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We present a conjecture on the complete spectrum of single-trace operators in the infinite N limit ofWN

minimalmodel and evidence for the conjecture.We further propose that the holographic dual ofWN minimal

model in the ’t Hooft limit is an unusual ‘‘semilocal’’ higher spin gauge theory onAdS3 � S1. At each point

on the S1 lives a copy of three-dimensional Vasiliev theory, that contains an infinite tower of higher spin

gauge fields coupled to a single massive complex scalar propagating in AdS3. The Vasiliev theories at

different points on the S1 are correlated only through the AdS3 boundary conditions on the massive scalars.

All but one single tower of higher spin symmetries are broken by the boundary conditions.
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I. INTRODUCTION

The AdS/CFT correspondence [1] in principle gives a
precise and nonperturbative formulation of quantum
gravity in terms of large N gauge theories. In practice, our
understanding of quantum gravity using AdS/CFT has
been largely limited by difficulties in solving strongly
coupled large N gauge theories. Thus, exactly solvable
models of strongly coupled gauge theories with a semiclas-
sical gravity dual are highly desirable. In two dimensions,
there are lots of exactly solvable conformal field theories.
Most of them do not have a large N limit that allows for a
weakly coupled gravity dual. In [2], Gaberdiel and
Gopakumar proposed that WN minimal model, which may
be constructed as the coset model

SUðNÞk � SUðNÞ1
SUðNÞkþ1

;

has a ’t Hooft–like large N limit, where N, k are taken to
infinity, while the ’t Hooft coupling

� ¼ N

kþ N

is held fixed (between 0 and 1). TheWN minimalmodel was
conjectured to be dual to a higher spin gauge theory in
AdS3, coupled to massive scalar fields. It was observed
that, in particular, a class of WN primary operators in
the CFT has order 1 conformal weight in the large N limit.
The central charge of the CFT is

c ¼ ðN � 1Þ
�
1� NðN þ 1Þ

ðN þ kÞðN þ kþ 1Þ
�

¼ Nð1� �2Þ þOðN0Þ: (1.1)

The linear dependence on N is characteristic of a vector
model. It was not at all obvious, however, that the primary
operators can be classified as single-trace or multitrace
operators in the large N limit, which are supposed to be

dual to single elementary particle states or their bound states
in the bulk. It was also not obvious that the correlation
functions of the primaries obey largeN factorization, accord-
ing to the appropriate classification of single-trace andmulti-
trace operators. There is the further complication with the
existence of a large set of ‘‘light primaries,’’ whose confor-
mal dimension go to zero in the infinite N limit, which
nonetheless do not decouple in the correlation functions [3].
The identification of a number of single-trace versus

multitrace operators, and the large N factorization of their
correlation functions, are demonstrated in [4] by analyzing
exact results of three-point functions. There, a complete
picture of the single-trace/one-particle spectrum and the
interpretation of the single-trace light primaries was still
missing. In this paper, we will present a conjecture on the
complete spectrum of single-trace operators of finite con-
formal weight in the infinite N limit. Importantly, we will
argue that there are a large set of hidden symmetries inWN

minimal model that emerge in the infinite N limit, and are
broken by 1=N effects, in a manner that is similar to higher
spin symmetries in three-dimensional Chern-Simons vec-
tor models. The currents that generate these hidden sym-
metries come from WN descendants of light primaries at
finite N, but effectively become primary fields in the
infinite N limit. They are dual to gauge fields in AdS3 of
various spins, under which the massive scalars are charged.
The corresponding gauge transformations are incompatible
with the boundary conditions on the massive scalars, which
leads to the breaking of symmetry.
Our conjecture on the large N spectrum, combined with

the identification of the gauge generators acting on thematter
scalars, leads to a dramatically newpicture of the holographic
dual of the WN minimal model. We propose that the dual
higher spin gauge theories is a ‘‘semilocal’’1 theory living on
AdS3 � S1. This is not an ordinary four-dimensional field
theory, however. At each point of the S1, there is a tower of
higher spin gauge fields inAdS3, coupled to a single complex
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1The terminology comes from analogy with the holographic
theory of semilocal quantum liquids [5].
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massive scalar field, of the type described by Vasiliev’s
system in three dimensions. The different Vasiliev theories
at different points on the S1 appear to be decoupled at the
level of bulk equations of motion. Rather, they interact
only through the boundary condition which mixes scalar
fields living at different points on the circle S1. Essentially,
while all the scalars classically have the same mass in
AdS3, the boundary condition assigns one scaling dimension
�þ on right-moving modes of the scalar on the circle and
the complementary scaling dimension �� ¼ 2� �þ on
left-moving modes of the scalar on the circle.

While our proposal for the holographic dual is rather
unconventional due to the large degeneracy in the bulk
fields, it seems to be unavoidable due to peculiarities in the
structure of large N factorization in WN minimal model.
We believe that it is characteristic of gauged vector models
on non-simply connected spaces [6,7]. Presumably, what
we see here is the field theory of the tensionless limit of
a more conventional string theory in AdS3, dual to quiver-
like generations of the WN minimal model, and the S1

should come from a topological sector of the string theory
in this limit.

In the next section, we briefly review the construction of
WN minimal model CFT, and what was previously known
about the structure of single-trace and multitrace operators
in this CFT in the infinite N limit. In Secs. III and IV, we
present some new examples of single-trace operators and
operator relations involving light primaries at large N. In
Sec. V, we argue that the operator relations that seemed to
be in conflict with large N factorization should in fact be
interpreted as current nonconservation relations for cur-
rents that generate approximate ‘‘hidden’’ symmetries in
the large N limit. Further data on higher spin currents of
this sort are presented in Sec. VI. In Sec. VII, we state our
conjecture on the complete spectrum of single-trace opera-
tors in the CFT at infinite N, or single-particle states in the
bulk. These include the infinite family of massive scalars

�n, ~�n, light scalars!n, and the hidden higher spin currents

jðsÞn , all of which are complex. Various checks based on
partition functions and characters are given by Sec. VIII.
In Sec. IX, we determine the gauge generators associated
with the hidden symmetry currents and reveal the picture of
semilocal higher spin theory onAdS3 � S1. We discuss the
implication of our results in Sec. X.

II. SUMMARY OF PREVIOUS RESULTS

The WN minimal model has a holomorphic higher spin

current WðsÞ and an antiholomorphic current �WðsÞ for each
spin s ¼ 2; 3; 4; . . . ; N. The Fourier modes ofWðsÞ generate
theWN algebra, which is a higher spin generalization of the
Virasoro algebra. In the large N limit, theWN algebra turns
into the W1½�� algebra that contains generators with
arbitrary spins. In WN minimal model, the WN primary
operators, the primaries with respect to theWN algebra, can
be labeled by two representations ð�þ;��Þ, where�� are

the highest weight representations of SUðNÞk and
SUðNÞkþ1, respectively.2 For fixed representations �þ,
�� at sufficiently large N,3 the fusion coefficients for the
primary operators in the WN minimal model are simply
given by the product of the fusion coefficients in the SUk

and SUkþ1 Wess-Zumino-Witten (WZW) models, i.e.

N WN

ð�1
þ;�

1�Þð�2
þ;�

2�Þ
ð�3

þ;�
3�Þ ¼ N ðkÞ

�1
þ�

2
þ
�3

þN ðkþ1Þ�3�
�1��2�

; (2.1)

whereN ðkÞ
�1�2

�3
is the fusion coefficient of SUðNÞk WZW

model.
The gravity dual ofWN minimalmodel at largeNmust be

a higher spin gauge theory, containing a tower of gauge
fields of spins s ¼ 2; 3; 4; . . . ;1 that are dual to the higher

spin currents WðsÞ. The pure higher spin gauge theory on
AdS3 can be described by the Chern-Simons action with
hsð�Þ � hsð�Þ gauge algebra. The higher spin algebra hsð�Þ
is an infinite dimensional Lie algebra, and by a Brown-
Henneaux–type computation, it was shown, in [8–10], that
the asymptotic symmetry algebra of hsð�Þ isW1½��. It also
follows from this computation that the bulk coupling con-
stant is proportional to inverse the square root of the central
charge, i.e.

gbulk � 1ffiffiffi
c

p � 1ffiffiffiffi
N

p : (2.2)

The primary operators in the WN minimal model, con-
structed from the diagonal modular invariant, do not carry
spin. They should be dual to scalar elementary particles and
their bound states with zero angular momentum, that be-
come unbound in the infinite N (zero bulk coupling) limit.
In particular, the primary operator �1 ¼ ðh; 0Þ is dual to a
scalar field with left and right conformal weight equal to

hðh;0Þ ¼ 1

2
ð1þ �Þ (2.3)

in the large N limit. The primary ��1 ¼ ð �h; 0Þ has the same
dimension in the largeN limit and is dual to the antiparticle
of ðh; 0Þ. The primary operators ( , 0) and ( , 0) have

conformal weights

(2.4)

in the largeN limit. Note that and are twice

the dimension of ðh; 0Þ plus a non-negative integer. This
allows for the identification of ( , 0) and ( , 0) as two-

particle states of �1’s. In general, the primary operators of
the form ð�; 0Þ are dual to the multiparticle states of Bð�Þ
�1’s, where Bð�Þ is the number of boxes of the Young

2A priori, the primary should also depend on the highest
weight representation �0 of SUðNÞ1. However, �0 can be
determined by requiring �þ þ�0 ��� be inside the root
lattice of SUðNÞ.

3Namely representations that are found in the tensor product of
finitely many fundamental or antifundamental representations of
SUðNÞ, at large N.
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tableaux of the representation � [here we assume that Bð�Þ
does not scalewithN]. TheWN minimalmodel in the largeN
limit has a symmetry that exchanges �þ with ��, while
flipping the sign of�. Hence, the primary ~�1 ¼ ð0;hÞ is also
dual to a scalar elementary particle, with dimension

hð0;hÞ ¼ 1

2
ð1� �Þ; (2.5)

and the primaries ð0;�Þ are dual to the multiparticle states of
~�1. The fusion coefficient (2.1) implies that the primaries of
the form ð�; 0Þ [or ð0;�Þ] are closed under the operator
product expansion (OPE), as long as � is small compared
toN. They form a closed subsector of theWN minimal model
in the large N limit. Either one of these two subsectors has a
consistent set of n-point functions on the sphere, in the sense
that they factorize through only operators within the same
subsector. In [11], we proposed a bulk dual for each of the

subsectors. The classical bulk theory is described by
Vasiliev’s system in three dimensions [11–13], which is a
higher spin gauge theory of gauge fields of spin s ¼
2; 3; . . . ;1 based on the higher spin algebra hsð�Þ,
coupled to a complex massive scalar field of mass squared
m2 ¼ �ð1� �2Þ. This conjecture has also been checked

by computations of the three-point function h�1
��1W

ðsÞi on
both sides of the correspondence [11,14]. The bulk dual of
other primary operators was first studied in [3] and later
extended in [4].
In [4], we computed the three-point functions of WN pri-

maries ðh; 0Þ, ðh;hÞ, and/or their charge conjugates, with
the primary ð�þ;��Þ where �� are or . This result

allowed us to identify the primary operators ð�þ;��Þ, for
�� being one- or two-box representations, with the single-
particle or multiparticle states in the bulk in large N limit.
The result in [4] can be summarized in the following table:

�� ¼ 0 �� ¼ h

�þ ¼ 0 0 ~�1 L ~�1

~�2
1

�þ ¼ h �1 !1
1ffiffi
2

p ð ~�1!1 þ ~�2Þ 1ffiffi
2

p ð ~�1!1 � ~�2Þ
L�1

1ffiffi
2

p ð�1!1 þ�2Þ 1
2 ð!2

1 þ
ffiffiffi
2

p
!2Þ 1ffiffi

2
p ðL!1

� 1ffiffi
2

p ð�1
~�2 ��2

~�1ÞÞ
�2

1
1ffiffi
2

p ð�1!1 ��2Þ 1ffiffi
2

p ðL!1
þ 1ffiffi

2
p ð�1

~�2 ��2
~�1ÞÞ 1

2 ð!2
1 �

ffiffiffi
2

p
!2Þ

where the �1, ~�1, !1, �2, ~�2, !2 are operators that dual to the elementary particles in the bulk:

(2.6)

Two comments about this identification: first note that the
expressions only make sense in the large N limit since each
term in the linear combination has different dimension in the
subleading order of 1=N. In the largeN limit, we conjecture
that each term in the above linear combination has the same
dimensions and higher spin charges. This conjecture has
been checked up to spin 5; see Appendix A. Second, in the
table, the products of the operators are well defined because
one can check that the OPEs of the them have no singularity
in the large N limit. The operator LO is defined as

LO ¼ 1

2
ffiffiffi
2

p
hO

ðO@ �@O� @O �@OÞ: (2.7)

Again, the products are well defined since there is no
singularity in the OPE. This table is further subject to a
relation [3]:

1

2h!1

@ �@!1 ¼ �1
~�1: (2.8)

The bulk physical meaning of this relation will be explain in
detail in Sec. V.

III. NEW SINGLE-TRACE OPERATORS/
ELEMENTARY PARTICLES

Let us extend this table to the representation with
three boxes. Before diving into the computation of three-
point functions, there are some principles that can
help us to determine whether a primary operator OA can
be dual to the two-particle state of two elementary particles
that are dual to OB and OC. First, the primary OA must
appear in the OPE of the primary OB and OC. Second,
the dimension of the primary OA must be equal to the sum
of the dimension of OB and OC up to higher order correc-
tions in 1=N. Following is a table summarizing the dimen-
sion of the primary operator up to representation of
three boxes:
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�� ¼ 0 �� ¼ h

�þ ¼ 0 0 1��
2 ð1� �Þ þ 1 1� � 3ð1��

2 Þ þ 3 3ð1��
2 Þ þ 1 3ð1��

2 Þ
�þ ¼ h 1þ�

2
�2

2N
1��
2

1��
2 ð1� �Þ þ 1 1� � 1� �

ð1þ �Þ þ 1 1þ�
2

�2

N 1 1��
2

1��
2

1��
2 þ 1

1þ � 1þ�
2 1 �2

N
1��
2 þ 2 1��

2
1��
2

3ð1þ�
2 Þ þ 3 ð1þ �Þ þ 1 1þ�

2
1þ�
2 þ 2 3�2

2N 1 3

3ð1þ�
2 Þ þ 1 1þ � 1þ�

2
1þ�
2 1 3�2

2N 1

3ð1þ�
2 Þ 1þ � 1þ�

2 þ 1 1þ�
2 3 1 3�2

2N

Let us first focus on the light states: ( , ),
( , ), ( , ). By the fusion rule and the additivity
of the dimension, two linear combinations of these three
operators can be identified with the multiparticle states !3

1

and !1!2. Let us see this explicitly in terms of structure
constants. A formula of a large class of the structure con-
stants is given in [4]. By explicitly evaluating the formula,
we find out that, in the largeN limit, the OPE of ðh;hÞ and
( , ) has no singularity; hence, the product ðh;hÞ
( , ) is well defined, which in the large N limit is

(3.1)

Similarly, in the large N limit, we have

(3.2)

Rewriting the equation in terms of !1, !2, we have

(3.3)

There is one linear combination of ( , ),( , ),

( , ), which cannot be expressed as !1!2, !
3
1. This

operator should be dual to a new light elementary particle.

Hence, we define

(3.4)

which is orthonormal to!1!2,!
3
1 and is a new elementary

light particle.
Next, let us look at the primaries with dimension 1��

2 and

with three boxes representations. They are ( , ),

( , ), ( , ), ( , ). From the additivity of the

dimension, three linear combinations of these four opera-

tors can be dual to the multiparticle states ~�1!2, ~�1!
2
1,

~�2!1. Again, we can see this explicitly from the structure
constants. From the structure constant computation, we
have the following products at large N:

(3.5)

Expressing them in terms of ~�1, ~�2, !1, !2, we obtain
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(3.6)

There is one linear combination of ( , ), ( , ), ( , ), ( , ), which is linear independent of ~�1!2, ~�1!
2
1,

~�2!1 and should be dual to a new elementary particle in the bulk. Hence, we can define

(3.7)

which is orthonormal to ~�1!2,
1ffiffi
2

p ~�1!
2
1,

~�2!1. Similarly, by exchanging the left and right representations, we have

(3.8)

and we define

(3.9)

Next, let us focus on the primaries (h, ), (h, ). By the fusion rule and the additivity of the dimension, it is not

hard to see that they must be identified with the two linear combinations of ~�1
~�2 and !1

~�2
1, which are dual to two- and

three-particle states. Similarly, the primaries ( ,h), ( ,h) are identified with the two linear combinations of�1�2 and

!1�
2
1. All the other primaries, (h, ), ( , ), ( , ), ( , ), ( , ), ( , ), and the primaries with

left and right representations exchanged, are also dual to multiparticle states. We will show this in Sec. VIII.

IV. LARGE N OPERATOR RELATIONS INVOLVING !2 AND !3

There is a new relation involving the descendant of !2, similar to the relation (2.8). By the following two structure
constants:

(4.1)

we have the three-point functions:
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h �!2ðzÞ�1ðwÞ ~�2ð0Þi ¼ h �!2ðzÞ�2ðwÞ ~�1ð0Þi ¼ 1ffiffiffi
2

p
N

1

jz� wj2�jwj2jzj�2�
; (4.2)

in the large N limit. Taking @ �@ on �!2, we obtain

h@ �@ �!2ðzÞ�1ðwÞ ~�2ð0Þi ¼ h@ �@ �!2ðzÞ�2ðwÞ ~�1ð0Þi ¼ �2ffiffiffi
2

p
N

�
1

jz� wj2ð1þ�Þ

��
1

jzj2ð1��Þ

�
: (4.3)

The two factors on the right-hand side of (4.3) are precisely given by the two-point functions of h�2
��2i and h ~�1

�~�1i, or
h�1

��1i and h ~�2
�~�2i. Hence, this suggests the following relation in the large N limit:

1

2h!2

@ �@!2 ¼ 1ffiffiffi
2

p ð�1
~�2 þ ~�1�2Þ: (4.4)

To make sure that there are no extra term on the left-hand side, one can compute the two-point function for the right-hand
side of (4.4). with its charge conjugate, and the two-point function for the left-hand side of (4.4) with its charge conjugate,
and find that they agree.

From the previous analysis on !1, !2, it suggests that there is also a relation involving the descendant of !3.
We postulate such a relation should be

1

2h!3

@ �@!3 ¼ 1ffiffiffi
3

p ð�1
~�3 þ�2

~�2 þ�3
~�1Þ: (4.5)

We give an argument for this relation. In the large N limit, we have the following structure constants:

(4.6)

These structure constants give the three-point functions:

h �!3ðzÞ�1ðwÞ ~�3ð0Þi ¼ h �!3ðzÞ�3ðwÞ ~�1ð0Þi ¼ 1ffiffiffi
3

p
N

1

jz� wj2�jwj2jzj�2�
; (4.7)

in the large N limit. Taking @ �@ on �!2, the three-point function again factorizes as a product of two two-point functions:

h@ �@ �!3ðzÞ�1ðwÞ ~�3ð0Þi ¼ h@ �@ �!3ðzÞ�3ðwÞ ~�1ð0Þi ¼ �2ffiffiffi
3

p
N

1

jz� wj2ð1þ�Þjzj2ð1��Þ : (4.8)

The three-point functions (4.8) imply the relation

1

2h!3

@ �@!3 ¼ 1ffiffiffi
3

p ð�1
~�3 þ�3

~�1 þ � � �Þ: (4.9)

By comparing the two-point functions of the left- and
right-hand sides with their charge conjugates, we know
that the ‘‘� � �’’ must take the form as a single term �n

~�m

with n, m � 1, 3, and the only candidate is �2
~�2.

V. HIDDEN SYMMETRIES

In this section, we give physical interpretation of
the relations (2.8), (4.4), and (4.5) and provide a bulk

mechanism of producing such relations. The key observa-
tion is that the dimension of !n goes to zero in the large N
limit. Therefore, it should effectively behave like a free
boson, whose derivative is a conversed current. Hence, we

define the holomorphic current ðjð1Þn Þz ¼ @!n=
ffiffiffiffiffiffiffiffiffiffi
2h!n

p
and

also the antiholomorphic current ðjð1Þn Þ�z ¼ �@!n=
ffiffiffiffiffiffiffiffiffiffi
2h!n

p
, for

n ¼ 1, 2, 3, which has normalized two-point function with
itself. For simplicity, we will sometimes suppress the index
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by simply denoting ðjð1Þn Þz as jð1Þn in the following. However,
since the dimensions of !n are not exactly equal to zero,

the currents jð1Þn are not exactly conserved. The relations
(2.8), (4.4), and (4.5) are then naturally interpreted as
current nonconservation equations4:

�@jð1Þn ¼ �ffiffiffiffi
N

p ð�1
~�n þ�2

~�n�1 þ � � � þ�n
~�1Þ: (5.1)

The bulk interpretation of these current nonconservation
equations is simple. Let us illustrate this by considering the

case of jð1Þn . In this case the current nonconservation equa-
tion is simply

�@jð1Þ1 ¼ �ffiffiffiffi
N

p �1
~�1: (5.2)

Following the AdS/CFT dictionary, the bulk dual of the

current jð1Þ1 is aUð1Þ Chern-Simons gauge field A�, and the

bulk dual of the operators �1, ~�1 are two scalars �, ~�.

These two scalars have different but complementary di-
mensions; hence, they have the same mass but different
boundary conditions. They can be minimally coupled to
the gauge field A�. The action of this system up to cubic

order is

S ¼ kCS
4�

Z
AdAþ 2i

Z
d2xdz

ffiffiffi
g

p
A�½ ~�@����@� ~��:

(5.3)

Using this action, we can compute the three-point function

of �@jð1Þ1 with �1, ~�1. The boundary to bulk propagator of

the Chern-Simons gauge field takes a pure gauge form
A� ¼ @��. The cubic action, hence, can be written as

lim
z!0

2

z

Z
d2x�½�@z ~�� ~�@z��: (5.4)

The three-point function is then given by

hjð1Þ1 ð ~x3Þ�1ðx1Þ ~�1ðx2Þi ¼ lim
z!0

2

z

Z
d2x�ðx� x3Þ½K1þ�ðx� x1Þ@zK1��ðx� x2Þ � K1��ðx� x2Þ@zK1þ�ðx� x1Þ�

¼ �16��
Z

d2x
1

ðxþ � xþ3 Þ
1

j ~x� ~x2j2ð1��Þ
1

j ~x� ~x1j2ð1þ�Þ ; (5.5)

where K� and � are the boundary to bulk propagators for the scalar and gauge function:

K� ¼
�

z

z2 þ j ~xj2
�
�
; � ¼ 4�

xþ
: (5.6)

Taking the derivative @
@xþ

3

on the above expression, we obtain

h �@jð1Þ1 ð ~x3Þ�1ðx1Þ ~�1ðx2Þi ¼ �16�2�
Z

d2x�2ðx� x3Þ 1

j ~x� ~x2j2ð1��Þ
1

j ~x� ~x1j2ð1þ�Þ

¼ �16�2�
1

j ~x3 � ~x2j2ð1��Þj ~x3 � ~x1j2ð1þ�Þ ; (5.7)

which factors into a product of two two-point functions
of scalars with dimension � ¼ 1þ � and 1� �. This
matches exactly with what we expected from (5.2)
provided the identification of the Chern-Simons level

kCS ¼ N. In Sec. VIII, we will show that every ðjð1Þn Þz gives
a Uð1Þ Chern-Simons gauge field, and combined with the

gauge field dual to ðjð1Þn Þ�z, they form a Uð1Þ1 �Uð1Þ1
Chern-Simons gauge theory in the bulk.

VI. APPROXIMATELY CONSERVED HIGHER
SPIN CURRENTS

The approximately conserved spin-1 current ðjð1Þn Þz
generates a tower of approximately conserved higher spin

currents, by the action of WN generators on ðjð1Þn Þz. For
example, ðjð1Þ1 Þz has a level-one W descendant

ðjð2Þ1 Þz ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� �2Þp �

Wð3Þ
�1 �

3

2
i�L�1

�

ðjð1Þ1 Þz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N

2�2ð1� �2Þ

s
ðWð3Þ

�2 � i�@2Þ!1; (6.1)

which is also a Virasoro primary.5 This is an approximately
conserved stress tensor. The current nonconservation equa-

tion of ðjð1Þ1 Þz then descends to the current nonconservation
equation of ðjð2Þ1 Þz:

4The current nonconservation equations for theories in one
higher dimension have been studied in [15–17].

5In Appendix B, we fix the normalization of ðjð1Þ1 Þz and check
that it is a Virasoro primary.
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�@ðjð2Þ1 Þz ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� �2Þp �

Wð3Þ
�1 �

3

2
i�L�1

�
�@jð1Þ1 ¼ i�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Nð1� �2Þp ½ð1� �Þ@�1
~�1 � ð1þ �Þ�1@ ~�1�; (6.2)

where we have used the null-state equations in Appendix C. In general, the approximately conserved spin-1 current ðjð1Þ1 Þz
has exactly one W-descendant Virasoro primary ðjðsÞ1 Þz at each level s, which takes the form as

ðjðsÞ1 Þz ¼
ffiffiffiffi
N

p ða1Wðsþ1Þ�s þ a2@W
ðsÞ
�sþ1 þ � � � þ as@

sÞ!1; (6.3)

where ai are some constants depending on �, and can be fixed by requiring ðjðsÞ1 Þz being a Virasoro primary. The ðjðsÞ1 Þz’s are
approximately conserved higher spin currents. They satisfy the current nonconservation equations taking the form as

�@ðjðsÞ1 Þz ¼ 1ffiffiffiffi
N

p ðb1@s�1�1
~�1 þ b2@

s�2�1@ ~�1 þ � � � þ bs�1@
s�1 ~�1Þ; (6.4)

where bs are constants depending on �, and can be fixed by
requiring the left-hand side of (6.4) be a Virasoro primary.
By the same argument, there are also antiholomorphic

higher spin currents ðjðsÞ1 Þ�z. We expect that there are also

approximately conserved holomorphic and antiholomor-

phic higher spin currents ðjðsÞ2 Þz, ðjðsÞ3 Þz, and ðjðsÞ2 Þ�z, ðjðsÞ3 Þ�z
that take a similar form as (6.3).

VII. THE SINGLE-PARTICLE SPECTRUM

Now we state a conjecture on the complete spectrum of
the single-particle states in the bulk. Throughout this paper,
by a single-trace operator we mean an operator that obeys
the same large N factorization property as single-trace
operators in large N gauge theories; such an operator is
dual to the state of one elementary particle in the bulk. The
products of single-trace operators are dual to multiparticle
states. As we have seen in the previous section, the primary
operators that involve up to one box in the Young tableaux
of �þ and �� are all single-trace operators: they are �1,
~�1, and !1. The primaries that involve up to two boxes in
the Young tableaux of �þ and �� are some suitable linear

combination of single-trace operators �2, ~�2, !2, or prod-
ucts of two single-trace operators. We have also seen some
evidence that the primaries with up to three boxes in their
representations are linear combinations of single-trace op-

erators �3, ~�3, !3, or products of single-trace operators.
We conjecture that the primaries with up to n-box repre-
sentations are linear combinations of single-trace operators

�n, ~�n, !n, or products of such single-trace operators �m,
~�m, !m for m< n. Here �n is a linear combination of
primaries of the form ð�þ;��Þ that involve ðn; n� 1Þ
boxes, ~�n is a linear combination of primaries that involve
ðn� 1; nÞ boxes, and !n is a linear combination of light
primaries of the form ð�;�Þ where � involves n boxes.

A part of this conjecture is easy to prove: the statement
that there is only one light single-trace operator !n for
each n labeling the number of boxes in its corresponding
SUðNÞ representations follows easily from the fusion rule.
First we note that, generally, the light states of the form

ð�;�Þ have dimension Bð�Þ�2=N þOðN�2Þ, where Bð�Þ
is the number of boxes of the Young tableaux of the
representation �, in the large N limit and fixed finite
Bð�Þ. We may write a partition function of the light states

ZðxÞ ¼ X
ð�;�Þ

xBð�Þ ¼ Y1
n¼1

1

1� xn
: (7.1)

Each single-trace operator of dimension n�2=N is a linear
combination of ð�;�Þ with Bð�Þ ¼ n. The dimension of
the product of single-trace operators is additive at order
1=N. The products of a single-trace operator are counted
by the partition function 1=ð1� xnÞ. By comparing this
with ZðxÞ, we see that there is precisely one single-trace
operator !n for each n.

The �n, ~�n, !n are all single-trace operators that are
dual to scalar fields in the bulk. These are not all, how-
ever. There are other single-trace operators that are dual
to spin-1, spin-2, and higher spin gauge fields. As ex-
plained in the previous section, while @!n is a level-one
descendant of !n, the norm of @!n goes to zero in the
large N limit. Consequently, the normalized operator

ðjð1Þn Þz �
ffiffiffiffi
N

p
@!n behaves like a primary operator. Such

operators will be referred to as large N primary opera-
tors, and we include them in our list of single-trace
operators because they should be dual to elementary fields

in the bulk as well. We conjecture that jð1Þn ’s are single-
trace operators dual to the spin-1 Chern-Simons gauge
field in the bulk. This statement has passed some tests

involving the three-point function of jð1Þn with two scalars.
This is not the end of the story. As shown in the previous
section, there are large N primaries of higher spin s,

denoted by jðsÞn . These are single-trace operators dual to
additional elementary higher spin gauge fields in the bulk.
Unlike the original WN currents, however, the would-be

higher spin symmetries generated by jðsÞn are broken by
the boundary conditions on the charged scalars, leading to
the current nonconservation relation. These hidden sym-
metries are recovered in the infinite N limit.
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Let us summarize our conjecture on the single-particle
spectrum. There are two families of complex single-trace

operators �n, ~�n, which are dual to massive complex
scalar fields (of the same mass classically), one family of
complex single-trace operators !n, that are dual to mass-
less scalars in the bulk, and a family of approximately

conserved higher spin single-trace operators jðsÞn for
each positive integer spin s ¼ 1; 2; 3; . . . , that are dual to
Chern-Simons spin-1 and higher spin gauge fields.

VIII. LARGE N PARTITION FUNCTIONS

In this section, we check our proposed single particle
spectrum against the partition function of the WN minimal
model and the WN characters of various primaries in the
large N limit.

Let O be a single-trace operator with left and right
dimensions hO and �hO, respectively. From the bulk
perspective, the (free) single-particle contribution to the
partition function is

ZO¼�1
OðhO;qÞ�1

Oð �hO; �qÞ;

�1
OðhO;qÞ¼

qhO

1�q
¼qhO þqhOþ1þqhOþ2þ��� :

(8.1)

The coefficients of the q expansion are 1 in this case; they
count the operatorsO; @O; @2O; . . . . There is an exception
to the formula (8.1). If the single-trace operatorO has zero
conformal weight, then the character is identity, i.e.
�1
OðhO ¼ 0Þ ¼ 1. �1

O is not the same as the WN character

for the primaryO in the largeN limit, because it misses the
contribution from boundary excitations of higher spin
fields. The contribution from the boundary higher spin
gauge fields to the partition function is

Zhs ¼ j�1
hsj2; �1

hs ¼
Y1
s¼2

Y1
n¼s

1

ð1� qnÞ : (8.2)

According to our conjecture, the single particle partition
functions is

Z�n
¼ q

1þ�
2 �q

1þ�
2

ð1� qÞð1� �qÞ ; Z ~�n
¼ q

1��
2 �q

1��
2

ð1� qÞð1� �qÞ ;
(8.3)

and

Z!n
¼ 1; Z

jðsÞn
¼ �1

jðsÞn

¼ qs

1� q
: (8.4)

For simplicity, let us summarize all the character of higher
spin gauge fields as a single character �1

jn
:

�1
jn
¼ X1

s¼1

�1
jðsÞn

¼ X1
s¼1

qs

1� q
¼ q

ð1� qÞ2 : (8.5)

Next, let us consider the partition function for the WN

minimal model in the large N limit. Following from the
diagonal modular invariance, the partition function in the
large N limit is given by the sum of the absolute value
square of the characters:

ZWN
¼ X

ð�þ;��Þ
j�ð�þ;��Þj2: (8.6)

The characters �ð�þ;��Þ, for�� being representations with

one to three boxes in the Young tableaux, in the large N
limit are computed in Appendix D up to cubic order. The
following formulas in this section have all been checked up
to this order. Let us start by looking at the contribution of
the identity operator to the partition function, which in the
large N limit gives the partition function of the boundary
higher spin gauge fields:

lim
N!1j�ð0;0Þj2 ¼ Zhs: (8.7)

The primary operators ðh; 0Þ ¼ �1 and ð0;hÞ ¼ ~�1

are dual to massive scalars. Their contributions to the
partition function indeed give the partition function of
single massive scalar:

lim
N!1j�ðh;0Þj2 ¼ ZhsZ�1

; lim
N!1j�ð0;hÞj2 ¼ ZhsZ ~�1

:

(8.8)

The primary operator ðh;hÞ ¼ !1 is dual to a massless

scalar, and its descendants jðsÞ1 are dual to spin-1, spin-2 and

higher spin gauge fields. Also, by the current nonconser-
vation equation (6.4), some of the descendants of ðh;hÞ
are dual to the two-particle states. Therefore, contribution
of ðh;hÞ to the partition function decomposes as

lim
N!1j�ðh;hÞj2 ¼ ZhsðZ!1

þ �1
j1
þ �1

j1
þ Z�1

Z ~�1
Þ; (8.9)

where the last term is the contribution of the two-particle

states of �1 and ~�1.
The identification of other primary operators are inevi-

table involving multiparticle states. By Bose statistics, we
can write a multiparticle partition function in terms of the
single-particle partition function (8.1) as

Zmulti
O ðtÞ ¼ exp

�X1
m¼1

ZOðqm; �qmÞ
m

tm
�
: (8.10)

Suppose O ¼ �n, and then the partition function Zmulti
�n

ðtÞ
can be expanded as

Zmulti
�n

ðtÞ ¼ X1
‘¼0

t‘Z�‘
n
; (8.11)

where Z�m
n

is the m-particle partition function. For

instance, Z�2
n
and Z�3

n
are given by
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Z�2
n
¼ q1þ� �q1þ�ð1þ q �qÞ

ð1� qÞ2ð1þ qÞð1� �qÞ2ð1þ �qÞ ; Z�3
n
¼ q

3
2ð1þ�Þ �q3

2ð1þ�Þð1þ q �qþ q2 �qþ �q2qþ q2 �q2 þ q3 �q3Þ
ð1� qÞ3ð1þ qÞð1þ qþ q2Þð1� �qÞ3ð1þ �qÞð1þ �qþ �q2Þ : (8.12)

For O ¼ !n, all the m-particle partition functions are identity:

Z!m
n
¼ 1: (8.13)

For O ¼ jðsÞn , the multiparticle partition function for jðsÞn , s ¼ 1; 2; . . . , can be computed from

Zmulti
jn

ðtÞ ¼ Y1
s¼1

Zmulti

jðsÞn

ðtÞ ¼ exp

�X1
m¼1

X1
s¼1

�1
jðsÞn

ðqmÞ
m

tm
�
¼ exp

�X1
m¼1

�1
jn
ðqmÞ
m

tm
�
: (8.14)

Expanding Zmulti
jn

ðtÞ in powers of t, we can write the Zmulti
jn

ðtÞ as

Zmulti
jn

ðtÞ ¼ 1þ �1
jn
tþ �1

j2n
t2 þ �1

j3n
t3 þ � � � ; (8.15)

where �1
jmn

has the interpretation of the m-particle character (partition function). For instance,

�1
j2n
¼ q2ð1þ q2Þ

ð1� qÞ4ð1þ qÞ2 ; �1
j3n
¼ q3ð1þ q2 þ 2q2 þ q4 þ q6Þ

ð1� qÞ6ð1þ qÞ2ð1þ qþ q2Þ2 : (8.16)

Let us continue on the matching of boundary and bulk partition functions. Consider the primary operators ( , 0) and
( , 0). They are dual to two-particle states. Their contribution to the partition function matches with the two-particle
partition function:

(8.17)

Now, consider the primary operators ( , 0), ( , 0), and ( , 0). They are dual to three-particle states. Their
contribution to the partition function matches with the three-particle partition function:

(8.18)

Next, consider the primary operators ( ,h) and ( ,h). Their contribution to the partition function also decomposes as
the multiparticle partition functions:

(8.19)

For the primary operators ( , ), ( , ), ( , ), and ( , ), their contribution to the partition function
decomposes as

(8.20)

Now, let us go on to the representations with three boxes in the Young tableaux. For the primary operators ( , h),
( , h), and ( , h), their contribution to the partition function decomposes as

(8.21)

For the primary operators ( , ), ( , ), ( , ), ( , ), ( , ), and ( , ) their contribution to the
partition function decomposes as
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(8.22)

The contribution from the primary operators ( , ), ( , ), ( , ), ( , ), ( , ), ( , ),

( , ), ( , ), and ( , ), to the partition function decomposes as

(8.23)

IX. INTERACTIONS AND A SEMILOCAL BULK THEORY

The three-point functions6 involving the hidden symmetry currents amount to the following assignment of gauge

generators Tn associated to the currents j
ðsÞ
n ðzÞ, which act on the states j�mi and j ~�mi. We use the ket notation here, rather

than the primary fields themselves, because while�m and ~�m have different scaling dimensions at infiniteN, they are dual
to scalar fields of the same mass that transform into one another under the hidden gauge symmetries.

Tnj�mi ¼ j�nþmi; Tnj ��mi ¼ �j ��m�niðn < mÞ or � j ~�n�mþ1iðn � mÞ;
Tnj ~�mi ¼ �j ~�nþmi; Tnj �~�mi ¼ j �~�m�niðn < mÞ or j�n�mþ1iðn � mÞ:

(9.1)

Let us define the fields ’r and ~’r for r 2 Zþ 1
2 by

’r ¼ �rþ1
2
; ’�r ¼ �~�rþ1

2
; ~’r ¼ ~�rþ1

2
; ~’�r ¼ ��rþ1

2
: (9.2)

They are related by complex conjugation:

�’ r ¼ ~’�r; �~’r ¼ ’�r: (9.3)

In terms of ’r and ~’r, the gauge generators act as

Tnj’ri ¼ j’rþni; Tnj~’ri ¼ �j~’rþni: (9.4)

We also have
�T nj’ri ¼ �j’r�ni; �Tnj~’ri ¼ j~’r�ni; (9.5)

which suggests the definition T�n ¼ � �Tn, or j
ðsÞ�n ¼ � �jðsÞn . Now (9.4) is extended to all n 2 Z. The action of Tn can be

diagonalized by the Fourier transform:

6Some three-point functions are computed, and a general form of such three-point functions is postulated in Appendix E.
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j’ðxÞi ¼ X
r2Zþ1=2

eirxj’ri; j~’ðxÞi ¼ X
r2Zþ1=2

eirxj~’ri;

TðxÞ ¼ X
n2Z

einxTn; (9.6)

where x is an auxiliary generating parameter. Here we also
included the generator T0 which assigns charge þ1 to ’
and charge �1 to �’. With this definition, j �’ðxÞi ¼ j~’ðxÞi,
�TðxÞ ¼ �TðxÞ. We have

TðxÞj’ðyÞi ¼ �ðx� yÞj’ðyÞi: (9.7)

Here x, y are understood to be periodically valued with
periodicity 2�.

What is the interpretation of this result?We see that there
is a circle worth of gauge generators TðxÞ, each of which
corresponds to a tower of gauge fields in AdS3, of spin s ¼
1; 2; 3; . . . ;1. Furthermore, these gauge generators com-
mute, indicating Vasiliev theory with Uð1Þ1 ‘‘Chan-Paton
factor.’’ At the level of bulk equation of motion, we expect
the infinite family of Vasiliev theories to decouple. They
only interact through the AdS3 boundary conditions that
mix the matter scalar fields. The boundary condition is such
that the ‘‘right-moving’’ modes of ’ðxÞ on the circle,
namely ’r with r > 0 (r ¼ 1

2 ;
3
2 ; . . . ), are dual to operators

of dimension �þ ¼ 1þ �, whereas ’r with r < 0 are dual
to operators of dimension �� ¼ 1� �. As a consequence
of this boundary condition, the corresponding generating
operator ’ðx; z; �zÞ in the CFT has two-point function

h’ðx; z; �zÞ �’ðy; 0Þi ¼ X
r;s2Zþ1=2

eirxþisyh’rðzÞ~’sð0Þi

¼
�

1

jzj2þ2�
� 1

jzj2�2�

�
i

2 sin x�y
2

(9.8)

in the large N limit.
Note that the spin-1 gauge field is included here. It is also

natural to include the massless scalar !n, of spin s ¼ 0.
j’ðxÞi labels a complex massive scalar in AdS3, for each x.
This spectrum precisely fits into Vasiliev’s system in three
dimensions. In earlier works, we did not consider the spin-1
gauge field in Vasiliev theory, because it is governed by
Uð1Þ �Uð1Þ Chern-Simons action and would decouple
from the higher spin gravity if it were not for the matter
scalar field. It is possible to choose the boundary condition
on the spin-1 Chern-Simons gauge field in AdS3 so that
there is no dual spin-1 current in the boundary CFT. This is

presumably why the spin-1 current jð1Þ0 ðzÞ is missing from

the spectrum ofWN minimal model. But the spin-1 currents

jð1Þn ðzÞ do exist in the infinite N limit. Usually, in three-
dimensional Vasiliev theory, there is no propagating mass-
less scalar field either. There is, however, an auxiliary scalar
field Caux [11], whose equation of motion at the linearized
level takes the form r�Caux ¼ 0. Classically, we could

trade this equation with the massless Klein-Gordon
equation hCaux ¼ 0, together with the � ¼ 0 boundary
condition which eliminates normalizable finite energy

states of this field in AdS3. If this scalar field acquires a
small mass, of order 1=N due to quantum corrections, then
the boundary condition would allow for a normalizable
state in AdS3 of very small energy/conformal weight. We
believe that this is the origin of the elementary light scalars
!n themselves, in the infinite family of Vasiliev systems
parameterized by the circle.
The identification of the single-trace operators, dual to

elementary particles in the bulk,makes sense a priori only in
the infinite N limit. Nonperturbatively, or at finite N, k, the

infinite family �n, ~�n, !n, j
ðsÞ
n should be cut off to a finite

family. Because of the restrictions on the unitary represen-
tations of SUðNÞ current algebra at level k or kþ 1, we
expect the subscript n which counts the number of boxes in
the Young tableau in the construction of the single-trace
primaries to be cut off at n� k. This means that the circle
that parameterizes a continuous family of Vasiliev theories
in AdS3 should be rendered discrete, with spacing�2�=k.

X. DISCUSSION

We have proposed that the holographic dual of WN

minimal model in the ’t Hooft limit, k, N ! 1, 0< �<
1, is a circle worth of Vasiliev theories in AdS3 that couple
with one another only through the boundary conditions on
the matter scalars, which break all but one single tower of
higher spin symmetries. It would seem to be a natural
question to ask is what is the CFT dual to the bulk theory
with symmetry-preserving boundary conditions, that assign
say the same scaling dimension �þ to all matter scalars. If

we are to flip the boundary condition on ~�n, on the CFT
side, this corresponds to turning on the double trace defor-

mation by ~�n
�~�n and flow to the critical point (IR in this

case). This deformation decreases the central charge c �
Nð1� �2Þ by an order N0 amount. It is unclear what is the
fixed point one ends up with by turning on double trace

deformations ~�n
�~�n for all n (which should be cut off at

�k), if there is such a nontrivial critical point at all.
There has been an alternative proposal on the holographic

dual of WN minimal model [18–20], as Vasiliev theory
based on hs½N� ’ slðNÞ higher spin algebra, with families
of conical deficit solutions included to account for the
primaries missing from the perturbative spectrum of
Vasiliev theory. On the face of it, this proposal involves an
entirely different limit, where N is held fixed, and an ana-
lytic continuation is performed in k so that the central charge
c is large. The resulting CFT is not unitary. Furthermore, it is
unclear to us that the analog of large N (or rather, large c)
factorization holds in this limit, which would be necessary
for the holographic dual to be weakly coupled.
There is also an intriguing parallel between the ’t Hooft

limit of WN minimal model in two dimensions and Chern-
Simons vector model in three dimensions. While the gauge
invariant local operators and their correlation functions on
R3 or S3 in the three-dimensional Chern-Simons vector

CHI-MING CHANG AND XI YIN PHYSICAL REVIEW D 88, 106002 (2013)

106002-12



model are expected to be computed by the parity violating
Vasiliev theory in AdS4 to all order in 1=N, the duality in
its naive form is not expected to hold for the CFT on three-
manifolds of nontrivial topology (e.g. when the spatial
manifold is a torus or a higher genus surface). This is
because the topological degrees of freedom of the Chern-
Simons gauge fields cannot be captured by a semiclassical
theory in the bulk with Newton’s constant that scales like
1=N rather than 1=N2. In a similar manner, the WN mini-
mal model CFT on R2 or S2 in the large N admits a closed
subsector, generated by the OPEs of the primary �1 along
with higher spin currents, that is conjectured to be pertur-
batively dual to Vasiliev theory in AdS3. This duality
makes sense only perturbatively in 1=N. The light primar-
ies which in a sense arise from twistor sectors must be
included to ensure that the CFT is modular invariant. Here
we see that the bulk theory should be extended as well,
to an infinite family of Vasiliev theories. It would be
interesting to understand the analogous statement in the
AdS4=CFT3 example, where the connection to ordinary
string theory is better understood [17].
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APPENDIX A: HIGHER SPIN CHARGES

The higher spin charges of primary operators can be
computed using the Coulomb gas formalism reviewed in

[4,21,22]. The higher spin currentsWðsÞ can be constructed
by first considering the differential operator of order N:

ð2iv0ÞNDN ¼ :
YN
i¼1

ð2iv0@þ hi � @XÞ: (A1)

and then expanding this differential operator as

DN ¼ @N þ XN
s¼1

ð2iv0Þ�kUðsÞ@N�s: (A2)

Expanding the right-hand side of (A1), we obtain Uð1Þ ¼ 0

and Uð2Þ ¼ � 1
2 :@X � @X:þ 2v0� � @2X, which is the stress

tensor. For s > 2, UðsÞ behaves like a spin-s higher spin
current, but it is not primary. The dimension-s primary

operatorWðsÞ can be constructed fromUðsÞ, for example [23]:

Wð2Þ ¼ Uð2Þ; Wð3Þ ¼ Uð3Þ � N � 2

2
ð2iv0Þ@Uð2Þ;

Wð4Þ ¼ Uð4Þ � N � 3

2
ð2iv0Þ@Uð3Þ þ ðN � 2ÞðN � 3Þ

10
ð2iv0Þ2@2Uð2Þ � ðN � 2ÞðN � 3Þð5N þ 7Þ

10N2ðN2 � 1Þ :ðUð2ÞÞ2:;

Wð5Þ ¼ Uð5Þ � N � 4

2
ð2iv0Þ@Uð4Þ þ 3ðN � 3ÞðN � 4Þ

28
ð2iv0Þ2@2Uð3Þ � ðN � 2ÞðN � 3ÞðN � 4Þ

84
ð2iv0Þ3@3Uð2Þ

þ ðN � 3ÞðN � 4Þð7N þ 13Þ
14NðN2 � 1Þ ððN � 2Þð2iv0Þ:Uð2Þ@Uð2Þ:� 2:Uð3ÞUð2Þ:Þ: (A3)

The zero mode of the quasiprimaries UðsÞ acting on a primary operator exp ðiv � XÞ gives
ukðvÞ ¼ ð�iÞk�1

X
i1<���<ik

Yk
j¼1

ðv � hij þ ðk� jÞv0Þ; (A4)

where

v ¼
ffiffiffiffiffi
p0

p

s
�þ �

ffiffiffiffiffi
p

p0

s
��; hk ¼ !1 �

Xk�1

i¼1

�i: (A5)

The higher spin charges wk are by uk from (A3). We conjecture that the higher spin charges of�n, in the large N limit, are

wsð�nÞ ¼ is�2�ðsÞ2�ð�þ sÞ
�ð2s� 1Þ�ð1þ �Þ ; (A6)

and the higher spin charges of ~�n are

wsð ~�nÞ ¼ ð�iÞs�2�ðsÞ2�ð�þ sÞ
�ð2s� 1Þ�ð1þ �Þ : (A7)
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These two formulas are checked up to n ¼ 2, s ¼ 5. We also conjecture that in the large N limit the higher spin charges of
!n are n times the higher spin charges of !1, and the higher spin charges of !n up to spin 5 are

w2ð!nÞ ¼ n�2

2N
; w3ð!nÞ ¼ i

n�3

6N
; w4ð!nÞ ¼ �n�2ð1þ �2Þ

20N
; w5ð!nÞ ¼ �i

n�3ð5þ �2Þ
70N

: (A8)

The above formulas are checked up to n ¼ 3.

APPENDIX B: AN APPROXIMATELY CONSERVED SPIN-2 CURRENT

The approximately conserved spin-2 field takes the form as

ðjð2Þ1 Þz ¼ �

�
Wð3Þ

�1 �
3

2
i�L�1

�
L�1!1 ¼ �ðWð3Þ

�2 � i�@2Þ!1; (B1)

where � is a normalization constant. We check that this is a Virasoro primary operator:

L1ðWð3Þ
�2 � i�@2Þ!1 ¼ ½4Wð3Þ

�1 � 2i�L�1�!1 ¼ 0; L2ðWð3Þ
�2 � i�@2Þ!1 ¼ ð6w3 � 6ih�Þ!1 ¼ 0; (B2)

where we have used the null-state equation for !1:

Wð3Þ
�1!1 ¼ i�

2
@!1: (B3)

Let us compute the normalization constant �. Considering the three-point function hWðzÞ �!1ðz1ÞðWð3Þ
�2 � i�@2Þ!1ðz2Þi,

since it is a three-point function of three conformal primaries, it takes the form as

hWðzÞ �!1ðz1ÞðWð3Þ
�2 � i�@2Þ!1ðz2Þi ¼ a1

ðz� z1Þðz� z2Þ5ðz1 � z2Þ�1
: (B4)

The structure constant a1 can be determined by performing contour integral
H
z2
dzðz� z2Þ4 on both sides. On the right-

hand side, we obtain I
z2

dz
a1

ðz� z1Þðz� z2Þðz1 � z2Þ�1
¼ �a1: (B5)

On the left-hand side, we have

h �!1ðz1ÞWð3Þ
2 ðWð3Þ

�2 � i�@2Þ!1ðz2Þi ¼
�
�!1ðz1Þ

�
8Wð4Þ

0 þ 4

5
ð�2 � 4ÞL0 � 12i�Wð3Þ

0

�
!1ðz2Þ

�
¼ � 2�2ð1� �2Þ

N
: (B6)

Now, we perform a contour integral
H
z1
dz on (B4), and we obtain

hWð3Þ
�2 �!1ðz1ÞðWð3Þ

�2 � i�@2Þ!1ðz2Þi ¼
I
z1

dz
a1

ðz� z1Þðz� z2Þ5ðz1 � z2Þ�1
¼ a1

ðz1 � z2Þ4
¼ 2�2ð1� �2Þ

N

1

ðz1 � z2Þ4
: (B7)

Using similar method, we obtain

h �!1ðz1ÞWð3Þ
�2!1ðz2Þi ¼

I
z2

dz
b

ðz� z1Þ3ðz� z2Þ3ðz1 � z2Þ�3
¼ 6b

ðz2 � z1Þ5ðz1 � z2Þ�3
¼ i�3

N

1

ðz1 � z2Þ2
: (B8)

We have

hðWð3Þ
�2 þ i�@2Þ �!1ðz1ÞðWð3Þ

�2 � i�@2Þ!1ðz2Þi ¼ 2�2ð1� �2Þ
N

1

ðz1 � z2Þ4
: (B9)

The normalization constant � is

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N

2�2ð1� �2Þ

s
: (B10)

APPENDIX C: NULL-STATE EQUATIONS

TheW1½��, in the c ! 1 limit, and truncating to the generatorsWðsÞ
n , jnj< s, reduces to the wedge algebra hsð�Þ, which

is given by
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½WðsÞ
m ;WðtÞ

n � ¼ Xsþt�js�tj�1

u¼2;4;6;...

gstu ðm; n;�ÞWðsþt�uÞ
mþn ; (C1)

where the structure constant gstu ðm; n;�Þ is
gstu ðm; n;�Þ ¼ qu�2

2ðu� 1Þ!�
st
u ð�ÞNstðm; nÞ; (C2)

and

Nst
u ð�Þ ¼

Xu�1

k¼0

ð�1Þk�ðuÞ�ðs�mÞ�ðsþmÞ�ðt� nÞ�ðtþ nÞ
�ð1þ kÞ�ðu� kÞ�ðs�m� kÞ�ðsþmþ k� uþ 1Þ�ðtþ n� kÞ�ðt� nþ k� uþ 1Þ ; (C3)

and

�st
u ð�Þ¼

4
F3

1
2 þ �; 12 � �; 2�u

2 ; 1�u
2

3
2 � s; 32 � t; 12 þ sþ t� u

��������1

" #
: (C4)

q is an arbitrary constant controls the normalization of the
higher spin generators. In our convention, q ¼ i=4. Using
this commutator (C1), we can derived a set of null-state
equations for �n, ~�n and !n.

Consider a primary operator O. The descendants of O
can be separated into two classes. The descendants in the
first class are the operators that take the form as a combi-

nation of WðsÞ�n, 0< n< s, acting on O. The rest of the
descendants are in the second class. The descendants in the
first class have the norm of order one, and the descendants
in the second class have the norm of orderN. The bulk dual
of the descendants in the first class are single- or multi-
particle states without boundary higher spin gauge field
excitation, and the bulk dual descendants in the second
class are the states with boundary higher spin gauge field
excitations. Now, let us focus on the primary �1. The
partition of �1 takes the form as (8.8) after modding out
the boundary higher spin gauge field character �1

hs, which

means that at each level there is only one independent
descendent in the first class, which are @m�1’s.
Therefore, the Kac matrices

½Ln
1 ; L

n
�1�; ½WðsÞ

n ; Ln
�1�

½Ln
1 ; W

ðsÞ�n�; ½WðsÞ
n ;WðsÞ�n�

0
@

1
A; (C5)

for 0< n< s, are rank 1 and have a singular vector, which
gives the null-state equation:

WðsÞ�n�1 ¼ is�2�ðsÞ�ðnþ sÞ�ðsþ �Þ
�ðnþ 1Þ�ð2s� 1Þ�ðnþ �þ 1Þ@

n�1: (C6)

Similarly, we have the null-state equation for ~�1:

WðsÞ�n
~�1 ¼ ð�iÞs�2�ðsÞ�ðnþ sÞ�ðs� �Þ

�ðnþ 1Þ�ð2s� 1Þ�ðn� �þ 1Þ@
n ~�1: (C7)

Next, let us consider the operator !1. After moving out
the character of boundary higher spin gauge fields, the
character of !1 takes the form as

�1
!1

þ �1
j1
¼ 1þ qþ 2q2 þ 3q3 þ � � � : (C8)

At level one, there is one descendant in the first class,

which is ðjð1Þ1 Þz or @!1, and the Kac matrix

½L1; L�1�; ½WðsÞ
1 ; L�1�

½L1; W
ðsÞ
�1�; ½WðsÞ

1 ; WðsÞ
�1�

0
@

1
A (C9)

is rank one and gives the null-state equations:

WðsÞ
�1!1 ¼ sws

2h
@!1: (C10)

Plugging in the value of the higher spin charges, we obtain

Wð3Þ
�1!1 ¼ i

�

2
@!1; Wð4Þ

�1!1 ¼ � 1þ �2

5
@!1;

Wð5Þ
�1!1 ¼ �i

�ð5þ �2Þ
14

@!1: (C11)

At level two, there are two descendants in the first class.

They are @jð1Þ1 and jð2Þ1 or @2!1 andW
ð3Þ
�2!1. The Kac matrix

½L2
1; L

2�1�; ½Wð3Þ
2 ; L2�1�; ½Wð4Þ

2 ; L2�1�
½L2

1; W
ð3Þ
�2�; ½Wð3Þ

2 ; Wð3Þ
�2�; ½WðsÞ

2 ; Wð3Þ
�2�

½L2
1; W

ðsÞ
�2�; ½Wð3Þ

2 ; WðsÞ
�2�; ½WðsÞ

2 ; WðsÞ
�2�

0
BBB@

1
CCCA (C12)

has one singular vector. For s ¼ 4, this gives the null-state
equation

Wð4Þ
�2!1 ¼ � 1

2
@2!1 þ i

�

2
Wð3Þ

�2!1: (C13)

In general, at level n, there are n independent descendants

in the first class, and they are @n�1jð1Þ1 ; @n�2jð2Þ1 ; . . . , and

jðnÞ1 , or @n!1; @
n�1Wð3Þ

�2!1; . . . , and Wðnþ1Þ�n !1, where we

have suppressed the z index.

APPENDIX D: WN CHARACTERS

As reviewed in [4,21], the characters of the primary
operators in the WN minimal model are given by the
formula

A SEMILOCAL HOLOGRAPHIC MINIMAL MODEL PHYSICAL REVIEW D 88, 106002 (2013)

106002-15



�ð�þ;��Þ ¼
1

	ð
ÞN�1

X
w2W;n2�pp0

�ðwÞq1
2jwð�Þþ�0þnj2þ c

24;

(D1)

where p ¼ kþ N, p0 ¼ kþ N þ 1, W is the Weyl group,

�pp0 is
ffiffiffiffiffiffiffiffi
pp0p

times the root lattice �root, and �, �0 are

� ¼
ffiffiffiffiffi
p0

p

s
ð�þ þ �Þ; �0 ¼ �

ffiffiffiffiffi
p

p0

s
ð�� þ �Þ: (D2)

In the large N limit, the terms with nonzero n in the
summation over the lattice �pp0 are of order OðqNÞ and
can be ignored. By evaluating the formula (D1), we obtain
the following characters:

(D.3)

(D.4)

APPENDIX E: SOME THREE-POINT FUNCTIONS

In this Appendix, we will compute several three-point
functions involving the approximately conserved spin-1

current ðjð1Þn Þz in the large N limit. For simplicity, we will
suppress the index z in the following discussion. Let us
first consider the three-point functions of the form

hjð1Þn
��m

�~�n�mþ1i. They are given by taking a derivative

on the three-point function h!n
��m

�~�n�mþ1i. For example,
by taking one derivative on

h!1ðz1Þ ��1ðz2Þ �~�1ðz3Þi ¼ 1

N

1

jz12j2�jz23j2jz13j�2�
; (E1)

we obtain

hjð1Þ1 ðz1Þ ��1ðz2Þ �~�1ðz3Þi
¼ 1ffiffiffiffi

N
p 1

jz12j2�jz23j2jz13j�2�

�
1

z13
� 1

z12

�
: (E2)

Similarly by taking a derivative on (4.2) and (4.7), we
obtain

hjð1Þ2 ðz1Þ ��1ðz2Þ �~�2ðz3Þi¼hjð1Þ2 ðz1Þ ��2ðz2Þ �~�1ðz3Þi
¼hjð1Þ3 ðz1Þ ��1ðz2Þ �~�3ðz3Þi
¼hjð1Þ3 ðz1Þ ��3ðz2Þ �~�1ðz3Þi
¼ 1ffiffiffiffi

N
p 1

jz12j2�jz23j2jz13j�2�

�
�
1

z13
� 1

z12

�
: (E3)

We postulate the general form of the three-point function
to be
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hjð1Þn ðz1Þ ��mðz2Þ �~�n�mþ1ðz3Þi ¼ 1ffiffiffiffi
N

p 1

jz12j2�jz23j2jz13j�2�

�
1

z13
� 1

z12

�
: (E4)

Next, let us consider the three-point function of the form hjð1Þn �m
��nþmi and hjð1Þn

~�m
�~�nþmi. The computation of this three-

point function is a bit subtle. Let us first show an example hjð1Þ1 ðz1Þ�1ðz2Þ ��2ðz3Þi. To compute this three-point function, we

consider the three-point functions:

(E5)

By taking the derivative @z1 and taking the large N limit, we obtain

(E6)

Taking the difference of these two three-point functions, we obtain

hjð1Þ1 ðz1Þ�1ðz2Þ ��2ðz3Þi ¼ 1ffiffiffiffi
N

p 1

jz23j2ð1þ�Þ

�
1

z12
� 1

z13

�
: (E7)

In a similar way, we also compute the three-point functions

hjð1Þ1 ðz1Þ�2ðz2Þ ��3ðz3Þi ¼ hjð1Þ2 ðz1Þ�1ðz2Þ ��3ðz3Þi ¼ 1ffiffiffiffi
N

p 1

jz23j2ð1þ�Þ

�
1

z12
� 1

z13

�
; (E8)

and also

hjð1Þ1 ðz1Þ ~�1ðz2Þ �~�2ðz3Þi ¼ hjð1Þ1 ðz1Þ ~�2ðz2Þ �~�3ðz3Þi ¼ hjð1Þ2 ðz1Þ ~�1ðz2Þ �~�3ðz3Þi ¼ � 1ffiffiffiffi
N

p 1

jz23j2ð1��Þ

�
1

z12
� 1

z13

�
: (E9)

We postulate the general form of these kind of three-point functions to be

hjð1Þn ðz1Þ�mðz2Þ ��nþmðz3Þi ¼ 1ffiffiffiffi
N

p 1

jz23j2ð1þ�Þ

�
1

z12
� 1

z13

�
; hjð1Þn ðz1Þ ~�mðz2Þ �~�nþmðz3Þi ¼ � 1ffiffiffiffi

N
p 1

jz23j2ð1��Þ

�
1

z12
� 1

z13

�
:

(E10)
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