m is a q-type string, the support space
v * should mod out the following equivalence relations gen-
erated by string m, in fermion parity-even and odd sectors
respectively:

i ]k i ]k
Vi x/ ~ U \n-§/ , ©)
l l

i jok ik
Vi \m</ ~ sy \n§/ . 0)
l l

which can be altogether denoted as:

i j ok Ik
Yin \f,{@l/ ~ iy \%i/ LAy

where f denotes a transparent (local) fermion excitation, and
x f means changing the fermion parity on a fusion state via
attaching a transparent fermion, which does not have to pre-
serve the original bosonic state in general, i.e. B(a X f) gen-
erally may not be the same as B(«). However, we require
(a X f) X f = « as attaching a pair of transparent fermions
should not affect the fusion state on each vertex. Here the
equivalence relation ~ is up to a phase. Physically, the first
relation means that a pair of transparent fermions can be cre-
ated or annihilated on g-type strings (that’s why we must re-
quire B, = F}” once g-type string is involved in the fusion),
and the second relation means that a local fermion excitation
can slide along g-type strings freely. Thus, we can assign a
number n; to each string, with n; = 1 for a m-type string and
n; = 2 for a g-type string. Mathematically,the number n; can
be regarded as the dimension of the endomorphism algebra of
string 4, as explained in Appendix A. As a result, the support
dimension D;j Fis generally equal to or less than the number

of inner states N,” k and

. N Nmk
ijk m
Dy :§ Tl (12)

Similarly, the support space of the fixed-point wavefunc-
i gk
tions on gy (N}{) should also mod out the following
1

equivalence relation if n is a g-type string:

i j ok i jok

Prix \an/ ~ Yfix

i j k i j k
'(/Jﬁx Vn/ Nwﬁx
l

which can be in together denoted as:

ik gk
Yin \?y ~un | 8T | as)
l l

where similarly the changing of fermion parity x f here does
not have to preserve the original bosonic fusion state. The
support dimension here is

- Nin NIk
Dt =% (16)



C. F-move

The first type of wavefunction renormalization is the F'-
move, which is a gfLU transformation between the two fixed-

ik i gk
point wavefunctions gy (j{;/) and gy (\%{) (We
I I

assume that the two fixed point wavefucntions are the same
for the other parts of the graph).
Apparently, the support dimensions on both sides are equal:

Niijk Niank
> =) a7
m nm n nn

Since the fermion parity-odd sector and the parity-even sector
are independent, this relation can be further split as

ZB,f,{Blmk + FF™ ZBIZ"B%]“ + Fj"FjF

n n
m m n n

, (18)

ZB;';;Flm’f + FiBm > B{"F}* + F/"BjF

n n
m m n n

19)

In fact, for fermionic systems, the total Hilbert space is
a Fock space, and we need to specify the ordering of the
fermionic states in the fixed point wavefunctions. For exam-

ik ik
ple, g« (W) actually means wiﬁ"" (W) where
i i

the fermionic state on vertex [ is always created before the
fermionic state on vertex o.. An elegant way to count the or-
dering of fermionic states is to introduce the Majorana num-
bers 0,03, ..., where «, 3, ... denote the vertices carrying the
fusion state o, /3, .... The Majorana numbers satisfy:

0
0

0,05 = —030,, for any o # §3,

1,
=0a, (0a..05)" =05..0,. (20)

[R= o™

Thus, we can define the ordering independent fixed-point

wavefunctions W, by attaching Majorana numbers on wiﬁ"".
i j ok i j k
s(a) ns af,...
Wiy \,jiﬂl/ — 0295 et \,%l/ e

ik
Similarly, for the patch g« <\?>,,/> , we can also define:
1

i j k 5 i j k
U \%V :9;@)93(5)%%... \%/ @)
[ B [

J

ZFijm/’a/ﬂ/ (Fidm By Omm’Oaa’ g, if mis m-type
kln,xd kln,xd - 1 (5mm/5aa/5ﬁﬁ’ +

nxo m

. X0, . .
where in 95, the fermionic state on vertex 0 is always cre-

ated before the fermionic state on vertex X-

On the other hand,
J

. s (i gk
o (W) and 5" (\%{) will be naturally in-
! !

duced by the branching structure of the graph, below we will
also omit the subscript af3, ... and x4, ... throughout the whole
paper without confusion. However, one should always keep
in mind that Wy, is the Majorana number valued ordering in-
dependent wavefunction while gy is the ordering dependent
fixed-point wavefunctions.

since the fermion ordering in

Similar to the Gu, Wang and Wen construciton, we can in-
troduce a Majorana number valued F-move without specify-
ing the ordering of fermions on vertices of both patches:

i j ok i j k
. &/ ~ ST Fme g, \?y . @3
[ nxo 1
where
ijm, o s(a) ps(B) ps(d) ps i, o
‘Fk%n,xzf = og( )og( )9g( )GX(X)Fkgn,XtiB’ 24)

which follows our Majorana number convention in Eq.(21)
and Eq.(22). The F-move is non-zero only when all the fusion
states are non-vanishing and the fermion parity is conserved:
s(a) + s(B) + s(x) + s(6) = 0 mod 2. Or in other words,

Fﬁ:”;sﬂ =0 when N9 < 1or NJ**¥ < 1or NJ* <1

or Ni™ < 1,0r s(a) + s(8) + s(x) + s(5) = 1 mod 2.
(25)

Here the complex number valued F'-symbol is defined ac-
cording to the special fermion ordering scheme discussed
above. The unique advantage of the Majorana number valued
F-move is that the anti-commuting nature of fermion creat-
ing/annhilation operators is naturally encoded in such a gFLU
and we do not need to worry about the fermion ordering prob-
lem when considering a sequence of gFLU transformations.

However, very different from the Gu, Wang and Wen con-
struciton where F-move is assumed to be unitary, here if m is
g-type, we can only fix the target space up to a certain super-
position of two equivalent states in the 1-dimensional projec-

i j ok ik
tive space: Wgy <\’%/V> and Wy, \W . Therefore,
l 1

depending on whether m is an m-type or g-type string, the F-
move can be unitary or projective unitary. In particular, when
m is g-type, the projective unitary condition should map to
both of the two equivalent states, and we require:

—ijm,a . : (26)
=7 Bémm/é(axf)alé(ﬁxf)ﬁ/), if m is g-type



We note that the Majorana numbers cancel out due to relation in Eq.(20), and we can write down the projective unitary con-

dition for the complex valued F-moves without Majorana numbers. Here Ezjlmaﬁ is a phase factor satisfying (Ezm’aﬁ )=

E;jlm’(axf)(ﬁxf). It depends on strings 4, j, k, [, m and fusion states «, 8. We should note that B(« x f) and B(8 x f) do not
have to be the same as B(«) and B() in general. But the explicit corresponding bosonic fusion state of & x f can be determined
by « and the three strings 4, j, k attached to it. Similarly, B(8 x f) can be determined by § and strings m, k, [. If m is g-type,
this projective unitary condition can be viewed as the following projective map:

i ] k —ijm,a B« i ] k i ] k
lw + Mw & — g (27)
2 fix m 2 fix m fix m )
l I /
—ijm,of3 i J. k t o J ok

Sy k 1 locx o )%
2 wﬁx \W + §wﬁx m l — '(/Jﬁx m f ) ( )

] o f LS fermionic state ordering convention), we have:
If we view both )4 \g?/ and Yk \%,,/ as col-
1 1 o

. . . Pk i j_k
umn basis vectors in each support space, the above expression % ~ piams(ax f)(Bxf)
wﬁx m — kin,xs '(/Jﬁx n
l [

can also be rewritten in matrix form:

nxd
I (32)
P = FNEIHT (29)
and
where P is a projective matrix with the following form: i jok N ik
Vi (W) ~ > B v <\§V> RNEE)
1 (Egm,aﬂ)* l nxd l
P = _ijr%,aﬁ 2 B (30) . . . . .
Sl 1 Comparing each term with fixed nxJd, we immediately obtain
2 2 a relation between the F'-moves on two equivalent states:
Apparently, it satisfies P? = P. Fé{ﬁ;(((;"xf)(ﬁxf) = E;cjl;”aﬂF,g;"X%ﬂ, if m is g-type. (34)
From Eq.(27) and Eq.(28), we see that the phase factor If we reverse the initial space and target space, we can ob-
Ezjlm’o‘ﬁ is actually the phase difference between the two  tain the inverse fermionic JF-move:
equivalent states:
i j _k i j k

i jok ik Viix \%/ = (Fmod’) U \W . (35)
& _ —ijm,af l maf l
wﬁx mn = Skl ’L/Jﬁx mn R
l ! If n is g-type, we can only fix the target space up to cer-

if m is g-type. (31)  tain superposition of the two equivalent states in Eq.(13) or

Eq.(14), and there will be another independent projective uni-

tary condition for F-move (Similarly the Majorana numbers

According to the F'-move(with the aforementioned cancel out so that we can write down the relation for F'-move):

J

.. .. 6nn’6 /655/, if nis m-type
Fzgnz,,a,ﬁ/ *szm,aﬁ _ { XX i . . 36
Z (Fyin X6 ) kin,x§ nin(énn/éxxlé&;/ + ‘:‘k,]ln,xé(snn/(s(xxf)x/5(5><f)5/)’ if n is g-type (36)

maf3

where Efﬁén,xa is another phase factor satisfying (Egnﬂxé)* = Ezn,(xxf)(éxf)' It depends on strings 7, j, k, [, n and fusion states

X,90. B(x x f) and B(d x f) do not have to be the same as B() and B(¢) respectively in general. If n is g-type, this projective
unitary condition can be viewed as the following projective map:

ijk(:ij ) ik i j_k

1 —kln,xd >
SV \??V L Y, ol IS \??V , (37)
)



kln,x5 1 . Z x ’ 38
wx n +§wﬁx fn %'(/)ﬁx fl’l ) (33)
l l l

(

In terms of matrix form, we have: between these two equivalent states:
i j Xk i j k
ijk ijk Uhix I = E;c]ln,xt?wﬁx \?n/ )
P = (F")T ", (39) l !
if n is g-type. 41
from which we can obtain another relation between the F'-
where the projective matrix takes the form: moves on two equivalent states:
(Figm.ob Y =20 (FEA™eBy* ifn s g-type
Kin,(xx f)(6xf)) = Zkin,xs\Fkin,xs /) > q-type.
(42)
-y .
1 “kin Xs)
P/ = ':ij2 2 ) (40)
“kin,xs 1 .« e .
2 2 D. Fermionic pentagon equation

Similar to the Gu, Wang and Wen construction, if we apply
the gFLU transformations on a bigger patch of the graph, cer-
which also satisfies (P')? = P tain consistent condition is required. The so-called fermionic
pentagon equation is essentially a consistency relation on two
The phase factor :}cjln X6 is actually the phase difference paths connecting two fixed point wavefunctions:

J

ijok 1 i 1 k1 i j _k
Fiam, apf ¥t Fiam, aff ltnﬂbx t
leﬁx W Z knt,ny \I/ﬁx \n<vx/ Z knt,ny ps Ky \Dﬁx N S
t t
p nyY p nY;sKy p
i j ok 1
0 )
~ ijm,af itn,Yx £ikt,nk
- Z Fknt,nw ]:lps Ky ]:sq 5o \I/ﬁx Ys g ’ (43)
tnr;h;sky;qdd
p
i j k1 i j ok 1 i j k 5 I
~ mkn,Bx mkn,ﬂx zgm ae 9
Vi W - Z ‘Flpq,ée Wiix W Z lpq,de PS &y Piix 4 4 ’ (44)
p qde p qde;sopy »
which leads to:
mk:n ,BXx zgm ae Z]m aﬁ itn,px —ikt,nk
Z lpq,de qpb by Z knt,ny lpé Ky ‘Fl.sq,&b (45)

tnyk
By eliminating the Majorana numbers and canceling out the constant phase factors via a proper phase shift of the F'-symbol,
we can use a constant phase factor to change ~ into =:

kn,B _ 5 B pitn,p ikt,
D Fs E = (1O ST R R R (46)

Yk

E. O-move
k

The second type of wavefunction renormalization is the O- ) ' ij.oB '
move, graphically expressed as: Yrix | i J | =0 ik : 47)

k



We only permit parity-even O-move, i.e.,

07" = 0 when N7 < 1 or s(a) + s(8) = 1 mod 2. (48)

k
The support space of ¥« | i Jj | should also mod out the
k
following equivalence relation when k is g-type:
k k
x| J| ~ x| i il- (49)
k k

We still use the convention to assign Majorana numbers
from top to bottom and define the fermin ordering indepen-
dent wavefunction as:

k k
Ui | i C )i | =050 D wn | i C Y| (50)
k k

and rewrite the ordering independent O-move as:

k
Wy | i j| =07 wg <k+> : (51)
k
where the fermionic O-move is defined as:
0 — gD s, (52)
However, the O-move itself is noi a gFLU transformation
in general, as in the patch g4 | i Jj |, fermion parity-
k

odd states actually exist when & is g-type, but we only per-
mit parity-even O-move. Therefore, we should define a three-
vertices O-move as a ¢FLU transformation, which includes
the following six different cases:

k
—~1ij,af3 p k
—= Olkqu )\’Y’(/}ﬁx < \>(q/ > ) (53)

; .
1bﬁx /

—~—ij,ap k p
Ui | ! ~ Ogt Cm( % ) (54)
k
x| gy, (M
Prix P ~ O3ppgn Viix (p ) q) ; (55)
P-Y™q

—~ij,a3 q
i ~ O ( ,&) (56)
i, q
. ~ O Q%( ,&) (57)
D YK 4
k —~—ij,aBy P yF 4
Vx| i | = O6kpgn wﬁx( % >, (58)
k

where in all cases the state ) is related to y by:

oy, ifs(a) +s(8) =0
A= { v x f, if s(a) + s(B) = 1 and k is g-type (59

Different from the original O-move, when k is g-type, our
newly defined O-move permits parity-odd sector, i.e. s(a) +
s(8) = 1. In this case, the additional fermion is moved to the
third vertex, as a fermion can slide on a g-type string. This
is the reason why we have A\ = v X f when s(a) + s(8) =
1 and & is g-type.

We define the fermionic three-vertex O-move as

Guis! = 0 B0, ora=1.2.
(60)

and

Buiiys, = B0 00 fora = .56
(61)

Since the (5-m0ve is a gFLU transformation, after can-
celling out the Majorana numbers, it must satisfy:

—~ij,aBy —~—1ij,«
S el (OurSy* =1, fora =1,2,3,4,5,6. (62)
ijafB

From Eq.(62), depending on whether k is m-type or g-type,
we have the following conditions for O-move:
(1) When k is m-type,

>0y =1, (63)
ijap
This is because O is identical to O-move when k is m-type.

(2) When k is g-type, we divide Eq.(62) in parity-even and
odd sectors:

Nu,aﬁv N177O¢B’Y
ZO“kqu akpg,A ) 55(@)8(6)
ijaf

U,aﬂ"/ NlLan
+ D Oatpgr Oaipgn ) Os(ys(mriny = 1. (64)
ijaf



For parity-even sector s(v) = s(/3), the three-vertex O-move
just equals to the corresponding O-move. While for parity-
odd sector s(a) = s(8) + 1, the three-vertex O-move differs
from the corresponding O-move by sliding a fermion or creat-
ing two fermions on a g-type string, which can at most cause
a phase difference(see more detailed computations for all O-

move below). Thus we can replace the three-vertex O-move
by the original O-move, where in the parity-odd sector the
general phase factor difference cancels out, we finally get:

2) 070 = 1. (65)
ijafS
Combining Eq.(63) and Eq.(65), the original O-move satis-
fies:
ne» 0P 0Py =1, (66)
ijaf

We stress that since the parity-odd states actually exist when
k is g-type, there is also a equivalence relation:

k k

1Z)ﬁx i Jl~ wﬁx i il (67)
k k
Physically, as a fermion can slide freely on a g-type string,
we can move the fermion outside the patch and still apply the
parity-even O-move. Such a scheme may only cause a phase
factor difference, which is exactly achieved by our newly de-
fined three-vertex O-move.

We define Afcj P as the phase difference of the two equiva-
lent states:

k
Pl =8 | i) i
k
if k is g-type, (68)

from which we have a relation between the O-moves of two
equivalent states:

O;?(axf)(ﬁxf) _ AZj,aﬁOiﬂ}aﬂ’ if k is g-type, (69)

where the phase factor Azj b generally depends on strings

i, j, k and fusion states «, 3. The phase factor has the property
(ATByr = A DED),

F. Y-move

The third type of wavefunction renormalization is the

Y-move, which is a completeness condition relating
i

J
Prix | ; k] to vax <i+./' +> Similarly when k is g-type,
1 B J

9

i J
the support space of 1« X‘ | should mod out the fol-
14 B J

lowing equivalence relations:

i Jj i i
’l/}ﬁx ) X{ ) ~ wﬁx X{ N (70)
i bi i j

As the Y-move exists as a completeness condition, we can
always assume that in the above two equivalent states, the
changing of fermion parity never changes the bosonic fusion
states. In this paper, we denote a changing of fermion parity
that may change the bosonic state as x f, and denote a chang-
ing of fermion parity that never changes the bosonic state as
-f (The definition of - f is enclosed in the definition of x f).

When £ is m-type, the completeness condition is graphi-
cally expressed as:

i J
o)) o
kap LN

D VI

Specially, when k is g-type, it is written as:
i € iB(OC)'f i

DI AT I L ROV WP B O D
kB(a)B(B) "By’ il

>~ Yiix <i +1+> : (72)

where the weight coefficient Yk”a 5 should count for the pair
of two equivalent states, and the summation is over all bosonic
states of o and 3. K}j P is defined as the phase difference of
the two equivalent states:

iy i\ J
wﬁx X‘ - Ki;jl'aﬁ¢ﬁx . k N B
l B J

i B J
if k is g-type, (73)

from which we have a relation between the Y-moves of two
equivalent states:
Yo wn@n = Aap) Yiap ifkisqtype,  (74)
where 7\}3 «p 18 also a phase factor satisfying (7\? wp) =
ij
A5y -

However, since we have Eq.(74), Y,;JQB(AZJ’M )* can be
rewritten as Ykij(a, B and Eq.(72) can be still written in
the form of Eq.(71). But we should keep in mind that when
k is g-type, the two equivalents states are always paired in
counting weights in the completeness condition.

Similar to @-move, we can also define the fermionic Y-
move as:

Vil = 000V, )



G. A gauge freedom and a relation between O-move and
Y -move

There is a gauge freedom in the bosonic states in the support
space V7, i.e. we can do the following transformation on the
fixed-point wavefunctions:

i B(a)j i7,B(cx) i 5 J
\I/ﬁx Y{ = ukjjB(ﬁ) \Ijﬁx k ) (76)
B(B)

where u;’ is a unitary matrix.

Therefore, since we only permit parity-even O-move, i.e.
the fermion parity on the two vertices are always the same, we
can make a gauge choice on the O-move such that the basis

J
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choices in the fusi.on space Vkij and the splitting space VZ’; are
always the same, i.e.

017" = 017§, (77)
Under such a gauge, Eq.(69) is written as:
O = AP OP°, ifkisqtype.  (78)
Similarly, we can make the same gauge choice on Y -move:
Vi 5 =Y bagp, (79)
and Eq.(74) can also be simplified as:

k(a-f) jar A K is g-type. (80)

There is a relation between some ordering-independent O-moves and a Y-move. We discuss in two cases. Depending on & is

m-type or g-type, we have:

(1) If k£ is m-type,

= B0 B0 0P 0 0w, (D ~ Y 00 O W, (D

we have:

(81)

1=Y,2. 077, (82)

where we can choose the constant phase of Y,:ja such that ~ is replaced by =.

(2) If k is g-type,



05(205\%) 01 W (kD ~ Wy |

o

~ 0503V, 00303 01 W, <k+> +65(*)63()

~ 20505V, 0 0 * Wy (kD ;

where angiavf)(a.f) is related to O} by:

~ij,o(a-f)(a-f)
3kij,«

7Z)ﬁx i

We note that when we derive the relation on equivalent states,
we can consider the fixed-point wavefunctions without Ma-
jorana numbers 4. But when we derive relations among
different renormalization moves, we should always consider
fermionic fixed-point wavefuntions Wy attached with Majo-
rana numbers. o

From Eq.(80) and Eq.(84), we have Y,c’faOZ]’“ =

—~ij,aef)(a-f)

Ylj’j(a_ f)Og kij,oc . Therefore we obtain

1=2v7 0. (85)

where we also choose the convention to eliminate the phase

difference on both side. Replacing the Y-move and O-move

by the equivalence relations in Eq.(78) and Eq.(80), we get:
iy 1

S P S— (86)
k, k7( f) 2(AZ]7Q)*OZJ7(O‘XJC)

where we note that generally « - f is different from a x f, as
generally the bosonic states can be changed in the equivalence
relations of O-move.

Rl S
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—~—ij,a(a f)(a f)
kij, o

Wax | i

ii —ij,ccf)(f) cia)ps(a) ~ij,a
Y, (a)Oskija 03O <k+>

(83)

(84)

Combining the two cases that k is m-type or g-type, we
obtain:

y 1
Vi = — (87)
> nkOk )

In addition, from derivation in Eq.(84), we see that
A~ haBy ~—ij,afy
O1gpgn and Ogy,,  are related:

—~ij,aBy —~1ij,Bay

O?)kpq’)\ = Okaq’)\ ) (88)

H. Dual F-move and a relation between O-move and ['-move

We can also define a fermionic dual F-move as the follow-
ing local projective unitary transformation:

l l
n =ijm,c m,
v [ 85 ) = Emw [ 2]
! ! : %

i j ok maf r ]



where

ijm,af _ ns(0) ps s(a) ns(B) mijm,aB
Famal =65 exmeg( V057 Fgmal. (90)

When n is g-type, we define = kz lj'n o as the phase difference
of these two equivalent states:

l l
n ~ n
Vax /8)]2} = Siin Vi /% ’
i %k i jTk

if n is g-type, on

from which we have another relation between the dual F'-
moves of two equivalent states:

=ijm,aB = Sijm,aB - .
Fﬁ::(ixf)(axf) = EnsFrinas » ifnisg-type.  (92)

J
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When m is g-type, we define EE’:O"B

of these two equivalent states:

/ l
m ~ m
wﬁx A .X = -:Zj/:,aﬁy}ﬁx /@k )

ij ok i j

as the phase difference

if m is g-type, 93)

from which we have a relation between the dual F-moves of
two equivalent states:

(B ™ Dye = Emel (B mel) . if mis g-type.

(94)

There is a relation between O-move, F'-move and dual F-move. On one hand, depending on string p is m-type or g-type, we

have:

(1) If p is m-type,

jkl,ur
= Z ‘Fmipﬁx’a’

p/X/a/

~ 92(;4)gz(r)gia)gigx)ijl,u‘r 03()()0?((])()01;7717)(9;(0[)02(1)O{p,aqjﬁx (i +>

mip,xa”’ X
o 45103006500 g5(7) EHLIT Okmx Py <l~ D , )
where in  the second line the Majorana  numbers 92(” )92(7)9;(,0“)9;(,)‘)92(”9;(,”9;(&)9;(,'1) =

(7 l)s(a)+s(x) 0;(#) 9;(7') 0;(04) 92()() — 0;(@) 62()() 0;(#) 9;(7') .

(2) If p is g-type,
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Z Fovigt oo Oy Wi e  Fovig o ) (axc ) Ui
~ FIRLT 0300630 Oy, T P0G D gl D el B e
~ es(u)os(r)oa(a)gé(x)Fgﬁ;;;Tagi x)gé(x)Ok:m xes(a é(a)ojp N (,' D +
O3 02 g D gD ikl 000 D<) 6, ’;;Z’:(Xxfﬂaxf>9;<a>9;ga>03p,a%x (l- D
~ 295(0095 X)QS(H QS(T an]ii,lfaOkm xOJp O (, +> ’ (96)
where 5;];; j(xxf)(a 746 related to Okm-X by:

—~—km,x(xx f)(axf) ik
~ =J km, .
1pji,a Pfix ~ = Op"™" *pix | j

_ ':jk 0
= —mip,xa Yix mip,xa ' p

o7
Combining with the case that p is m-type, the general result is given by
~ n, 96(a)96(><)96(u gé(T Fiﬁl,;’;LOISm’XO“”“\IfﬁX ( +> ’ (98)
On the other hand, depending on string [ is m-type or g-type, we have:
(1) If I is m-type,
Wiy ~ NIRRT Wy o FIRET Wy |
l MIT/
s s s(T kl,ut ps s ik, ns(T) ps(T) Hlm,T .
9@( )0 (X)G (M)9 ( )F7Jn pl;aeu(ﬂ)ei OJ #9 ( )9 ( )O Way (l +>
92 05()()95 ,u)as(‘r)FJkl /AT Ojk HOlm T <i +> ) (99)

(2) If L is g-type,
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]_-]kl (qu)(TXf)\I,

mip,xo

ik,(T
]:]kl fo)(TXf)QS(TXf)e HXf)ee(u)Hs(r O ?ml Txf)(#xf)ﬂ\l/ﬁx

mip,xo

~ ]:Jkl nT 95(1‘)99 ;L)Ojkvlt ﬁ /

mip,xa”’ p’

S S
a Vx mip,xoa” p

000302 Bt 0505 0710257 930 O™ g, <i +>+

mip,xo Imi,T

ool )es(x)oé(uxf)QS(TXf)FJkl (u><f)(TXf)QS(TXf)Gb(MXf)gs(u)QS(T)O gk, (T3 ) (ux flp HgxD g Ol Ty (i D

mip,xo

~ 205030002 g3 FIkLRT OfFH O™ T W (z‘ D , (100)

k,(T
where 05;,””( Txf)(ﬂxf)u is related to O7"* by:

—~jk,(TX ) (px fp
S5lmi,r wﬁx

(101)
Combining with the case that p is m-type, the general result is given by
~ 030065 g2 AT OO W ( D . (102)
Therefore, from Eq.(98) and Eq.(102), we have the relation:
paklur M gkl T Okm,xO]P: (Oémﬁ)—l(oljkvﬂ)ﬂ’ (103)

mip,xo n mip,xo~ p

from which we obtain two relations on phase factors, if we change the fermion parity on u, 7 through Eq.(34), Eq.(78) and
Eq.(94), and on Y, « through Eq.(42), Eq.(78) and Eq.(92) respectively:

=Jkl,ut _ Alm,T A Gk, =g kL pT %

—mi - Az Al (‘—‘mi ) ’ (104)
=ik km,x A Jp,o (=2ik *
—mip,xo T A A ( mz;mxa) . (105)

,w

We require the dual F'-move FJ kL , also to be projective unitary:

~ . ~qal 6ll/6 " /(57.7_/, lfl iS m—type
F%{QZ’“TQ *an]jl ,ua'r — { o ikl o (106)
pxza( poxa) Fmipxa nil(é”,éwﬂéw/ + (Z05 ) 0w 0 ux pyw O(rx ) )» if Lis g-type
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Replacing Eq.(103) into Eq.(106), and by Eq.(104),

. 2
km,x NIP,x
OkmXQ]

n 9 ikl ‘klﬂ ’ 1
Z(l) (FgrLipf;(Ta)*Finip,)lzaT (Ol‘m,‘r

7

e TT (TR % iRl

pxo m % ) Oz (Olj’ #) Ol] g

{ 6”'5Hlt'57"r" if [ is m-type (107)

= Im, 7\ % ik« —=jkl,put p -
n%((;”’(sﬂu"s”’ + (AT (A B T 0w (ux pyw O x gy )» if L s g-type
We see that in the above equation, when [ is g-type, we have
1 lm,t ik, 1
—— —— = (A7) (A)H) ———————, when 0y O fyr = 1. (108)
(OfmT)*Oi m,T (O'l]/k’#)*O'l]kJ—L l ’O%m,TO‘Zk,#’2 (ex f)p O(Tx f)

Then Eq.(107) can be satisfied by the following ansatz for O;f o

. . d:-d. .
O =i, | ——I 51 109
k k nmjnkDQdk k> ( )

where D? = Zij and @?’O‘ is a general phase factor. And Eq.(107) reduces to the projective unitary condition for F’-move in
Eq.(26).
[
By Eq.(87), the Y -move has the expression: Combining with Eq.(109), we find the quantum dimensions
satisfy:
g g n;:D2d),
Vi = (@i [ B S i, 110
k,a ( k ) ndedJ k ( ) B
N?d;d;
. o ZM = dpD>. (114)
Since we have Eq.(78) and Eq.(80), the phase tI’,j’ " must sat- 7 nin;
isfy:
ij,(ax f) ij,x ;17,0
e A (111) o
From derivations in Eq.(97), and Eq.(~101), we have more
and relations between different three-vertex O-moves:
(I)Zja(a'f) — K;;jaaq);;j,a’ (112)
. . . ~ij,afy  ~—ij,Bay
where we note that the o x f in Eq.(111) is determined by the Otipgn = Odppgr (115)
corresponding states in equivalent O-moves. Specially, when
the fermion parity change in equivalent O-moves also does not
change the bosonic state, Eq.(111) and Eq.(112) reduce to the . "
same equation. In this special case, we have A}® = A", 022,]1;2 L = 052]1;(1 3 (116)
After taking the gauge on O-move in Eq.(77), Eq.(66) be-
comes:
nkZij “ (Ozj N =1. (113) The other projective unitary condition for dual F'-move is:
1jo |

Fklr (ﬁjkl,w o = { Opp' Oy’ Oaerr» if p is m-type 117

= mip,xa\F'mip’ x' o’ %(6@,6)“,6&&/ + (éffip’xa)*%p/ I(xx f)x'O(ax frar» L pis q-type
Replacing Eq.(103) into Eq.(117), and by Eq.(105), we can similarly reduce it to the projective unitary condition in Eq.(36) with
the ansatz in Eq.(109).



I. H-move and an additional constraint between dual //-move
and F'-move

We define the fermionic H-move as the following local pro-
jective unitary transformation:

¢ im, x
Wi m = Z H?ln,)’@ﬂq}ﬁx n S , 18)
k i nxs k i
where
im,a s(a s(8) ps im,
Hima? = 03057050300 el (119)
Similarly, the fermionic dual H-move is defined as
l o B ! kim,af l X !
U | (22 ] | =Y M1 W | o0y, |, (120)
k I nxs k !
where
Hipmel = 93“)9;(“ 050300 Fmal. (121)

Again, when m is a g-type string, there exist the following
equivalence relations:

i J i J
’l/)ﬁx m ~ wﬁx m 9
k ! k !

(122)

(123)
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When n is a g-type string, there exist the following equiva-
lence relations:

i J i J
wﬁx " ~ wﬁx " ;
k 1 k 1
i Jj i
d)ﬁX n ~ wﬁx n
k 1 k 1

For convenience, below we will show how to derive the dual
H-move from the combination of F', Y and O-moves first,
and the projective unitarity condition of H-move will impose
additional conditions on F-symbol. When m is g-type, we
define () ¢Fim-aB 45 the phase difference of these two equivalent
states:

(124)

(125)

B
wﬁx m m ?
k 1 k l

=G P | [

if m is g-type, (126)
where in general the bosonic states B(a x f) and B(5 x f)
may not be the same as B(«) and B([3) respectively. Thereby
we have a relation between the dual H-moves of two equiva-

lent states:

szm (ax f)(Bxf) _ Ekzm aBszm af

if m is g-type,

jln,xé 4l jln,xs
(127)
where Amm’aﬁ satisfies (Nkim’o‘ﬁ)* = Zﬁim’(o‘xf)(ﬁxf).

When n is g-type, we define C iin,xs as the phase difference
between these two equivalent states
el o v e
'(/Jﬁx m = len,xéwﬁx m )
k 1 k 1

if n is g-type, (128)

from which we have another relation between the dual H-

moves of two equivalent states:

Tki rrkim, a3\ : :

C;’fln,xé (Hjhz?xéﬁ) > ifnis q-type,
(129)

( rrkim,a )
Jln,(x X f)(8x f)

where C s Satisties (ij ) = G ox Y% 1)

There is a relation between the dual H-move and F'-move. Depending on string j is m-type or g-type, we have

(1) If 5 is m-type,
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B 21 o 1M o
\Ilﬁx oLm Z yﬁlé‘/—:ln]kﬁ (;\I’hx ~ Z yﬁlé‘/—;ln]kBX(;\Ijhx
k l ndj’'B'x ndx
l J
~ Z 95(5 Ykl Gs(a)es(é)eb(x)e Fzmk a60 5)9 Oml 5\11 ) X
nxo = . S ,
i J
~ s(B) 5(9) ps Kl pimk,ad ~ml,B X
ZG 93(0)9 9 (X)Y En] Bx O ‘I]ﬁx n 5 , (130)
nxo k 1

(2) If j is g-type,

kl imk, a5
Z In 5‘7:171] B'x

ndj’' B’ x

~ zmk a5
l 6 ing, ,BX fix
ndx

zmk ad
Z “5 Inj,(B% F)x Y
ndx

s(6) ps(d s s(6 (B imk,ad ns(B ml,3 x
~ 3030050 Y05 030 0300057 Frnied g Do O P, |y | +

nox k 1

—~ml X
292(5 S(5)ykl 09(&)98(5)99()()9 BXf)Fzmk: ad 95( )eg(/ﬁxf eg(X Qg(XXf)Ol BB f)x U n .

Ing,(BXf)x" B Jin,(xx f)
ndx k 1
i J i J
~ 5(5) Kl k,ab Ami,B X s(8) 5(6) ki imk,ad mi,B Xf
S0 00 VI O | g |+ 000 e oD ES ort e |y
néx k / néx k 1
i j
x
~ 203705050 0 0V I R O P |y | (131)
nxd k 1
where we have
i J i J
—~ml,B(Bx f)x X — - LB kof
> Otjimixxs) Wix X ~ ) U =D i 80 ) Vi ~ ) EiisoonQ e |
nxo k ! nxo nxo nxo k !
(132)
Combining with the case that 3 is fermionic and the case j is m-type, the relation is written as
kim,af _ k,od yml.B-
H]lﬁlmxﬁ nJY Ff:; Bi Om (133)
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With the ansatz Eq.(109) and Eq.(110), we have

rrkim,af _ xzml,B kl,8 njnkdmdn imk,ad
Hiinxs = 25 ) iy Finiaix (134)

Similar to F'-move, we also require the dual H-move to be projective unitary:

OmmOaarOpa, if m is m-type
Hk:zm o' B’ szm aﬁ) _ { ki BB Shim.f ) ) (135)
nzxzs Jin, X‘S jln,xsé (5mm/6aa/(555/ C 5mm’5(o¢><f)a’5([3><f)ﬁ’), if m is q—type

If m is g-type, and in the fermion parity-even sector for example, this projective unitary condition for dual //-move can be
viewed as the following projective map:

i Jj Tkim,a B« i \2 i J
1 B (G ") By B
57/)ﬁx um + %wﬁx m — wﬁx (xm ) (136)
k ! k ! k 1
Ck:zm ,aB i 5 J 1 i - Jj i . j
Vix | P + 5 ¥hx m — thfix & , (137)
k 1 k 1 k !

In terms of matrix form, we have:

1 (Ckwn ,aB)*
P = CME aB f ; (138)
il
T 2

which also satisfies P2 = P. Relation in Eq.(133) induces the following equivalence relation on F-move:

rrkim, (O¢><f)(5><f)0ml B

imk,(axf)o _ "7 jln,xd imk,ad ml,B\x rkim,af qimk,ad - .
g, (Bxf)x T prkim, aﬁoml (6><f) i = 5777 Fii 6y » ifmis g-type, (139)
jln,xé

which is the equivalence between two F-moves with the fermion parity on the first two vertical fusion states changed. On the
other hand, the projective unitary condition of dual H move also induce an additional condition for F'-move:

Z dy, Fzm "k« 6( imk,a&)* _ djdknm 57717”'604&'5,35" ifm is]:n_ty%e (140)
nX6n Ing, ﬁ/ Ing,Bx njnkdm ﬁ((smm’éaa’éﬁﬁ’ + lelm,a (Smm’a(aXf)a’(S(ﬁXf)ﬁ’)’ if m is q-type
kim,af8 . __ ml,B\x Fkim,af . . . . . kim,afB\x __
where Q) = (A7) is the combination of the two phase factors, and it also satisfies (€2 )=
qRimy(ax f)(Bx )
gl )

Inversely, if we sum over the states {m, v, 8}, the dual-H move also satisfies:

- e Onn'Oyy 0557, if n is m-type
szm,a[ﬁ, *Hkim,aﬁ _ { XX . . 141
z ( jln’,x'6 ) jln,xé %ﬂ(dnn/éxxléggl —+ C inxo nn’5 x><f)x/5(5xf)5’) if nis q-type ( )

maf

If m is g-type, and in the fermion parity-even sector for example, this projective unitary condition for dual H-move can be
viewed as the following projective map:

i i ki * i J i J
1 x (Gins) %of x
5 Vix kKl + ”L’X ——  Vix e — Yiix ] (142)
ki i j i j i j
Jln,xd X 1 ) Xef , Xf
T¢hx k%j + §¢hx . n &, — Vfix . n ¥, ) (143)
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- 1 (Chin )™
[ . 2
P &l 1 , (144)
2 2

which also satisfies (ﬁ’ )2 = P’. Relation in Eq.(133) again induces the following equivalence relation on F'-move:

In terms of matrix form, we have:

]

5 H i pysxn Yos
imk,a(§X f)\ Jln,(x X X n, imk,ad Nij ki imk,od\%  » .
( lﬁﬁgﬁw))) = frim.oBy Kl ( lﬁ,ﬁi )t :A;{a jl%@@ﬁﬁi )", if nis g-type. (145)

jln, x5 n, (8- f)

which is the equivalence between two F'-moves with the fermion parity on the second two vertical fusion states changed. We
also have another condition for F'-move:

Z dp, (Fimlf:,ay)*Fimk,aé _ djdknn 6’11’7/77/5)()(,666” if nis m'type (146)
v Nm in'3,B8x’ Inj,Bx njnkdn E((S”"/(SXX/(S(S&/ —+ Q?lzn,xédnn/5(X><f)X'6(5><f)5/)’ if nis q—type
ki AU ki : : ki * _ Oki
whe.re lezn,xé =Ap, jlln,x&’ and it also satisfies (07, ;)" = Ol (xx )5 )
Similarly, we can also derive H-move from F', Y and O-moves:
ki kmi * ~km,
HIeP = ng VR (FR ) o™, (147)

When m is g-type, there is also such an equivalence relation:

Kim, ; ; . .
Hjl’,::'(%axf)(ﬁxf) = (ﬁm’aﬁHﬁ’:&%‘B, if m is g-type, (148)
and when n is g-type, we have another equivalence relation:

(HG e ox ) = s (Himsa?)", it nis g-type. (149)
From Eq.(133) and Eq.(147), the phase factors between equivalent dual H-moves Cﬁim’o‘ﬂ and ffnx s are related to the phase

factors between equivalent H-moves @’?m’aﬁ and ?ﬁ%x s by:
Clijlf:m,aﬁ _ A;:n,aA;nl,,B(A'jl_clim,aﬁ)*) (150)
Cli]]'gn,xé = A:g,XAleﬁ( flz,xd)*7 (151)

which can be proven from Eq.(139), Eq.(145) and Eq.(147). The projectively-unitary conditions of H-moves are:

ANy . 5mm’5aoﬂ5 ’y if is m-type
Z kim’,a' B (Hkim,aﬁ)* _ { 0383 m Yp (152)

. ) kim, . .
~ gln,xé Jln,xo %m(émm’éaa’éﬁﬁ’ + lezm aﬂ(smm/(S(aXf)a’(s(BXf)ﬁ’)’ if m is q—type

. ) Onn/Oyy 0557, 1f M is m-type
Hl}mn/v,,a/ﬂ/ *Hklm,aﬂ — nn'Yxx ’ i . . 153
Z ( gln’ ,x'6 ) jln,xé ﬁ(ann/éxx/é&;/ + Cfln,xé(snnlJ(Xxf)x'(s(‘sxf)(;')’ ifnis q-type ( )

maf
which will give exactly the same conditions for F'-moves Eq.(140) and Eq.(146).
J.  Summary

We collect all conditions and list them below:

N/ =B} + F/. (154)

N%Nmk NinNTJL'k
; nml :Zn: lnn . (155)
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Bij ka Fiijk Binij FinBjk
Z m” + m =l — Z l n + l n . (156)
F,z{TTXO(;B = 0when N < 1or Nf°* < 1or NJ¥ < 1or Nj™ < 1, 0r s(a) + s(B) + s(x) + s(6) = 1 mod 2. (157)
S (BI?+(F)? > 1. (158)
ij
Omm’Oaar0ps, 1if m is m-type
Fz]m N ,3 1]m afyx _ { BB _ ) ] (159)
nzxé kin,xo Eitn X0 ) nflm((smm'(saa’(sﬂﬁ' + “;c]lm aﬂ(smm’é(axf)a’é(ﬁXf)ﬁ’)» if m is g-type
Onn'Oyy 0557, 1if M is m-type
szn’lb a/B/ Fz]m ,af _ { XX ’ i ) ) 160
T%B< Eln g ) kln,xé i(annléXX' 655/ + :kjln,X66NTl'6(X><f)X’6(5><f)5’>’ if nis q-type ( )
didipn Omm’Oaa’Opp, if mis m- type
F'Lm k/a o Fzmk ad _ Y m im w8 . . 161
;X& Ing,B8'x Ing,Bx ) = NN nl (Omm/Oaa0pp" + Qk SO 1O pyr)» if s g-type (lel)
dpm ks’ ks djdpn { S Oxyr 0567, if m is m-type
Fzm «@ Fzm ad n nn’Uxx ; ] ] (162)
7% (Ernrs o ) Fimg ningd, %(6%,6“,655, + Q?lﬁ,xgénn,é(xxf)xld((;Xf)(;/), if n is g-type
—ijm,aByx __ —=ijm,(axf)(Bxf) —ij * _ =g
(“le ) - ‘—‘k,Jl ) (‘—‘kjln,xé) - “kjln,(xxf)(Sxf)’ (163)
kim,afyx kim,(ax f)(Bxf) _ Oki
(Q ) Q [ s (len X6) len,(xxf)(zSXf)‘ (164)
jm aﬁ itn, jktnk s(a)s(8 mkn,3 ijm, e

ZFkiLt ny lps mXFleq 57325 - (71) (@)l )ZFlm,ée XFq;)MSv : (165)

tnék €

Nlijdidj 2 2 dz‘z
27 = dyD?, where D? = Z—. (166)
7 ninj ; n;

We note that the four phase factors (2", E;jlnx 5> QB and QF, s are not independent. Consistency between the

fermionic Pentagon equation in Eq.(165) and four projective unitary conditions in Eq.(159) to Eq.(162) give rise to many rela-
tions among the phase factors. We will only show five relations on phase factors in section III C, which are the relations needed
to construct the partition function.

III. TOPOLOGICAL INVARIANT PARTITION FUNCTION
A. Partition function and spin structure

Based on the above algebriac relations, we can construct the fellowing topological invariant partition function®” for an arbitrary
triangulation of 3D spin manifold M:

e 2 % / Hd@“‘”d@s(“)ﬂ P T (Gmeg)yomen, (167)

ijklmn...afBx4... link face tetrahedron



21

FIG. 1: The graphical representation of the G-symbol is actually a dual representation of the F-symbol.

where D? = Y. d?/n; is the total quantum dimension and N, is the total number of vertices for a given triangulation. We
evaluate the Grassmann integral on all interior faces, where we choose that df always comes before df. Gyt is the ordering-
independent Grassmann valued G-symbol and 0,k = = is the orientation of the tetrahedron.:

ijm s(a) ps(B)75(8) 58 ijm,o
Gt = 0058 T Gl (168)
ijm,afy — s s(8)p3(B)ps(a) igm, oy *
(gkjln,xzsﬂ) = QK(X)%( )eg 0, (ijzn,xaﬁ) . (169)
ijm, a3

The G-symbol is actually the dual representation of the original F'-symbol, as shown Fig. 1, and G ; In.xs 18 related to F-symbol
via:

igm,af [T Mm ijm,ap
len,xﬁ - d.d kin,xd * (170)
nlm

Specifically, ] E(—l)s("‘) is the spin structure term. We include this spin structure term such that the partition function is
invariant under all Pachner moves®?, i.e. retriangulations. Mathematically, the fermionic partition function can only be defined
on a spin manifold, i.e. a manifold that admits spin structures. It is known that an oriented manifold M admits spin structures if
and only if its second Stiefel-Whitney class [w?] € H?(M, Zy) vanishes. We denote the Poincare dual of w? to be w; in 2+1D,
which is a set of some 1-simplices. Therefore, the requirement that w? vanishes (being a coboundary) is equivalent to w; being
the boundary of some surface E: F = w;. Different choices of E correspond to different admitted choices of spin structures 7,
where E is the Poincare dual of the 1-cochain i € C* (M, Zs). In Ref. 22, the spin structure term is expressed as [ ], (—1)m@),

where w are certain links given as?
w1 = {all I-simplices}+{(02) in any 2-simplex }+{(03) in any 3-simplex}, (171)

where we have relabelled the vertices A, B, C, D in Fig. 1 by 0,1,2,3. This expression is actually equivalent to our spin
structure term [ | E(—l)s(a). It is known that all oriented 3D manifolds admit spin structures. The E surfaces for all eight time
ordered 2-3 moves are listed in Ref. 24.

B. 2-3 moves

In 2+1D, the first type of Pachner move is the 2-3 move. There are in total eight 2-3 moves that can be induced by a time
ordering. The standard 2-3 move is given by

s(e) ja5(€) ijm,ae mkn,
Z / 401 dB (gqias,mﬁ(glp;afxﬁ

_ Z /dﬁ;j,(”)dg;“”d@;‘”d@;(d))d@;(“)d@;(mZ—Z(Q;@'Eﬁf}*(Qit"’(z’x)*(gjkt’"”)*, (172)

lps,ky lsq,00
tnok

After integrating out all Grassmann numbers, this equation is reduced to

qps,¢y ~ lpg,de knt,my ~ips,ky T lsq,6¢

ZGsz,aeGmkn,Bx _ (_1)3((1)3(6) Z lG”m’aﬁGltn’wXG]ktW” (173)
Uz
€ inpk
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FIG. 3: All possible time ordered 2-3 move for G-symbol.

which is exactly the same as Eq.(165), as shown graphically in Fig. 2.
The other seven 2-3 moves induced by time-ordering are:

it bx ks _ s()s(8) dm  ~ijm,aBx ~ijm, kn,B
D Gy Gligss = 2 (S0 O (G ) G Gl (174)
K mafe m
ijm, o3 kn,Bx _ 8 ds ijm,oey x ~itn,) jkt,
D (Gl ) Gl X = (F1) @O Y (G ) Gl Gl (17s)
B SPYR s
L . d L )
, ktme 5 n ,aB tn,p kn,B
D GTas) Gligiy = (F17 @0 Y (G (Gl Glpgsl (176)
¢ nyYpx
. ) d. . .
H tn, E s(d , kn, kt, *
D G Gty = D (S 1) 0 G G (Gl i) a7
q

W qeéd



S GGl = (-1 O Y gt G
P
n

pyex

kn, itn, x| * 5)dj ~ijm, jkt, ijm,oey %
D Glpas MG)" = 3~ G G G
J
X

jong

Z(Gijm,ae)*Gitn,wX — Z (_1)s(a)s(5)di(Gijm,oc,@)*Gmkn,Bx(ijt,nn)*.
ng

qps,dy Ips,Kky
v kBén

Below we will show how to derive these 2-3 moves.
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(178)

aps,¢y ' lpg,de lps,Ky

(179)

(180)

knt,np lpg,de lsq,6¢

C. The additional relations among projective phase factors

Since the G-move and F'-move are related through Eq.(170), we can rewrite the four projective unitary conditions in Eq.(159)-

Eq.(162) in terms of G-move as

Anlm ijm! o’ ' 1 ijm.ofB Omm’Oaasbpp, if mis m-type
G oS P (GO = —ij . . 181
nzxénnnm kinxs (Grinxs ) nflm(5mm'5aa'555' + :Zjl"wﬁ(gmm,(s(axf)ald(gxf)ﬁl), if m is g-type (181)
dndm ii iq 6nn’6 ’655’a if nis m_type
G ]77’7.,,04[,3 , *Gmm,aﬁ _ XX i . . 182
2 i (Grn’xs) " Glitn,xs nin(énn,dxxld&;/ + EnxsOnn O(xex f)x'O(ax fyor ) if mis g-type (182)
Aol i’ koS + imk.od Omm’Oaa’0gpr, if mis m-type
sz. ,IOC sz_ e’ * — . . . 183
nzx(sn"nm Inj,B'x ( Ing,Bx ) an((Smm,(;aa,éﬁﬁ/ + Q?Zm’aﬁémm/d(aXf)alé(ﬁxf)ﬁ/), if m is g-type (183)
Ay imk.as’ e Onn'Oyy 0557, 1if M is m-type
Gk« cimk, a0 _ XX . . . 184
%nnnm( )" G i (O Oy G550 + QU 50mmrO(x )y Oax o )» if 1 is g-type (159
[
Consistency between the fermionic Pentagon equation in In addition to the four phase factors Ezm’aﬁ , E;Jln e

Eq.(173) and four projective unitary conditions in Eq.(181)-
Eq.(184) (all in terms of G-move) can induce many relations
among the phase factors. Here we only focus on the rela-
tions that are required to fully construct the fermionic partition
function in Eq.(167).

The above four projective unitary conditions induce the fol-
lowing four equivalence relations for G-move:

ijm,(ax f)(Bxf) _ Ezm’aﬁGZJéT,féﬁ’ if 7 is q-type

kln,xd
(185)
ijm,af * _ =i ijm,afByx - .
(ijln,(xxf)(zixf)) = ‘_‘kjln,xé(ijln,xé )", ifnis g-type
(186)
imk,(ax ) _ ~kim,aB ~imk,ad . .
Gl?j’(ﬁaxf)x = Glnj.py » ifmisqg-type  (187)

imk, (85X f)\ % ki imk,ad\ % ip s
(Gt 0Dy = Qlt, (G, if s g-type

(188)

kim,af3 ki
le and len,xa

we defined above, we need to define a
new phase factor Aff 29 1o construct the topological invari-
ant partition function, as the following
ijm,(aXf)B _ A mji,ad ~ijm,af
G =A] G

kin,x (5% f) Kins » i 21sg-type,  (189)

which corresponds to the changing of fermion parity on two
diagonal fusion states a and ¢, and the phase factor A"
can be explicitly constructed through a sequence of F-move
and O-moves, as introduced in Appendix C.

To derive the rest seven 2-3 moves induced by time-
ordering, i.e., to fully establish the topological invariance of
partition function, the following five relations on phase fac-
tors are required(See full details in Appendix D):

—ij _ onit,Yr=jkt,nk

“kntnyp T Qsl s ’ (190)
—ijm,ae __ —=ijm,af nkm,Be\*
Egp ==, (qu )", (191)
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(E}f,s’m)* = (52;57 m)*QfﬂSﬁ Iy (192)  comparing the fermionic Pentagon equation in Eq.(173) with
the equivalence relations in Eq.(185)-Eq.(189).

(gper)” = Valpe (Ui x)" (193)
ey BT Now we show how to derive the first relation in Eq.(190).
We divide the summation over ¢ in Eq.(173) into two parts: the
(st n¢)* — (Efljp . m)*g;‘}t7 . (194) summation over ¢ strings that are m-type, and the summation

over t string sthat are g-type. Then we relabel 1 and i by
All above relations can be obtained as simple solutions by n X fand v x f in the summation that ¢ strings are g-type:

J

kn.Bx _ 5 At ~ijm,aB qitn,bx ikt
D Gy Glpgrsd ¥ = (F1) @0 % G Gl Gl s
€ {m-type t}nyr
di s ) .
_1ys(a)s(8) Gt ~ijm,ap itn, (Y X f)x ~ikt,(nx f) (kX f)
+(-1) > 2 it £) ¢ ) Gps (e yy Fisa o
{a-type t}(nx ) (X f)(kX f)
d . ) )
— 5 t ,af ~itn, kt,
- (_1)S(a)8( ) Z ;GLJnT,;w G;pZ,R'iCG{sq,gg
{m-type t}nyr
di —ij it prmjkt ijm i ikt nk
FEERD ST S GGGl (199)
{a-type t}nyr

where we note that for the summation over g-type t strings, we can only change the fermion parity for even number of fusion
states for a single F-move (as the F'-move should preserve fermion-parity), and only the state x which is summed over can
compensate the fermion-parity change in G'"¥X and G{f; 5+ So that here x must also be replaced by # x f. The summation

lps,ky
is actually equivalent to the summation »_ (only up to changing the summation order). Comparing Eq.(195)
(nx f)(Wx f)(rx f) NPk
with Eq.(173), we obtain
At ~ijm,aB qitn,bx qikt, di i it bRkt ~ijm,aB ity Akt
COPIOC = Y S E ) BTG GG 98
{a-type t}nyr {a-type t}nios

We see that Eq.(190) is a simple solution to the above equation.
Then we derive Eq.(191). When string m is g-type, we relabel o and 8 by o x f and 5 x f. And in order to conserve the
fermion-parity for a single G-move, we also need to replace € by € x f:

ijm,(ax f)(ex f) ~mkn,(Bx f)x _ s(a)s(s At ijm,(ax £)(BXF) qitn,px ikt
qps, ¢y Glpq=5(5><f) B (_1)9(0)€( : ninntmw Glps,fw Glsq,&b' (197)
€ tnyrs
DA G G Y = (SO Y G G Gl (198)
€ tnyk

We see that Eq.(191) is a simple solution to the above equation. We can obtain the rest relations in Eq.(192)-Eq.(194) in a similar
manner.

D. 1-4 moves

The second type of Pachner move is the 1-4 move. There are three different 1-4 moves induced by a global time ordering:

. 1 dndydyd; i - -
, ) t U] s tn, kn, kt,
Gy = (F1)M Dy e Gt Gy G5 ™) Gl (199)
ntklBnipxKd n U Tvk T
Gmkn,,@x _ 1 s(a)s(6) 1 didjdtds Gijm,aﬁ Gijm,as *Gitn,wXijt,nn 200
lpg,6e (=1) ﬁz Z N knt,nd)( qPS-,dw) Ilps,ky 1sq,0¢° (200)
illy s

ijtsanpry
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- 1 dod;didy i . -
tn, 5 k ) ) kn, kt,
Gty = () 5 S S M G G G s NGl o
- m kT
mjkqafBnedd J 4

Combining all the 2-3 moves in Eq.(173)-Eq.(180) and all the 1-4 moves in Eq.(199)-Eq.(201), the following relations can be
derived:

didid | it oBs i

SIS (el ) Gl = D, (202)
kjmapx © AT

e G Gl = 0
ijnaxd vy

dzdldm ijm,af r ~ijm,af 2

o Glanys (Granys )" = D% (204)
ilmaBd attttm

dkdldn igm,af [ ~yigm,ofBy x 2

LT T len,xé (len,xé ) =D ’ (205)
kingxs F

For example, we show how to derive Eq.(202) by comparing Eq.(173) with Eq.(199). We multiply by (G;ng;’f X)* and sum over
l,k,n, B, x,d on both sides of Eq.(173):

g di . ) .
ijm,oe mkn,Bx\x ~ymkn,Bx __ s(a)s(d t ~ijm,af ~itn,) mkn,Bx\ kt,nk
Z qups7¢7 (Glpq,ﬁé X) Glpq,ée Y= (=1) (@) Z ;ijntmw Glps,ﬁié(Glpqﬁe X) Gisq,t% ’ (206)
e, lknBxd tnyr,lknBxd
We see that the difference between Eq.(173) and Eq.(199) can be exactly compensated by Eq.(202) up to a relabelling on indices.
Eq.(202)-Eq.(205) together with the projective unitary conditions in Eq.(181)-Eq.(184) further imply:

NYdd;
ZM = d,D?. (207)

nn;
ij v

which is exactly Eq.(166). For example, we show how to derive Eq.(207) from Eq.(202) and Eq.(182) in two cases below:

(1) If n is m-type, replacing > %(Ggffg)*Ggﬁff = 1 into Eq.(202), we obtain
maB ’ ’

YA p (208)

nin;d
kjx Rt

where Zx only counts the number of possible states of y and can be replaced by N7*. We find it is exactly Eq.(207) up to a
relabelling on indices.

(2) If n is g-type, replacing > Z’"Z" (Gz;n’;f )*Gz’:’;f = 7% into Eq.(202), it becomes the same equation as above. So
g ; ; n

that we can again obtain Eq.(207).

IV. EXAMPLES

In this section, we derive all equivalence relations and F'-moves for all following examples, as listed in Appendix B 4. We

write down the explicit expressions of the phase factors Egm’aﬁ , ELJMX 5 Qflz ™8 and Qﬁn s in Appendix B5. We verify

that all F-moves in each example exactly satisfy the corresponding four projective unitary condition, as well as the fermionic
Pentagon equation.
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A. Fermionic topological order SO(3)s /1

In the fermionic topological phase SO(3)g/1, we have two strings {1, s}, where 1 is the vacuum string, and s is an m-type
string. The quantum dimensions are given by

di=1, dy=1+2. (209)
The fusion rules are given by
Ixs=sx1l=s sxs=1+C!s, (210)

where we use the notation CB:" 17" to denote the number of bosonic and fermionic fusion state for a given fusion space V.2,

The qulOIl rules wrltten as quIOII tensors are
Bi' =Bl =B' =B{* =B =F* =1 211
1 = Ds 1 s T Ts T O @1

and all other fusion tensors are zero.
Since the fermionic theory SO(3)g /) only contains m-type strings, and the dimension of endomorphism for m-type strings
n; = 1. We list all F-moves of SO(3)g/4 in Appendix B 7.

B. Majorana toric code

In the Majorana toric code, we have two string types {1, o}, where 1 is the vacuum string, o is a g-type Majorana string.
The quantum dimensions are given by

di=1, d, =V2. (212)
The fusion rules are given by
Ixo=0cx1=C'"s, oxco=C!1, (213)
written in fusion tensors as
Bi' =B =BJ'=B}" =F)7 =FJ' = F{" =1, (214)

and all other fusion tensors are zero.
The four projective unitary conditions for Majorana toric code are:

kin,xd kln,x5 1

Omm’ SaarOppr, 1f m is m-type
F?]Tﬁ NeY ,6’ 1jm afyx _ mm/Oaa’ 9537, ) ) 215
Z ) 5(Omm baar 08" + Omm O (ax frard(x f)p). if mis g-type (215)

nxo

Z (szm a/ﬂ/) FiimaB _ (inn’(sxx’(ststs’» if n isFm—type -
Kkln’,x'§ kin,xé 5 (OnnsOxy 0650 + @ff Onn'O(xx f)x'O(sx £)57)» if mis g-type

mapf

~_J 1, ifiis m-type 1, ifs(d)=0
where ©; = { 1, if 4 is g-type and I's = { x, if s(0) =1 (216)

Z Fzm "k,a' 8 Fzmk: aé) djdk:nm { 6mm’5o¢a’65ﬂ” if mis m_type

nxé Injg, ﬁ/ inj,Bx - njnkdm %(5mm’5aa’5ﬁﬂ’ + @;?5mm/6(a><f)a'5(,3><f)ﬁ’)a if mis q-typ€

Am  —imk.as’ imk.as Qi [ Opns Oy 567, 1f o is m-type
7 F1n/1 Ko’ ) * primk,od 7 i nn’Oxx s ) ) 217
%nm ( in'j,Bx ) Ing,Bx njnkdn %(571”/5)()(/5561 —+ 5ﬂn/6(x><f)x/6(5><f)5/)’ if n is q-type ( )

We list all F-moves of Majorana toric code in Appendix B 7c. We have checked numerically that the F'-moves satisfy all
above projective unitary conditions.
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C. Fermionic topological order %EG /v

In the fermionic topological phase %Eg /1, we have two string types {1, z}, where 1 is the vacuum string, and z is a q-type
Majorana string.
The quantum dimensions are given by

di=1, d,=1+3. (218)
The fusion rules are given by
Ixz=xzx1=Cz zxz=C'"1+C%?, (219)
written in fusion tensors as
Bl'=B*=B" =B{"=F"=F"=F"=1, B¥=F"=2, (220)

where all other fusion tensors vanish. We note that non-trivially B5* = 2, i.e. we have two bosonic fusion states if we fuse two
z and again obtain z. We denote the two bosonic fusion states as 1 and 72" respectively.

By fermion condensation, invoking the F'-symbols in the bosonic %Eﬁ theory in a certain gauge in Eq.(B66)-Eq.(B71) in
Appendix B, the equivalence relations Eq.(B12), Eq.(B16), Eq.(B18), Eq.(B22) and Eq.(B25) have the forms:

piimexf)@xn _ | Fiinxy - if mis q-type and Bj* = 1 (221)
kln,xé (— Uy)B(ﬁxf)B(ﬁ)ka Xsﬁ’ if m is g-type and Bmk =2
(iimes o O (Famal), itn isﬂq tpeand B" =1 222)
kln;(XXf)((;X f) (O'x)B((st)B((S)( kln ;(6 ) , lf'fl iS q—type and Blln =2
i, (ax ) (Bxf) _ Ozj’aﬁ, if k is q-type and B}’ =
Oy, = i, aB e ij (223)
(=0y)Blax)B(a) (=0y) BB 1)B(E)OF ", if kis g-type and B}’ = 2

Our notation of Pauli matrices appear whenever a changing of fermion-parity alters the bosonic states in any equivalence
relation. If a Pauli matrix o;, where ¢ = x,y, corresponds to a fusion state «, then the rows represent B(« x f) is 1 or 2, and
columns of o; represent the values of B(«) is 1 or 2. And we use (0;) B(ax f)B(a) to represent the entry of o; in row B(a x f)
and column B(c), which is simply a phase factor. For example, the notation (o) p(sx r)B(s) in Eq.(221) represents the phase
factor:

B BB )<L B(B) <2
(—oy)Bex BBy = § —0 IfB(Bx f)=2,B(8) =
0, otherwise

(224)

And the notation (0 ) (s5x f)B(5) in Eq.(222) represents:

1, if BGx f) =1,B(5) =2

(02)BGsxpBG) =4 1, ifB(@x f)=2,B()=1 (225)
0, otherwise

Taking the gauge choice Eq.(77) on the involved O-move in Eq.(133),

226
b8, if 7 is g-type and Bjml =2 (226)

Omb(BX1) _ O;nlﬁ, if j is g-type and B;”l =1
J (—=0y) BB ) BB (—0y) B(3x ) BB O]

@F lenmX%B’ if m is q- type B“” =1,BM=1

Fkim.(ax (BXF) _ @ﬂ (=o)B@xp e d gln e it m s q-type, B" =1, Bml =2
jln,xd (Uw)B(axf)B( )Hjll:)g , 1fm1sq type Bzm =2, Bml
(

—0y)B(x 1) B(B) (T2) Blax £)Ba) K’ lfmlsqtype By" =2,Bf" =2

(227)
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rrkim,af rrkim,afB\x .
(H i ex pysxny) = (Hjpps )" if nis g-type, . (228)
By Eq.(133), we replace the dual H-move in Eq.(227) by F-move, which will also bring a phase factor from equivalent O-
moves in Eq.(226). We should also note that when two such matrices multiply together, we are not doing matrix multiplication,
but we should multiply by each entry. For example, (—0,) (sx r)B(8)(—0y) B(8x £)B(8) = (—02) B(Bx £)B(B)-
We obtain the four projective unitary conditions for fermonic topological order %EG J:

57n’m/6aa/5,8,6’ , ifmis m-type
ZFIZ?TTX[? g ;z%nx?sﬁ)* = §Eémm’5aa’5ﬁﬁ’ + 6mm’5(a><f)a’5([3><f)ﬁ/), if mis q-type and Bimk =1
2

nxd 5mm’6aa’5ﬁﬁ’ + (—O'y)B(,gxf)B([g)(smm/5(a><f)o/(5([gxf)ﬂ/), if m is g-type and Blmk =2
(229)
OnnOxy 0567, if 1 is m-type '
D (EGT ) FIS = 8 5 (GanrOxxr 550 + O b Sy pyx Oax pyar)» if nis q-type and B = ‘ (230)
maf %(57”1/(5)0(/555/ + (O—I)B(éxf)B(é)(Snn/(S(Xxf)x’(;(éxf)é’)’ if nis q-type and Blm =2
~_J 1, ifiis m-type [ 1, ifs(d)=0
where O; = { i, ifiis g-type and 'y = { x, ifs(d)=1"

Omm’Oaasbpp, if mis m-type
2 (6mm/aardps + 9?; Smm’ O(ax fradsxfp)s
if mis g-type, B} =1, Bml =1
3 OmmOacrpsr + O (0) B(8x 1) B(8)Smm O(ax frard o)
if m is q-type, Bi™ = 1, Bml 2
<6mm’§aa’§ﬂﬁ’ + (UI)B(an')B(a 6mm’5(a><f a/é(ﬁxf [3’)
if m is g-type, Bj™ = 2, Bm =1
3 Omm Baar 055 + (0y) B(3x ) B(B) (02) Bax £)B(a) 5mm/5(aXf '5<ﬂxf )
if m is g-type, By = 2, B}

Z dp Fzm "k, 6( imk,aé)* _ djdknm
n,  nd Bx Inj,Bx nindm,
nxo

N

(231)

A ks’ ks djdgTn [ OnnsOyyr 055, if mis m-type
Fzm « Fzm ad nn’Oxx N . . 232
Z " = (Fp 7,8x’ )t Ing,Bx ningd, %(5%,5”/655/ + Onn/O(xx f)x' O(sx £)s')» if mis g-type (232)

maf3

We list all F-moves of %EG /1 in Appendix B 8 b. We have checked numerically that the F-moves satisfies all above projective
unitary conditions.

D. Fermionic topological order TYtZ’: N /N

TYtZ’:N /¥ is the Tambara-Yamagami category after condensing the fermion v, with symmetric non-degenerate bicharacter
of typet (1 <t <2N — 1 and ged(t,2N) = 1):

Xt(ayb) — 627Titab/(2N), (233)

and sz is the Frobenius-Schur indicator. The fusion category T YtZ’:V /W is a generalization of the Majorana toric code, i.e., the
Majorana toric code is the special case N = 1in TY’SZ’;‘V JUN.

TYtZ’Z”N /¥ has string types Zy U {o}, where o is a g-type string, Zy = {0,1,--- , N — 1} are labels of m-type strings.
The quantum dimensions are given by

di=1, dy =V2N. (234)
The fusion rules are given by
axb=Ca-[FDIF J[a—&—b]N, axo=cxa=Clllsg, oxo= Z(Cma, (235)

a€ZN
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where we define [a + b]x = (a + b) (mod N), and LQTH)J means taking the integer part of %” In fusion tensors,

b _ b
By = L Flatn)y

=0,ifa+b< N,

ab _ ab _ :
B[(L-‘y—b]zv = 07F[a+b]N = 1,1fa+b Z N,

Bl? = B9' = B? = F!? = F9' = F77 =1,

where all other fusion tensors vanish.

(236)

We only consider NV to be odd here. The four projective unitary conditions for TYtZ’;V /W are:

(=]

Y ..

ijm’ o’ B ijm,afB\s __
2 :Fklmxé (Fklmxﬁ ) -
nxd

N[0 | =

(Om
(6

mm/0aar0p, if m is m-type
m'Oaar08p" + Omm'O(ax flarO(sx f)pr)» if m, k are g-type, and [ is m-type
mm/Oaa’ 038 + (—1)k5mm’5(a><f)a/5(ﬁ><f)/3/), if m, [ are g-type, and k is m-type

(237)

where we note that in the third case, m, [ are g-type and k is m-type, which means that m, [ are the o string and k£ € Zy . So that

In the phase factor (—1)*, k just takes value in Z .

OnnOyy 0557, if mis m-type
L (Srn Oyxr 056 + (=1)"Onn'O(xx f)x'O(sx f)ar)» if m, 1 are g-type, and 7 is m-type
(OnnsOxx' 0550 + (—1)1(9?;‘ Onn'O(xx f)x'O(5x £)5r)» if m, @ are g-type, and [ is m-type

ijm,afB \x pijm,af _
Z (Fk:ln/,x’é/) Fkln,xé -

3
maf 3

where O¢; = {

1, if ¢ is m-type
1, if 1 is g-type

1, ifs(8)=0

where similarly in the second case ¢ € Z, while in the third case [ € Z .

dy, im'k,a’d ; pimk,ad\x __ djdknm
7Fln'ﬁ’ (Flnﬁ ) -
38X J:Bx 1oy,
nxd

(SIS

Z %(Fimk,oasl)*

l / '7 ! l ‘7 -
~ n’j,6x nj,Bx njnkdn

We list all F'-moves of TYtZ’;‘V /¥ in Appendix B9b.

V. CONCLUSION AND DISCUSSIONS

In conclusion, we obtain a hopefully complete classifica-
tion of all 2D non-chiral fermionic topological orders charac-
terized by a set of tensors (N7, F}7, F;{;"X(f;ﬁ .1, d;), which
satisfy a set of nonlinear algebraic equations parameterized

—ijm,aff —ij kim,af ki
by phase factors =™, =g, 5, Q5 and lezmxé'
By considering the consistency between the fermionic Pen-
tagon equation and the four projective unitary conditions, we

: —ijm,af  —ij
get more relations fo? the phase factors = s Elnys
Q?l’maﬁﬁlﬁn 50 AZ;JZ’M;, from which we can define a topo-
logical invariant partition function for arbitrary 3-manifold

y

%(5mm’ 50(0/ 5Bﬁ’ +
(5mm’ 5040/ 6Bﬁ’ +

3 (OmmsGaadppr +

imk,a0  Qjdinn [ OpprOyyr 8550, if mis m-type
%(571”'6XX'655' + 6nn’6(x><f)x’6(§><f)6’)s if n is g-type

Omm’Oaa’0ppr, if mis m-type
%(5mm’5aa’5ﬂ6/ +

and T's = { %, ifs(6) =1 (238)
(=1)"OmmeS(ax prardpx £)6);
‘ if m, k, [ are g-type, and ¢, j are m-type
(1) bmmO(ax fard(sx 1))
if m, j, k are g-type, and 7, [ are m-type  (239)
(= 1)*O%s S Sax frar (s 1)p):
if m, 1,1l are g-type, and j, k are m-type
(= 1)*¥HOs G S(ax prardsx £16):
if m, 1, j are g-type, and k, [ are m-type
(240)

(

with a spin structure. Finally, we also discussed four exam-
ples which satisfy all algebraic conditions.

For future study, it would also be very interesting to gener-
alize the construction in Ref.25 and Ref.26 for 2D non-chiral
fermionic symmetry-enriched topological (fSET) phases, in-
cluding those anomalous 2D fermionic SET states?’~3? which
can only exist on the surface of some 3D fermionic symmetry-
protected (fSPT) phases. We believe that the g-type strings,
or called Majorana-type strings, are very likely to charac-
terize the anomaly of 3D fSPT phases with Kitaev-chain
decoration®*. Moreover, it will also be very interesting to un-
derstand the generic algebraic structure’*3¢ of fSET phases
from equivalence class of symmetric fLU transformations.
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Appendix A: Super Fusion Category

This section is a review on some basic concepts about su-
per fusion categories'>37-3%. In the point of view of category
theory, the string types are the simple objects in a super fu-
sion category, or more precisely, a super pivotal category S,
where the “pivotal” structure is covered by the H-move we
defined in the fermionic string-net model. The super pivotal
category only covers 2D fermoinic topological orders that can
be obtained from fermion condensation. We believe that our
approach from fixed-point wavefunction realizes more general
fermonic topological than super pivotal category.

The number n; we introduced in the general fermionic
string-net model is actually the dimension of endomorphism
of the string:

n; := dim End(z). (A1)
Explicitly, the string types are further divided into m-type
strings and g-type strings:
(1) A string ¢ is an m-type string if

End(i) = C, (A2)
where End(i) is the endomorphism algebra of string 4
(maps from string ¢ to itself), and the dimension of it is
dim(End(7)) = 1. It means that the map from an m-type string
to itself is one dimensional.

(2) A string 7 is a g-type string if

End(i) = Cly, (A3)

where dim End(7) = 2. The first complex Clifford algebra is
Cly = {1,~}, where 1 is the parity-even generator and ~ is
the parity-odd generator.

1. The modified fusion space

In fermionic case, the fusion space Vkij is different from the
super vector space Azj appearing in the fusion rule (while in
bosonic case, V7 2 Al):

(1) The super vector space Afj is defined as the space of
fusion coefficients in the string fusion rule:

i®j=2OAY -k, (A4)
k

where the fusion outcome is generally a composite object,

which can be written in the from of multiplying an object with

a super vector space.
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(2) The fusion space Vkij is defined as the vector space of
morphisms from £ to i ® j:

V7 = mor(k — i®7) = AY @mor(k — k) = AY QEnd(k),

(AS)
and therefore the dimension of the super vector space A}’ is
given by

ij N N
ny = dim(A}) = k

~ dim End(k)’ (A6)

where IV, ,ij = dim(V,:j ) is the dimension of the fusion space.

2. The modified tensor product

In larger fusion spaces involving more strings, the tensor
product should also be modified. For example, we consider

the fusion space V;"/ *in Fig. 4. In bosonic case, we have

Vit = eV e vk, (A7)

FIG. 4

However, in fermionic case, the two fusion spaces on two
sides are not isomorphic. Explicitly,
ijk =mor(l - i®jk)
~ pAY @ mor(l — m @ k)
m

~ @AY @ AM* @ End(l), (A8)

and

BV @ V* = G(AY @ End(m)) ® (A7 @ End(]))

@
~ ®AY @ A" @ End(m) ® End(l). (A9)

Therefore in fermionic case the fusion space Vlij * should
be decomposed as

VIR = @Vl @) Vi = @V, ® V;"F\End(m),
(A10)
where ®gpq(m) is the relative tensor product, which is just the
original tensor product modulo out the equivalence relations
induced by End(m).

The support dimension of Vlij k

18

dim(V,7%) =) —m—L__
im(V,") Zdim End(m)

m

(Al1)



3. F-move

We define the F'-move as
F7Y @V @puany VI* = OV Qpnaem) V™, (A12)
where the support dimensions on two sides are equal:
Niijk Nianlc
—m- —t -n (A13)
— dim End(m) — dim End(n)

4. Quantum dimensions

We define the quantum dimension d; of a string ¢ as the
largest eigenvalue of the fusion matrix 7);, where 7); = (77,? :
j,k € S)and 5/ = dim(A). We define the vector |w) =
>"d; |i) as the common eigenvector of 7};, such that

(2

i lw) = di |w) , (A14)
where |4) is the Dirac notation of string type ¢. Specially, if 4
is a g-type string, we have |i)(i|j) = 16;; |i), where |i)(i| is a
projective operator: when it acts on |4), it only maps to half of
the initial state due to the equivalence relations generated by
End(7):

where we consider the simplest strings in parity-even sector
with up to two fermions. For strings with more fermions, we
can also divide all the configurations into two sets, and pair
one element from each set by the above equivalence relation.
This can be concluded as

(ili) =

1
ST ETI Al5
dim End(7) (A1)
Remark: The string state 7 here is not the fixed point wave-
function state as above.
The total quantum dimension is defined as the inner product
of the common eigenvector:

2 d;
Zd Z dim End(7) "

From relation in Eq.(A13), we can derive a general formula
for quantum dimensions:

= (wlw) = (A16)

NzJNmk lenN;]Lk

m ‘ >

“— dim End(m)dim End(!) — dim End(n)dim End(l)
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Z?ﬁ"?ﬂf

N} iin
Z dim End

Nl

m

m m |w) = ning |w),

Niid,,

did; = ~— dim End(m)’

(A17)

Appendix B: Fermion Condensation

Anyon condensation is a systematic approach to construct
new topological orders from old ones***?. In the fermionic
system, there is an analogous fermion condensation to obtain
fermionic topological orders from a bosonic one'*'4,

In this appendix, we will discuss one version of fermion
condensation that produces a super fusion category (discussed
in Appendix A) from a fusion category if there is an object that
is promoted to a fermion in the Drinfeld center of the fusion
category. We will use this scheme to produce several super
fusion categories. We have checked that they all satisfy the
conditions summarized in Section I1J, although the solutions
of which are assumed to be more general than super fusion
categories.

1. Fermion Condensation Scheme

The easiest way to understand fermion condensation is
from the string diagram. We assume that there is a special
object y in the fusion category C that is promoted to a fermion
(y, By) (By(x) is the half braiding of y with respect to ) in
the Drinfeld center Z(C) of C. We will denote the fermion
string y by red color in the string diagram.

In the construction of super fusion category from a fusion
category C, we need only the half braiding of y with other
objects. The string diagram for other objects are still planer.
We assume that y in C is lifted to a fermion (y, 5,) in the
Drinfeld center Z(C). Therefore, a self-twist of y will give
us a minus fermion sign. The braiding of y should satisfy the
naturality condition:

/ i / |
It implies that we can move the red y string freely under any
vertex (morphism) of the diagram.

Since 4> = y ® y = 1, the fusion of y with the simple
objects in C gives us an involution. Since y is condensed, a

for Va, b, c. (B1)

| ymd y®a € C should be identified in the super fusion category

¢ /y. So the simple objects of C/y consist of the orbits of



this action. We will denote the representative object of the
orbit of a as [a], which can be viewed as an object in C/y. If
y®a = a € C,then [a] is a g-type object in C/y. Otherwise,
[a] is m-type in C/y.

On the other hand, the hom space of C/y is defined to be

Home, ([al, [b]) := Home([al, [b]) ® Home([a],y @ [b)),
(B2)

which is a direct sum of bosonic and fermionic fusion spaces.
On the right-hand side of the equation, [a] is understood as the
representative object of the y-fusion-action orbit in C. Graph-
ically, the fermionic fusion space (with a black dot on the ver-
tex) of Home , ([a], [b]) in C/y is defined to be the bosonic
fusion space Home ([a], y ® [b]) in C as, for example,

Y w

where the red string y is fused from left to the vertex in C by
convention. The condensed red string of y should be under-
stood as under all other strings in the diagram. It is paired up
with another red string at the left infinity, such that the total
digram is fermion even. The examples we consider in this pa-
per all have trivial Frobenius-Schur indicator for the fermion
string: sz, = 1. For simplicity, we assume that the straight y
string from leftmost to a vertex can be regularized arbitrarily

near the vertex:
b b b
1/~{ :y/‘ :y\‘. (B4)
a a a

So the notion of horizontal red line makes sense in the string
diagram.

In such way, we construct both objects and morphisms of
the super fusion category C/y from the fusion category C.
This procedure is called fermion condensation. Every string
diagram of C/y should be understood as a digram of C with
black dots replaced by red strings using the rule Eq. (B3). In
particular, the F' move of C /y can be derived from the ' move
of the fusion category C.

2. F-move in fermion condensation

For the fermion condensation part, we use a notation of F'-
move differ from Eq.(23) in our fixed-point wavefunction ap-
proach. In the fermionic theory, the F'-move is denoted as

i i jk
= [Fj7%] fj;f\%/ ) (BS)
l nxs l

While in the bosonic theory before fermion condensation, a
bosonic F-move is denoted in blue color:

i j i j

k
=2 T \% . (B6)
l nxs l
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So that if we take the notation Flij " or Ffjk,
a martrix.

it is in general

3. From bosonic to fermionic pentagon equation

In the former section, we have discussed how to obtain a
new category C/y from a fusion category C. We have to show
that the C/y is indeed a super fusion category. In particular,
the new F' move should satisfy the super (fermionic) pentagon
equation, which was first proposed in Ref. 10. Compared to
the bosonic counterpart, there is an additional fermion sign in
the super pentagon equation.

The super pentagon equation is derived by replacing all the
fermionic vertex Hom states (represented by black dots) by
red strings of fermions going into left infinity under all other
strings. For instance, a diagram with four dots is understood

where the right-hand diagram is a bosonic one for C. The four
red fermion strings are paired up from top to bottom.

The string diagrams of a fermionic pentagon equation of
C/y can be also expressed as diagrams of C. There are pos-
sibly red fermion strings going from a vertex to the left, if
the fusion space of the super fusion category is fermionic. If
we switch the order (height) of two vertices which are both
fermionic, there is a fermion sign

In general, this fermion sign of the above move is
( —1)5(’1)3(5). Now the super pentagon equation of the super
fusion category is in fact a hexagon equation:

i j k1 i j k1
(PTI |
t - s N\U!
/I’lx ’Y‘Y\)
i j k1 i j k1
p p S
W
N

l(xjkl p
q

p
(B9)

where the bottom move is the fermion sign move shown in
Eq. (B8). Therefore, we show that the condensed theory /y
satisfies the super pentagon equation Eq. (46) which is first
derived in Ref. 10.



4. Equivalence Relations

In doing fermion condensation, we set all transformations
related to adding and removing vertices, e.g. O-move and Y -
move, to be normalized as 1,which will cause no harm as the
number of vertices is invariant for the initial and final state in
any fermion condensation step.

Now we derive the equivalence relations in our fixed-point
wavefunction approach (So that we need to put back the no-
tation 95 ). From our fermion condensation convention, if m
is g-type, the two equivalent states in Eq.(9) and Eq.(10) are
related by:

i ok ik
O
¢ﬁx mn ::wﬁx %/
l l
i j ok
:('F‘]ymk)ﬁwﬁx \é/
l
i ok

Z:(Fll/7nk)ﬁ¢ﬁx \g[% ,  (B10)
l

i Jok i j ok
ax pp—
wﬁx m '_wﬁx Xm/
[ l
ik
:(‘Flymk)ﬁwﬁx \g/
l

i j ok
— (Fy'mk) ’(/} \W (Bl])
. 1 B¥fix m ’
)

where y denotes for the fermion string in the bosonic theory.

We introduce some of our notations here:

(1) The index in the bottom right corner, e.g. 3 in (F""*) 4,
refers to that the F'-move in the uncondensed bosonic theory
acts on the vertex with fusion state 3. So that any bosonic F'-
move in such notation is just a phase factor, as the inner states
are all fixed as long as the state 3 (including the two incoming
strings and one outgoing string that define 3) is fixed.

(2) Some of the strings are denoted in red color, e.g. strings
m and [ in (FY"™")s. A string is denoted in red color if it
satisfies the following property:

When it is a trivial string in the fermionic theory, it is a
fermion string in the bosonic theory before fermion conden-
sation.

This property is important as it may cause difference on the
phase factors in fermion-parity even and odd sectors.

We obtain the relation between the F'-moves on two equiv-
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alent states:

rirgrronn - NS e
: (F} )ﬁFkln,;((S , parity-odd
(B12)
Similarly, if n is g-type, the two equivalent states in Eq.(13)
and Eq.(14) are related by:

i xk i j ok
wﬁx xfn ::d)ﬁx &fl/
[ [
ik
= O i &rz/
[
ik
— 0(FY™) st \i’{
[
i j k
[
i j _k
= @fi (Fly”LF‘;yn)éwﬁx \%/ )
[
(B13)
i ij i j ok
7vzjﬁx \5@% ::wﬁx Vn/
l [
i j k
= 05 (R s | N7
l
i j _k
= O (F™ F{"™ st \%V 7
[
(B14)

where Oy; is the half-braiding phase between the string 4
and the fermion string also in the uncondensed bosnic theory.
When ¢ is m-type, the half-braiding is trivial. When i is g-
type, ©¢; = =i, as proved in Section B 1, and we can always
choose a gauge ©¢; = i. Therefore, we have the expresssion:

O — { 1, if 4 is m-type (B15)

1, if4is g-type

We obtain the relation between inverse F-moves on two
equivalent states:



O (FY"F™)s(Famaly*,

(Fiam-ob ) = o ~ parity-even
Hmbo DO @i (M E s (Bl )"
parity-odd
(B16)

If k is g-type, The two equivalent O-moves in Eq.(49) are
related by:

k
"/Jﬁx l J
k
k
= (ﬁgij)awﬁx ! ]
k
k
= (FY")a(FY) gt | ! J
k
k
= (ﬁ}ilu)a(F]gu)ﬁwﬁx i il
k

B17)

We obtain the relation between O-moves on two equivalent
states:

O IED — (B9 (Fr)5000°%. (BI8)

If k is g-type, The two equivalent Y -moves in Eq.(70) are
related by: related by:

i, j i i
wﬁx XC ) = wﬁx k
i Bf J j j

= hix (B19)

For the dual H-move, if m is g-type, the two equivalent

34

states in Eq.(122) and Eq.(123) are related by:

v o : /
wﬁx m = ¢ﬁx m
k 1 k I
i J
= O ;g “
k 1
i j
=05 (F")anx “
k 1
= ®fi (FliﬂmF]iym)awﬁx
yim iym yml
=0y (F'"" ! )a(Fj/ )5 ¥fix
i 8 J
= @fi (F}’ijz'm,F}Zym)a(E)yml)ﬁwﬁx (xm :
k 1
(B20)
'y B’ —. J
Vfix o = Ygix p
k 1 k 1

= ®fi (F]z’/iszym)a(ijyml)ﬁwﬁx

yim piym yml
= O (B ™ )a(FY™ ) pthix | 42

(B21)
We obtain the relation between H-moves on two equivalent

states:

O (FL™ E™ )a(F)™ s Hyp 5,

ﬁl;lim,((;axf)(ﬁxf) _ _ ' . Beg_ity-eﬁven
Jln,x ®fi (ngmF}:ym)a(F;gm )ﬁHle,T)g ,
parity-odd
(B22)

If n is g-type, the two equivalent states in Eq.(124) and
Eq.(125) are related by:

i J i J
Xof
Yiix n & = Yy n
f
k ! k 1
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i J
Xf
wﬁx n &F = ¢ﬁx
k 1

equivalent states:

Hipies pyoxn)” = His")” (B25)
In the following several subsections of this Appendix B,
= Prix "Is 5 (B24) we will present several examples of super fusion categories
k [ by fermion condensation. They all satisfy the conditions sum-
marized in Section I1J, although the solutions of which are
We obtain the relation between inverse H-moves on two supposed to be more general than super fusion categories.

J

5. Phase factors from fermion condensation

We can obtain explicit forms of the five phase factors in Eq.(185)-Eq.(189) from fermion condensation:

E = (F™)s, (B26)

B = i (B F™)s, (B27)
QN8 = @y (FY™ B ) o (FY™)5, (B28)
s = 1, (B29)

ATTE0 = (B3 (FST ), (B30)

where the F-symbols in blue color are the F'-symbols in the bosonic theory before fermion condensation. With the above forms
of phase factors, we can check that the relations among phase factors in Eq.(190)-Eq.(194) are satisfied.

We note that the expression for each phase factor can be differ for fermion-parity even and odd sector. Here we do not
distinguish parity-even and odd sector for simplicity. But we should keep in mind that the phase factor in parity-even and odd
sector can be different, as explicitly shown in Appendix B 4.

The five relations among phase factors are obtained from the following relations for F-move, O-move, H-move and a special
sequence of moves in Appendix C from fermion condensation:

Fam G DED — (gpmk) sFameP i m s q-type; (B31)

(Fli{::?()iif)(éxf))* =Oyi (Eysziyn)a(Fngéﬁ)*’ if n is q-type; (B32)
O D) = () (F{) 5017, if ks q-type: (B33)
Y;f(a.f)(ﬁ_f) = Yg]aﬁ if k is g-type; (B34)

Hmo o) = @ g (Y™ ™o (FY™) g HIhse i s g-type: (B35)
(Hysees) )" = (HiG), i nis q-type: (B36)

Fam 600 = (B3 (R o Fra?. iffiis g-type. (B37)

where we derive these relations in Appendix B 4 and Appendix C.
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We take the gauge in Eq.(77) on the relation in Eq.(B33),
O D) = (FV9) o (FY)a,s017°, if kis g-type, (B38)

where we note that the bosonic F'-move (fg “ )a,o and (F/ R )a,p acts on different vertices, but the two vertices are in the same

space spanned by o and @ x f. In order not to cause confusion, we in addition label the vertices o and 3 in Eq. (B38). We take
the gauge in Eq.(79) on Eq. (B34),

Y,jf'(a, H= YA, if kis g-type, (B39)

Combining Eq.(B35), Eq.(B36), Eq.(B38), Eq.(B39) and a relation among F-move, O-move and H-move in Eq.(133), we obtain
two more relations between F'-moves:

imk,(a 5 yim iym ymlyx pimk,ad . . .
Folod)? = @ (B BV o (FY™ ) Fime?,if m s q-types (B40)
imk,o(d * imk,od\% s .
(it Oy = (Fimkse®)”, if mis g-type. (B41)

Therefore, relations in Eq.(B31), Eq.(B32), Eq.(B40),Eq.(B41) and Eq.(B37) exactly give the forms of the five phase factors
in Eq.(B26)-Eq.(B30).

6. Majorana toric code from Ising anyon model
a. Ising anyon model

Ising anyon model is one of the simplest non-Abelian anyon models. There are three simple anyons {1,, o} with quantum
dimensions dy = dy = 1,d, = /2. The fusion rules of themare: ) x ) =1, 1) X 0 =0 x ) = 0,0 X 0 = 1 + 1. If we use
dashed, red and blue lines to represent 1, ) and o, the trivalent vertices of fusion rules are

The F' symbols of the Ising anyon model can be found in, for example, Ref. 4.

7. Fermionic topological order SO(3)s /v from SO(3)s
a. SO(3)¢ anyon model

The full data for the bosonic SO(3)s theory are listed in, for example, Ref .43. There are 4 types of anyons 1, s, 3,1 in
SO(3)6. Some important fusion rules are s X ¢ = 3,9 x ¢ = 1,5 X s = 1+ s + 5, from which we can derive all other fusion
rules. The quantum dimensions of simple anyons are d; = dy = 1,d, = ds = 1+ /2. The anyon 1) is a fermion in the SO(3)s
modular tensor category. So we can try to condense the anyon ¢ to obtain a super fusion category SO(3)g /.

b.  Fermionic topological order SO(3)¢ /1)

Since the nontrivial anyons s and s are changed into each other under the fusion of y: s X 1 = 3, they become the same
anyon (which is also denoted as s) after the fermion condensation. So the simple objects of SO(3)¢/% are 1 and s. The quantum
dimensions of them are dy = land dg, = 1 + V2.

If we use dashed line and solid line to indicate the anyons 1 and s, the fusion rules of SO(3)¢ /v are

where the last three fusion diagram of SO(3)g /1) come from the fusion rule s x s = 14+ s+t x sin SO(3)g. Only the last
one is fermionic with a black dot which should be understood as a red string of ¢ going out of the vertex.
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From the F' moves of SO(3)g, we can derive the following (trivial) F' moves of SO(3)g/v:

F1111 —1, (B44)

)

\ - Fgll\..iii=~"' LR (B45)
<T = F ;} CLORM =, (B46)

/ s, / Flts 1, (B47)
\/ _ Fll\\> DR (B48)

T 111
= Fl ]

TN ) (B49)

= Fjss Flss =1, (B50)

Bs51)
(B52)

(B53)
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The nontrivial F' moves of SO(3)¢/1) are

58S 1 0
Fpes = (0 _1>, (B54)

Y

1

1+1f 71 + 0 1+\/§
V1+v2 2+\[ 01 01 7
$88 __
FPee = 0 0 -5~ 0 . (B55)
0 o -+ L 0
1 L Oﬁ {)5 __1
Vitve o V2 24+V2

One can check that they all satisfy the super pentagon equation and other conditions summarized in Section I1J.

c¢.  Majorana toric code model

Now we want to condense the fermion v in Ising model to obtain a super fusion category. After the condensation, we have
two simple objects 0 and 1, which come from 1 and ¢ in the Ising model. The quantum dimension of them are dy = 1, d; = /2.
The fusion rules of them are

- / \ \/ ( _ 4( \ _ % \/ ~ y .

with fusion coefficient N§, = 1, N3; = Ni, = N, = 2. The black dot in the diagram means that the fermion is condensed at
this vertex, which can be understood as a fermion string going out of the vertex from the bosonic string diagram. Since we have
fusion rule ¢y X ¢ = o in the Ising model, the nontrivial object 1 in the super fusion category is a q-type one. The fusion rule
o X 0 =1+ 1 in the Ising model becomes the fusion of 1 and 1 into 0 with one bosonic channel and one fermionic channel in
the super fusion category.

The F' moves for the super fusion category can be divided into two kinds according to whether or not the F' symbol is of full
rank. The full rank unitary F’ moves are:

_ FOOOO ‘ , F(?OO _ 17 (B57)
T
\//\//V/V/ _Fm<\v \\/\v
) ) ) - +1

10 0 —i
1 (01— 0

Ff”:ﬁ 01 i ol (B58)
100 i
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The projective F' moves are

FlOl _ 1

y 1 (B59)

_o0 O

0

1
14 0 )
0 .

0
1
1) (B60)
0

Flo0 _
1 /100 —4

110 __

F _(01 : 0), (B61)

0
1
ik (B62)
0

_— O O
O = = O

1 /1001
001 __
FY v (0 L1 o)‘ (B64)

Since there are always two independent basis states (with different fermion parities) on both sides of the above equations, all the
above F' matrices have rank 2.
One can check that the F' moves satisfy the conditions summarized in Section ITJ.
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8. Fermionic topological order (3 Es) /y from 1 Eg
a. Unitary fusion category %EG

The unitary fusion category %Eg does not admit a braiding structure. It has three simple objects: 1, x, y. The fusion rules are
givenby: z xz=14+2z+y,z xy=y xax ==xand y x y = 1. If we represent 1, = and y by dotted, blue and red strings
respectively, the fusion configurations can be shown as:

The last fusion of x and z to y has two fusion channels. So we use a vertex index o = 1, 2. All the simple objects are self-dual.
The quantum dimensions can be calculated from the fusion rules as: dy = dy, = 1,d, =1+ V3.

(B65)

The F matrices in this tensor category are summarized as (0’s are Pauli matrices)**
Fg¢ =1, ifa=1lorb=1orc=1, (B66)
Fy = Fp = FYY" = FyY" = FY™ = Fj™ = F{™ = Fj™ =1, (B67)
Fyv* = FJW = —1, (B68)
Py = —o¥, PV =of, P =0, (B69)
oTmi/12 <1 z) oTmi/12 (2 1)
Free = ), EPTT = —— , , B70
1 2v2 \1 —i Y 2v2 \—i 1 (B70)
V3-1 V3—1 VVB=1 /6 V321 2ri/3  VVB-1 2mi/3 VVB=1 mi/6
2 2 2 2 2 2
V3-1 1-v3 \/\/Eflem'/ﬁ VV3-1 £27i/3 _\/ﬁ 2mi/3 _\/\/§716m'/6
_ 21 _ 21 _1(2671'71/6 _ 1) i 57i/6 l( —7r1/3 ) 1 7r1'/3
FoeT V2(1+/3) V2(1+/3) 2 ] ) 2 ) 2¢ (B71)
T — | _ 1 _ 1 leﬂ'l/3 l(e—ﬂz/3 + Z) le5ﬂz/6 l( Ti/6 _ )
\/2(11+\/§) \/2(11+\/§) 1 ’ i/6 ’ 1,57i/6 1 j i/3 ’ 1,7i/3
V20438 V204v3) a(e 2 2¢ 2l L
1 _ 1 _1_7wi/3 _1(,—mwi/3 | 1_5mi/6 _1(,mi/6
V204+v3)  V2(1+v3) 2¢ 2(e 1) 2¢ 2(e 2
The bases for F"** (similar for F}7**) are ordered as \1</ , \2</ \>1/ , 2 for left

and right fusion spaces respectively. The left and right bases for F,** are

with the usual tensor product order, i.e., (o, 3
(bosonic) pentagon equations.

To condense the fermion y, we first have to show that y is indeed lifted to a fermion in the Drinfeld center of the fusion
category 3 L Fs. In fact, by solving the naturality condition in Eq. (B1), we have the following half-braiding of y:

By(1) =1, Byly) = —v{’ ovy,, Bylz)=

where v5, is the basis of morphism in Hom(a x b, ¢), and v2% is the dual. Graphically, the half-braiding induces the relations:
(we use the convention that the y string in (3, (a) is the under-crossing line)

N

respectively. Note that the last diagram with « and 3 is in fact a vector of four bases

= (1,1),(1,2),(2,1),(2,2). One can check that the above F' moves satisfy

(B72)

zy
ivg? oy,

= X = X (B73)
_ X _ Z>< (B74)

The first half-braiding equation implies that (y, 5, ) is indeed a fermion in Z(%EG). We can condense this fermion to obtain a
super fusion category.
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b.  Fermionic topological order (%Ee) /v

After the fermion condensation, the simple objects are 0 and 1 from the objects 1 and x in the fusion category %EG. The

quantum dimensions are dy = 1 and d; = 1 + /3. Using the fusion rules listed in Eq. (B65), we can obtain the fusion rules of
the super fusion category (%EG) /1 as

- ( \ \/ Y ( _ 4( \w _ } \/ _ y Y L s,

We can also derive the fermionic F' moves. The trivial vacuum F' matrix is

= FQ0 ™ ST o0 =, (B76)

The projective F' moves with two outgoing strings are

1 00 1
001 __
F| f 11 0 (B77)
1001
110110
010
Fy 0110l (B78)
1001
</ </ </ </ an( N4 V%
10
1 |01
011 _ -+
=50 (B79)
10
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1 /100 —i
110 __
F} —\/5(011' 0). (B82)

They all have rank 2. The projective ' moves with three outgoing strings are all 8 x 8 matrices with rank 4:

« o o (0}
o 0 0

50
1 0 o°% of 0
o11 _ 1
Bo=51 0 —ov —ov 0 | (B83)
—o¥ 0 0 —o¥
« « « « ! T ! T
o 0 0 o"
1[0 o oo 0
Fllm D) 0 —Uay w0? 0 ’ (B84)
—o¥ 0 0 i0”
(1 (1 l l
> 0 0 o*
110 ¢°0* 0
110
Fi 510 600 0| (B85)

1 4 00 0 0 — 1
1 - 0 0 0 0 —2 —1
Free 0 0 —iFFe 00 i 1-1i20 0
1 TTT [ TXT Tri/12 o
Fl— 0 inu ZF‘LiM 0 _¢ 00 K 11 4 0 0 (BS6)
2 0 Fj iFy 0 22 |00 ¢« 1-14¢ 0 0
FEe 0 0 —iFFer 00 -1 1 i20 0
1 42 00 0 0 —2 1
1 - 0 0 0 0 —2 —1
The most complicated F move is Fi''1. Let us first denote
_ }?171 }?14/ I?l,a:
Fi=Fr = By Fyy By (B87)
Fa:,l Fz,y Fw,a:

to be one of the F' matrix in the bosonic %EG category. Flﬁx and Fy’x (Fz,l and Fm,y) are matrices of size 1 x 4 (4 x 1). Fx,z is
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a matrix of size 4 x 4. Then the F}!'! of the super fusion category (3 Fs) /v is

NN KSR
(NN NN NN

where the Fi!'! matrix is of size 20 x 20 and defined by

Flll
- | = -
o’ ®F1 0% @ (—iF1y) 00®(EF1@) 0z®(ﬁ 12(0° ® 0"))
T n n 1 7 1 7
_ o' ®Fya o’ @ (=iFy,) o’ ®(ﬁ v.) UO@(WFy,w(JO@)Ur))
- 1 7 n 177 177
o* @ (J5Fen) 0" @ (= J5Fuy) * @ (3Fsq 0" @ (3Fu0(0’ @ 0%))
" ®((0"® Uy)(\lsz 1) 0°®((0°® —0¥)(=J5Fuy)) 0" @ ((0°® —0¥)3Fua) 0°® ((0°® —0¥)5Fa(0” ® o))
(B89)
Fia 0 q 7iF~‘Ly %Fl'r 0~ ) 0 %F‘ 2(00 ® o®)
0 1?11 _iffl.y 0 0 %~1.1 %{’1 (o @ o™) 0
0 Fy1 —iF,, 0 0 5Py LB, (0" @07) 0
B Fua 0 0 —ifyy ﬁﬁu 0 0 TF +(0" ®o®)
= 7F:u1 ()N 0 7ﬁFm7,, 5Fe 9 ) 0 3 (0" ® o)
0 Fs e oL 0 0 $Fe $Fen(0® ® %) 0
0 %(0—0@7()&)}3‘%] ﬁ((fo@” )FT" 0 0 %(”0®7”y)Fz x %(”OQI*”y)ﬁz:‘ur(”O@Ul:) 0
v o0\ - ; - e ,
*% (00 0;,) Fpq 0 0 \/’5(00®0”)ny,, %(O‘O®70‘U)FI‘I 0 0 %(0’ ® JV)F,,((IOOZ)(T“”)

(B90)

One can show that F}'! has rank 12.

We have checked that the above F' matrices satisfy the consistent equations such as the super pentagon equation.

9. Fermionic topological order from Tambara-Yamagami category for Zsn

a.  Unitary fusion category TY.™

Zon

The fusion category TY is the Tambara- Yamagami category® for Z, with symmetric non-degenerate bicharacter of type
t(1<t<2N —1and gcdzt 2N) = 1) defined as

Xt(aab) _ eQ‘n’itub/(QN). (B9l)

The simple objects are labelled by Zon U {o} where Zony = {0,1,--- ;2N — 1} is the cyclic group of order 2N. o is an
additional object. The quantum dimensions of them are d; = 1 (Vi € Zoy) and d, = v2N. The fusion rule for objects in Zs
is simply the addition modulo 2N: a X b = [a + b]2n. The o object can absorb all Zsy objects: @ X ¢ = o X a = ¢. The fusion

of o withiitselfis 0 X 00 = ZanzN a. If we use red strings and blue string to denote the simple objects in Zs and o, then the
fusion rules can be represented as

VY YY

[a+blan
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The nontrivial ' matrices for the fusion category TYtZ’:N are related to the bicharacter x; defined in Eq. (B91) as:

a b a b
\</ = Fo \P/ . P =x(a0h), (B93)
a a
b b
coo coo x —1
a = Z(Fg )ab\g/ ) (Fg )ab = 7,7)(,5(@, b) ) (B95)
\</ b -

where s = £1 is the Frobenius-Schur indicator of anyon o.

Fgag = t(av b)7 (B94)

b.  Fermionic topological order TYtZ’:N JUN (N odd)

To perform fermion condensation in the category TY ’” , we have to find a fermion in the Drinfeld center of the category.
Let us try to find the half-braiding of the object N € Zg ~. Direct calculations of the naturality condition Eq. (B1) for the
half-braiding of N give the results:

a N N a
Bx(a) = ]X (1) NX , (B96)

o /N o N

= =3 . (B97)
/\ ’ ><
N o N

Now let us assume that NV is an odd integer. Then the object (N, Sy) in 2 (TYtZ’;V) has twist 0 g) = Bn(N) = —1 and is
a fermion. Therefore, we can condense the fermion ¢y = N in TYtZ’;V.
After the fermion condensation, the object a and [a + N]on in Zoy of TYtZ’;V are identified. So the simple objects in the

super fusion category TYtZ’;‘V /¥ are 0,1,--- | N — 1, 0. The fusion rules of them can be represented as
Ylfa+b<N \T/lfa+b>N Y Y Y \T/ Y Y (B98)
l[a+0]n [a+0ln

where a, b € Zy are objects from Zyy, and o is the same one in the fusion category. Every vertex of the above fusion rules can
be either bosonic or fermionic.
From the F’ matrices of the original fusion category, we can obtain the F' matrices of the super fusion category as

F =1, (B99)

)

000
= F§

a b c a b c

abc al Bt
[a+\b§/ = F \%C]N L OF g = (-1l (B100)

[a+b+cln [a+b+cln
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Ifa+b < N, the F%-type and FZ%-type F' moves are
o “yp o

WWWVVVV

1
abo _ ~
FO’ - 9 (0 1 (_1)@ 0 ’ (B101)
a b a b a b a b a b r
Faab
’ ’ ’ a+b
1 0
1 0 1
Foab — 0 (1| (B102)
(-1 0

On the other hand, if ¢ + b > N, the F' moves are

m\ﬁ/ m\{w/ _ pabe \P/ \>/ \?/ \>/

abo _ 0
£ (10 0 (71)a, (B103)

a b a b r
Faab
a+b—N a+b—N ’
0 —1)atb4
1 __1\a+b
Foer = L]« 7”1)%2 : (B104)
0 (=1)*4

They are all projective F' matrices with rank 2. The F2°°-type F' move is

V“/VV‘F“”Q\V\V\VV

1 0 0

aob _ Xt(a,d) [0 1 (-1 0

F? b*T 0 (L1)p LD g : (B105)
(-1* 0 0 (—1)+?

which also has rank 2. For the F}?“-type and F'?“-type I’ moves, we need to compare ¢ and b. If b > a, we have

XX ) (N NN N

ocoa __ 1710 0 (_1)b+12
B =5 (0 1 (—1)% 0 ’ (B106)
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a a a a T T
) ) ) - —(]/7 )
b b b b b

Faazr _

— O O

0
—1)e
1 (B107)
0

If b < a, on the other hand, we have

a

T

N+b}g/ aN—&-b}S/ _Fo’aa \?/ \?/ \X \\X |
aoa_l 01(—1)1 0

R (1 0 0 (—1)b+1z’> (B108)

T
0 (1)
aco __ 1 0

B7=511 o (B109)
0 (=1)°
Finally, the F' moves of types F7%" and FZ°7 are
b
1 0 0 (—1)>+14
rao _ Xi(a:b) [0 (=) (=1)*ti 0
K 0 (—1)* (=1)**% 0 ; (B110)
1 0 0 (—1)b+14
T
\g/7\g/7\§/7\\g/ _ FUUU \P/ \?/ v \X
be
1 0 1)a+b+;
oooy %~ 0 1 (- 1)a+b+1 0
(F777)ab = N Y(a,b) 0 (L1 - (Cier 0
( 1) 0 0 (_1)ai
(B111)

We have checked that the above F' matrices satisfy fermionic pentagon equations
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Appendix C: Equivalence relation for diagonal fusion states

To obtain relation in Eq.(191), we need to consider the following sequence of F-move and O-moves:

n . . . in.S _ i _
f:n—:]-',?l:f;;ﬂ(%’”@f”’ (O =1 OImX) g | m , (C1)

where the Grassmann numbers on the gauged O-move is still assigned from top to bottom, e.g., Oin,x = Gz(X)G;(,X)Oi”’X. The
above equation is derived by o

x ijm,af
| = 2 Fuans Vs

n/X/(s)‘/

= Fiims Vs + (= DB (o ) U
ij i ; . i k. x(xX)(0Xf) .
T O of v (1) + = DFG o O 0w (1)

~ igm,af ik, x )in,o .
—nnfkln,xé On Ol Wiy |1

Tn

~ ijm,aB ik, in,0 k,B\—1 in,x\—1
= Kims On X0 (O 7 ) = HO ) ™ Wiy | m 7 (C2)

where in the second line the factor (n,, — 1) means that the term F;gr(‘;‘('i 1) only exist when n,, = 2. In the final line we
have in addition a factor rle’ as when k is g-type, the inverse O-move ((’)i"’x)_1 can only map to one-half of the state (only one
of the two equivalent states).

From Eq.(C1), we can obtain the relation in Eq.(189) that is needed to derive all 2-3 moves in the fermionic partition function:

ijm,(axf)B _ Amji,ad pijmaf o
Kin (6% ) AL Fiins » ifiis g-type, (C3)
where the Grassmann numbers are removed when considering equivalence relations.
From fermion condensation, if ¢ is g-type, we have the following equivalent relations for fermion parity-even and odd sector
respectively:

= (FY"™)5(FY7) o 1pex , (C4)

= (F"") st = (FP™)5(FY9) o hgx (C5)
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When the fermion parity on « and § are changed, the following O-move will also induce a phase factor:

~yin in in,d .
Oin,(&xf) _ (E/y )5(F1y )5Ol 5’ parity-even (C6)
l (FY™)5(FY™)50{™, parity-odd
Therefore, we obtain another equivalence relation for F-move if string ¢ is g-type:
Fz‘jm,(axf)ﬂ _ (Fzy’")§(F;‘{l”)aF,i{;”;ff, parity-even ©
Hn XD T (Y (F ) aFig s parity-odd

which corresponds to the fermion parity change on two diagonal fusion states « and 9.

Appendix D: Check the consistency between the 2-3 moves and the projective unitary conditions
1. Obtain the second 2-3 move

To obtain the second 2-3 move Eq.(174), we considgr two cases:
(1) Let the string ¢’ be m-type. We multiply by (G;jﬁ,’fj’,ﬁ )" and sum over m, «, 3 on both sides of the standard 2-3 move
Eq.(173):

k) ijm,af3 ijm,ae ~ymkn,Bx __ dt ijm,af3 ijm,af ~itn,px ~jkt,nk
D O G ) G sl = D GRS Gl Gl X Glagidy (D1)
e,maf tnyk,maf t
where
Zdtd*” (G080 NGB — 55, Sy, it is m-type (D2)
iy, Rt ) Sty = Ot O’ Oyt ype-
maf

We can get Eq.(174) straightforwardly.

(2) Let the string ¢’ be g-type. We multiply by %[(G%’t’,%@/)* + (E?nt,m/w,)*szﬁ’?f,xf)(w,Xf))*] and sum over m, o, § on
both sides of Eq.(173):
b ijm,af \* ~ijm,ae ~ymkn,Bx —ij * ijm,a3 * ~ijm,oe ~ymkn,Bx
Z (_1)S(Q)S( )5[(G’mt’;n’¢’) qus,mGlpqﬁe + (“knt’m’w) (Gkntﬁ(n'xf)(lb’xf)) qusamGquv& ]
e,maf
dy 1 OBk i it okt i o i o i itnbx okt
- Z 55[(6&%’;%’) G}jﬁﬁw G};;JG{S%;;—&- (:?nt/,n’w’) (szﬁf,o(én'xf)(w'xf)) Gfﬁ,ﬁp G’lbp:,n;(G‘ljsq,ggL (D3)

tnyk,maf

where the second projective unitary condition for G-move in Eq.(182) is applied:

did g i 1 oy i} o
Z ntnm (G?ﬁ’,%') ngﬁsf - 5(6”’57777’51&1&’ + (Shontrwr) Ot Oy )0 (wrx p))» it is g-type. (D4)
maf m

where we note that the phase factor here (2} , )= (Ezjm (nx D wx ) = = o+ Then

_ ()s(8) ¥m ~ ijm,afl \x ~ijm,ae ~ymkn,Bx —=ij * ijm,a3 * ~ijm,oe ~ymkn,Bx
Z( 1)er o, 2[(Gkntm’w’) qus,mGlpMe + (“knt,n’w’) (Gk7zt7('r7'xf)(¢’><f)) qus,mGlpqﬁe ]
mafe
Lo itn'x ikt —ij w it (O X )X ikt (0 % f)k
= Zg[G;pZ,nvagsq,gqf + (‘:;cjnt,n’w’> Glps,/vy Glsq,5¢ ]7 (DS)
K

where the two terms on the left hand side are actually equal, as well as the two terms on the right hand side:

igm,afl \x __ (=ij * ijm,a3 *
(Gknt,n’w’) - (‘—"knt,n’w’) (Gknt,(n’xf)(w'xf)) )
itn, ' x ~jkt,n' s _ =id s it (P X F)x ~dkt, (n' X F) (kX )
Glpsiny Glsg oo = Centaywr) Gips.(wx )y Clsas ) (D6)



49

where as we require each G-move preserve fermion parity, the term G (¥ */)XgJ kt’ég xf)m

lps,ky lsq,
on x and should be written as G;;Z’((fxxjc{ix(}ff; ég XDXH) - The first equality in Eq.(D6) is exactly the complex conjugate

of the second equivalence relation on G-move Eq.(186). The second equality in Eq.(D6) is satisfies straightforwardly by the
relation among phase factors in Eq.(190):

actually varies the fermion parity

=ij it —jkt,n’
(:Zjnt,n/w/)* — (QZZZ P K)*(:gs n n)*7 (D7)
where G;;Z::fvx (s ”)*G;;Z:EZ’X?QX, and G{f;:;; = (5fktn ”)*G{fqty’ég *1)(=x1) We can again check this relation from

fermion condensation: Ezjnm,w, = Of (FYTEW) leit’w,K = O (FYEFY) y (FYH1)% and E{Skt’"/“ = (F¥"),, we find
Eq.(D7) is satisfied straightforwardly.

Physically, from the point of view of fixed-point wavefunctions, there is a splitting on the two channels. Suppose that 1 and ¢
are two bosonic fusion states. In terms of F'-moves, the splitting of Eq.(D5) is graphically represented as:

i j 1 k 1 i j k 5 l
1’(/)11 (p[ ~ Z lFitn,d/ijkt,n'nz/}ﬁ v q)q
2 X Ny - 9 Ips,Kky lsq,0¢ X 0
K
p p
i J l
| 0
~ d) = ijm,of3 ijm, e kn,B )
- Z (_I)S(Q)S( )Q(Flzﬁﬁw')*ﬁigﬁ FlZLq,:SLe *ttix Ys g ’ (D8)
mafe
p
i J l
L _ij . 1 —ij s it (8 X D)X gkt (0 X ) (5 ) 9
5(:‘2’]nt777/w/) /¢ﬁx = Z 5(‘:‘;Cjnt,n’w’) Flzp\:,(nxf)'yX‘Fleqﬁg " ¢ﬁx Ys 1
K
p
i j k 5 /
1 .. i, - 0
_ é ) * aB * s kn,B
= S OO LG ) P i |\
B
mafe P
(D9)

Therefore, Eq.(D5) again implies:
dm ijm,a B\ * ~ijm,oe ~ymkn itn j K
E (_1)8(0)8(5)n (ij ; ﬂ) qu o€ ymhk BX _E :Gt WX qaktn (D10)

ont,nY ps,¢y " Ipg,de lps,ky lsq,6¢ °
mafe m K

2. Obtain the third 2-3 move

To obtain the third 2-3 move Eq.(175), we consider two cases:

(1) Let the string m’ be m-type. We multiply by (Gg:,;:,e,)* and sum over s, ¢,y on both sides of the second 2-3 move
Eq.(174). We can obtain Eq.(175) by applying
dsdm ijm’ o’ € \x ~ijm,ae . :
D (G i ) Gy = O BaarOeer, i m! s metype. (D11)
spy

(2) Let the string m/ be g-type. We multiply by %[(G;;Zf;;zlel)* + Zim’a’e (G;;’Z;gale)(e,xf)

both sides of Eq.(174):

)*] and sum over s, ¢,y on

Z ds 1(Gijm',oc’e’)*Gitn,wijkt,nf-c —ijm’ o€’ (Gijmlv(a/Xf)(ﬁlXf))*Gitn’wijktmﬁ)

7735 qps, Py Ips,ky Tlsq,6¢ T —ap qps,y lps,ky ~'lsq,0¢
SRy
]. P / A} .. /
_ 5 ijm,a’ B mkn,fx | = , ijm, (o’ x f)B mkn,Bx
= (1) OOY (G ) Clpgsd 4 E (G ™) Gl (D12)

B
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Splitting the two channels, we again get Eq.(175) by applying

dsdm ijm,ae ijm’ o’ €\ * 1 —ijm’,a’e : :
Znsnm Gaps.ion Gapsgy )= 5(5’”’”'60‘“'5“' +Eg" " OmmrOa(arx p)deerx ), if m'is g-type. (D13)

We obtain Eq.(175) from Eq.(174) by requiring Eq.(181) and the relation in Eq.(191):

. 7 ;L ’ ’
—ijm,a’e _ —ijm,a’f nkm,Be \*
Zgp = A VAV I (D14)

as from which we have

.. ) L. 0 - ’ ’
( ijm,a’e )* _ —ijm,a’e (Glme(a x f)(e Xf))*’

qps, ¢y — Tap qps,y
ijm,a’B mkn,Bx _ —ijm,a’€ ¢ ~ijm,(a’ X f)(Bxf) mkn,(BX f)x
(G’mt,nw )*Glpqﬁe’ =Ep (Gkntmw )*Glpq-,é(e'xf) : (D15)

We can again check Eq.(D14) from fermion condensation: EZ™'¢ = (Fyma),, EJ™*F = (Fymk); and ArkmAe =
(Fyma)a (FY™)p.

3. Obtain the rest five 2-3 moves

Similarly, we obtain Eq.(176) from Eq.(175) by requiring Eq.(182) and (2% Y= (29 )4 where

“lps,x’y’ “aps,dy’ qls,k’'¢>
itn,px \* __ (=it * itn,Px *
(Glps,n"y’) - (“‘lps,n’w’) (Glpsy(h‘//xf)(’yle)) )

(Gijm,ae )*ijt’n(nle) (D16)

ijm,ae \x ~jktns’ _ —=ij *yti
(G ) G _( ) Q qps,(¢xX f)(v' X f) lsq,6(px f) *

qps,p’ lsq,0¢ —qps, vy’ qls,k’'¢

hWe obtain Eq.(177) from Eq.(173) by requiring Eq.(181) and E{ft’”'”’ = Ezjﬁm,w(ﬁgﬁ’w”')* (the same relation as Eq.(D7)),
where

(ijtm'*i/)* _ —jkty'k (ijt’(n'xf)(ﬁxf))t

lsq,00 - s lsq,0¢
ijgm,af ~itn,px _ —=ij nit, k' \* ~ijm,aB itn, (P X f)x
Gront v Gipsiniy = Skt st ) Gt e 1y o £) Clps (w7 x (D17)

We obtain Eq.(178) from Eq.(173) by requiring Eq.(183) and Q7j*V'* = =7 (=/¥"%')* (the same relation as Eq.(D7)),
where

itn, ' x\x _ ynit, ' &' ~itn, (X F)x *
(Glpsinn )" = Q7" " (Gl iy )

GZ];?Z:?& ij?t"f]'i/ — E;‘-cjntnw/ (:jktmﬁ')*Gijm,aﬁ )ijta(nx X Ff) . (Dlg)

lsq.00 Zls Fout, (¢ £) (' 1) Clsq.36
We obtain Eq.(179) from Eq.(178) by requiring Eq.(184) and (Q%, ., )* = Q77 (Q) /)", where
ijm,oe Nk mi w0 vigmya(ef X f)yx
(qusyqﬁ'y’) - (qune’v’) (qus,aﬁ(“f’Xf)) ’
mkn, B itn, X \k _ ynm ni x ~Amkn, B(XX f)  ~itn, (XX f) \*
Glpq,ée'X(Glpsm;(') - qlp,xs’( slp,xv’) Glpq,é(e‘Xf) (Glpsyﬁ(w‘xf)) ’ (D19)

We obtain Eq.(180) from Eq.(175) by requiring Eq.(184) and (QE{M, o) = (Eqﬂp o) Eib iy Where

ikt me'\x ty * jk‘t,T](KIXf) *
(Ggsq,gg/) - (Qq]ls,n/¢7’) (Glsq,6(¢’xf)) )

ijm,oe \k ~Itn, X (mi] * =it 1jm,oe * ~itn,Px
(qusmb'w) Glps,r»"v - (“qpsw’v) “lPS»K”Y(qus,WXf)(va)) Glps,(n’xf)(vxf)' (D20)

(
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