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1 Introduction

Despite the holographic AdS/CFT correspondence having been discovered more than two
decades ago, the raison d’étre for planar field theories to have classical gravitational duals
has as yet proven elusive to formulate. While we have various necessary conditions such as
the existence of a sparse spectrum of light states in the planar limit the full set of sufficient
conditions are yet to be discovered. Part of the issue is that while planar field theories are
easy to attain by taking suitable 't Hooft-like large N limits, canonical representatives are
either too simple (e.g., planar vector models) or too difficult to solve analytically (e.g., pla-
nar matrix models). The simplicity/complexity in the field theory analysis translates into
the dual picture a correspondence notion of complexity/simplicity, preserving the overall
intransigence of the system from revealing the rationale for the duality. One might hope
that identifying theories which lie in some intermediate domain between the aforemen-
tioned would potentially aid in our attempts to understand the origins of geometry from
field theory.

A promising arena for such explorations which has attracted lots of recent attention is
the family of large N melonic models. Interest in these theories stems from the success of the
quantum mechanical model, the Sachdev-Ye-Kitaev (SYK) model, described by Kitaev [1]
building on an earlier construction of Sachdev and Ye [2]. The model consists of N fermions
with a random (disordered) multi-fermion interaction. The free fermion system in the UV
flows to an IR fixed point with emergent conformal symmetry in the strongly coupled
planar limit [1, 3]. While the conformal symmetry is, strictly speaking, broken away from
the IR limit, it turns out that the gapless modes capture some of the essential physics,
which furthermore, bears close resemblance to that of black holes in holographic systems.
The sub-sector of the theory (essentially a single mode, the Schwarzian field) controlling
the emergent conformal symmetry and its breaking is dual to a two dimensional dilaton
gravity theory, the Jackiw-Teitelboim (JT) theory [3, 4]. A key intriguing feature is that
the system saturates the chaos bound [5], which indicates that it is maximally scrambling
just as black holes in situations with dynamical gravity. All told, the relative simplicity
coupled with intricate dynamical behaviour with features that resemble more conventional
gauge/gravity duals, makes the model a compelling study. For a selection of literature,
see [2, 6, 7] for early works on disordered systems which led up the SYK model, [8-13] for
generalizations to models with global (flavor) symmetries, and [14-20] for supersymmetric
generalizations. The spectrum and higher point-couplings are analyzed in [21-23]. The
bulk duals of these are further explored in [4, 24-31] and a detailed discussion of the
Schwarzian theory and near AdSs dynamics can be found in [32-34].

It is interesting to examine if the SYK model is unique in its ability to capture fea-
tures of holographic dualities. One reason for seeking generalizations is to ascertain if we
can find a genuine quantum system sans disorder.! Consequently, other models have been
constructed with similar physics in the large N limit without any disorder. These construc-
tions take inspiration from models examined in the context of triangulations of manifolds

!Disordered systems are classical superpositions of different realizations of a quantum system and there-
fore preclude a well-defined Hilbert space in the theory (after disorder averaging).



in higher dimensions [35, 36], and broadly fall into one of two classes: the class of colored
tensor models exemplified by the Gurau-Witten (GW) model [35, 37], and the class of un-
colored models exemplified by the Carrozza-Tanasa-Klebanov-Tarnopolsky model [36, 38].
hese models are further explored in [39-57]; a recent review of the subject is [58]. We will
collectively refer to these as melonic tensor models.

In their simplest incarnations, these models comprise of O(N) tensor-valued fermionic
fields with a particular class of multi-fermion vertices that ensure melonic dominance in
the large N limit. This ensures that the leading behaviour of the theory shares features
such as the emergent near-conformal symmetry at low energies, and the saturation of the
chaos bound. However, thanks to the large symmetry group? the low energy theory also
comprises of other light degrees of freedom and peculiar thermodynamics [49, 50].

From a holographic perspective though a curious feature is that these quantum me-
chanical systems are devoid of supersymmetry. Let us first note that it is a debatable
proposition as to whether supersymmetry is necessary for field theory to have classical
gravity holographic duals. While non-supersymmetric AdS vacua with low curvature on
the string or Planck scale, faqs > ¢s,¢,, suffer from pathologies prompting conjectures
that they are perhaps forbidden [59], there is no a-priori argument precluding theories with
classical higher spin or stringy duals.? Indeed, the SYK model beyond the Schwarzian
mode dynamics would be expected to be dual to a stringy bulk theory. However, the sim-
plest quantum mechanical system that one hopes would capture gravitational dynamics of
string/M-theory is the D0-brane quantum mechanics with sixteen supercharges [62]. It is
therefore intriguing to ask if inclusion of supersymmetry reveals some further simplifica-
tion to the analysis of melonic quantum mechanical models. Various groups have addressed
aspects of this question earlier: for instance a supersymmetric version of SYK model was
analyzed first in [14, 15] (with four, one and two supercharges). This was extended to two
dimensions in search of melonic 2d CFTs in [16]. Analysis of correlation functions in the
model with two supercharges was carried out in [18, 20]. Supersymmetric tensor models
were proposed in [41] — these involve some additional augmentation involving ‘mesonic’
operators in the theory. In the SYK case the essential features are preserved with the
inclusion of supersymmetry (though there is signal of supersymmetry breaking in the one
supercharge theory [15]).

We undertake an analysis of supersymmetric tensor models with the aim of ascertaining
whether any simplification may be attained. Philosophically our models are different from
the aforementioned (see below) and involve a simple generalization involving tensor-valued
superfields with suitable superpotential couplings. We find several peculiarities with the
main result being that supersymmetry does not appear to aid in the very least! While we

2The symmetry group is roughly O(N)™ for some M depending on the specifics of the model (one may
consider gauging it or part thereof).

3Several examples of non-supersymmetric large N field theories with classical master fields involving
some form of gravitational interactions exist: eg., the classical higher spin theories dual to vector mod-
els, or stringy duals of the symmetric orbifold CFT in two dimensions. We should also note that a
non-supersymmetric theory could potentially capture some features of the supersymmetric model, say
the high temperature thermodynamics, as exemplified by the ungauged DO-brane quantum mechanics
theory, cf., [60, 61].



will explicitly analyze the theory with two supercharges N’ = 2 we do find that increasing
the amount of supersymmetry does not materially affect the story (if anything it makes
it worse). The issue will turn out to be the dynamical bosonic fields that are present in
the multiplets, which induce an effective UV divergence in the theory (despite it being
quantum mechanics). The essential feature may already be seen in a simple bosonic tensor
model which we revisit to provide some intuition [16, 38, 47, 63].4

Let us summarize some of the salient features of our analysis: we start with a quan-
tum mechanical theory with tensor-valued N' = 2 real superfields W% " %-1 transforming
in the fundamental representation of O(N)4~! (with ¢ > 4). Apart from a canonical kinetic
term we will include a single g-body superpotential term given by the melonic contraction,
uplifting the fermion model of [38] (who already mention our model as a potential gener-
alization). While the fermionic theory has a g-fermion vertex, our model has a melonic
Yukawa term with fermions appearing at most bilinearly (and coupled thence to ¢ — 2
bosons). Despite this change, we find that the system admits a (suitably regulated) RG
flow that ends up at a non-trivial IR fixed point with emergent conformal invariance. The
IR fixed point that we find however breaks supersymmetry — the spectrum of singlet exci-
tations does not fit into a supermultiplet. This is in contrast to the finite NV theory where
we have unbroken supersymmetry (the theory has a non-trivial Witten index).

Supersymmetry breaking at large N is of course possible as first illustrated in [64].
One potential rationale has to be the emergence of a continuum in the spectrum owing
to N — oo. A plausible mechanism may be attributed to the presence of O(N?) light
excitations in the theory arising from the global O(N)?~! rotations of the tensor indices.’
This feature was illustrated explicitly for the fermionic uncolored tensor model in [50]
with the light-modes being described by a non-linear sigma model with target space being
the group manifold for O(N)?~L. It seems natural to conjecture that the supersymmetric
theory will lead to a similar situation.

In our discussion however, it appears that there is an inherent tension between melonic
dominance and supersymmetry. We will see that the origins of supersymmetry breaking lie
in having to explicitly regularize bosonic and fermionic degrees of freedom independently,
lending credence to the idea that supersymmetry is broken explicitly along the RG flow
rather than dynamically in the IR. This appears to be consistent with our analysis of the
low energy spectrum which does not reveal the presence of a goldstino as would be the case
with spontaneous breaking [65].

We undertake a careful analysis of the model arguing for a particular regularization
scheme that attains the IR fixed point identified from a naive solution of the truncated
Schwinger-Dyson equations. Having established the existence of a non-supersymmetric
fixed point, we turn to the spectrum of composite operators in the theory focusing on the
singlet sector. In contrast to earlier studies of related systems we have both bosonic and
fermionic composite operators. We work out the spectrum of excitations for both kinds of

4A theory of bosonic tensors with melonic vertices has a Hamiltonian that is unbounded from below. This
feature while problematic will not affect the analysis we will undertake. Of course, this issue is mitigated
in the supersymmetric context since the Hamiltonian being built from the supercharges will be bounded.
SWe thank Steve Shenker for this suggestion.



operators; doing so requires some new technical machinery to analyze fermionic excitations.
Representing the four-point function in the bose-fermi OPE channel involves a new set of
conformal eigenfunctions. They can be viewed as SL(2,R) wavefunctions with twisted
boundary conditions or equivalently wavefunctions that are Hermitian with respect to a
modified norm (we are not aware of this having been discussed in the literature before).

Outline of the paper: the paper is organized as follows. We begin in section 2 by
reconsidering the bosonic tensor model. While this is not a viable quantum system as
the potential has negative directions of N > 2 (footnote 4), it serves to illustrate the
issues with the RG flow. We use it to argue for our regularization scheme of the UV
divergences (present all along the flow) that are present for melonic tensor models with
dynamical bosons. We regulate the UV divergences by fine-tuning a bare mass in the UV
theory. This also serves to address issues discussed in [16, 47, 63] and noted in [38] for such
theories.

In section 3, we turn to our primary exhibit: the N' = 2 supersymmetric tensor model.
We demonstrate that supersymmetry is unbroken for finite N and then turn to the RG
flow. We compute in section 4 the renormalized self-energy of the theory at large N using
the regularization scheme from section 2 and exhibit a strong coupling IR fixed point
where supersymmetry is broken. We also compute a set of 4-point functions for theory
in section 5, taking the opportunity to generalize some results relating to generic external
states. In particular, as we have both fermionic and bosonic fields, we will need SL(2,R)
wavefunctions with twisted boundary conditions; we derive these explicitly in the course
of our analysis.

The appendices contain some additional observations about supersymmetric SYK and
tensor models. In appendix A we explore tensor models with different supersymmetries
and in each case we find some tension with melonic dominance. Appendices B and C
collect technical details relevant for the 4-point function computations. The former details
the SL(2,R) wavefunctions that we require for our analysis, while the latter summarizes a
useful basis of integrals that enter into our computations.

2 Bosonic tensor model revisited

Let us consider bosonic tensors ¢*%2--%-1 with distinguishable indices a; = 1,--- , N and
the (Euclidean) action®

5= far (i 07000 4~ g W]) ’ (2.1)

where [¢?] denotes the special type of index contraction, where each pair of fields has exactly
one index contracted between them.” For ¢ = 4 we have the tetrahedral index contraction:

[¢4] — ¢a1a2a3¢a1b263¢d1a203¢d1b2a3' (22)

5We will denote Euclidean time by 7 and refer to real-time by t.

"For ¢ > 6, this choice of index contraction structure is not unique (see [57] for a detailed analysis).
However, every interaction of this type has the same large N limit so we choose one such interaction for
our model. We thank Grigory Tarnopolsky for discussions on this point.
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Figure 1. The leading order large N contribution to the boson propagator which leads to the
Schwinger-Dyson equation (2.6).

As noted earlier the vertex [¢?] results in a Hamiltonian that is not bounded from below.
We will proceed for now ignoring this issue. It will be helpful to often simplify notation
and suppress the tensor indices except when we need to illustrate particular contractions.
To this end, let us collectively denote the tenor indices by an index A, and write ¢4 for

our basic field.®
¢Aq = qbal...aqfl (23)

In the large N limit, the theory is dominated by melon diagrams (see figure 1) with
the dimension one effective coupling

2 (¢—=1)(g—2)
J=giZ N 2@y | (2.4)

Consider the two-point function

(T (¢(m1) $P1(12))) = G(my — 2) 54 P

2.5
=G(11 — 1) subr ... §%a-1ba-1 (2:5)
The Green’s function G(7) can be solved by aid of the Schwinger-Dyson equation
~ 1
Glw)=——, N(71) = JIT2G ()47, 2.6
©W=gsg OO ™) (2.6

where G(w) = [ dr e™TG(7) is the Fourier transform of G(7) and similarly for S(w).
In the strong coupling limit or equivalently the low energy limit, the Schwinger-Dyson
equation reduces to

Ge(w)Xe(w) = —1, Yo(r) = JIP2G (1)1, (2.7)

which exhibits the reparametrization symmetry

Q=

Ge(m1 —12) = [f'(1)f(72)]
Se(m —72) = [f'(11) [ (12)]

Consider the conformal ansatz

Ge(f(m) = f(72)), (2.8)

Ee(f(m1) = f(72)).

I
|

b

G.(1) = ey (2.9)

8We hope it is not overly confusing to keep track of the fact that ¢« only has (¢ — 1) tensor indices.



The equations (2.7) are solved by (we used (C.1))

1 1 1
A==, bJI2r = < - > cot <7r> : (2.10)
q 2 q q

There is an apparent contradiction of this simple solution [63]. The conformal
ansatz (2.9) is manifestly positive everywhere, so the Fourier transforms Ge(w) and Se(w)
should both be positive functions. However, this contradicts the first equation in (2.7).

The contradiction is due to the divergences in the Fourier integral of the conformal
Green’s function G.(7) and self-energy 3.(7). The Fourier transform of G(7) suffers from a
long distance divergence, while the Fourier transform of ¥.(7) suffers from a short distance
divergence. The long distance divergence can be easily regularized with an IR cut-off, e.g.,
by turning on a non-zero temperature.

The conformal ansatz has a thermal regulator given by a reparametrization (2.8) which
compactifies the real Euclidean time line to a circle. Using f(7) = tan %,

2A
T

Ge(T) =0 Bein T (2.11)
The Fourier integral of éc(w) is over a finite range 7 € [—g, g] and therefore converges

now. However, the Fourier transform of ¥.(7) at finite temperature

3 T a4 2mn
Ye(wn) = Jq+2bq1/ dr cos(wnT) | 5= , Wp = ——, (2.12)
£ [ sin & B

still suffers the short distance divergence at 7 = 0. Omne can regularize the integral by
first performing the integral for 2(¢ — 1)A < 1, and then analytic continuing the result to
A= é. In this regularization scheme, the function f]c(wn) is everywhere negative, and the
Schwinger-Dyson equations in the conformal limit (2.7) are satisfied.

The solution we find at strong coupling has the following salient features. First, the
self-energy at zero frequency gives an IR effective mass; using (C.2),

2A(g—1)—1 1
iy = —S(0) = uizy1 T L (A0 )

BPAEDID((1 - ¢)A +1)
_ (3t [2qmang e w4 (2.13)
-2 w(g—-2) ' ‘

This self-energy correction vanishes in the zero temperature limit 8 — oo. Second, since
the classical potential in the action (2.1) is not bounded from below the classical vacuum
¢4 = 0 is an unstable critical point of the classical potential. The induced IR effective
mass converts the point at ¢ = 0 to a metastable vacuum of the theory.

As pointed out by other authors [47, 63], the Schwinger-Dyson equation (2.6) is still

problematic away from the strong coupling limit. By unitarity, G(w) should be real and
strictly positive. By the second equation in (2.6), 3(0) should also be positive. However,



the first equation in (2.6) at w = 0 requires G(0)%(0) = —1. Relatedly, earlier attempts to
solve the Schwinger-Dyson equation (2.6) by numerical iteration also consequently fail [16].

One can take inspiration from the strong coupling IR limit and enquire if one can con-
tinue to attribute this tension to a divergent self-energy > (7) even away from the conformal
limit. We however need a different regularization scheme, for the analytic continuation of
the conformal dimension A is only defined in the conformal limit.

To resolve the contradiction, we need to fine tune the UV action (2.1). Since the bosonic
tensor field ¢4 has mass dimension —%, the action (2.1) admits a relevant mass deformation

1
Shass = /dT §m2bare ¢Aq (be 5Aqu . (214)

Under the renormalization group flow, the bare mass my,, would be renormalized. For
the RG flow to end on a conformal fixed point, we would like to fine tune the bare mass
such that in the low energy (strong coupling) limit the renormalized mass approaches the
IR effective mass mef,

11 .
. 71—3 2 & _ L‘gff B i 2qtan§ e w2 (%)
B(ljlinoo(ﬁ‘]) |:mbare E(O):| - (BJ)I—F% - 62 [ﬂ.(q _ 2)] I <% B %> . (215)

There are many choices of the bare mass mpare as a function of the dimensionless coupling
BJ such that the renormalization condition (2.15) is satisfied. Different choices correspond
to different UV theories which all flow to the same IR fixed point with the conformal
two-point function (2.11).

We pick the simplest possibility for the bare mass

m%)are = Z(O) + mgff’ (216)

which gives the renormalized Schwinger-Dyson equation

Glw) = L S =Jeger)r L (2.17)
W2 + m2 — [E(w) - 2(0)}

Since only the difference of the self-energy Y(w) — (0) appears in the equation,
the Schwinger-Dyson equation is free from the short distance divergences in the
Fourier integral.

To validate our renormalization condition (2.15) (or equivalently (2.16)), we numeri-
cally solve the renormalized Schwinger-Dyson equation (2.17), and compare the numerical
solution of large 8.J with the analytic solution in the conformal limit (2.11). The result
is shown in figure 2.° As is clear from the plot the regulated Schwinger-Dyson equation
converges clearly onto the anticipated IR fixed point, lending support for our procedure.

9We have checked that increased resolution by working with say O(10*) grid points as opposed to 200
grid points in figure 2 does not show any discernible qualitative difference. We thank Douglas Stanford for
raising this issue.



0.010}

0.008 |

0.006 |

0.004

0.002 H

0.5 1.0 15 2.0 25 3.0 B

Figure 2. Comparison of numerical (red) and analytic (blue) solutions of the regularized bosonic
Schwinger-Dyson equations (2.17) for two different values of SJ as indicated. The numerical sim-
ulation is carried out with the imaginary time circle discretized by a lattice with 200 points (see
footnote 9).

Note that the problem is unique to bosonic degrees of freedom. Fermionic tensor models
are much better behaved; indeed, the self-energy integral suffers from no UV divergence
issues either in the conformal limit or along the flow. The reason can be traced to the Fermi
statistics which in the IR limit give rise to a conformal propagator G.(7) = M% sgn(7) at
zero temperature. The sign function ends up ensuring the self-energy is free of divergences.
We will take inspiration from this analysis for the case of the supersymmetric tensor model
we introduce shortly.

3 The N = 2 supersymmetric tensor model

We now turn to the main model we wish to analyze, a quantum mechanical supertensor
model with N' = 2 supersymmetry. This amount of supersymmetry turns out to provide
an interesting interaction term. Similar attempts to construct a theory with one super-
charge lead to an interaction involving an odd number of fermions, while higher number of
supercharges lead to derivative couplings between the component fields (see appendix A).

We will start by introducing the model. It will be convenient to start out in superspace
R'? with coordinates ¢,6,0 (¢ is the real time coordinate). The basic superfield ®4a
will be tensor-valued as in the bosonic model, so much of the structure is actually quite
straightforward to intuit if we stick to superspace.

3.1 The model

We consider an N/ = 2 supersymmetric model in (0 + 1)-dimensions with superfields PAa
transforming in the (¢ — 1)-fundamental representation of O(N)9~! for ¢ > 4 even. These
superfields can be written in terms of component fields on superspace as

da(t,0,0) = ¢a(t) + i 0P (t) + i 0y (t) + 00 FAa(t), (3.1)

where ¢4, FA44 are bosonic and ¢3¢, 1)« are fermionic.
The action will be given as a superspace integral with canonical kinetic terms along
with a superpotential W (®4¢). Taking inspiration from the non-supersymmetric tensor



models, the superpotential will be taken to be the g-point interaction [®9], the index
contraction for the tensors being identical to the case of the bosonic model discussed in
section 2. Such a model was first proposed in [38]. The action then is given by

/1 1
S = /dtda o <2D9<I>Aq D% + .9 [<I>‘1}> : (3.2)

where Dy = 09 —1i 6 9, and Dy = 05—10 0, are the superderivations. In terms of component
fields, the action can be evaluated to be

S = / dt % (z A Oppta — i pp e e 4 (8%10)% + (FAq>2>

" ;g< DS [¢q‘1F]>,

perms. perms.

(3.3)

where the sums run over all possible rearrangements of the 1,1 fields and the F field,
respectively, within the special contraction structure indicated by the square brackets. At
this point, we could integrate out the auxiliary field. This will however induce scalar
interaction terms with tensor contraction structure differing from the chosen one to ensure
melonic dominance. While the end result will be equivalent, we prefer to leave the auxiliary
field in place to make the melonic dominance manifest in the analysis to follow.

The supersymmetry generators are

Q=0y+i60, Q=0;+i00, (3.4)

with corresponding supersymmetry transformations

St =i (et feypte),  SFA = €9t — e Gppta
A A A TA A A (3.5)
ot =€ (i B — Oppe) P = e (—i F77 — Oppe) .
Using the Noether procedure, we obtain the corresponding conserved supercharges,
_ i -
Q=g 40 3 (9o
i perms. (36)
Q = Dot — ;g 3 e,
perms.

The Hamiltonian is, of course, H = %{Q, Q} and it now has a bounded spectrum (unlike
the bosonic tensor model considered in section 2).

The theory has a U(1) R-symmetry under which 144 has charge +1 and )% has
charge —1, while ¢« and F4¢ are uncharged. The supercharges are normalized such that
Q and @ have R-charge —1 and +1, respectively.

3.2 Hilbert space at finite IV

We first turn to an examination of the theory at finite N where we expect usual behaviour
as a supersymmetric quantum mechanical theory. First, let us examine the Witten index

~10 -



to determine whether or not supersymmetry is broken and get a sense for the BPS sector
of the theory. Since the Witten index is invariant under deformations of the theory, we can
compute it in the free theory where g = 0 [66]. This is easy to do for we can evaluate the
free partition function on a Euclidean circle with periodic fermions, which ensures that we
F e—BH)

are evaluating Tr ((—1) , with the Boltzmann factor providing a suitable regulator.

Integrating out the auxiliary field, we obtain (suppressing tensor indices for convenience)
Tr(-1)" = /D¢D¢ D\ p e~ SelBw:)

[/que LJE dto(—02)¢ /wa“m B dt §(0r)
N 2o,

Nt (3.7)

In the final expression we have used the fact that the parity of N9~! equals the parity of N
for any even ¢q. From the non-vanishing Witten index, we can conclude that supersymmetry
is not broken in the theory at finite N.

One can check this computation by explicitly constructing the BPS sector. From the
canonical quantization of the fermions 1“4, 944, we have the Hilbert space for a given 1)
(i.e., with fixed tensor components):

HA = [*(R,C)[0),, & L*(R,C)§7(0) $A1)0) ,, = 0. (3.8)

Thus, the full Hilbert space of the theory is obtained by summing over all possible tensors

N

nH= (LQ(R, C)[0) 4, © L*(R,C) yo>Aq>. (3.9)

ai,...,ag—1=1

To determine the Q-cohomology, we seek states |x) such that Q|x) = Q|x) = 0. One
can show that there exists only one such state

1Y) —exp< ZZ /dqﬁA A, e 1)@ $A010) (3.10)

i=1 a;=1 a;=1

The statistics of the state is determined by the parity of N9! as can be see from the
fermion creation operator count. This agrees with the Witten index computation and we
conclude that, at finite IV, there exists one supersymmetric ground state whose parity
depends on the parity of V.

However, the arguments used above in the computation of the Witten index and Q-
cohomology can potentially break down as N — oo. Usually this is associated with the
appearance of a new continuum in the spectrum or the vacuum running away to infinity, as
is well documented in large N quantum mechanical models [64]. To understand potential
issues arising in the large N limit, it will suffice to examine the spectrum of the theory as
carried out in [49, 50, 56]. These authors find that the theory admits O(N?) light modes
in the spectrum generically. One way to intuit their presence is to realize that the theory
in the absence of the kinetic term actually admits a large global symmetry group O(N)4~1.

- 11 -



Away from the IR limit, the irrelevant kinetic term breaks this explicitly and leaves behind
a set of Goldstone fields which may be associated with time-dependent O(NN)?~! rotations.
The presence of these modes has the potential to open up a continuum in the large N limit,
spoiling our analysis of the Witten index (by invalidating the localization argument used
to set g = 0 in the Witten index computation [66]). We also see another sign of trouble in
the norm of the supersymmetric ground state (3.10) vanishing in the large N limit. In fact,
soon we will find that the low energy fixed point obtained by assuming melonic dominance
prefers to be non-supersymmetric.

4 Melonic dominance and low energy conformal symmetry

We now have all the ingredients at hand to analyze the dynamical behaviour of the
model (3.2) as a function of the coupling g. To this end we will first compute the two-point
functions for the fundamental fields ¢, and F for general ¢. Since it will be helpful to
work in superspace directly, let us denote by X the supercoordinate X = (7,0, 0).
Consider then the two-point function of the superfield ®44¢(X) = ®@1%-1(X)

N
(T (@4(X1) 2% (X2))), (4.1)

a;=1

1
G(X1,X0) =

3

which can be expanded in terms of two-point functions of the component fields as
G(X1, Xa) = G9(112) + 01026V (112) + 010:GVY (119) + 0101050,G7T (1), (4.2)

where G??(113), Gw_’(ﬁg), and GF'F(1y3) are

N
¥ (r2) = oy AT (6% (m),

~ N
@Y (112) = ey S AT (W1(r)54 (1)),

N~ a;=1
_ 1 N ) (4.3)
G¥(112) = =y D AT (@ (vl (m))),
a;=1

N
GFF (r15) = ——— S (T (FA4(ry) ().

An advantage of working directly with the superfields is that it is obvious that the
large N counting works in a manner similar to the bosonic model discussed in section 2.
We can immediately write down the super-Schwinger-Dyson equations satisfied by the
super-propagator:

1

51061, D51 (X1, X3) - /dXQ S(X1, X2) G(X2, X3) = 6(113)6%(61 — 03) (4.4)
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Figure 3. Supergraph representation of the super-Schwinger-Dyson equation.

which is given in the large IV limit by an iterated sum over melon diagrams figure 3, viz.,

G(X1, Xa) = Go(X1, Xz) + / dX5 dX4 Go( X1, X3) (X3, X1) G( X4, Xa),

4.5
1 2 (a=1)(g=2) ( )
N(X1, X2) = J1G(Xy, Xo)T 7, J=giN =
In the above the free super-propagator Go(X1, X2) is given by
1 _ _
Go(X1, X2) = —5\712 — 0162 — 0105 (4.6)

and can be obtained from solving the free equation of motion %[Dgl,D(;l]go(Xl,Xg) =
52(912)(5(7'12).

Expanding out the super-Schwinger-Dyson equations gives three coupled Schwinger-
Dyson equations for the component fields:

—02, G (112) = 6(712) + /d7'3 299 (713)G9? (T32),

On G (r12) = 8(2) + / drs SV (113) G (7). (4.7)
—GFF(12) = 6(12) + /d7'3 S (113)GFF (732),
or equivalently,
G¥(r1,72) = GE (1, m0) + / drs dry G2 (, 75) 5% (15, 74)G¥® (4, )
qu(ﬁ,ﬁ) = ngz(ﬁ, T2) + /dT3 dry Gz)w(ﬁ,Tg)Ew‘Z(Tg,Tzl)GWZ(T;;,Tg) (4.8)
GFE (1, 1) = G (11, m0) + /dTg dry G5V (11, 73) 2 (13, 74) GFE (14, 70) .
The explicit form for the self-energy functions is given by:

29 (r) = J1((q = 1)(a = G (1) GV DG (7) + (g — )G ()16 (7)),
Zwm = J(q— I)GWZ’(T)GM(T)Q_Q, (4.9)
SFF(r) = J1G9 ()1~ 1.
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¢ |as A, [Ap
1 1 1

4 |5 3 2

6 | 0.109 | 0.282 | 0.456

8 | 0.081 | 0.258 | 0.436

100 | 0.006 | 0.196 | 0.386
oo |0 0.191 | 0.382

Table 1. Conformal dimensions of fields for various values of q.

4.1 The conformal fixed point and IR symmetries

These equations can be solved by standard techniques. For start, we transform to frequency
space and pass to the IR limit, or equivalently the strong coupling limit, to obtain the
simplified Schwinger-Dyson equations

G2 ()52 (W) = G (W) ZY¥ (w) = CEF (W) EFF (W) = —1, (4.10)

where the overhead ~ denotes the Fourier transform and the subscript ¢ denotes the con-
formal limit.

The fixed point solution: we can now attempt to solve the truncated equations as-
suming a flow to a conformal fixed point by picking an ansitze'®

be 5 by sgn(7) FF br
G (1) = i GV (r) = N GLl(r) = pEnv (4.11)

This implies that G?i(’]') = GZ}W(T). Plugging (4.11) into (4.10) gives the constraints on
the conformal dimensions

(q — 2)A¢ + 2A¢ =1 and (q — 1>A¢ +Ap =1, (412)
along with an additional constraint
sin?(mAg)T(1 — 2A,)0(2A4 — 1)
sin?(m(q — D)A,)T(2(q — DA — DT(1—2(q — DA,)

=(q—2) (1 - 2A¢)F(2A¢ -1) Sin2(7TA¢)

T'((q —2)As)T((2 = 9)Ay) sin®*(5(q — 2)Ay)
(4.13)

I—(¢g—1)

The solutions of (4.13) for various values of ¢ are given in table 1. It is clear from the relation
between conformal dimensions (4.12), even without inspecting the explicit solutions, that
the low energy fixed point breaks supersymmetry.

"Note that the coefficients by, by and bp are dimensionful, and the dimensionless combinations are
b J? 26T by J? 2% and bpJ2AF T

— 14 —



The low energy equations (4.10) are invariant under a scaling symmetry:

Gd)d)(Tl,TQ) — )\4G¢¢(T1,T2), GFF(Tl,TQ) — )\4(1iq)GFF(T1,T2),

_ _ _ _ (4.14)
wa(Tl,TQ) — )\2(2iq)G¢¢(T1,7'2), wa(Tl,Tg) — )\2(2*11)6"/@(7-177-2).

Hence, the coefficients by, by, bF are not determined completely. Only the products b‘éﬂbi
and bi_le are fixed

(¢ —2)(AF —1)cot (%)
a1 ’ (4.15)

b b = % (1= 2A5) cot (TAF).

—2,9
by b2 g =

Note that a similar statement holds for the supersymmetric SYK model discussed in [15],
though there one can further use supersymmetry to fix this additional parameter. We do
not have this additional freedom.

Local symmetries in the IR: in the low energy limit, the truncated Schwinger-Dyson
equations have a large set of local symmetries. These are typically broken by the kinetic
term which we ignore in the deep infrared. Let us record the symmetries that are visible
in the truncated theory for future reference:

e The time reparametrization symmetry discussed in the bosonic model, (2.8) contin-
ues to apply in the supersymmetric Schwinger-Dyson equations. The breaking of
this symmetry by the UV dynamics leads to the Schwarzian action [3] for the lone
reparametrization mode.

e In the deep infrared we have an U(1) affine algebra arising as a low-energy version of
the U(1)r symmetry. This acts on the bilinear-propagator fields as

Gwlﬁ(m ) = eia(Tl)*ia(Tz)Gwlﬁ(Th7.2)7 G&w(ﬁﬂ) N efia(Tl)Jria(TQ)GiW(Th7.2)'
(4.16)
The reality condition G¥¥(ry,75) = G¥¥(r1,75)* implies that a(7) is a real function.
The effective action for a(7) can be inferred from standard analysis and is similar to
the discussions of the charged SYK model [10].

e The theory has in addition a scaling symmetry identified in (4.14) which entails that
we only have enough information to fix two of the three parameters in the Green’s
function. cf., (4.15). This symmetry acts locally in the IR as:

G (11, 72) = [M11)A(12)]2 G (11, 72),

GFF (11, 19) = N1)AR)> 21 GFF (11, 1),

G¥ (11, 72) = [AT)A(12)]> 1 G¥Y (11, 72), (417)
GY (11, 72) = MT)AR)] LG (11, 72)
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Unlike the reparametrization symmetry and U(1) affine symmetry, the global part of
the local scaling symmetry does not leave the low energy solution (4.11) invariant.
Following [15] we expect an effective action of the form J [(A(7) — 1)?dr, which
suppresses the deviation from the value of A determined by the UV.

4.2 The RG flow and supersymmetry breaking

As with the bosonic model discussed in section 2 the attainment of the conformal fixed
point is predicated upon suitable fine-tuning in the system. The issue again is to due to
divergences arising in the bosonic sector which remain despite the presence of supersym-
metry. This is another sign that the melonic structure in this class of supertensor theories
does not gel with the supersymmetry. Inspired by our bosonic model discussion we will now
present the mass counter-terms we include to ensure that the flow starting from the free UV
theory lands on the fixed point we picked out from the truncation of the Schwinger-Dyson
equations.

At finite temperature, the boson ¢ and auxiliary field F' acquire IR effective masses
given by the self-energies at zero frequency'!

Agy+1
b\ _Soe(g) — _ 1 (BJ)2AsTI0(1 — Ay)
(mcff) c ( ) G?¢(O) 52(b¢J2A¢+1)7r2A¢’%F (% — A¢) ,
B (4.19)
1 (8J)*2'T(1 - Ap)

(mfp)” = =875 (0) = —=—— = :
) ‘ BAGEF(0)  B2(bpJ2Ar—1)r?Ar 3T (L — Ap)
which go to zero in the zero temperature limit § — oo while fixing the dimensionless
combinations 8.J, bgJ?2¢+L and bpJ?AF 1
Similar to the bosonic tensor model, for the theory to flow to the conformal fixed
points, we need to add bare mass terms to the UV action (3.2), and fine tune the masses

such that the following renormalization conditions are satisfied,

~ ¢ \2
i (80287 (2 - £200)] = T
_ T(1— Ay)
Ayp—12 ’
. 62(%]?? SRR P
Jm (51)7248 5 [ (mf)? = BTSN 0)] = ek
I'(l—Ap)

 B(bpJPAr-)p2r T (L - Ag)

The bare mass terms explicitly break supersymmetry. We cannot find a supersymmetry-
preserving regulator that flows to the conformal fixed point, which is consistent with the

" The self-energy of fermion v has no zero frequency limit because the frequency is half-integer quantized.
The effective mass of the auxiliary field F' is defined such that the renormalized action contains the mass term

/0/3 dr 5 67 (mla)? (FA0)?, (4.18)

where the explicit 8 is included to preserve the classical dimension of F'.
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Figure 4. Comparison of numerical (red) and analytic (blue) solutions of the supersymmetric
Schwinger-Dyson equations for ¢ = 6 and by J 284F1 = 1 (for different choices of the dimensionless
coupling SJ as indicated). The numerical calculation is still with a discretized temporal grid with
200 points (see footnote 9 for comments on increasing the resolution). For GF'¥ we have specifically
chosen a larger value of 8J to separate out the curves for ease of visualization.

analytic result that supersymmetry is broken for the conformal solution. With this regular-
ization scheme we can numerically solve the full Schwinger-Dyson equations (4.4) (with the
bare mass term included) all along the flow. The results are plotted in figure 4 and we see
reasonable convergence in the strong coupling limit to the fixed point solution determined
earlier. The coefficients by and bp explicitly appear in our renormalization conditions.
Hence, the bare masses break the scaling symmetry (4.14) and determine the values of the
coefficients by, by, and bp.
There are a couple of fringe situations that deserve some additional commentary:

e For ¢ = 4 the conformal dimension of the auxiliary field F'%1%2%3 is equal to its classical
scaling dimension Ap = 1 from table 1.'2 By (4.15) and (4.19), we find that the
effective mass mgf diverges with the dimensionless coefficient bg.J 284+ keeping fixed.
Hence, the auxiliary field decouples due to the infinitely large mass.

PFor Ap = %, one may consider a different ansatz

G (7) = b (7). (4.21)
1 l1—e
However, by the limit representation d(7) = lim —e .7r = , this is equivalent to the original
e—0 2 ﬂsm7

ansatz (4.11) with bp = 3 ebr and Ap = £ (1 —¢).
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e There is potentially a different supersymmetric solution to (4.13) given by Ay = 0,
Ay =1/2, and Ap = 1. If this solution is indeed supersymmetric, the coefficients by,
by and br must be related by bp = (244 +1)by, = 2A4(2A4 +1)by. Equations (4.15)

then implies that

1 -1
quq m +0(457), (4.22)

which diverges at Ay = 0. We can expand the boson propagator as

b ~
G (7) = mj% = by — bglog || + -, (4.23)

where b¢ = 2bgAy. The coefficient of the logarlthmlc term goes to zero as well as the
coefficients by, and bp, i.e. b¢ ~ by ~ bp ~ A

Comments on supersymmetry breaking: as noted earlier, the origins of supersym-
metry breaking in our model have to do with the need to regularize the boson self-energy
piece. While it may be intuitively hard to grasp why a quantum mechanical system has
UV divergences, the origins of the same, of course lie in the fact that the critical dynamics
drives the boson dimension too low. One can check that as long as Aposon > 3 there is
no divergence in the boson self-energy. However, from table 1 we see that thls does not
pertain in our conformal limit for any choice of q.

One way to think about the supersymmetry breaking is to first ask what are the
solutions to the truncated IR Schwinger-Dyson equations. We have a-priori seen that
solutions cannot be found respecting the constraints arising from supersymmetry, which
would demand Ay, = A¢+% and Ap = Ag+1in section 4.1. This observation then prompts
us to explore regularization schemes that will attain the fixed point solution, without
preserving supersymmetry along the RG flow. Put different, our choice of supersymmetry
breaking regularization is predicated upon the attainment of non-trivial fixed point in the
IR. Had we refrained from doing so the flow would have drifted away and we guess that
the result would be similar to the observations made in the context of bosonic models
in [16, 47, 63]. A consequence of this explicit breaking is that we do not expect a goldstino
in the low energy spectrum; the analysis of operator spectrum in section 5 will confirm this
intuition.

One might wonder whether the supersymmetry breaking phenomenon is peculiar to
the melonic dominance. In the context of quiver quantum mechanical theories, the authors
of [14] noticed a similar feature.'®> These models are qualitatively similar to the SYK family
of theories (with ¢ = 2, i.e., random Gaussian couplings for fermions) as already noted in
their discussion. The low energy Schwinger-Dyson equations in that case admit solutions
which preserve supersymmetry as well as those that break it. Arguments were given in
favour of the former circumstance being relevant in that context. At a cursory level this is
similar to our discussion where a-prioiri there does exist a solution with A, = 0. As argued
above we believe this solution is unphysical since the physical Green’s function diverges.

13We thank Juan Maldacena for recalling this reference to our attention.
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Figure 5. The leading 1/N correction to the four-point function of superfield ®4a.

Our numerical explorations also support the absence of a supersymmetric low energy fixed
point; the Schwinger-Dyson equations do not converge and at best could be suggesting the
existence of a trivial gapped phase.

5 Four-point functions and operator spectrum

We have seen that the strong coupling limit (5 J > 1) has emergent conformal invariance
with non-trivial anomalous dimensions for the fields as given in table 1. We now turn
to analyzing a part of the low-energy spectrum of the theory, organizing it in terms of
conformal dimensions in the IR effective field theory. Our analysis will be based on looking
at four-point functions of the elementary fields in the model, following similar analyses
in the SYK model literature [3]. For the fermionic channels, we will derive some new
results on fermionic SL(2,R) wavefunctions that we will need for the corresponding four-
point functions.

5.1 Resumming ladder supergraphs

Let us consider the four-point function of superfields ®4¢ = a1--ta-1

1 N
T a%:I (T (®4(X1) @47(X2) ®51(X3) 9P1(Xy)) ) o)

= N'G(X1, X9)G(X3, Xy) + F(X1, X, X3, X4) + O(N 7).

The leading term is a product of free super-propagators and is given by a disconnected
diagram. The sub-leading correction term F can be computed by summing over ladder
diagrams

F(X1, X2, X3, Xy) = an(X17X2,X37X4)7 (5.2)

n=0

where F,, is the contribution from the ladder diagram with n rungs.
The ladder diagrams with n rungs are related to the ladder diagrams with n — 1 rungs
by a recurrence relation

fn(Xl,XQ,Xg,X4):/dXdX’IC(Xl,Xg;X,X’)]-"n_l(X,X’,Xg,X4), (5.3)

where the kernel (X1, Xo; X3, Xy) is

K(X1, X5 X3, X4) = (g — 1) J1G(X1, X3) G(X2, X4) G(X3, Xq)7 2 (5.4)
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Figure 6. The recurrence relation of the ladder diagram F,,.

Since supersymmetry is broken in the IR, it is more convenient to work with component
fields, and expand the four-point function and the kernel as

F(X1, Xo, X3, X4) = FOP% (11,79, 73, 74) + 0109 ]'_WW(TLW,T&M) +-

. (5.5)
K(X17X2>X3a X4) - K¢¢7¢¢(7-177-277_377-4) + 9192 K¢¢7¢¢(7-177_27T377-4) +ee

The recurrence relation (5.3) can be written for the components in a compact notation
using a variable o to designate the fields, i.e., o € {¢ = &, 1, ¥, F = F}. We have:

FRto2o34 (11, 72, T3, T4) = Z/deT K727 (7, o7, 7') FO77 (7,7 79,ma) . (5.6)

O'O'

Let us denote (F7394)7192 = Fo1020394 ag g vector and (K)719293%4 = [7192,9304 a9 g

matrix. The recurrence relation (5.6) can be written in matrix notation as
F374 (11,72, 73, T4) = /deT, K(ri, my7, 7 ) BP0 (m, 7', 73, 7). (5.7)

The sum of all ladder diagrams is a geometric series, which can be resummed and
formally written as

o0
F737 =3 "K'FJ*% = (1 - K) 'FJ*o. (5.8)

Let us consider the conformal limit, and add a subscript ¢ to the four-point functions and
kernels. Denote the eigenvectors of the kernel K. by Wi, where the dimension # is related
to the eigenvalue of the Casimir operator that will be discussed later, and ¢ denotes other
quantum numbers. The eigenequation is

/deT/ K.(m1,70;7,7") \I!Z(T, 773, 74) = ki(h)‘l’;;z(Tl,TQ,Tg,Tzl), (5.9)

where k;(h) are the eigenvalues. The equation (5.8) can be rewritten in the basis of the

eigenvectors W j, as
<‘I’2aFZ’%"4>
F73%4 = v — (5.10)
B TR T

In the following subsections, we discuss various ingredients that appear in the above

formula, and make this formal expression explicit. In section 5.2, we discuss the eigenvectors
of the kernel K., which are organized by the conformal eigenfunctions of the IR conformal
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algebra. In section 5.3, we compute the eigenvalues k;(h) of the kernel K., and extract
the spectrum of operators that appear in the o1 x 0o OPE. In section 5.4, we compute
the inner products between the tree-level four-point functions F727*?* and the conformal
eigenfunctions, and give explicit expressions for the four-point functions.

5.2 Conformal eigenfunctions

As in the case of the SYK model studied in [1, 3, 21], the kernel K (71, 72; 73, 74) commutes
with an IR SL(2,R) algebra, whose generators D, P and K are

D=-10,~A, P=0, K=r%,+2rA (5.11)

This implies that the kernel also commutes with the Casimir operator built from the sum
of the SL(2,R) generators acting on 7 and 75

. . 1 . .
Cl+2 = (Dl + D2)2 — §{K1 + K5, P + PQ}. (5.12)

The SL(2,R) invariance of the kernel implies that the four-point function only de-
pends on the conformal invariant cross-ratio x = % and the ordering of the points
(11,72, 73,74). In particular, after partially fixing to the ordering 7 < 73 < 74 and 79 < 74,
the four-point function takes the form as a function of x times a suitable conformal fac-
tor.1 We will make a convenient (but somewhat non-traditional) choice for the prefactor

and define:
F51020304 (7’1, 72,73, T4> =V bol b02b03b04sgn(7—12)‘UIHUQISgn(T34)|03HJ4‘

X PTIT (1 1, g, 7a) FET ()
(5.13)

%(A12—A34) %(A12+A34)

1
’712’A1+A2‘7—34|A3+A4

724

713

723

T14

7)0'10'20'30'4(

T1,72,7T3, T4) =

where A;; = A; — Aj and |o] is an even (odd) integer if o is a boson (fermion). The
Casimir operator acting on this parametrization of the four-point function reduces to a
simple second order differential operator in terms of the cross-ratio:

CH_Q.FglJQ%(M (7‘1, T2, T3, T4> =/ bgl bg2bg3bg4sgn(7-12)‘01H02|sgn(7'34)|03‘|a4‘

X PoLo293T4 (T17 72,73, 7—4) C‘F51020304 (X)a

AA19A34x — (A12 + A34)2)(2

C=x%(1— )22 — X%0, + 0

X

(5.14)

We will continue to refer the differential operator C as the Casimir operator.

It is convenient to expand the four-point function in the basis of the eigenfunctions of
the Casimir operator C. The eigenfunctions of the Casimir operator are solutions to the
hypergeometric equation

C¥r(x) = h(h — 1)¥p(x). (5.15)

MFor the other orderings, the four-point function takes the same form as (5.13) but the function
FZ1929394 (v) may be different.
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To pick out the wavefunctions of interest we need to ensure that the operator C is
Hermitian. This however depends on the choice of norm imposed on the wavefunctions. We
will discuss Hermiticity with respect to four different norms, indexed by a pair m,n = 0, 1.
The norms are chosen to be:

1 [ dx m s e

Pt =5 [ sl (= 1)) £ (0800 (5.16)
Most of the discussion in the literature concerns itself with the (-,-)o,0 norm, which is the
natural inner product we can impose on bosonic wavefunctions. Two of the other norms
(-,-)1,1 and (-,-)1,0 become relevant when we have fermionic intermediate states in the 4-
point function. For each of the norms (5.16) and for a fixed eigenvalue of the Casimir
operator, there are two linearly independent solutions to the Casimir equation (5.15).
They are summarized in appendix B. The dimension A can be continuous h € % +iR*, or
discrete h € Z* and h € Z* + % For continuum states, the eigenfunctions have integral
representations (B.24), (B.33), (B.42), and (B.51).

Let us introduce the conformal three-point functions:

)y = sgn(710)"™ sgn(r20)" sgn(ri2)”

5.17
|7—10|A1+h*A2 |7-20|A2+h*A1 |7—12‘A1+A2*h ’ ( )

(01(71) 02(72)On (10
in terms of which the integrals (B.24), (B.33), (B.42), and (B.51) can be rewritten in the
shadow representation (after reinstating the conformal factors), using

P010203U4 7—177—277_377_4) \I/s( )

Vs (11, 72,73, T4) =
= /dTo (o1(11) 02(12) Op (10)) "0 (03(73) 34 (74) O1_n(70)) ",
VP (11, T2, T3, Ta) = PI17273%4 (11, 79, 73, T4) ¥ (X)
= /dTo (o1(1) 02(72) On(70)) ! (053(73) 04(74) O1—p(70)) 1

U2 (1y, 7o, T3, T4) = POL029394 (1 19, 73, 74) U2 (X)
:/mwmmmmmwwwwwwmma%mwm,
W7y, 1o, T3, T4) = PILO293%4
= /dTo (o1 71)02(72)Oh(70)>0’0’1 (03(73) 34 (7a) O1_p(70)) "M,

U (71, 7o, T3, 7a) = POLO273%4 (1 1y 13, 74) W ()
= /dTo (o1(71) 02(72) On(70)) " (053(73) 04(74) O1p (7))

U2 (11, 7o, T3, T4) = PLO29394 (11 19, 73, 74) U3 ())
= [ dn (o) ra(m)On (7)) (o) ra(r) 1)

7)0'10'20'30'4

\I/}Lg(T177_277_377—4) = 7—177—277_377_4) \Ijh ( )

(
(
(
(
(
(
(11,
(
(
(
(
(
(
(

= /dTo (o1(11) 02(12) Op (10)) 0 (03(73) 34 (74) O1_n(70)) """,
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q charged bosons neutral bosons

hig = 1,2, 221, 3.82, 4.30, 5.78, 6.32, 7.75, - - -

hip =1, 2.84, 4.79, 6.76, - --

hf\IB =0.832, 1, 1.84, 2, 2.91, 3.68, 4.18, 4.91, 5.64, 6.20, 6.91, 7.63, ---
hip = 1, 2.73, 4.66, 6.63, - - -

hig = 1, 1.34, 2, 2.78, , 3.44, 4.01, 4.77, 5.42, 6.01, 6.7, 7.41, - --

R =1, 2.50, 4.44, 6.42, - --

4 hcep =1, 3.46, 5.53, 7.56, - --

6 hes =1, 3.42, 5.48, 7.50, - - -

100 | hep =1, 3.33, 5.36, 7.37, - -

q charged fermions
ST
-t
6 hi = 1.17, 1.76, 1.83, 2.26, 2.44, 3.74, 3.75, 4.36, - - -
h% = 0.63, 0.83, 1.48, 2.75, 2.76, 3.33, 3.42, 4.74 - --
100 hi = 0.57, 1.19, 1.60, 1.77, 1.81, 2.30, 3.58, 3.58, - --

hZ = 0.82, 1.42, 2.59, 3.11, 3.26, 4.58, 4.58, 5.17, - - -

Table 2. Spectrum of first few low dimension operators for ¢ = 4,6 and 100 (rounded off to two
decimals). We have only retained solutions that lie in the range h > % As we discuss in the main
text there are no complex solutions for the bosonic states, but the h% branch of fermions has a pair
of complex roots (for ¢ > 4) which however do not lie on the principal continuous line h = % +1s.

= PoLo20304(

U (11, T2, T3, Ta) 1,72, 73, 74) U2 (X)

- / d1o (01(71) 72(72) On (1)) "1 {r3(75) 04(7) O1 (7)) . (5.18)

The eigenvectors of the kernel K.(71, m2;7,7’) are vectors, whose components are the
conformal eigenfunctions V3 (7, 7/, 73, 74), ¥4(7,7',73,74), ---. We would like to compute
the action of the kernel K. on the conformal eigenfunctions. For the continuum states, it
suffices to consider the kernel acting on the integrand of the conformal three-point functions
that appear in the shadow representation (5.18). The eigenvalues of the discrete states can
be obtained by analytic continuing the eigenvalues of the continuum states.

5.3 Spectrum of operators

As discussed in [1, 3, 21], the solutions to the equation k;(h) = 1 correspond to the spectrum
of operators that appear in the o1 x 0o OPE. Depending on the statistics and the U(1)g
charges of the component fields o7 and o9, the operators that appear in the OPE can
be charged bosons, neutral bosons, or charged fermions. In table 2, we summarize the
spectrum of the first few low dimension operators for ¢ = 4, 6, and 100.

Let us make a few observations about the spectrum:'®

e Among the neutral bosons in the spectrum, we universally find an operator with
h = 2, corresponding to the emergent conformal (time-reparametrization) symmetry
as in (2.8) in the IR. Away from the strict IR limit where the kinetic term is relevant,

15WWe are grateful to Igor Klebanov for raising important questions regarding the spectrum, especially the
stability of the conformal limit and the decoupling of certain modes (with h = 1) from the spectrum.
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as in the SYK model, it will acquire Schwarzian dynamics. In the dual theory this is
the part captured by the JT theory in the emergent near- AdS, region.

e The are additionally two operators with A = 1 in the neutral boson channel. One of
these corresponds to the conserved R-current which operates as a local phase rotation
in the IR, cf., (4.16). This symmetry appears in the presence of additional charges
as noted in earlier discussions [9, 10, 15]. The second h = 1 operator corresponds
to the local scaling symmetry (4.17) which is additionally present in our model. We

comment on these modes below.

e A slightly more peculiar operator is the h = 1 charged boson mode which arises in
the ¢ x ¢» OPE. A similar operator was found in [49]; its existence appears to be
accidental and we do not anticipate it being part of a new IR symmetry and will
argue below that it decouples from the spectrum.

e We also expect the theory to have O(N?) light-modes corresponding to the time-
dependent O(N)9~! rotations ®4¢ — > B, [M(t)]gg@BQ; however, these are not sin-
glets so we do not expect to see them in the OPE for the channels that we consider.

Let us discuss the h = 1 modes in the theory, which we have three of, with two being
neutral and one carrying a U(1)g charge. To understand their role one can work out the
OPE coefficient for this mode along the lines of [3].

e For the charged boson sector we find that the OPE coefficient is proportional to
cot(5h). As this vanishes for h = 1, we infer that the mode in question decouples
from the spectrum — similar observations were made in [9].

e One of the h = 1 neutral bosons behaves similarly. Naively one would like therefore
to argue that it too decouples from the spectrum. However, in this case as alluded to
above we have a local scaling symmetry (4.17) which was related to the fact that we
had a one-parameter family of conformal solutions, cf., (4.15). We believe that while
this mode decouples in the strict IR it returns to the spectrum once we step back and
include the kinetic term. This would be consistent with the interpretation offered
in [15] for the scaling symmetry to correspond to a redefinition of the supersymmetry
generators along with an effective action of the form J [(\(7) — 1)%dr.

e The third neutral h = 1 mode corresponds to the local phase rotations (4.16). This
symmetry is local only in the strict IR limit for the truncated low-energy Schwinger-
Dyson equations (2.7). Away from the conformal limit, it gets broken (as for the h = 2
reparametrization mode) to a global transformation, leaving behind the correspond-
ing pseudo-Nambu-Goldstone modes in the spectrum. The affine U(1) R-symmetry
is broken down to a global phase rotation with soft dynamics.

Before moving on to the details on obtaining the spectrum, let us also remark here that
we have checked that there are no bosonic composite operators with complex dimensions
on a wide domain of the complex h plane. In particular, the presence of such modes
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along the principal continuous series line of SL(2,R), viz., h = % + 45 would correspond
to states that violate the unitarity bound in the IR (or equivalently the Breitenlohner-
Freedman bound [67] in the AdSy geometry), and affects the stability of the fixed point.
Such complex modes were seen in earlier analysis of bosonic tensor models [48] in various
dimensions as well as in the bosonic SYK model in d = 2 [16]. It is reassuring to note that
the model is indeed free of such pathologies.

Furthermore, the bosonic states can be matched directly with composite operators:

e Composite charged bosons are identified with primary operators of the form 0"3™
with m+n > 0 odd. The spectrum of states roughly has dimensions 2k+142 Ay +¢€(q)
with k£ > 0 where €(q) — 0 as ¢ — oo.

e Composite neutral bosons in the singlet channel are primaries of the form 9™
with m +n > 0 even (as the singlet channel is symmetric under 71 <+ 72). Their
dimensions are 2k + 2 Ay + €(q) with £ > 0 and €(q) — 0 as ¢ — oo.

e Composite neutral bosons in the triplet channels come in three sets: (a) 9™d", (b)
" pO" ¢, and (c) "™ FO™F. For the first case, the derivatives are antisymmetrically
distributed between the two fermions, while in the latter two cases we symmetrize
the derivatives. The conformal dimensions approach 2k + 1 + 2A,, 2k + 2 A4 and
2k + 2 A, respectively, with k > 0, in the large ¢ limit. For ¢ = 4 the last set
involving the auxiliary field is not present due to F' decoupling.

It is easy to check the presence of states corresponding to every one of these primaries in
the spectrum (we only list the leading few in table 2).

The story for fermionic excitations in contrast is a bit more confusing. We have also
able to identify many of the fermionic excitations with primaries of the form 9™¢ 0" and
O™ F O™y, respectively. For instance the solution with A = 0.57 is a ¢ F' composite, while
the solution with A = 1.19 well approximates 1)0¢ (it is the one state that converges really
well at large q).

There are however other solutions which seem to fall outside this set. For instance,
we find some states with complex dimensions but these are off the % + is line. The precise
locations for different choices of ¢ do not seem to have any particular significance (for
instance the lowest such solutions are at h = 1.37 £ 0.37i for ¢ = 6 and h = 1.31 £ 0.551¢
for ¢ = 100 (there is no complex solution for ¢ = 4). We believe these to be benign and
not part of the spectrum. While we have not carefully analyzed the decomposition of the
4-point function in the shadow representation to see if these states would contribute, we
believe that the contour deformation arguments used for example in [3] can be used to
show that such modes do not correspond to physical states of the low energy theory. Let
us also note that the decoupling of the auxiliary field leaves a strong impact on the fermion
spectrum — for ¢ = 4 we have only two degenerate operators with real dimension. Overall
the fermion spectrum deserves to be understood better.
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5.3.1 Charged bosons

We first consider the four-point function ]—"él} www(n,v'g, 73,74). The ¥ x v OPE contains
bosonic operators of U(1)g charge 2 and decouples from other sectors. The recurrence
relation (5.6) specialized to this case is

fggww(ﬁ,mﬁg,m) = /deT/K2p¢’¢w(T1,T2;T, 7) fggﬂ_ﬁ#(ﬂ 7,73, T1), (5.19)
where the kernel Kép VP is
K;WW(ﬁ, To;73,74) = (g — 1) J? wa(ng) Gf:w(TM) Gf¢(7’34)q_2. (5.20)

Due to the fermion statistics, the four-point function FY is 0dd under exchanging
71 and 5. We consider the eigenfunction of the kernel (5.20),

sgn(7'12)
. 5.21
710|P|720| | 12| 220 R ( )
The eigenvalue is computed by
b Sgn(7'34)
drsdTy Kd’w’ww(n, T9; T3, T4)
/ ‘ 730|740 || 734 [0 "
en(h sgn(712) (5.22)

710/ |20 [T12 |22 R

kep(h) = (q— 1) b3b% 2T ko (280, 2 — h — 2Ay) k1 (28,1 — h),

where the functions k1 (A, B, 7) and k2(A, B, 7) are given in (C.3).
The spectrum of the charged bosons, that appears in the ¢ x ¢ OPE, is then given by
the solutions h = hcp to the equation

kep(h) = 1. (5.23)

The first few solutions to this equation are summarized in table 2. As noted earlier, there
is a peculiar marginal mode in this sector whose origin is mysterious.

5.3.2 Neutral bosons

We next turn to the four-point functions FZ1929394  with (o1,02) €

{(¢,0), (F, F), (¥,), (1,9)}. The (03,04) should also belong to the set
{(¢,0), (F,F), (,2), (¥,9)}, but the precise nature of the (o3,04) operators will
not materially affect the discussion below. The o1 X 09 OPE now contains bosonic
operators of zero U(1)r charge. The recurrence relation (5.6) specialized to this case gives

fg£0304 (7_17 72,73, 7_4) = / deT/ |:K(?¢7¢¢(7-17 T2;T, T/)f22i3104 (Ta 7-,7 T3, 7_4)

JFF . ! FFoso. /
+ KQM) (11,7057, T )fc,n_f’ 1,1 T3, T4)

c,n—1

+ ngﬂz}w(’rlv 72T, Tl) (‘F.’LZ}’IZJO-SU4 <T7 7—/7 73, T4) + 'F(f:fjiml (7—7 7_/7 73, 7—4)> :| )
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fgg0304(T1,T2,T3,T4) = /deT/ |:Kgn/_)’¢¢(7'1,7'2;7', T/).Fff?m‘(ﬂ 7'/,73,7'4)

+ KLU (ry, mos w7V F RO (7 7, 74)] :

cn—1

]{3‘?,?“3‘74 (11,72,73,T4) = /deT' |:ng’¢¢(7’1,7'2;7', ') $PI304 (1,7, 73,74)
+ KQWW(TL T T, T/)fc’;ff?i“ (1,7, 73, 7'4)] ,

FREoso (11,70, 73, 74) = /deT/KfF7¢¢(Tla 7o 7, T ) Fon (7 73, 7a) (5.24)

The primary kernels relevant to our computation and appearing in the above are
KLU0 = —(q = 1)79GE (11s) G (724) G2 (730) 2,
K299 = (g —1)(q — 2)J9 G2%(113) GL% (724) G¥¥ (34) G2 (134)7 2,
K00 = —(q = 1)(q = 2)T1 G () G (724) GV (74) G2 (730) 1,
KPP = (q = 1)J9GE% (113) G22 (124) G (134) T2, (5.25)
KIP90 = (q—=1)J1GIT (113) GEF (104) G2 (134) 772,
K299 = (q = 1)(q —2)(q = 3)J7 G2 (113) G2 (24) GL¥ (734) G2 (msa) ™
+ (g = 1)(q = 2)J7 G2 (113) G2 (24) GL T (734) G2 (134)172 .
The remaining kernels are determined by the relations

KO0V0 — [(O000 gIN00 _ jubios  gBvwd _ prvidy, (5.26)

Using the relations (5.26), it is convenient to organize the four-point functions as a
triplet and a singlet

Jrgﬁqﬁ% 04

Fefnes o givon || i - pivon, (520
fFF0'30'4
c

The kernels are organized as a 3x3 matrix
Kgbqb:qﬁqﬁ chx?zz_w K$HFF
QRYOd Yy 0 , (5.28)
Kf F,0¢ 0 0

which acts on the triplet, and the kernel acts on the singlet.

Triplet four-point function Let us first focus on the 3 x 3 matrix (5.28). The first
and third components of the triplet are even under the exchange 7 <> 7, while the second
component is odd under this exchange. Hence, we consider the vector
by
710/ | 20| 712 >0 "

bysgn(ri2) . (5.29)

|710|h|720|2|712|2Aw7h

F
IT10/" 20| 12?2 F P
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The 3 x 3 kernel matrix (5.28) acts on the vector (5.29) as the matrix

KPP0 R) R (h) k()

kkp(h) = [ 26779 (h) KPP% () 0 , (5.30)
kEE99 () 0 0
in which
kP (R) = (g — D030 2T ky (28,2 — b — 2A) k1 (28,1 h),

KOV (h) = (¢ —1)(g — 2)b2 by 2T k0(200g,2 — h — 2A) ko (24,1 — h),

(h) =
(h) =
KPP (h) = —(q — 1)(q — 20678 2T ky(200,2 — h — 28y) k1 (28,1 — h),
KPPTT(R) = (g — 1)brbd ™ T ko(284,2 — h — 2A4) k(28,1 — h), (5.31)
(h) = (q — 1)brbd T ko(2AF, 2 — h — 2Ap) ko(2AF, 1 — h),
(h) = (4= 1)(a—2) [(a— 36365 % + byt |
x JUko(204,2 — h — 2A4) ko (244, 1 — h).

RFF9%

k9999,

We would like to solve for the dimensions h = hip such that any of the eigenvalues
of kg (h) equals to unity. This is equivalent to the equation det(kkg(h) —1) = 0. The
first few solutions are listed in table 2. Amongst them we note the presence of two light
degrees of freedom corresponding to the local U(1) symmetry and the emergent conformal
symmetry with A = 1 and h = 2, respectively.

Singlet four-point function. Next, we consider the kernel KPP that acts on the
singlet in (5.27). The singlet is symmetric under the exchange 71 <+ 72. Hence, we consider
the symmetric eigenfunction

by
. 5.32
710|720 | 2| 12 22w P (5.32)

The eigenvalue is
kip(h) = —(g — Db3bE 2 k1 (284, 2 — h — 2Ay) k2 (244, 1 — h). (5.33)

The first few solutions h = h{p to the equation k{pg(h) = 1 are listed in table 2. As
noted earlier we have a single light mode with A = 1 in this sector corresponding to a local
scaling symmetry.

5.3.3 Charged fermions

Finally, we consider the four-point functions JF7'92983%4 with (01,02) =

{(¥,9),(¢,9), (¥, F), (F,¢)}. The (03,04) should belong to the set
{(¥, ), (¢,%), (1, F),(F,2))}, but the precise operators will be immaterial for what
follows. The o1 x 09 OPE contains fermionic operators of U(1) g charge 1. The recurrence
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relation (5.6) now gives

fzzjﬁg3g4(71,72,T3,T4) = /deT/ Kwdmdj(ﬁ,m;ﬂ 7' ffﬁfﬁ“(T',T, T3, T4)

T E i U

f7?¢0304 (7—17 72,73, 7—4) - / deT/ K¢¢7TZ¢(7—1’ T2, T, T ) J—_-'¢1¢0'3U4 (Ta T,a 73, 7_4)
. (5.34)
B SRR SSEA (RNl

e
fgfﬂgg“(ﬁ,m,rg,,m) = /deT Kde}(z)(Tl,TQ T, T )./quﬁa““(T, 7,73, 74),

f5¢0304 (Tla 72,73, 7—4> = / deT/KFw7¢1/; (7_17 T25T, T ) f¢¢0304 (7_7 Tl? T3, 7—4)7
where the kernels are given explicitly as

KY00 (71,1033, ma) = (0= 1)(0 = 2077 G (713) G2 (raa) GL¥ (734) G2 (734) ™,
KEPV(71, 70373, 74) = —(q = 1)(q = 2).J1 G2 (m15) G2 (m24) GE (m30) G2 (m34)7 2,
KPP (71,7037, 74) = (@ = 1T GE¥ (113) G22(724) G2 (734) 72,

K500 (1, moims, ma) = (g = )T G (ri3) GE ¥ (raa) G2 (7)1 2,

K& (r1,ma 73, m4) = (@ = 1)T9 G2 (1) GLY (04) G2¥(734)1 2,

KEov( ) = (g = 1)J7GEF (713) G (r24) G2 (m34) 2.

(5.35)

T1,72;73,T4
The kernels form a 4 x 4 matrix

0 Kv6e0 [uUedF
Kovds 0 KOFY
KYFdo 0 0

0 KFvev 0

(5.36)

We consider the vectors

v/ bybgsgn(Tio) v/ bybgsgn(T20)sgn(r12)

A¢+h7A¢ ‘720‘A¢+h7AL/} |7_12|A¢+A¢7h Aw+h7A¢ ‘720‘A¢+h7A¢’ ‘le‘AdﬂLAd)fh

710l IT10]
v/ bybgsgn(T20) \/bybgsgn(Tio)sgn(Ti2)
A¢+h7A.¢} ‘TQO‘Awﬁ»thé |T12|A¢+Aw7h ‘Tlo‘Adfkthw ‘TQO‘A¢+h7A¢ ‘le‘AqvaAwfh
v/ bybrsgn(To)sgn(T12) ’ v/ bybrsgn(Tio)
Ay Th—Ap |720|AF+h_A"¢’ |7-12|Aw+AF_h |T10|A¢+h_AF |TQO|AF+}L—Aw ITIZIAw+AF—h
\/bybrsgn(Tio)sgn(Ti2) v/ bybrsgn(T2o)

BFFF=B | oo [S6FRBF 1, |BuFAF T BFFF=B |10 [S6FFBF 1, |RuFAF T

|10l

[710]

[710] [710]

(5.37)
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The kernel matrix (5.36) acts on the vector as the matrices

0 KRy BTy o

T I B
K)o 0 0 ’
0 KYMm) 0 0
0 KM KPR 0
R B
K2(h) = KOy 0 0 KYT(h)
kyTY(h) 0 0 0 ’
0 KYMm) 0

where the components are

(5.38)

KPP () = —(g=1)(g— 2205 T k(2D 2= h— Ay — Ay) Fo(28, 1~ h— Mg+ Ay),
KPPV (h) = —(q—1)(q— 200305 2T ki (2—h—Ag— Ay, 20) ka(28y, 1—h+ Ay —Ay),
KYOYE (h) = —(q=1)\/02bpb20 20 ka(28, 2—h— Ay —Ay) ko(28g, 1—h— Ay +Ay),
KPP (h) = (q—1)y/b2bpb2 2 T k1 (28, 2—h—Ap—Ay) ki (1—h+Ag— Ay, 2AF),
BT (h) = (g 1)\ 02 0pb2 2 0k (2—h— D= Ay, 20) ko (20, 1—ht- Dy —Ay),
(h) = —(a= D806 209 ko2~ h—Ap— Ay, 2A5) k1 (284, 1-h— Ayt Ay),
BYS90 (h) = (q—=1)(q— 20365 T k1 (284, 2= h—Ag—Ay) ka (1—h—Ag+ Ay, 210,),
(h)
(h)

= (q=1)(q—2)b3b% 2T ko(2—h— Dy — Ay, 284) k1 (20, 1=h+ Ay —Ay),
= (q—1)y/b2brbi 2 J k1 (200, 2—h—Ay—Ay) ky(1—h—Dg+ Ay, 2A),
(h) = —(g—1)\/b2brb3 > T kg
(h) =—=(q=1)

(
JO2bEbS T ko (2—h— Ay — Ay, 280) ki (284, 1—h+ Ay —Ay),

ky "7 (R) = (q—1)\/b2brbl Tk (2—h—Ap— Ay, 28 5) kay(28y, L—h—Ag+Ay),

20y, 2—h—Ap—Ay) ko(2Ap, 1—h+Ay—Ay),

(5.39)

We denote the solutions to the equation det(ki(h) — 1) = 0 and det(kZ(h) — 1) = 0 by

h = hi and h = h, respectively. The first few solutions are listed in table 2.

5.4 Four-point functions

In this section, we collect all the ingredients and write down explicit formulae of the four-

point functions. First, the nontrivial tree-level four-point functions are

204 X 2Ap
FFFF 2A
, Feo () =X+ ‘x 7

A X
]'—%M(X) = [x[*% + ‘X—l

9

o 2A, o
X X
Feo " (x) = —sen (X - 1) ‘x | F00 = —sen(o
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24,
X X
]:"‘Z’d”/)w( ) _Sgn(x)‘XPAw — sgn <X — 1> 7){ 1 s (540)
_ Agt+Ay
X
FEEP00 = — It im0 = ’ -1
i} . Art+Ay
Foo () = —[x|Artae, FigPF () = —sgn(1 - x) 1
The inner products of them and the conformal eigenfunctions are
1
(W5, FL" )00 = —k2(28y,2 = h = 28,)k1 (28,1 h),
1
(T3, F25 V00 = SF0(286,2 = h— 28)ko(284,1 — ),
(W3, FFFF}&O (w5, ‘;¢¢¢ 00‘A¢+AF’
(W, FUOUP 4 FRUR o w, FUEY )
(W, FLOW0 — FOY 00 = ~ki(28y,2 — h — 28y )ka(2Ay,1 — h),
(OB, Fy 0 = —§k1(2 —h— Ay — Dy, 20¢) k2 (284, 1 — h+ Ay — Ay),

(Wi, FU, <q,23 FEOT)
(W3, T 0 = —5k1(2 —h— Ay — Ap, 280k (280, 1 — h+ Ay — Ap),

1
(U183, FIUOFY, | = k(2 —h = Ap = Ay, 28p)ko(1 = Ap = Ay + 1, 28y).

(5.41)
Let us define the linear functionals
4h — 2 4h — 2
7, £(h ‘ h),
fH/ S rtanzh f )h=%+z‘s+ Z w2 f(h)
he2Z+
4h — 2 4h — 2
7, F(h ‘ h),
f'_>/  rtanth ut )h:%+is+ Z 2 f(h) (5.42)
he2Zt -1
2 —4h 4h — 2
f(h ) h).
fH/ % rcotwh ut )h:%Jris Z 2 f(h)
heZt+3
The four-point functions are written explicitly as
. (0, FL 00 .
FEP¥Y(x) = Is#q’ (),
CB
]:ébqﬁdsm(x) (W, -7:¢¢U3U4>0,0\I]S(X)
) ) -1 030. g30.
FLUTo () 4 FE () | = T [1= K] T | (0 FLE £ FL 00 () |
]:‘CFFascn; (X) <‘1JS?]:£0FUBU4>070\IJS(X)
o o \lja’f_‘d“/_WJJ o JT_'TZ_JWMZ
F () - Fpoig =7, e e D0ty
1 - kg
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C¢>w i(X) (w13 féwqﬁz)l,l‘lllg()()

. _

]:C _(X) — IF [1 _ k]]?:*] -1 <\I]23, Fgﬁ¢¢w>170\1’23(><) ,
FE (0 0

FE ) 0

FE () 0

]:ébwa(X) 271 0

FEVE(y) (023, FEFTY 00 (y)

where the matrices kig(h), ki(h), k&(h) and the functions kcg(h), kig(h) are given
explicitly in the previous subsection.

On the second and third equations of (5.43), the h = 2 and h = 1 terms in the sum
over discrete states diverge, because det(kkp(2) —1) = 0 and k§(1) = 1. They correspond
to the soft modes associated to the emergent time-reparametrization symmetry and the
local U(1) R-symmetry. The proper treatment of the contribution from the soft modes to
the four-point functions requires moving slightly away from the conformal limit [3, 11].

6 Discussion

The primary thrust of our analysis was to examine the interplay between melonic dom-
inance in a class of supersymmetric quantum mechanical models with dynamical bosons
and supersymmetry. Somewhat curiously we find that these theories do not exhibit any
particular simplification with the inclusion of supersymmetry and in fact non-trivial low
energy vacua are non-supersymmetric. One might somewhat facilely characterize the sit-
uation as melonic supertensors not wanting to be supermelonic. Modulo this peculiarity,
we find that they behave for all intents and purposes like the melonic tensor models ana-
lyzed in the literature. More specifically, there is a non-trivial conformal fixed point with
a spectrum of singlet operators that can be computed. The low energy dynamics has an
emergent time-reparametrization symmetry and an affine U(1) R-symmetry, in addition
to a peculiar local scaling symmetry. The latter symmetry has also been noticed in other
supersymmetric constructions [15].

The origins of supersymmetry breaking in our system are in the regularization scheme
we employ to attain the low energy conformal fixed point. In this sense the IR theory
has explicitly broken supersymmetry and therefore no associate goldstino modes in the
spectrum. Supersymmetry restoration occurs only in the deep UV where the kinetic term
dominates over the interaction term. We did note that there exists a formal solution to the
Schwinger-Dyson equations with spectrum appearing to preserve supersymmetry. Upon
closer examination we find that the Green’s function actually diverges in this limit, lead-
ing us to discard this solution. The situation we encounter here is analogous to earlier
observations made in quiver quantum mechanical models [14] as noted at the end of sec-
tion 4, where also one finds supersymmetric and non-supersymmetric low-energy vacua. In
that context, however, the authors argue the supersymmetry preserving vacuum to be the
appropriate one, in contrast to our discussion, where this seems to be untenable.
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Along with establishing the existence of a non-supersymmetric fixed point, we have
also computed the spectrum of composite operators in the theory in the singlet sector. The
spectrum is free of any pathologies (all bosonic composite operators have real conformal
dimension) and shows the low energy fixed point to be stable. We do find some curious
features involving fermion composite operators — there are some solutions to the eigen-
value equation with complex dimensions, but these we believe are not part of the spectrum
as they do not propagate in the intermediate channels. In the process of computing the
spectrum, we have also derived explicitly the expressions for the four-point functions of
the fundamental tensor fields of our model. This information suffices for instance to read
off the chaos correlator as in [3] and note that the leading contribution comes from the
reparametrization mode as expected. This observation further lends support to the argu-
ment of [50] who noted that the out-of-time-order four-point function that captures the
growth of chaos in the system continues to be exponential and saturates the chaos bound,
despite the presence of O(N?) light non-singlet states.

One can also engineer disordered SYK models where we encounter similar behaviour.
For instance, we can take a N' = 2 N-component real vector superfield ® and construct a
SYK action with random couplings, viz.,

/1 . . , .
S = /d7d9d9 <2D9(I)ZD9(I)Z + jz’1...iqq)“ . <I)’q> , (6.1)

where ¢ must be an even integer for the action to be bosonic. The couplings j;,..;, are
independent Gaussian random variables with mean zero and variance ( jz-zl__iq> = %J aNi-a,
By a similar argument as in [37, 38|, one can show that the leading large N limit of this
theory is dominated by the same set of melon diagrams as in the N’ = 2 tensor model
introduced in section 3. This suffices to infer the existence of a supersymmetry breaking
vacuum.

One can also attempt to relate the construction of the A/ = 2 SYK model studied
in [15] to our analysis. Consider a Fermi superfield T and its complex conjugate T which
satisfy the conditions

DY =0, DY =0. (6.2)

The Fermi superfield T can be expanded in terms of component fields as
T =+ 0F 4 000, (6.3)

where ) is a complex fermion and F' is a bosonic auxiliary field. We could take a model of
N Fermi superfields Y? having an action

S = /deG_TiDgTi+iq_21/dT [/ df jiy 5 Y- Y +/d0_j§‘1miq”fil---“fiq . (6.4)

The couplings j;,...;, are independent complex Gaussian random variables with mean zero
and variance <jz‘1...z‘qu1..,¢q> = %JNI_‘]. In this situation ¢ must be an odd integer for
the action to be bosonic, and it is therefore unclear how to promote this to a melonic

tensor model.
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We have primarily analyzed models with two supercharges, so one might wonder if
the situation can be improved, vis-a-vis supersymmetry preservation, by working with a
different number of supercharges. While our analysis has not been exhaustive, we find that
extended supersymmetry fails to help (a preliminary analysis is reported in appendix A).
The trouble here is that a superfield interaction term which one naively one expects to
be melonic, results in derivative couplings. In addition we do not anticipate the bosonic
sector of the theory to behave any better than in the N' = 2 case. More importantly,
all extended multiplets will generically contain dynamical bosons which, as we have seen,
is problematic. This suggests a general lesson that melonic dominance is intrinsically at
tension with supersymmetry. One might wonder if this is further suggestive of such theories
not naturally being embeddable into string theory.

Another natural question is whether the melonic tensors can be used to construct novel
fixed points in higher dimensions.'® Analysis of bosonic models in [48] reveals some intricate
interplay, and potentially suggests the existence of a fixed point in the neighbourhood of
d = 3 dimensions at large N. Analysis of the ¢ = 4, N/ = 2 model uplifted to d = 3
similarly reveals a weakly coupled large IV fixed point in the e-expansion. In attempting
to gauge the large global symmetry of these tensor models, one might wonder if in d = 3, a
suitable Chern-Simons tensor model would lead to a new class of conformal field theories.
It is easy to see that the Chern-Simons couplings will lead to interactions that are non-
melonic (for instance, the so-called pillow vertices arise after integrating out the gauge field
or auxiliary fields). Taming these appears to drive one towards the weak-coupling limit of
the Chern-Simons gauging, suggesting the absence of a non-trivial fixed point. We hope
to report further on these constructions in the near future.

Finally, let us note an interesting corollary of our analysis which could potentially
have bearing in more familiar contexts of the AdS/CFT correspondence.'” The fact that
we have a theory with two supercharges with a supersymmetry broken vacuum could have
implications for counting black hole entropy for 1—16 BPS black holes in AdSs x S°. The
current status quo for these black holes is that they are supersymmetric solutions of Type
IIB supergravity with O(N?) entropy. But field theory analysis reveals both the index [68]
and explicit enumeration of states (preserving 2 supercharges) at small N [69] to have
far fewer states falling short of the black hole entropy. The analogy to draw here would
be the potential for supersymmetry breaking effects due in the 1/N expansion (either
perturbatively beyond leading order or non-perturbatively) could make the supergravity
solutions fail to be supersymmetric in the full quantum theory. Whether this is really the
case, remains to be explored, but the class of models discussed here and in [14] leave open
this intriguing possibility.
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A Tensor models with various supercharges

We undertake a quick examination of tensor models with different amounts of supersymme-
try to demonstrate that the model considered in the main text was the ideal starting point.
In particular, we will show that with A/ = 1 supersymmetry we do not get a reasonably
quantum theory with melonic couplings. Likewise increasing the supersymmetry to N' = 4
fails to help for we end up with non-linear interactions that prevent the solvability of the
large N theory.
First, consider an N’ = 1 supersymmetric model with fermionic superfield (along the
lines of [15])
WAa(t,0) = opa(t) + 0 b (1), (A.1)

that transforms in the (¢ — 1)-fundamental representation of O(N)9~! with ¢ > 4 even.
As we want melonic dominance we should ensure that the index contraction follows the
all-body coupling described in the text. It is easy to see that the only way to do this is to
have a superpotential term W (¥4¢) = [L9]. Integrating this over superspace will give us
the desired action, which including the kinetic term takes the form:

1 1
S = /dtd9< - prAqD\yAq +g[‘llq]>
q

— / dt (;quatqu—;bAquq+gl > seu(o) [lnb“])

perms. o

(A.2)

where D = 0y + i00; is the superderivative and the sum runs over all permutations o € S,
of b. However, since ¢ is even, this gives a potential with an odd number of fermions, which
does not lead to a sensible theory.

Alternatively, we can consider higher supersymmetry, for instance, N = 4 supersym-
metry. Focusing for simplicity on ¢ = 4 we have the bosonic superfield

cpabc — ¢abc +9° &gbc o éa (wabc)a + Haég (BabC)C,By

i ) 7,abc) ¢ ioan o abc 1 N0\ 92 4abc (Ag)

L (00)8a0,(57)" — S(00)9° el + - (60)(80)F o,
where ¢®¢ is a bosonic field, (BabC)Q = (ai)ngbC are three auxiliary bosonic
fields, and (%)%, (®¢)® are four fermionic fields.  Naively, this model seems

very interesting since the expansion of the superfield with tetrahedral contractions,
parbier parbaca pasbrcz azbacr ip terms of component fields includes interactions of the form
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Pparbicrgharbaczgyasbieagazbacr wwhich is analogous to the original interaction of the fermionic
tensor model [38]. However, interactions of the form: @101¢1gabzczgazbiezg2gasbocr and
(parbren)a(gpabacz)pazbica gasbeer which are present lead to pathologies.

Attempts to write down models using non-linear o-model intuition (cf., [70]) fails owing
to having to engineer melonic index contraction of the tensors. As such it is not clear how to
proceed to write down models with higher amounts of supersymmetry that lead to solvable
Schwinger-Dyson equations. Based on these arguments it should be transparent that this
problem is only exacerbated for higher supersymmetry.

B SL(2,R) invariant wavefunctions

The solutions to the Casimir equation (5.15) take the general form
Uy (x) = (1 — y)z(Brz-da0) [A(h) X" oFy (h+ Ava, h — Asg; 2k X)

+B(h) x! "o Fi(1—h+ A, 1 —h— Asg;2—2h:X) |,
(B.1)

where A(h) and B(h) are integration constants. Demanding that the Casimir operator C
has real eigenvalues, the dimension h can take the valuein h € Ror h € %—&—iR. Due to the
obvious symmetry h — 1 — h of the Casimir equation (5.15), we can restrict the possible
values of dimension A to be h > % or h € % +iRT.

The eigenfunction Wy (x) is not analytic at x = 0,1 and oo, which correspond to the
points Ty = 71, 73 and 74, respectively.'® Consider the three regions y < 0, 0 < x < 1, and
1 < x. The constants A(h) and B(h) in different regions are in general different. A set of
matching conditions, that relates the A(h) and B(h) in different regions, can be derived
from the Casimir equation at ¥ = 0,1,00 and the hermiticity condition of the Casimir
operator.'? On functions f(x) and g(x), the hermiticity condition reads

o
0=1(Cf,9)mn — (f,Cglmn = ;/ dxsgn(x™ (1 = x)") Ox [(1 = x)(f*Oxg — 90x )],
~ (B.2)
where the integrand is a total derivative. The integral has “boundaries” at x = 0%, 1%, 4-00.
We need to ensure that the boundary terms all cancel. We will first analyze the three
different limits and then assemble the eigenfunctions used in the main text. For technical
reasons, we will assume |Aqa],|Asy] < % We leave the analysis for general Ao, Asy to

future work.

B.1 Matching conditions

We examine the Casimir equation in the neighborhood of the boundaries of the three
domains discussed above. As with any Schrédinger equation we will see that the matching
conditions will relate the expansion coefficients across domains, and potentially could give
a quantization condition for the eigenvalue h.

8Recall that we chose a time ordering 7 < 73 < 74 and 72 < 74 which has three possible coincidence
limits as listed.
19We thank Douglas Stanford for a useful discussion on the matching conditions.
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B.]_.]. X = 1

In the limit y — 1, the Casimir equation (5.15) reduces to

52
8x [(1 - X)ax‘l’h(X)] - m‘l’h(X) =0, (B.3)
where 0 = Ao — Aszy. The field redefinition,
W (x0) = [1— x| 72Mlpn(x) | (B.4)

results in ¢y (x) satisfying the following equation near y = 0:

A\ [(1 = x)OxPn(x) + 18lén(x)] = 0. (B.5)

The solutions are simply:

ar- (R)(1 —x)® +by-(R) for x—1-,
§#0: on(x) =
aps (W) (x — VPl + b4 (h) for y — 1T
(B.6)
a;-(h) +b;-(h)log(1 —x) for x — 17,
6=0: on(x) =
a1+ (h) + by+(h)log(x —1) for x — 1T,

To obtain the matching between the coefficients a;+ and b4+ we can first integrate the
Casimir equation (B.5) from x =1 — € to x = 1 + € for € > 0. In the limit ¢ — 0, we find

b(h) = by-(h) = by+(h). (B.7)
The hermiticity condition (B.2) for f = ¥, and g = \IITL implies

(1= X) (U0 T3 — T30, T} = £(1 — x) (T30 U7 — T30, }) , (B

x—1* x—1-

which further constrains
a;-(h) = £ay+(h) + cb(h), (B.9)

where c is a real number, the + sign is for the norms (-,-)p and (,-)1,0, and the — sign
is for the norms (:,-)p1 and (:,-)1,1 defined in (5.16). The zero-rung four-point function
F5t72739 has no discontinuity at 7 = 73, so we would use the conformal eigenfunctions
with ¢ = 0. We will refer to the matching condition with the + sign as the “standard
matching condition”, and with the — sign as the “twisted matching condition”.

B.1.2 x — *oc0

The analysis in the limit y — doo is parallel to the above. First, note that the Casimir
equation reduces to

52
X*OTR(X) + X03Th(x) = 7 ¥a(x) =0, (B.10)
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where § = A1s + Aszy. The redefinition

L4
n(x) = IXI™ 2 en(x) (B.11)
results in a simple equation for the function ¢ (x) as x — £oo, viz.,
O [X0en(0) + (L4 ) xen (0] = 0. (B.12)

The solutions to (B.12) are easily determined to be

_ A+oo(h)x_l_‘g| + Bioo(h)x™t for x — 4oo,
0#0:  onlx) = -
A o) VP B_(h)x™! for x — —oo,
(B.13)
~ Asoo(M)X ™+ Byoo(h)xMlog(x)  for x — +oo,
0=0: onx) =
A_oo(R)X 1+ B_oo(h)x tlog(—x) for x — —oo.
We integrate the Casimir equation (B.12) along the region x € (—oo, —A] U [A, +00)
for A > 0. In the limit A — +00, we obtain the condition
B(h) = B_(h) = Bioo(h). (B.14)
The hermiticity condition (B.2) implies
X(‘PZ&X\I/M - \I/h/é?x\ll;i) = :tX(\I];;aX\IJh’ — ‘I/h/ax\p;kl) 5 (B15)
X—+00 X—=—0
which further constrains
A_so(h) = £A1o0(h) + c¢B(h), (B.16)
where ¢ is a real number, the + sign is for the norms (-, )o0 and (-,-)1,1, and the — sign
is for the norms (:,-)p1 and (:,-)1,0 defined in (5.16). The zero-rung four-point function
Ft7278%% has no discontinuity at 7 = 74, so we would use the conformal eigenfunctions
with ¢ = 0. We will refer to the matching condition with the + sign as the “standard
matching condition”, and with the — sign as the “twisted matching condition”.

B.1.3 x=0

The Casimir equation at y = 0 does not give any useful condition. In the x — 0 limit, the
solution to the Casimir equation takes the form as

Ao+ (R)X" + Byt (h)x' " for x — 07,
Uy (y) = (B.17)
Ag- (=) + Bo-(W)(—x)"™" for x =0~

The hermiticity condition (B.2) implies

(V505U — Wy 0, U7) = (070, ¥y — W0, V7)) . (B.18)
x—07+ x—0
Plugging (B.17) into the above equation gives
1
BO+ (h) == 0 = Bo— (h) When h > 5 5 (Blg)

which will end up picking out k € Z* or h € Z* + 5. The condition (B.18) does not give
any constraints when h € 1 4 iRT.
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B.2 Solutions

In this subsection, we use the matching conditions discussed in the previous subsection
to determine the bases of conformal eigenfunctions with respect to the four different
norms (5.16).

B.2.1 Bosonic wavefunctions

(*y+)0,0 norm: let us start with the region 0 < x < 1. General solutions to the Casimir
equation can be written as linear combinations of the following two conformal eigenfunc-
tions as in (B.1). To wit,

h — A34)F(h + A34)
T(2h)
X X"2F1(h + Ava, h — Agg; 2h; )
T(1—h— A)T(1 — h+ Ap)
(2 — 2h)

1 T
Vs (x) = 5(1 — X)%(A”_AM) ( (1 + cosmAsysecTh)

(1 — cosmAj2secTh)

X Xl_thl(l —h+ Alg, 1—h-— A34;2 — 2h,X) ,

(B.20)
n(x) = %(1 — x)3(Biz=Ra) L(h - A?();L()h ) (—1 + cosmA3zg sech)

X X" F1 (h + Aqg, h — Asg; 2h; X)
T(1 = h— Ap)T(1 = h+ A)

T2 —2n) (=1 — cosmAasecTh)

X Xl_h2F1(1 —h+ Alg, 1—h-— A34;2 — Qh,X) .

Applying the standard matching condition at y = 1, we obtain the conformal eigenfunctions
U? and ¥$ in the region x > 1,

W (x) = — m(x — 1)%<A12*A34)Xh csc (5 (A1 — Agy)) sin (5 (h— Arz)) esc (5 (b — Azg)) T (1 — h+ Aa)
h 2 (1+A127A34)F(17}L+A34)

X 9P (h+ A1z, h — Azg; 1+ Agp — Azg;1 = x)
m(x — 1)%(A34_A12)X1*h csc (5 (A1 — Agy)) cos (5 (h+ Asg)) sec (5 (h+ A12)) T (h + Asy)
2 (1 — A12 + A34) I (h + Alg)
X ol (1 =h—Ap,1—h+Az51 — A+ Az 1 —x),
a( ) _owm(x — 1)%(A‘2_A34)Xh csc (% (A2 — A34)) coS (g (h — Alg)) sec (g (h — A34)) I'(1—h+A)
h\X) = 2F(1+A12—A34)F(1—h+A34)
X oF1 (h+ A2, h — Agg; 1+ Agp — Agg; 1 — )
_omx - 1)%<A"’47A12>X1*h csc (5 (A2 — Agg)) sin (5 (h+ Asg)) ese (5 (h+ A12)) T (h+ Asg)
2 (1 — Aqg + A34) T (h + AIZ)
><QFl(l—h—Alz,l—h+A34;1—A12+A34;1—X).

+

(B.21)
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Applying the standard matching condition at y — 00, we obtain the conformal eigen-
functions W3 and V¢ in the region x < 0,

F(h — A34)F(h + A34)
T'(2h)
X (—=x) "o F1(h 4+ Ajg, h — Asy; 2h; X)
L(1—h—=Ap)I(1—h+Ap)
T(2 - 2h)

1
Uy (x) = 5(1 — X)%(AerS“) (14 cos mAgy secTh)

(1 — cosmAqgsech)

X (=) i (1— h+ Apa, 1 — b — Asg;2 — 2k x) |,
F(h — A34)F(h + A34)
I'(2h)

X (=x)"9Fy(h + Arg, h — Asy; 2h; X)
F(l —h— Alg)F(l —h+ Alg)
['(2 — 2h)

1
\Ijﬁ(X) = 5(1 — X)%(AIQ_AM) (1 — cos A3y secwh)

(1 + cosmAqgsecmh)

X (=x) TP (L — h+ App, 1 — b — Agy;2 — 2R ) |-

(B.22)
The conformal eigenfunctions ¥} and W§ satisfy the equations
) = (cosmAj2 + cosh)I'(h — A12)'(h + Alg)\ys( )
1-hX) = (cosmAzy + cos Th)T(h — Azg)T(h + Azq) " X5 (B.23)
“ () = (cosmA1y — cosTh)T'(h — A12)T(h + Alg)\ya( ) ’
1=n\X) = (COS?TA34 — COSWh)F(h A34)F(h+ A34) BAX)-

Hence, we can restrict the possible values of dimension h to be h > % or h € % +iRT.
When h > %, the matching condition at x = 0 constrains the dimension to be h € ZT. We
will refer to the conformal eigenfunctions with dimension h € Z* as discrete states, and
the conformal eigenfunctions with dimension h € % + iR as continuum states.

For the continuum states, the conformal eigenfunctions ¥} and ¥4 have integral rep-

resentations as

w%)—l/md "

" yhAA”+hhf—yW*A”Hf—mAM+O*m| — x|2 (A Aa) (B.24)
@%m_l/“d [x|"sgn(y)sgn(x — y)sgn(1 — y)sgn(x)

' 2o T fyuathlx — gt a1 — ylAaskm |1 - y|2(Brmde

The inner products of the continuum states are

(W35, W3,)0,0 = Ny(h) x 2mi 6(h — K),
(q/z, \I/?l/>0,0 = Na(h) X 211 (5(h — h/), (B.25)
(¥, ¥h)oo =0,

40 —



where the functions Ng(h) and N, (h) are

tanh
N, (h) = 2nmh B
(h) =5 =1y (08 ™A1z — cosTh) (cos TAgs + cosh)
xT'(1—h+A12)(1—h—A1)(h+ Asg)T'(h — Asy), 5.26)
tanh .
N, (h) =7 -
(h) 2(2h — 1)7T(COS A1z + cosh)(cos TAgy — cosh)

X F(l —h+ A12)F(1 —h— A12)F(h + A34)F(h — A34).

For the discrete states, the conformal eigenfunctions ¥j and ¥} are proportional to
each other

A
tan <7T 234> U7 (x) = —tan <7T§12> We(y) for he2Z",

A A (B.27)
tan (” 2”) TS (x) = — tan <7T 234) Wi(x) for he2ZT —1.

When Ajp = 0 and Azs # 0, ¥$ is non-normalizable when h € 277", and Uy is non-
normalizable when h € 2Z% — 1. When Ay # 0 and Agy = 0, U} is zero when h € 2Z7T,
and U$ is zero when h € 2Z% — 1. The inner products of the discrete states are given by

dNy(h)
H 8/ — (5 /. B28
(U, Whi)o0 T Onh (B.28)

(*y+)o,1 morm: let us start with the region 0 < x < 1. General solutions to the Casimir
equation can be written as linear combinations of the following two conformal eigenfunc-
tions as in (B.1). To wit,

(Ars—Agy) | L(h = A30)T(h + Azy)
T(2h)
x X" Fy(h + Aqa, h — Agg, 2h; X)
(1 —h— A1 —h+ Ag)
T2 2h)

1
g’/?(X) = 5(1 - X)% (1 + cosmAgysecmh)

(—1 — cos TtAqg sech)

X XM (1— h 4+ Arg, 1 — h — Asy, 2 — 2k ) |,

(B.29)
(A12—Ass) I'(h — Asg)T'(h + A34)

T(2h)
X X"oFi(h + Arg, h — Asa, 205 X)
F(l —h— Alg)r(l —h+ Alz)
F(2 — Qh)

1
pt(x) = 5(1 - X)% (—1 4+ cosmA3zy sech)

(1 — cos A2 secwh)

X Xl_hQFl(l — h—i—Alg,l —h— A34,2 — 2h,X) .
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Applying the twisted matching condition at y = 1, we obtain the conformal eigenfunctions
\IJ,IL2 and 11124 in the region y > 1,%°

m(x — 1)%(A12*A34)x}" sec (5 (A1z — Agq)) cos (5 (h — Ara)) s (5 (h— Asgg)) T (1 — b+ Ayg)

U0 = - F(1+ A —A3) (1 —h+ Azg)
X oF1 (h+ A1z, h — Azg; 14+ A — Agg; 1 — )
L= 1)2(Bsi-d0)yIhgee (T (Agy — Agy)) cos (% (h+ D)) csc (5 (h+ Ar)) T (h+ Asy)
F'(1—-Ap+Az) T (h+ A)
X oF1 (1 —h— A2, 1 —h+Azs;1 — A2+ Azg;1 - x),
Uit (x) = — m(x = 1)2 (82 Ay see (3 (Arz — Aga)) sin (5 (h = Auz)) sec (5 (h — Aga)) T (1—h + Aro)

F(1+A1—A3)T(1—h+ Azy)
X oF1 (h+ Ay, h — Agg; 14 A — Aggs 1 — )
m(x — 1)2(83-812)\ 1=h e (T (Agy — Agg)) sin (5 (h + Aga)) sec (5 (h + A12)) T (h + Agy)
T(1— A+ As) T (h+ Arg)
><2F1(1—h—Alg,l—h+A34;1—A12+A34;1—X),

+

(B.30)

Applying the twisted matching condition at x — £oo, we obtain the conformal eigenfunc-
tions \If}f and \1'24 in the region x < 0,%!

(A12—Az4) I'(h — Az))T'(h + Asa)

I'(2h)
x (—x)"2F1(h + Ava, b — Aga, 205 X)
MN1—h—Ap)T(1—h+ A)
(2 — 2h)

1
‘1’}120() = 5(1 - X)% (1 + cos A3y secwh)

(=1 — cosTAjgsech)

X (=) Fi(1 = h+ A, 1 —h — Azy, 2 — 2k )|,

h — A34)F(h + A34)
T(2h)
x (=x)"2F1(h + Ara, h — Asg, 2h; )
T(1—h—Ap)T(1—h+ Agp)
T(2 — 2h)

(1 — cosmAsysecTh)

1 1 _ T
W) = 11 - s | I

(=1 + cosmAasecTh)

X (=) TP (1 — b+ Agg, 1 — h — Az, 2 — 2k X)) |

(B.31)
The conformal eigenfunctions \1,}112 and \1124 satisfy the equations
cos A9 —cosmh)I'(h — A1) T'(h + A
w2 () = Loz COnTI R = Az Bz g
(cosmAgy + cosmh)T'(h — Asgg)T'(h + Asy) (B.32)
cos A1 + cosmh)['(h — Ap2)I'(h + A '
Wit () = (o mR2 E R TR = M) E Rue) g

(cosmA3g — cosTh)I'(h — Agy)T'(h + Asy)

Hence, we can restrict the possible values of dimension h to be h > % or h € % +iRT.
When h > %, the matching condition at y = 0 constrains the dimension to be h € Z*. We

20Without loss of generality, we have assumed Agy < Aja.
21Without loss of generality, we have assumed Aja < —Asy.
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will refer to the conformal eigenfunctions with dimension h € ZT as discrete states, and
the conformal eigenfunctions with dimension h € % +iRT as continuum states.
For the continuum states, the conformal eigenfunctions \IJ}LQ and \1’24 have integral

representations as

B12(y) = _;/‘” dy [x|"sgn(y)sen(x — y) _
oo [y| Aty — ylhBi|1 — y|Ast(oh) |1 — y|2(B1mBe) (B.33)
S (y) = ;/‘” d [x|"sgn(x)sgn(l — y) .
oo [y[Aithly — ylh=Aiz|] — y|Asit k) ] — y|2(B12mAs0)

The inner products of the continuum states are

(U2, 02,1 = Nia(h) x 2mi6(h — h),
(T3 U301 = Naa(h) x 21i 5(h — 1), (B.34)
<\IJI112’ \I]%%O,l = 07

where the functions Ng(h) and N,(h) are

tanmh
Nig(h) =— m(cos mA12 + cos mh)(cos TAzg + cosh)
X F(l —h+ Alz)r(l —h— Alz)r(h + A34)F(h — A34), (B 35)
tanTh ’
N3yq(h) = — m(cos mA19 — cosmh)(cos TAzg — cosh)

X F(l —h+ A12)F(1 —h— Alg)r(h + A34)F(h — A34).

For the discrete states, the conformal eigenfunctions \II}L2 and ‘1124 are proportional to each
other

A A
1% (x) = cot (TF 212> cot <7T 234> U(x) for h €27,

A A (B.36)
U12(y) = tan (W 212) tan (W 234> U(x) for he2zt —1.
Their inner products are given by
dN12(h
<\IJ}1L27 ‘11}13>0,1 = leh() 5h,h’- (B.37)

B.2.2 Fermionic wavefunctions

(*»+)1,0 norm: let us start with the region 0 < x < 1. General solutions to the Casimir
equation can be written as linear combinations of the following two conformal eigenfunc-
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tions as in (B.1). To wit,

1 Lar— e [T(h = Ag)T(h + A
\I’}lz4(X) = 5(1 — X)Q(A12 Asza) ( ;4(>2h() 34)

X X" F1 (h + Aqa, h — Asg, 2h; X)
T(1—h—Ap)T(1—h+ Aw)
(2 — 2h)

(=1 —sinwAsy cscwh)

(=1 + sinwAqg cscwh)

X X PP (1— h 4+ Agg, 1 — h — Azy, 2 — 2k ) |,

B.38
1(A12—As4) [(h — Azg)l'(h + Asy) ( )

T(2h)
X X" F1(h+ Aqa, h — Asg, 2h; X)
T(1—h—Ap)T(1—h+ Aw)
(2 — 2h)

1
U (x) = 5(1 - X) (1 —sinmAsgy cscmh)

(1 +sinmAacsch)
X X' (1— h+ Arg, 1 — h — Agg, 2 — 2k ) |

Applying the standard matching condition at y = 1, we obtain the conformal eigenfunctions
\11,114 and 111,213 in the region y > 1,
m(x — 1)%<A12_A34)Xh csc (3 (A2 — Agq)) sin (5 (h— Agz)) ese (5 (h— Asq)) T (1 — h+ Ajp)
F(1+A12 — A34)P(1 —h+A34)
X oFy (h+ A2, h — Azg; 1+ Ajg — Azg; 1 — x)
_omx - 1)%(A347A12)X1_h cse (5 (Ar2 — Agg)) sin (5 (h+ Asg)) s (5 (h+ A2)) T (h+ Asg)
I (1 — Aqp + A34) I (h + Alz)
X oF1 (1 —h—A9,1—h+ Az 1 —Ap+ Asg;1 = x),
\1123()() _ m(x — 1)%(A12*A34)Xh csc (5 (Arz — Agq)) cos (5 (h— Arg)) sec (5 (h— Agq)) T (1 — b+ Ayg)
h T(1+ A —As)D(1—h+ Agy)
X oFy (h+ A2, h — Azg; 1+ Arg — Agg; 1 — )
w(x — 1)%(A34_A12)X1*h csc (5 (Arg — Agg)) cos (5 (h+ Asy)) sec (5 (h+ A12)) T (h + Asy)
I'(1—Ap+ Az (h+Ar)
X oF) (1 =h—A12,1 —h+Az451 — Az + Az 1 —x).

Uit (x) =

_|_

(B.39)

Applying the twisted matching condition at x — £oo, we obtain the conformal eigenfunc-
tions ¥}* and ¥23 in the region y < 0,%?

h — A34)F(h + A34)

I'(2h)
< (=X)"2F1(h + D12, h — Agg, 2h; x)
I'(1—h—Ap)I(1—h+A)
I'(2 — 2h)

1 I
\Ij]ll4(x) = 5(1 - X)%(AH_AM) ( (1 + sinwAsy cscmh)

(=1 +sinmTAjacsch)

X (=) (1= h 4+ Aja, 1 — h— Asy, 2 — 205 X) |,

22Without loss of generality, we have assumed Aja < —Asy.
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1 1A I'(h — Asgg)T'(h + Asy)
p23 _ = (A12—Asz4) 34 3

X (=X)"2 P (h + Ara, h — Aga, 2h; )
F<1 —h— AIQ)F(I —h+ A12>
(2 — 2h)

(1 — sinmAsy cscmh)

(=1 —sinwAj cscmh)

X (=) PR (1 = h+ Aj, 1 — h — Azq,2 — 205 %) |-

(B.40)
The conformal eigenfunctions \If}f and \Pff’ are related by the equation
Sinﬂ'A34+Sinﬂ'hF1—h—A34F1—h+A34 p
w00 = -2 ) i JuF). (B
(sinmAjg +sinTh)I'(1 — h — A2)[(1 — h + Aq2)

Hence, we only need to consider the conformal eigenfunction \I/i?’ with the range of dimen-
sion h € Ror h € % + ¢R. When h € R, the matching condition at y = 0 constrains the
dimension to be h € Z + % We will refer to the conformal eigenfunctions with dimension
heZ+ % as discrete states, and the conformal eigenfunctions with dimension h € % + R
as continuum states.

For the continuum states, the conformal eigenfunctions \IJ}L4 and \11%3 have integral
representations as

1 [ Ix|"sgn(x)sgn(y)
\IJ}IL4(X): _2/ dy l(A _A,)v
—oo |y[Baathly — ylhmBiz|] — ylAsit(I=h) ] — y|2(Tem A (B.42)
B2 () = 1/"0 J [x|"sgn(x — y)sgn(l — y)
4 2 ) ‘y’A12+h‘X _ y’h_Am‘l _ y|A34+(1—h) ‘1 o X’%(A12—A34)
The inner product of the continuum states is
(U7, W01 = Nag(h) x 2mi §(h — 1), (B.43)
where the function Nag(h) is
Nag(h) =—S2 T (i1 A + sin ) (sin 7 Agq — sin wh)
=————(S1n Sin Sin — Sln
BV T9(ah — 1) o TOI2 T SIMARISIT Sed ST (B.44)

X F(l —h+ Alg)r(l —h - Alg)r(h + A34)F(h — A34).
For discrete states, the conformal eigenfunction \I/%;’ satisfies

V00 = i A e VA0 (B.45)

Hence, we can further restrict the range of the dimension as h € Z++%. The inner products
of the discrete states are

. dNos(h
(UF W21 = ;2( ) Oh, - (B.46)
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(+y+)1,1 norm: let us start with the region 0 < x < 1. General solutions to the Casimir
equation can be written as linear combinations of the following two conformal eigenfunc-
tions as in (B.1). To wit,

h — A34)F(h + A34)
T(2h)
x X"oFy(h + Arg, h — Asg, 215 X)
F(l —h— Alg)r(l —h+ Alg)
F<2 — 2h>

1 T
U3 (x) = 5(1 — X)%(AH_AM) ( (1 — sinmAgy cscmh)

(=1 + sinwAqg cscwh)

X XM (1— h 4+ Agg, 1 — h — Azy, 2 — 2k ) |,

h— Ag)T(h + Agy) (B.47)

T(2h)

X X"oFy(h + Ajg, h — Asg, 215 X)

F(l —h— Alg)r(l —h+ Alg)
F(2 — Qh)

1 T
U (x) = 5(1 — X)%(AH_AM) ( (—1 — sinTAsq cscmh)

(1 4+ sinwAqg cscmh)

X Xl_hQFl(l — h—i—AlQ,l —h— A34,2 — 2h,X) .

Applying the twisted matching condition at x = 1, we obtain the conformal eigenfunctions
\If,{f’ and \I’%L‘1 in the region y > 1,23

7T(X - 1)%(A127A34)Xh’ sec (g (Alg - A34)) sin (% (h - Am)) sec (% (h - A34)) I (1 —h+ Alz)
F(1+A127A34)F(1 *h+A34)
X ol (h+ A1z, h — Azg; 1+ Agp — Azg;1 = x)
m(x — 1)%(A34_A12)X1*h sec (3 (A12 — Agq)) cos (5 (h+ Agq)) s (5 (h+ A12)) T (h+ Asy)
F'(1—Ap+ AT (h+ Ar)
XoFy (1 —h—Ai2,1 —h+ Az 1 — Ap+ Aszg;1—x),
- 1)%(A12_A34)Xh sec (5 (A12 — Agg)) cos (5 (h— Arz)) esc (5 (h— Asy)) T (1= h+ Ayg)
F(1+A12—A34)F(1 —h+A34)
X oF1 (h+ A2, h — Agg; 1+ Ap — Agyg; 1 — )
7I'(X — 1)%(A347A12>X17h sec (g (Alg — A34)) sin (% (h + A34)) sec (% (h + A12)) r (]7 + A34)
T (1 — AIZ —+ A34) I (h + Au)
XoF1 (1—h—A19,1 —h+ Agg; 1 — Ajg+ Asg;1— ).

Uit (x) =

+

() ="

_l’_

(B.48)
Applying the standard matching condition at y — 00, we obtain the conformal eigen-
functions \II}L?’ and \Ili4 in the region y < 0,

h— As)T(h + Aga)
T(2h)
x (=x)"aFi(h + A2, h — Asa, 2h; )

0 = (1 - - | T

5 (1 —sinmAsycsch)

23Without loss of generality, we have assumed Aszy < Ajs.
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L1 —h—=Ap)I(1—h+Ap)
(2 — 2h)

(1 —sinmAj cscmh)

X (=) 7M1 (1 = h 4 Ajg, 1 — h — Az, 2 — 2h; X)) |

1 1 _ I
B0 = 3(1 - )it [ I

h — A34)F(h + A34)
I'(2h)
x (—x)"9Fy (h + A1z, h — Az, 2h; )
D(1—h—Ap)D(1—h+ App)
I'(2 — 2h)

(14 sinmAsqcscmh)

(1 +sinmAqzcscmh)

X (=) PP (1 — b4 Ajg, 1 — h— Asg, 2 — 205 X) |

(B.49)
The conformal eigenfunctions \IJ}LS and \11,214 are related by the equation
i A +Sinﬂ'h)f‘(h— Alg)F(h+A12)
2 _ (sinTAq9 130,y B.
=1 () (sinmAgy —sinwh)T(h — Agg)T(h + Asy) " ) (B-50)

Hence, we only need to consider the conformal eigenfunction \If};’ with the range of dimen-
sion h € Ror h € % + ¢R. When h € R, the matching condition at y = 0 constrains the
dimension to be h € Z + % We will refer to the conformal eigenfunctions with dimension
hezZ+ % as discrete states, and the conformal eigenfunctions with dimension h € % + 1R
as continuum states.

For the continuum states, the conformal eigenfunctions \I/}f and \11%4 have integral
representations as

1 00 h 1—
W (y) = _/ dy [x|"sgn(y)sgn(l —y) e
2 o0 Tyt — el —ylRer (o Ly Ben S
P2 (y) = 1/°° dy Ix|"sgn(x)sgn(x — y) '
2 Ty ey — a1 — g 0h) |1y 3=
The inner product of the continuum states is
(U3, 01311 = Niz(h) x 2mi §(h — 1), (B.52)

where the function Ny3(h) is

cot Th

Nis(h) = (sinTAjg — sinh)(sin mAzy — sinwh)

©2(2h — D) (B.53)
X F(l —h+ Alg)r(l —h - Alg)r(h + A34)F(h — A34).

For discrete states, the conformal eigenfunction \I/}L?’ satisfies

W13(y) = P(1—h+Ap)l(h+ As) 13
h F(h + A12)F(1 —h+ A34) 1=h

(x)- (B.54)

Hence, we can further restrict the range of the dimension as h € Z*+ % The inner products
of the discrete states are

. dN13(h
(U333, = ;2( ) O, - (B.55)
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C Useful integrals

In this appendix, we list some useful integrals.

e First consider some basic Fourier transforms that enter into the zero-temperature

computations:

/ dr ™™ |T|12A = 2sin(rA)T(1 — 2A) w271 (C.1)

which converges for A € (0, 3).

e We also need the integral for the zero-frequency mode at finite temperature

/_5

which converges in the domain A < %

24 2A—1 p1_2A (1
_ T (5 4)
T = Ta—A) . (C.2)

™

,6’81117

B
2

e Let us also define a class of integrals that enter into our computation for the four-point

function:

[ —C )

SR e e

/°° g sign(7’) _ k1 (A, B)sgn(T)

. ‘T”A’T/ _ T’B |7_|A+B—1 )
e sign(7’)sign(7/ — T ko(A, B

/ dr’ (/A) 7 ( B ) = E4+B—)1’ (C.3)
oo T[4l = 7] 7|

/OO dT() 1 _ kO(Aa B)
oo |10 T20|BlTa02mATE || AT B g |t Bgg 1A

/oo d7—0 Sgn(Tlo)Sgn(Tgo) _ k‘Q(A,B)Sgn(Tlg)Sgn(TQg)
oo 0l T20|B|Ta027ATE 1o ATB T 1|1 B g 1A

where the functions ko(A, B), k1(A, B), ka(A, B) are explicitly given by

ko(A, B) = %m — A)T(1 - B)T(A + B — 1) [sin(rA) + sin(7B) — sin(r(A + B))],
ki (A, B) = %m — A)T(1 — B)T(A + B — 1) [sin(7A) — sin(rB) — sin(r(A + B))],
kao(A, B) = %m — A)T(1— B)T(A + B — 1) [sin(rA) + sin(rB) + sin(r(A + B))] .

(C.4)
They satisfy the relations

ko(A, B) = ko(A,2 — A— B) = ko(B,2 — A — B),

(C.5)
ko(A,B) = ky(A,2— A— B) = ky(B,2 — A— B).
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e Other useful integrals are

/deT, sgn(m — 7)sgn(m2 — 7')sgn(r — 7')
|71 — 7|A |70 — 7| BT — 7/|¢

sSgn( 712
= |7.12’A-£B-|-)C—2]€2(A> CVe1(B,A+C —1),

1
drdr’
/ Tar |71 — 7|A |70 — 7| BT — 7'|C
_ 1
- |712|A+B+C—2

/deT, sgn(m; — 7)sgn(r — 7')

=T\ —T1\PlT—1
! 4] 18] ¢

k?()(A, C)ko(B, A+C - 1),

1

- —WkQ(A, C)kO(B,A + C - 1),

sgn(m — 1)
dr’
/dT |7_1_7_’A’7.2_7./|B|7._T/|C
1
= —W’ﬁ(&c)kl(fHC —1,B),
drar S8 — T)sen(m — ')
11 — 7|47 — 7/|B|T — 7|
| 4]
B 1
= TrplATBTCO2

sgn(r — 7")
drdr’
/ rar |71 — 74|10 — 7| BT — 7'|C

= %kl(a Ak (A+C —1,B).

(C.6)

kr (A, C)ks(B, A+ C — 1),
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