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A semilocal holographic minimal model
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We present a conjecture on the complete spectrum of single-trace operators in the infinite N limit of Wy
minimal model and evidence for the conjecture. We further propose that the holographic dual of W), minimal
model in the ’t Hooft limit is an unusual ““semilocal” higher spin gauge theory on AdS; X S!. At each point
on the S! lives a copy of three-dimensional Vasiliev theory, that contains an infinite tower of higher spin
gauge fields coupled to a single massive complex scalar propagating in AdS;. The Vasiliev theories at
different points on the S! are correlated only through the AdS; boundary conditions on the massive scalars.
All but one single tower of higher spin symmetries are broken by the boundary conditions.
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L. INTRODUCTION

The AdS/CFT correspondence [1] in principle gives a
precise and nonperturbative formulation of quantum
gravity in terms of large N gauge theories. In practice, our
understanding of quantum gravity using AdS/CFT has
been largely limited by difficulties in solving strongly
coupled large N gauge theories. Thus, exactly solvable
models of strongly coupled gauge theories with a semiclas-
sical gravity dual are highly desirable. In two dimensions,
there are lots of exactly solvable conformal field theories.
Most of them do not have a large N limit that allows for a
weakly coupled gravity dual. In [2], Gaberdiel and
Gopakumar proposed that W, minimal model, which may
be constructed as the coset model

SU(N); X SU(N),

SUWNvy
has a ’t Hooft-like large N limit, where N, k are taken to
infinity, while the 't Hooft coupling

N
A=
k+ N

is held fixed (between 0 and 1). The W, minimal model was
conjectured to be dual to a higher spin gauge theory in
AdS;, coupled to massive scalar fields. It was observed
that, in particular, a class of Wy primary operators in

the CFT has order 1 conformal weight in the large N limit.
The central charge of the CFT is

o NN+
c=W 1)(1 NTON kT 1))
— N(1 — 22) + O(NY).

(1.1)

The linear dependence on N is characteristic of a vector
model. It was not at all obvious, however, that the primary
operators can be classified as single-trace or multitrace
operators in the large N limit, which are supposed to be
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dual to single elementary particle states or their bound states
in the bulk. It was also not obvious that the correlation
functions of the primaries obey large N factorization, accord-
ing to the appropriate classification of single-trace and multi-
trace operators. There is the further complication with the
existence of a large set of “light primaries,” whose confor-
mal dimension go to zero in the infinite N limit, which
nonetheless do not decouple in the correlation functions [3].

The identification of a number of single-trace versus
multitrace operators, and the large N factorization of their
correlation functions, are demonstrated in [4] by analyzing
exact results of three-point functions. There, a complete
picture of the single-trace/one-particle spectrum and the
interpretation of the single-trace light primaries was still
missing. In this paper, we will present a conjecture on the
complete spectrum of single-trace operators of finite con-
formal weight in the infinite N limit. Importantly, we will
argue that there are a large set of hidden symmetries in Wy
minimal model that emerge in the infinite N limit, and are
broken by 1/N effects, in a manner that is similar to higher
spin symmetries in three-dimensional Chern-Simons vec-
tor models. The currents that generate these hidden sym-
metries come from Wy descendants of light primaries at
finite N, but effectively become primary fields in the
infinite N limit. They are dual to gauge fields in AdS; of
various spins, under which the massive scalars are charged.
The corresponding gauge transformations are incompatible
with the boundary conditions on the massive scalars, which
leads to the breaking of symmetry.

Our conjecture on the large N spectrum, combined with
the identification of the gauge generators acting on the matter
scalars, leads to a dramatically new picture of the holographic
dual of the W, minimal model. We propose that the dual
higher spin gauge theories is a “semilocal”! theory living on
AdS; X S'. This is not an ordinary four-dimensional field
theory, however. At each point of the S', there is a tower of
higher spin gauge fields in AdS;, coupled to a single complex

'The terminology comes from analogy with the holographic
theory of semilocal quantum liquids [5].
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massive scalar field, of the type described by Vasiliev’s
system in three dimensions. The different Vasiliev theories
at different points on the S' appear to be decoupled at the
level of bulk equations of motion. Rather, they interact
only through the boundary condition which mixes scalar
fields living at different points on the circle S'. Essentially,
while all the scalars classically have the same mass in
AdS;, the boundary condition assigns one scaling dimension
A, on right-moving modes of the scalar on the circle and
the complementary scaling dimension A_ =2 — A, on
left-moving modes of the scalar on the circle.

While our proposal for the holographic dual is rather
unconventional due to the large degeneracy in the bulk
fields, it seems to be unavoidable due to peculiarities in the
structure of large N factorization in Wy minimal model.
We believe that it is characteristic of gauged vector models
on non-simply connected spaces [6,7]. Presumably, what
we see here is the field theory of the tensionless limit of
a more conventional string theory in AdS;, dual to quiver-
like generations of the Wy minimal model, and the S'
should come from a topological sector of the string theory
in this limit.

In the next section, we briefly review the construction of
Wy minimal model CFT, and what was previously known
about the structure of single-trace and multitrace operators
in this CFT in the infinite N limit. In Secs. III and IV, we
present some new examples of single-trace operators and
operator relations involving light primaries at large N. In
Sec. V, we argue that the operator relations that seemed to
be in conflict with large N factorization should in fact be
interpreted as current nonconservation relations for cur-
rents that generate approximate ‘“hidden” symmetries in
the large N limit. Further data on higher spin currents of
this sort are presented in Sec. VI. In Sec. VII, we state our
conjecture on the complete spectrum of single-trace opera-
tors in the CFT at infinite N, or single-particle states in the
bulk. These include the infinite family of massive scalars
b, b, light scalars w,,, and the hidden higher spin currents
jgf), all of which are complex. Various checks based on
partition functions and characters are given by Sec. VIIL
In Sec. IX, we determine the gauge generators associated
with the hidden symmetry currents and reveal the picture of
semilocal higher spin theory on AdS; X S'. We discuss the
implication of our results in Sec. X.

II. SUMMARY OF PREVIOUS RESULTS

The Wy minimal model has a holomorphic higher spin
current W and an antiholomorphic current W for each
spins = 2, 3,4, ..., N. The Fourier modes of we generate
the Wy, algebra, which is a higher spin generalization of the
Virasoro algebra. In the large N limit, the Wy, algebra turns
into the W,[A] algebra that contains generators with
arbitrary spins. In Wy minimal model, the Wy primary
operators, the primaries with respect to the Wy, algebra, can
be labeled by two representations (A, A_), where A are
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the highest weight representations of SU(N), and
SU(N),. respectively.” For fixed representations A,
A_ at sufficiently large N, the fusion coefficients for the
primary operators in the Wy minimal model are simply
given by the product of the fusion coefficients in the SU,
and SU; ., Wess-Zumino-Witten (WZW) models, i.e.

W (ALAY) — AL A3 kDAL
N(ANL,AL)(A&,AZ,) NALAi -'NALM , 2.1
where N X{? A2 A" is the fusion coefficient of SU(N), WZW

model.

The gravity dual of Wy minimal model at large N must be
a higher spin gauge theory, containing a tower of gauge
fields of spins s = 2, 3,4, ..., oo that are dual to the higher
spin currents W), The pure higher spin gauge theory on
AdS; can be described by the Chern-Simons action with
hs(A) X hs(A) gauge algebra. The higher spin algebra hs(A)
is an infinite dimensional Lie algebra, and by a Brown-
Henneaux—type computation, it was shown, in [8—10], that
the asymptotic symmetry algebra of hs(A) is W[ A]. It also
follows from this computation that the bulk coupling con-
stant is proportional to inverse the square root of the central
charge, i.e.

11
8bulk \/E \/N .

The primary operators in the Wy minimal model, con-
structed from the diagonal modular invariant, do not carry
spin. They should be dual to scalar elementary particles and
their bound states with zero angular momentum, that be-
come unbound in the infinite N (zero bulk coupling) limit.
In particular, the primary operator ¢; = ((J, 0) is dual to a
scalar field with left and right conformal weight equal to

2.2)

1
in the large N limit. The primary ¢, = (LJ, 0) has the same
dimension in the large N limit and is dual to the antiparticle
of ([J, 0). The primary operators (H, 0) and (17, 0) have
conformal weights

h(HO) =1+, h(m’o) =24+ A (2.4)

in the large N limit. Note that h(HO) and h(0) are twice

the dimension of ((J, 0) plus a non-negative integer. This
allows for the identification of (B, 0) and (11, 0) as two-
particle states of ¢, ’s. In general, the primary operators of
the form (A, 0) are dual to the multiparticle states of B(A)
¢,’s, where B(A) is the number of boxes of the Young

A priori, the primary should also depend on the highest
weight representation A, of SU(N);. However, Ay can be
determined by requiring A, + Ag — A_ be inside the root
lattice of SU(N).

3Namely representations that are found in the tensor product of
finitely many fundamental or antifundamental representations of
SU(N), at large N.
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tableaux of the representation A [here we assume that B(A)
does not scale with N]. The Wy minimal model in the large N
limit has a symmetry that exchanges A, with A_, while
flipping the sign of A. Hence, the primary ¢, = (0, 0J) is also
dual to a scalar elementary particle, with dimension

1
hoo) = 5(1 —A), (2.5)

and the primaries (0, A) are dual to the multiparticle states of
&,. The fusion coefficient (2.1) implies that the primaries of
the form (A, 0) [or (0, A)] are closed under the operator
product expansion (OPE), as long as A is small compared
to N. They form a closed subsector of the W, minimal model
in the large N limit. Either one of these two subsectors has a
consistent set of n-point functions on the sphere, in the sense
that they factorize through only operators within the same
subsector. In [11], we proposed a bulk dual for each of the
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subsectors. The classical bulk theory is described by
Vasiliev’s system in three dimensions [11-13], which is a
higher spin gauge theory of gauge fields of spin s =
2,3,...,00 based on the higher spin algebra hs(A\),
coupled to a complex massive scalar field of mass squared
m? = —(1 — A?). This conjecture has also been checked
by computations of the three-point function (¢, W) on
both sides of the correspondence [11,14]. The bulk dual of
other primary operators was first studied in [3] and later
extended in [4].

In [4], we computed the three-point functions of W pri-
maries ((J, 0), ((J, OJ), and/or their charge conjugates, with
the primary (A, A_) where A are (17 or H. This result
allowed us to identify the primary operators (A, A_), for
A~ being one- or two-box representations, with the single-
particle or multiparticle states in the bulk in large N limit.
The result in [4] can be summarized in the following table:

A_=0 A_=0 A = A =H
A, =0 0 &, Ly, é?
AL = ¢ W) H(dr1o) + ¢) H(dro) = ¢)
A, =m Ly, 51w + ¢) Hw? +V2w)) FLo, = (162 = $261))
Ay =H b7 H(dr101 = ¢2) Lo, + 5(B1d: — $29)) Hw? — V2w,)

where the ¢, ¢, w|, ds, Py, w, are operators that dual to the elementary particles in the bulk:

|

¢1 = (
P2 =

70)7

W9 =

S-S5l

Two comments about this identification: first note that the
expressions only make sense in the large N limit since each
term in the linear combination has different dimension in the
subleading order of 1/N. In the large N limit, we conjecture
that each term in the above linear combination has the same
dimensions and higher spin charges. This conjecture has
been checked up to spin 5; see Appendix A. Second, in the
table, the products of the operators are well defined because
one can check that the OPEs of the them have no singularity
in the large N limit. The operator L, is defined as

1 - -

Lo N (0900 — 9090).
Again, the products are well defined since there is no
singularity in the OPE. This table is further subject to a
relation [3]:

2.7)

1
2h

ddw; = 1. (2.3)

)

le = (075)7
((0,0) = GO, ¢ =

[((o,0m) = GH)]-

(2.6)

The bulk physical meaning of this relation will be explain in
detail in Sec. V.

III. NEW SINGLE-TRACE OPERATORS/
ELEMENTARY PARTICLES

Let us extend this table to the representation with
three boxes. Before diving into the computation of three-
point functions, there are some principles that can
help us to determine whether a primary operator 04 can
be dual to the two-particle state of two elementary particles
that are dual to Oy and O. First, the primary O, must
appear in the OPE of the primary Oy and O.. Second,
the dimension of the primary O, must be equal to the sum
of the dimension of Oy and O up to higher order correc-
tions in 1/N. Following is a table summarizing the dimen-
sion of the primary operator up to representation of
three boxes:
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A =0 A =0 A= | A= | AL=co | A= | A_=H
A, = 0 = (1-A)+1 1—2 3054 + 3 3054 + 1 3(15%) )
A, =0 LA £ 1 = (1= +1 1-A 1—A
A =m0 | A+ +1 144 o 1 14 LA 1Ay
A+:H 1+ A 154 1 /\W? LAy = =
Ay =0 | 38 +3 1+1)+1 . LA 12 e 1 3
AL =H 3L + 1 1+ A 144 13 1 w 1
A+:@ 3(H4) 1+ 2 LA 4 LA 3 | e

Let us first focus on the light states: (111, [T11),

(Hj, EP), (@, a). By the fusion rule and the additivity

of the dimension, two linear combinations of these three
operators can be identified with the multiparticle states @3
and w;w,. Let us see this explicitly in terms of structure
constants. A formula of a large class of the structure con-
stants is given in [4]. By explicitly evaluating the formula,
we find out that, in the large N limit, the OPE of ({J, (J) and
(D, ) has no singularity; hence, the product ((J, [J)
(3, ) is well defined, which in the large N limit is

o m) = oo+ (FHH). 6n
Similarly, in the large N limit, we have
COED = EFH) + G- (3.2)
Rewriting the equation in terms of w;, w,, we have
wiwe = (O, o) — @, @),
(3.3)

w} = (o o) + 23 + (D)

Expressing them in terms of b1, 432, w1, w,, we obtain

There is one linear combination of (17, I),(H-, H),
(@ s @), which cannot be expressed as w;w,, a)?. This
operator should be dual to a new light elementary particle.
Hence, we define

w3 = % [(Dﬂl o) - ) + G E)} (B4

which is orthonormal to w w,, w% and is a new elementary
light particle.

Next, let us look at the primaries with dimension % and
with three boxes representations. They are (IT1, [T11),

(1, ), (B, B, (H, £). From the additivity of the
dimension, three linear combinations of these four opera-
tors can be dual to the multiparticle states ¢, w,, ¢ w7,
¢,w,. Again, we can see this explicitly from the structure
constants. From the structure constant computation, we
have the following products at large N:

(3.5)
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s = = (0.0 + VAL P) - VIR D) - B
o= EEEE (e o) 4 VB ) + vEGT) + G
= Sy OB (e + Ve ) + vaRE) + G,
bun = = [Valenm) - ) + B - v2@]) 66

There is one linear combination of (L1, CI11), (L1, Bj) (H, B, (H, ), which is linear independent of ¢, w,, ¢, w?,
&, w, and should be dual to a new elementary particle in the bulk. Hence, we can define

~ 1
¢F¢6ﬂmﬁm4m@—@@+ﬂ@m, @3.7)
which is orthonormal to ¢, w,, 715 &, w7, ¢,w,. Similarly, by exchanging the left and right representations, we have
1
1wy = 76 L (Djj ) + V2 m) - @ ;
L gz LT
VoA (oo, o) + V2(FE, o) + V2(FB) + @ , (3.8)
1t
Pawr = NG \/5(533753) - o+ @ ;
and we define
1
6 = 7 [VAmm) - (o) - (B8 + VEED). (3.9

Next, let us focus on the primaries ([, Bj), (d, E). By the fusion rule and the additivity of the dimension, it is not
hard to see that they must be identified with the two linear combinations of ¢, and w; d;%, which are dual to two- and
three-particle states. Similarly, the primaries (H-, 0), (H, [J) are identified with the two linear combinations of ¢ ¢, and
w 3. All the other primaries, ((J, [717), ([17, @), (H, o), (0, ), (o, ﬁ), (H. E), and the primaries with

left and right representations exchanged, are also dual to multiparticle states. We will show this in Sec. VIII.

IV. LARGE N OPERATOR RELATIONS INVOLVING w, AND w;

There is a new relation involving the descendant of w,, similar to the relation (2.8). By the following two structure
constants:

Cour (0.0, B0, BF) = 2+ O(),

Onor((ovlj)v (Djv D)v (E7 ﬁ)) = % + O(m)

“.1)

we have the three-point functions:
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(@2(2)1(W)h(0)) = (@(2) o (W) 1 (0)) =

in the large N limit. Taking 99 on @,, we obtain

(09@,(2) 1 (W) $(0)) = (99 @(2) p2(w) b1 (0)) =

PHYSICAL REVIEW D 88, 106002 (2013)
1

, 4.2
\/_N lz — w*Aw|?|z| 72 42
A2 1 1

\/—N(|Z _ |2(1+A))<|Z|2(1A))' (4'3)

The two factors on the right-hand side of (4.3) are precisely given by the two-point functions of (¢, ¢,) and ((Z)lj)l}, or
(¢ ¢,) and (¢, d,). Hence, this suggests the following relation in the large N limit:

1
2h

w7

_ 1 ~ ~
ddwy = \/—E(¢1¢2 + ¢1¢2).

(4.4)

To make sure that there are no extra term on the left-hand side, one can compute the two-point function for the right-hand
side of (4.4). with its charge conjugate, and the two-point function for the left-hand side of (4.4) with its charge conjugate,

and find that they agree.

From the previous analysis on w;, w,, it suggests that there is also a relation involving the descendant of wjs.

We postulate such a relation should be

2h

w3

dlw; = jg(¢l‘£3 + oy + P3)).

We give an argument for this relation. In the large N limit, we have the following structure constants:

V3

31
2N’

Coor((0,0), (@D, ), @BED) = 5 o (0,0, G0, G0
d

Chor ((o,m), P, o), &, F)) _

These structure constants give the three-point functions:

(@3(2) 1 (W) $3(0)) = (@3(2) p3(w) ¢, (0)) =

4.5)
=\ _ V3
) =%
Cror (10,0, .0, () = \/3% +6)
1 1
V3N |z = wiPw]?|z] 2 @0

in the large N limit. Taking 99 on @,, the three-point function again factorizes as a product of two two-point functions:

- ~ - . A2 1
(0063(2)1 (1) $3(0)) = (0983(2)hs ()1 0) = o -y 4.3)
The three-point functions (4.8) imply the relation
L 43 —1( by + 3y + ) 4.9
2h,, “3T 5 b1¢3 + P30, - (4.9)

By comparing the two-point functions of the left- and
right-hand sides with their charge conjugates, we know
that the *“- - - must take the form as a single term ¢, ¢,,
with n, m # 1, 3, and the only candidate is ¢, .

V. HIDDEN SYMMETRIES

In this section, we give physical interpretation of
the relations (2.8), (4.4), and (4.5) and provide a bulk

mechanism of producing such relations. The key observa-
tion is that the dimension of w,, goes to zero in the large N
limit. Therefore, it should effectively behave like a free
boson, whose derivative is a conversed current. Hence, we
define the holomorphic current ( jnl)) = dw,/2h,

also the antiholomorphic current (j )) =Jw /,/Zhw , for
n = 1,2, 3, which has normalized two-point function w1th
itself. For simplicity, we will sometimes suppress the index
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by simply denoting ( ](l)) as ](l) in the following. However,
since the dimensions of w, are not exactly equal to zero,

the currents ]< ) are not exactly conserved. The relations
(2.8), (44), and (4.5) are then naturally interpreted as
current nonconservation equations:

+¢,b). (5.1

A - -
ajy) = (@1t b2yt

The bulk interpretation of these current nonconservation
equations is simple. Let us illustrate this by considering the

case of ](1) In this case the current nonconservation equa-
tion is simply

A -
(1) _

] .
J1 \/Nqblqbl
Following the AdS/CFT dictionary, the bulk dual of the

current ](1) is a U(1) Chern-Simons gauge field A ,, and the
bulk dual of the operators ¢, ¢, are two scalars @, o.

<]11)(x3)d)1(x1)¢1(x2)> = lim %

d*xA(x — x3)[Kypp(x —

PHYSICAL REVIEW D 88, 106002 (2013)

These two scalars have different but complementary di-
mensions; hence, they have the same mass but different
boundary conditions. They can be minimally coupled to
the gauge field A ,. The action of this system up to cubic
order is

k
S = 4CS AdA + 2i [ d*xdz [gAH[ D), D — D9, D].
a
(5.3)

Using this action, we can compute the three-point function

of 9 j(ll) with ¢, ¢,. The boundary to bulk propagator of
the Chern-Simons gauge field takes a pure gauge form

= —1677)\fd2 — — ,
- x3> [ = BP0 5 - 5, PO

where K, and A are the boundary to bulk propagators for the scalar and gauge function:

Z
Ky=[-——1
4 <z2+|x|2

2 (1) = 7 _ 2 2.82(+ —
(0j1 " (%3)1(x1) 1 (x2)) 167 )\fd x6°(x — x3) F— 50 [f— 7,0

(5.2) A w=20 #A. The cubic action, hence, can be written as
hm BxA[®, D — Do D], (5.4)
=0 2
The three-point function is then given by
|
x1)0 Ky _p(x — x3) — K1) (x — x2)0, K (x — x7)]
1 1
(5.5
A 4
) . A=T (5.6)
X
1 1
1
5.7

= —167%A

|%3

which factors into a product of two two-point functions
of scalars with dimension A =1+ A and 1 — A. This
matches exactly with what we expected from (5.2)
provided the identification of the Chern-Simons level

kcs = N.In Sec. VIII, we will show that every (jf,l))Z gives
a U(1) Chern-Simons gauge field, and combined with the
gauge field dual to (jfll))z, they form a U(1)® X U(1)®
Chern-Simons gauge theory in the bulk.

VI. APPROXIMATELY CONSERVED HIGHER
SPIN CURRENTS

The approximately conserved spin-1 current (J(l))

generates a tower of approximately conserved higher spin

“The current nonconservation equations for theories in one
higher dimension have been studied in [15-17].

— x2|2(1 /\)lx _ .X |2(l+/\)’

f
currents, by the action of Wy generators on ( jﬁ,l))z. For
example, ( j(ll))Z has a level-one W descendant

1 3 3.
(D). =7<W(_ — 2L )
JLa-o\ b2
N
(1)y 3) .
(]1 )Z = m(W?z - l)\az)wl, (6.1)

which is also a Virasoro primary.’ This is an approximately
conserved stress tensor. The current nonconservation equa-

tion of ( j(ll))Z then descends to the current nonconservation
equation of ( j(lz))z:

>In Appendix B, we fix the normalization of (j(ll))z and check
that it is a Virasoro primary.
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9GY): =

;(W(ﬂ 3L ) 5”—7
V201 =A%) 2 V2N = A?)

PHYSICAL REVIEW D 88, 106002 (2013)

[(1 = Nagd — (1 + N 0] (6.2)

where we have used the null-state equations in Appendlx C. In general, the approximately conserved spin-1 current ( ]11))
has exactly one W-descendant Virasoro primary ( Ji ) at each level s, which takes the form as

(). = VN(a, W + a,ow®) | +

4+ a,0%)w, (6.3)

where a; are some constants depending on A, and can be fixed by requiring ( j(ls))Z being a Virasoro primary. The (j (15))2’8 are
approximately conserved higher spin currents. They satisfy the current nonconservation equations taking the form as

K} 1 c— e ¢ — e
a(]( )) Z\/—N(bla“ Y1) + b0 2p 10 +

where b, are constants depending on A, and can be fixed by
requiring the left-hand side of (6.4) be a Virasoro primary.
By the same argument, there are also antiholomorphic

higher spin currents (j(f))z. We expect that there are also
approximately conserved holomorphic and antiholomor-

phic higher spin currents (j ))Z, (](s))z, and (](s))z, (](S))v
that take a similar form as (6 3).

VII. THE SINGLE-PARTICLE SPECTRUM

Now we state a conjecture on the complete spectrum of
the single-particle states in the bulk. Throughout this paper,
by a single-trace operator we mean an operator that obeys
the same large N factorization property as single-trace
operators in large N gauge theories; such an operator is
dual to the state of one elementary particle in the bulk. The
products of single-trace operators are dual to multiparticle
states. As we have seen in the previous section, the primary
operators that involve up to one box in the Young tableaux
of A, and A_ are all single-trace operators: they are ¢,
¢, and w,. The primaries that involve up to two boxes in
the Young tableaux of A and A_ are some suitable linear
combination of single-trace operators ¢, &, w,, Or prod-
ucts of two single-trace operators. We have also seen some
evidence that the primaries with up to three boxes in their
representations are linear combinations of single-trace op-
erators ¢, ¢, ws, or products of single-trace operators.
We conjecture that the primaries with up to n-box repre-
sentations are linear combinations of single-trace operators
&,, &,, w,, or products of such single-trace operators ¢,,,
&,,, w,, for m <n. Here ¢, is a linear combination of
primaries of the form (A, A_) that involve (n,n — 1)
boxes, ¢, is a linear combination of primaries that involve
(n — 1, n) boxes, and w, is a linear combination of light
primaries of the form (A, A) where A involves n boxes.

A part of this conjecture is easy to prove: the statement
that there is only one light single-trace operator w, for
each n labeling the number of boxes in its corresponding
SU(N) representations follows easily from the fusion rule.
First we note that, generally, the light states of the form

-t bs(rblas_lqgl)’ (64)

(A, A) have dimension B(A)A%/N + O(N~?), where B(A)
is the number of boxes of the Young tableaux of the
representation A, in the large N limit and fixed finite
B(A). We may write a partition function of the light states

1
> 50 = nl_x.

(AA) n=

Z(x) =

(7.1)

Each single-trace operator of dimension nA%/N is a linear
combination of (A, A) with B(A) = n. The dimension of
the product of single-trace operators is additive at order
1/N. The products of a single-trace operator are counted
by the partition function 1/(1 — x"). By comparing this
with Z(x), we see that there is precisely one single-trace
operator w,, for each n.

The ¢,, ¢,, w, are all single-trace operators that are
dual to scalar fields in the bulk. These are not all, how-
ever. There are other single-trace operators that are dual
to spin-1, spin-2, and higher spin gauge fields. As ex-
plained in the previous section, while dw, is a level-one
descendant of w,, the norm of dw, goes to zero in the
large N limit. Consequently, the normalized operator
(](1) . ~+/Ndw, behaves like a primary operator. Such
operators will be referred to as large N primary opera-
tors, and we include them in our list of single-trace

operators because they should be dual to elementary fields

in the bulk as well. We conjecture that J( )’s are single-

trace operators dual to the spin-1 Chern-Simons gauge
field in the bulk. This statement has passed some tests

involving the three-point function of jg) with two scalars.
This is not the end of the story. As shown in the previous
section, there are large N primaries of higher spin s,
denoted by ](S) These are single-trace operators dual to
additional elementary higher spin gauge fields in the bulk.
Unlike the original Wy currents, however, the would-be
higher spin symmetries generated by ](S) are broken by
the boundary conditions on the charged scalars, leading to
the current nonconservation relation. These hidden sym-
metries are recovered in the infinite N limit.
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Let us summarize our conjecture on the single-particle
spectrum. There are two families of complex single-trace
operators ¢,, ¢,, which are dual to massive complex
scalar fields (of the same mass classically), one family of
complex single-trace operators w,,, that are dual to mass-
less scalars in the bulk, and a family of approximately
conserved higher spin single-trace operators jﬁ,” for
each positive integer spin s = 1,2, 3, ..., that are dual to
Chern-Simons spin-1 and higher spin gauge fields.

VIII. LARGE N PARTITION FUNCTIONS

In this section, we check our proposed single particle
spectrum against the partition function of the Wy minimal
model and the Wy characters of various primaries in the
large N limit.

Let O be a single-trace operator with left and right
dimensions &y and hg, respectively. From the bulk
perspective, the (free) single-particle contribution to the
partition function is

Zo=x5ho. ) x5 (ho. 9),

h
© _qh0+qh@+1+qh@+2+
- q

(8.1)

X(g(h@r q)=

The coefficients of the g expansion are 1 in this case; they
count the operators O, 90, 3>0, .. .. There is an exception
to the formula (8.1). If the single-trace operator O has zero
conformal weight, then the character is identity, i.e.
X5(he = 0) = 1. xg is not the same as the Wy character
for the primary O in the large N limit, because it misses the
contribution from boundary excitations of higher spin
fields. The contribution from the boundary higher spin
gauge fields to the partition function is

ﬂﬂ ot

s2nv

=Ixnln = (8.2)

According to our conjecture, the single particle partition
functions is

qg7q-> 7 - g7 q->
(11 -q) b (1-g)(1—-q)
(8.3)
and
o=l Zp=x5 = l‘i (8.4)

For simplicity, let us summarize all the character of higher
spin gauge fields as a single character x7:

S s

q
/\/ Xs: = M
& Z W& ll—q (-7

(8.5)
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Next, let us consider the partition function for the Wy
minimal model in the large N limit. Following from the
diagonal modular invariance, the partition function in the
large N limit is given by the sum of the absolute value
square of the characters:

Zy, = z Ixoa Al
(A, AD)

(8.6)

The characters x(x, A ), for A+ being representations with
one to three boxes in the Young tableaux, in the large N
limit are computed in Appendix D up to cubic order. The
following formulas in this section have all been checked up
to this order. Let us start by looking at the contribution of
the identity operator to the partition function, which in the
large N limit gives the partition function of the boundary
higher spin gauge fields:

}/i_r’noo|)((0,0)|2 = Zps. (8.7)

The primary operators ((J,0) = ¢, and (0, J) = ¢,
are dual to massive scalars. Their contributions to the
partition function indeed give the partition function of
single massive scalar:

%{nmh/(u,oﬂz = ZnZy,

Iim | xoo)l® = ZnZg,-

(8.8)

The primary operator ((J, [J) = w, is dual to a massless
scalar, and its descendants j(l“) are dual to spin-1, spin-2 and
higher spin gauge fields. Also, by the current nonconser-
vation equation (6.4), some of the descendants of ([, (J)
are dual to the two-particle states. Therefore, contribution
of (J, OJ) to the partition function decomposes as
lim Yool = Zu(Z, + X5 + X5 + 25 25). (89
where the last term is the contribution of the two-particle
states of ¢; and ¢,.

The identification of other primary operators are inevi-
table involving multiparticle states. By Bose statistics, we
can write a multiparticle partition function in terms of the
single-particle partition function (8.1) as

. 00 Z m, ~m
Zmuli() = exp[ D 7@(‘1”1 9 )t’”]. (8.10)
m=1

Suppose O = ¢,,, and then the partition function Z‘;}f“i(t)
can be expanded as

70 = 3 17y,
=0

8.11)

where Zyn is the m-particle partition function. For
instance, Z,» and Z 3 are given by
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5 g"q"" (1 + qq) 5 ¢V + 97 + ¢°G + 39 + ¢°F + ¢°F) @12
2 = 5 3 = — — — — . .
(1= @+ @)1= g1+ g) (=Pl + g+ A1 -0+ 90+ G+ )
For O = w,,, all the m-particle partition functions are identity:
Zwm == 1. (8.13)
For O = Jn , the multiparticle partition function for J(S) =1,2,..., can be computed from
o e < 22l
Zmnlt(r) = ]'[ Zisi(n) = exp[ Z 2 L ] = exp [mzl St ] (8.14)
Expanding Z™"(r) in powers of 7, we can write the Z(z) as
ZM() =1+ ¥+ )(j»:zjtz + Xj-%t3 + - (8.15)
where X;Zn has the interpretation of the m-particle character (partition function). For instance,
w_ _ ¢U0+q") = U +q>+2¢* + 4" +¢° 8.16)
2 » -3 . .
o (1=g*(1+¢q)P (1=l + @1+ g+ ¢*)’

Let us continue on the matching of boundary and bulk partition functions. Consider the primary operators (H, 0) and
(13, 0). They are dual to two-particle states. Their contribution to the partition function matches with the two-particle
partition function:

: 2 2\
Aim (|X(D],0)| +Ixgol ) = ZpsZga- (8.17)

Now, consider the primary operators ([111, 0), ( , 0), and (u 0). They are dual to three-particle states. Their
contribution to the partition function matches with the three pamc% partition function:

. 2 2 2\ _
Jim (Ixcm,m\ +Ix@gl + \X@O)I ) = ZnsZgy- (8.18)

Next, consider the primary operators (177, [J) and (H, OJ). Their contribution to the partition function also decomposes as
the multiparticle partition functions:

Aim (Ixeno* + xeno[?) = Zs [Zm (Zor +X57 +X5) + 25,253 + Z@]' 8.19)

For the primary operators (11, [T1), (-, ), (3, [), and (|, 1J), their contribution to the partition function
decomposes as

: 2 2 2 2
Jim <|X(m,m)| +Ixgpl” + Xapl” + xgm)l )
— 7 [wa + Zi, O +XG0) + (X% +X3) + XS + 2 20, 2,
+ Z¢1Z¢1 (Xn + Xﬁ) + Zd)zZ 2+ Zy, + ()((;2O +XT’2°) + Z¢2Z(~z;1 + Z¢1Z¢32 , (8.20)

Now, let us go on to the representations with three boxes in the Young tableaux. For the primary operators (113, [J),
(HJ ), and (H 1), their contribution to the partition function decomposes as

R <|X<mzu>| +Ixgol+ ’X@@| )
= Zhs |:Z¢1Z¢2 + (ZW1 + X?f + X—;)?) Zqﬁ + ZQ;lZd)li] ’ o2y

For the primary operators ( , ), (H, ), (E, M), ( ), (H, H), and (H ) their contribution to the
partition function decomposes as
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: 2 2 2 2 2 2
Jim (|X(D:D,D:|)’ +Ix@m)! HX@,@)' + Xl + x@p) +|X@E)|)

= T (Zon + XG5 ) Zon + (B 038+ X) B+ 2 5, + Bn D
+ <Zw% T 2o Xy T ZaXG NG X X(J?IOX?T> Lo,

(Lo X5 +X5) ZsaZg, + ZyZgp + Z«m} : (8.22)

The contribution from the primary operators (T3, [TT), (H-, [T1), (@, ), (o, 5D, (H, 5. (@, Hh,
(o, a), (H. a), and (ﬁ, E), to the partition function decomposes as
. 2 2 2 2
]\}I_I};o (|X(E\:\:|,E\:\:|)| + |X(E‘j7\:|:|:|)| + |X(@D:D)| + |X(E’Hj)|
+ @ P+ g P+ X g P g P g )
P (Eles) o) &h (i)
= a2+ 2 (5740 + 2o (G530 405 + (57 4305 #0300 +600)
- (Za o Zn (57 4050) + (G54 0G 0G0 ) ZinZg, + (Zn + (OG5 4 X5)) Zs iy + 2 2y
+ Zin s + Zn (X5 +X55) + 2 OG7 +057) + OG0 +0570) (G +X5)
+ (Zwl + X;'? + X;)f) (Z¢1Z<;32 + Z¢2Z<Z>1) + (Zw? + X;'); + ons) Z¢1Za~51 + Z¢%Z¢~>1 Z<i~>2 + Z¢1Z¢~5?Z¢2
+ Zn + X5y FXE + Zo, 2y, + Zg, 25, + Z¢3Z¢;1] . (8.23)

IX. INTERACTIONS AND A SEMILOCAL BULK THEORY

The three-point functions® involving the hidden symmetry currents amount to the following assignment of gauge
generators T, associated to the currents 7%)(2), which act on the states |,,) and |&,,). We use the ket notation here, rather
than the primary fields themselves, because while ¢, and ¢,, have different scaling dimensions at infinite N, they are dual

to scalar fields of the same mass that transform into one another under the hidden gauge symmetries.

Tn|¢m> = |¢n+m>’ Tnl(im> = _|<f_’m7n>(n < m) or — |(£n*m+1>(n = m)’

Toldw) = ~1duew)  Tuldn) =G <m) or |dyps)n = m). o
Let us define the fields ¢, and @, for r € Z + % by
b = ¢r+%’ b—r = ‘?’w%» 6= J’H%’ o, = ‘f_’r+%- 9.2)
They are related by complex conjugation:
Pr=0-p br =@ 9.3)
In terms of ¢, and &,, the gauge generators act as
T, @) = |@rin) T8, = =@, 94)
We also have
Tule)=—len)  Tal@) =16, 9.5)

which suggests the definition 7_, = —T,, or j(_S),l = —]_'Ef). Now (9.4) is extended to all n € Z. The action of T,, can be
diagonalized by the Fourier transform:

Some three-point functions are computed, and a general form of such three-point functions is postulated in Appendix E.
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o= 3 ey 1p() =

reZ+1/2

Tx) = 3 e,

n€”z

z eirx|¢r>’

reZ+1/2
(9.6)

where x is an auxiliary generating parameter. Here we also
included the generator T, which assigns charge +1 to ¢
and charge —1 to @. With this definition, |@(x)) = |&(x)),
T(x) = —T(x). We have

Tle() = 6(x — y)leX)).

Here x, y are understood to be periodically valued with
periodicity 2.

What is the interpretation of this result? We see that there
is a circle worth of gauge generators T(x), each of which
corresponds to a tower of gauge fields in AdS;, of spin s =
1,2,3,..., 0. Furthermore, these gauge generators com-
mute, indicating Vasiliev theory with U(1)*® “Chan-Paton
factor.” At the level of bulk equation of motion, we expect
the infinite family of Vasiliev theories to decouple. They
only interact through the AdS; boundary conditions that
mix the matter scalar fields. The boundary condition is such
that the ‘“right-moving” modes of ¢(x) on the circle,
namely ¢, with r >0 (r = % % ...), are dual to operators
of dimension A, = 1 + A, whereas ¢, with r < 0 are dual
to operators of dimension A_ = 1 — A. As a consequence
of this boundary condition, the corresponding generating
operator ¢(x; z, Z) in the CFT has two-point function

D> e, (2)$,(0)

rs€EZ+1/2

9.7)

(o(x;2,2)@(y;0)) =

1 1 i

() O9
in the large N limit.

Note that the spin-1 gauge field is included here. It is also
natural to include the massless scalar w,, of spin s = 0.
|(x)) labels a complex massive scalar in AdS;, for each x.
This spectrum precisely fits into Vasiliev’s system in three
dimensions. In earlier works, we did not consider the spin-1
gauge field in Vasiliev theory, because it is governed by
U(1) X U(1) Chern-Simons action and would decouple
from the higher spin gravity if it were not for the matter
scalar field. It is possible to choose the boundary condition
on the spin-1 Chern-Simons gauge field in AdS; so that
there is no dual spin-1 current in the boundary CFT. This is
presumably why the spin-1 current jgl) (z) is missing from
the spectrum of Wy minimal model. But the spin-1 currents
j,(1l)(z) do exist in the infinite N limit. Usually, in three-
dimensional Vasiliev theory, there is no propagating mass-
less scalar field either. There is, however, an auxiliary scalar
field C,, [11], whose equation of motion at the linearized
level takes the form V,C,, = 0. Classically, we could
trade this equation with the massless Klein-Gordon
equation [1C,,, = 0, together with the A = 0 boundary
condition which eliminates normalizable finite energy

PHYSICAL REVIEW D 88, 106002 (2013)

states of this field in AdS;. If this scalar field acquires a
small mass, of order 1/N due to quantum corrections, then
the boundary condition would allow for a normalizable
state in AdS; of very small energy/conformal weight. We
believe that this is the origin of the elementary light scalars
w, themselves, in the infinite family of Vasiliev systems
parameterized by the circle.

The identification of the single-trace operators, dual to
elementary particles in the bulk, makes sense a priori only in
the infinite NV limit. Nonperturbatively, or at finite N, k, the

infinite family ¢, ¢,, @,,, jgf) should be cut off to a finite
family. Because of the restrictions on the unitary represen-
tations of SU(N) current algebra at level k or k + 1, we
expect the subscript n which counts the number of boxes in
the Young tableau in the construction of the single-trace
primaries to be cut off at n ~ k. This means that the circle
that parameterizes a continuous family of Vasiliev theories
in AdS; should be rendered discrete, with spacing ~2/k.

X. DISCUSSION

We have proposed that the holographic dual of Wy
minimal model in the 't Hooft limit, X, N — o0, 0 < A <
1, is a circle worth of Vasiliev theories in AdS; that couple
with one another only through the boundary conditions on
the matter scalars, which break all but one single tower of
higher spin symmetries. It would seem to be a natural
question to ask is what is the CFT dual to the bulk theory
with symmetry-preserving boundary conditions, that assign
say the same scaling dimension A , to all matter scalars. If
we are to flip the boundary condition on ¢,, on the CFT
side, this corresponds to turning on the double trace defor-

mation by ¢,¢, and flow to the critical point (IR in this
case). This deformation decreases the central charge ¢ =~
N(1 — A?) by an order N° amount. It is unclear what is the
fixed point one ends up with by turning on double trace

deformations ¢, ¢, for all n (which should be cut off at
~k), if there is such a nontrivial critical point at all.

There has been an alternative proposal on the holographic
dual of Wy minimal model [18-20], as Vasiliev theory
based on hs[N] = sl(N) higher spin algebra, with families
of conical deficit solutions included to account for the
primaries missing from the perturbative spectrum of
Vasiliev theory. On the face of it, this proposal involves an
entirely different limit, where N is held fixed, and an ana-
Iytic continuation is performed in & so that the central charge
c is large. The resulting CFT is not unitary. Furthermore, it is
unclear to us that the analog of large N (or rather, large c)
factorization holds in this limit, which would be necessary
for the holographic dual to be weakly coupled.

There is also an intriguing parallel between the 't Hooft
limit of Wy minimal model in two dimensions and Chern-
Simons vector model in three dimensions. While the gauge
invariant local operators and their correlation functions on
R3 or S in the three-dimensional Chern-Simons vector
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model are expected to be computed by the parity violating
Vasiliev theory in AdS, to all order in 1/N, the duality in
its naive form is not expected to hold for the CFT on three-
manifolds of nontrivial topology (e.g. when the spatial
manifold is a torus or a higher genus surface). This is
because the topological degrees of freedom of the Chern-
Simons gauge fields cannot be captured by a semiclassical
theory in the bulk with Newton’s constant that scales like
1/N rather than 1/N?. In a similar manner, the Wy mini-
mal model CFT on R? or S? in the large N admits a closed
subsector, generated by the OPEs of the primary ¢; along
with higher spin currents, that is conjectured to be pertur-
batively dual to Vasiliev theory in AdS;. This duality
makes sense only perturbatively in 1/N. The light primar-
ies which in a sense arise from twistor sectors must be
included to ensure that the CFT is modular invariant. Here
we see that the bulk theory should be extended as well,
to an infinite family of Vasiliev theories. It would be
interesting to understand the analogous statement in the
AdS,/CFT; example, where the connection to ordinary
string theory is better understood [17].
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APPENDIX A: HIGHER SPIN CHARGES

The higher spin charges of primary operators can be
computed using the Coulomb gas formalism reviewed in
[4,21,22]. The higher spin currents W) can be constructed
by first considering the differential operator of order N:

N
Qivg" Dy = : [ [Qivod + h; - 0X): (Al)
i=1
and then expanding this differential operator as
N
Dy = oV + Y (2ivy) UV, (A2)
s=1
Expanding the right-hand side of (A1), we obtain U = 0
and U® = —1:9X - X: + 2vyp - 92X, which is the stress
tensor. For s >2, U behaves like a spin-s higher spin
current, but it is not primary. The dimension-s primary
operator W can be constructed from U, for example [23]:

wo =g, we =y — N 200500
b 2 ’
N-3 . (N=2)(N—-3) .. (N =2)(N—=3)(5N+17)
W =yW» _-___"(» gU® + 2 Yo 252 — (U@ 2.
5 (2ivy) 0 (2ivo) OV — 1) ()
N—4 3(N—3)(N —4 N —2)(N —3)(N — 4
WO = U0 — ——(2ivy)aUW + ( X )(2iuo)zazv<3> ¢ X X )(2iv0)3a3U<2>
2 28 84
(N = 3)(N —4)(7N + 13) .
N —2)(2ivg):UP9U?: — 2:UP @), A3
NG =T = 2@ ) (A3)
The zero mode of the quasiprimaries U®) acting on a primary operator exp (iv - X) gives
k
w(w) = (=D Y [l hy + (k= ), (A4)
i< <iy j=1
where
' D k=1
v=a4"As - J5A, hy=w, - Y a; (A5)
p p i=1

The higher spin charges wy, are by u; from (A3). We conjecture that the higher spin charges of ¢,,, in the large N limit, are

PT20(s)*T(A + )

wS(¢}’l)
and the higher spin charges of ¢, are

T TQs— DI+ A

(A6)

(=i 2T ()’ T (A + )

WS((il’l) =

F@s—pra+a -

(A7)
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These two formulas are checked up to n = 2, s = 5. We also conjecture that in the large N limit the higher spin charges of
w, are n times the higher spin charges of w|, and the higher spin charges of w, up to spin 5 are

nA? nA’ nA2(1 + A?) nA3(G5+ A%
wy(w,) = N wi(w,) = LN wy(w,) = T ws(w,) = TN (A8)
The above formulas are checked up to n = 3.
APPENDIX B: AN APPROXIMATELY CONSERVED SPIN-2 CURRENT
The approximately conserved spin-2 field takes the form as
. 3. .
(), = a(W(f{ — 5mL_1>L_1w1 = a(W® —ird)e,, (B1)

where « is a normalization constant. We check that this is a Virasoro primary operator:

LiW® —iro?)w, = [4W®) — 2AL_Jo; =0,  Ly(W®) —ixd®)w, = (6w; — 6ih)e; = 0, (B2)
where we have used the null-state equation for w:

A
WO w, =%8a)1. (B3)
Let us compute the normalization constant «. Considering the three-point function (W(z)(Dl(Zl)(W(E% —iAdD)w,(20)),
since it is a three-point function of three conformal primaries, it takes the form as
ai

(z—z)z— 2@ —z2) "
The structure constant a; can be determined by performing contour integral §_ dz(z — 2,)* on both sides. On the right-
hand side, we obtain )

(W(@)d1(2)(WE) — id0?) o, (z5)) =

(B4)

a
dz = —a. B5
flz (z—2)z— )z —2)™" l (B
On the left-hand side, we have
_ . _ 4 . 20%(1 — A?)
(@)W WE) = ird?)w)(z,)) = <w1(z1)(8W(()4) (X —4)L - 121/\W63))w1(z2)> =5 (0
Now, we perform a contour integral le dz on (B4), and we obtain
- . aj a, 2A2(1 - /\2) 1
W3, )W) = iAo () = § d: = = . ®D)
PR ne a0 @)z — 2 ) (@ - 2)? N (z1 — 22)*
Using similar method, we obtain
b 6b iA3 1
(@)W w2 )>=f dz = = . (B9
R n 2P -nla -7 (-2)@ -2 N (g —2)
We have
20%(1 — A2 1
(W) +i202)@,(z) (WD) — iddD)w,(z0)) = ( ) (B9)

N (Zl - 22)4'

’ N

APPENDIX C: NULL-STATE EQUATIONS

The normalization constant « is

The W[ A], in the ¢ — oo limit, and truncating to the generators W,(f), |n| < s, reduces to the wedge algebra hs(A), which
is given by
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s+t—|s—t|—1
Wi, will= Y gilm s Wy, (C1)
U=2,46,...
where the structure constant g5(m, n; A) is
u—2
st . — q st st
SR S 2
gu(m, n; A) = 1)!dn,()l)N (m, n), (C2)
and
u—1 k
— D Tw)(s — m)IT'(s + m)I'(r — n)I'(¢ +
i =S (~DT@G = ms + ml(e = wI -+ ) .
ST +lu—-ls—m—-—Kl(s+m+k—u+ DI@E+n -k —n+k—u+1)
and |
T AL A Xow txFP=1+q+2¢°+3¢+---. (C8)

BN = F3[ ’

3_¢3_ 41 _
57855 t,2+s+t u

1 ] (C4)

¢ is an arbitrary constant controls the normalization of the
higher spin generators. In our convention, g = i/4. Using

At level one, there is one descendant in the first class,
which is (j(ll))Z or dw, and the Kac matrix

this commutator (C1), we can derived a set of null-state [L,,L_] [Wis), L_]

equations for ¢,, ¢, and w,,. (L. w97 (W, w1 (€9)
Consider a primary operator @. The descendants of O R E e

can be separated into two classes. The descendants in the is rank one and gives the null-state equations:

first class are the operators that take the form as a combi-

nation of W(f?l, .0 <n <s, acting on O. The rest qf the W(_S)lwl — %awl. (C10)

descendants are in the second class. The descendants in the 2h

first class have the norm of order one, and the descendants
in the second class have the norm of order N. The bulk dual

Plugging in the value of the higher spin charges, we obtain

of the descendants in the first class are single- or multi- 3 A @ 1+ A2

particle states without boundary higher spin gauge field Wi, = lgawl’ Wiiw, = - doy,
excitation, and the bulk dual descendants in the second AG + /\2)

class are the states with boundary higher spin gauge field W(_5{w1 =—i——Jw,. (C11)

excitations. Now, let us focus on the primary ¢;. The
partition of ¢, takes the form as (8.8) after modding out
the boundary higher spin gauge field character yp;, which
means that at each level there is only one independent
descendent in the first class, which are 9"¢;’s.
Therefore, the Kac matrices

( (L L (W, L] )

(C5)
[Lr, w1 W, wi]

for 0 < n < s, are rank 1 and have a singular vector, which

14

At level two, there are two descendants in the first class.

They are 9 j(ll) and j(lz) or 9w, and W(f%wl. The Kac matrix

[L2’ Lz_]]) [Wg;)r Lz_]]’ [W(4)) L2_1]
(L3, WEL W5, WL W7, W]
[LZ: W(—Sz]r [W(3)’ W(—S)Z]r [W(Y)’ W(—S;]

(C12)

has one singular vector. For s = 4, this gives the null-state
equation

ives the null-state equation: 1 A
& 1 W, = —=0%w, +i= W, (C13)
2 2 2 2
52
o . . ETTECm + s)C(s + )

Wy = Tn+ DT 2s— DT(n + A+ 1) by (CO general, at level n, there are n independent descendants
in the first class, and they are 8"~ 1j\" a7=2j?  and

Similarly, we have the null-state equation for ¢, j(l"), or d"wy, a””W(_%wl, ..., and W(_”,f l)a)l, where we

) have suppressed the z index.
5 =) I$Ir'(n + s)I'(s — A -
WG, = (=) T (n + 5)I(s — A) nd. ()

I'n+1DI'Q2s—1DI'r—A+1)

Next, let us consider the operator w;. After moving out
the character of boundary higher spin gauge fields, the
character of w; takes the form as

APPENDIX D: Wy CHARACTERS

As reviewed in [4,21], the characters of the primary
operators in the Wy minimal model are given by the
formula
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1 ,
XALA) = W Z e(w)q%|W()\)+/\ +n|2+ﬂ’
mr WEW,VLEFW/

(D1)

where p =k + N, p' = k+ N + 1, W is the Weyl group,
', is 4/pp’ times the root lattice Ay, and A, A" are

A= \/E(AJr + p), A= —\/E/(A_ +p). (D2
p p

In the large N limit, the terms with nonzero n in the
summation over the lattice I',,; are of order O(g") and
can be ignored. By evaluating the formula (D1), we obtain
the following characters:

Xoo) =1+ +2¢"+--

X(D,O) e qh(D,O) (1 + q _|_ 2q2 + 4q3 _|_ P )

X@o) = ¢"6 (1+q+3¢*+5¢"+--)

_ — Jeo 2 S,
X@o) g6 (1+q+3¢7+6¢"+--)

X(BH,O) = qh@'o) (1 + 2q + 4q2 + 9q3 4. )
Xcrmo = "= (1+q+3¢* +6¢° +--+)
XOo) = ¢"eo (1 +q+3¢°+6¢>+ - )
Xom) = 4" (1+q+3¢* +6¢°+ -+ -)
X = 4" (1+q+4¢" +8¢° + )
X(oam) = g (1 +q+3¢47+6¢>+ - )
XEP = ¢ (1+2¢+ 6> + 14¢> + - - )
h 9 3
X =48 (1+q+4¢° +9¢° + )
(i)
Xeoo = ¢ (14+q+3¢° +6¢°+--)
Xy = 4" (1+20+4¢" +9¢* +--+)
Xerom) = €@ (1+ g+ 3¢° +6¢° + - -)
XEm) = ¢"®® (1+2¢+5¢° + 11¢° + - - -)
X = 4"€2 (1420 +5¢° +12¢° + )
XA = q"E® (1+2¢+5¢°+11¢° +- )
al
XPo = ¢"@ (1+2¢+5¢> +11¢° + - - -)
Xgo ¢"8 (1+2q+5¢* + 104 + - --)

Xoo) = ¢ (1+q+3¢* +6¢° + )

(D.3)
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hma 2 3
Xmp = 4P (1+2g+45¢° +10¢> +- )
_ ham 2 3
X@Gry = 4@ (14 2¢+5¢° +10¢° + -+ )
0 =q"6 (14+20+6¢%+ 1263+ ---
X(Hm)q (1+2¢+6¢°+12¢° +--)

X(D:DH):qh(E‘E) (1+2q+5q2+11q3+...)
Xy = 6" (1+ 24 +5¢° + 11¢° + - )
h/mo 9 3
=¢"®D (14 3¢+ 7¢ +17¢> + - --

Xgp ~1 (L+3¢+7¢+17¢° +--+)

_ h(m:,@) 2 3 ...
X(m,@ q (142g+6¢"+13¢° +--)

(e = €9 (1420 +5¢° + 11" + )
X@m) =¢"6® (14 3¢+ 74> +17¢° +---)
]

hno 2 3
— ¢"E8m (142 +6¢% +13¢° + - -- D.4
X@:Dj) q (1429 464"+ 13" + ) (D-4)

APPENDIX E: SOME THREE-POINT FUNCTIONS

In this Appendix, we will compute several three-point
functions involving the approximately conserved spin-1
current ( jfll))Z in the large N limit. For simplicity, we will
suppress the index z in the following discussion. Let us
first consider the three-point functions of the form

( jﬁl)(ﬁm%n_nﬁl}. They are given by taking a derivative
on the three-point function (@, ,,,_n+1)- For example,
by taking one derivative on

(@1(2)F1 (22) 1 () = ~ !

N |z M za3P1zi5] 2

(E1)
we obtain

G20 d1(22) b1 (z3)
: 1 (1 —i). (E2)

\/N |Z12|2/\|Z23|2|Zl3|_2/\ 213 212

Similarly by taking a derivative on (4.2) and (4.7), we
obtain

(G021 B1(22)Ba(z3)) = (G (21) Ba(22) b1 (23))
= ()1 (22) B3(z3)
= (i) 3(2) 1 (z3)

1 1
VN [z a5 |z151 724
1 1
X(———). (E3)
213 212

We postulate the general form of the three-point function
to be
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GO @) B (@) = = L (i - i). (E4)

\/N|212|2A|Z23|2|Z13| 2 213 212

Next, let us consider the three-point function of the form (j ]n )qu &) and { ](1) Dm (;_5,,+m>. The computation of this three-

point function is a bit subtle. Let us first show an example (j 1 D(2,),(z2)$2(z3)). To compute this three-point function, we
consider the three-point functions:

_ 1 1
(wi(z1)¢1(22) (D0) (25)) = ﬁ |223|2h(n,0)+2h(ﬁ,5)_Qh(\:,n) |212|2h(D,O)+2h(D,D)_2h(E,E) |213|2h(ﬁ,ﬁ)+2h(\:,n)_2h(n,0) ’

= _ 1 1
<w1 (Zl)¢1 (22) (H? D) (23) > - ﬁ |Z23 ‘ 2h(,1’0) +2h(E,a) 72h(D7D) ‘ 212 ‘Qh(D,O) +2h(\1,|:1) 72h(Eﬁ) |Z13 |2h(E7ﬁ)+2h(Dﬂ) 72h(|1’0) .

(E5)
By taking the derivative 9, and taking the large N limit, we obtain
_ 1 1 Al A+ A% 1
0 TL,0)(23) = —+5 v | =— — — ],
(Owi (21)d1(22) (T, 0) (23)) /3 2320 (Nzlz N Zu) -
- 1 1 Al A=A 1
. )= b (AL ALY
< wi(21)¢1(22) (H,0)(23) NG |223’2(1—A) ( N 210 + N Zu)
Taking the difference of these two three-point functions, we obtain
- 1 1 1 1
(1) — T E7
G )1 = o ey (Zu ZB) E7)
In a similar way, we also compute the three-point functions
1 1 1
(1) _ /(D _ E8
U (@) $2(22) $3(23)) = (jy (211 (22) h3(23)) = \/— [PNEG (le le), (E8)
and also
o = 1 1 11
(1) _ /(1 (1) - _ —
U1 (2 1(z2) #a(23)) = () (Zl)¢2(Z2)¢3(Z3)> = (2 (@) d1(z) d3(z3)) = IN 22T (le 213>‘ (E9)

We postulate the general form of these kind of three-point functions to be

- 1 1 1 1 - = 1 1 1 1
<J(1)(Zl)¢m(12)¢n+m(23)> = \/_ﬁ W<— - —) <J(1)(Z1)¢m(22)¢n+m(23)> =T = 7(— - —)

212 213 IN |z V210 23
(E10)
[1] J.M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998); [5] N. Igbal, H. Liu, and M. Mezei, J. High Energy Phys. 04
Int. J. Theor. Phys. 38, 1113 (1999); S.S. Gubser, I.R. (2012) 086.
Klebanov, and A.M. Polyakov, Phys. Lett. B 428, 105 [6] S. Banerjee, S. Hellerman, J. Maltz, and S.H. Shenker,
(1998); E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998). J. High Energy Phys. 03 (2013) 097.
[2] M.R. Gaberdiel and R. Gopakumar, Phys. Rev. D 83, [7] S. Banerjee, A. Castro, S. Hellerman, E. Hijano, A.
066007 (2011). Lepage-Jutier, A. Maloney, and S. Shenker, Classical
[3] K.PapadodimasandS. Raju, Nucl. Phys. B856, 607 (2012). Quantum Gravity 30, 104001 (2013).
[4] C.-M. Chang and X. Yin, J. High Energy Phys. 10 (2012) [8] M. Henneaux and S.-J. Rey, J. High Energy Phys. 12
050. (2010) 007.

106002-17


http://dx.doi.org/10.1023/A:1026654312961
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://dx.doi.org/10.1103/PhysRevD.83.066007
http://dx.doi.org/10.1103/PhysRevD.83.066007
http://dx.doi.org/10.1016/j.nuclphysb.2011.11.006
http://dx.doi.org/10.1007/JHEP10(2012)050
http://dx.doi.org/10.1007/JHEP10(2012)050
http://dx.doi.org/10.1007/JHEP04(2012)086
http://dx.doi.org/10.1007/JHEP04(2012)086
http://dx.doi.org/10.1007/JHEP03(2013)097
http://dx.doi.org/10.1088/0264-9381/30/10/104001
http://dx.doi.org/10.1088/0264-9381/30/10/104001
http://dx.doi.org/10.1007/JHEP12(2010)007
http://dx.doi.org/10.1007/JHEP12(2010)007

CHI-MING CHANG AND XI YIN

(9]
[10]
(11]
[12]

[13]
[14]

[15]

[16]

A. Campoleoni, S. Fredenhagen, S. Pfenninger, and S.
Theisen, J. High Energy Phys. 11 (2010) 007.

M.R. Gaberdiel and T. Hartman, J. High Energy Phys. 05
(2011) 031.

C.-M. Chang and X. Yin, J. High Energy Phys. 10 (2012)
024.

S.F. Prokushkin and M. A. Vasiliev, Nucl. Phys. B545,
385 (1999).

S. Prokushkin and M. A. Vasiliev, arXiv:hep-th/9812242.
M. Ammon, P. Kraus, and E. Perlmutter, J. High Energy
Phys. 07 (2012) 113.

S. Giombi, S. Minwalla, S. Prakash, S.P. Trivedi, S.R.
Wadia, and X. Yin, Eur. Phys. J. C 72, 2112 (2012).

J. Maldacena and A. Zhiboedov, Classical Quantum
Gravity 30, 104003 (2013).

[17]
(18]
[19]
[20]
(21]

[22]

(23]

106002-18

PHYSICAL REVIEW D 88, 106002 (2013)

C.-M. Chang, S. Minwalla, T. Sharma, and X. Yin, J. Phys.
A 46, 214009 (2013).

A. Castro, R. Gopakumar, M. Gutperle, and J.
Raeymaekers, J. High Energy Phys. 02 (2012) 096.

M. R. Gaberdiel and R. Gopakumar, J. High Energy Phys.
07 (2012) 127.

E. Perlmutter, T. Prochazka, and J. Raeymaekers, J. High
Energy Phys. 05 (2013) 007.

P. Bouwknegt and K. Schoutens, Phys. Rep. 223, 183
(1993).

A. Bilal, in Proceedings of the Conference on String
Theory and Quantum Gravity, Trieste, 1991 (CERN,
Geneva, 1991), pp. 245-280.

P. Di Francesco, C. Itzykson, and J. B. Zuber, Commun.
Math. Phys. 140, 543 (1991).


http://dx.doi.org/10.1007/JHEP11(2010)007
http://dx.doi.org/10.1007/JHEP05(2011)031
http://dx.doi.org/10.1007/JHEP05(2011)031
http://dx.doi.org/10.1007/JHEP10(2012)024
http://dx.doi.org/10.1007/JHEP10(2012)024
http://dx.doi.org/10.1016/S0550-3213(98)00839-6
http://dx.doi.org/10.1016/S0550-3213(98)00839-6
http://arXiv.org/abs/hep-th/9812242
http://dx.doi.org/10.1007/JHEP07(2012)113
http://dx.doi.org/10.1007/JHEP07(2012)113
http://dx.doi.org/10.1140/epjc/s10052-012-2112-0
http://dx.doi.org/10.1088/0264-9381/30/10/104003
http://dx.doi.org/10.1088/0264-9381/30/10/104003
http://dx.doi.org/10.1088/1751-8113/46/21/214009
http://dx.doi.org/10.1088/1751-8113/46/21/214009
http://dx.doi.org/10.1007/JHEP02(2012)096
http://dx.doi.org/10.1007/JHEP07(2012)127
http://dx.doi.org/10.1007/JHEP07(2012)127
http://dx.doi.org/10.1007/JHEP05(2013)007
http://dx.doi.org/10.1007/JHEP05(2013)007
http://dx.doi.org/10.1016/0370-1573(93)90111-P
http://dx.doi.org/10.1016/0370-1573(93)90111-P
http://dx.doi.org/10.1007/BF02099134
http://dx.doi.org/10.1007/BF02099134

