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approximates the solution of a MFG with maximum a posteriori probability estimators of
GPs conditioned on the partial differential equation (PDE) system of the MFG at a finite
number of sample points. The main bottleneck of the GP method is to compute the inverse
of a square gram matrix, whose size is proportional to the number of sample points. To

Keywords:

Mean field games improve the performance, we introduce the FF method, whose insight comes from the
Gaussian process recent trend of approximating positive definite kernels with random Fourier features. The
Fourier features FF algorithm seeks approximated solutions in the space generated by sampled Fourier

features. In the FF method, the size of the matrix to be inverted depends only on the
number of Fourier features selected, which is much less than the size of sample points.
Hence, the FF method reduces the precomputation time, saves the memory, and achieves
comparable accuracy to the GP method. We give the existence and the convergence proofs
for both algorithms. The convergence argument of the GP method does not depend on
any monotonicity condition, which suggests the potential applications of the GP method
to solve MFGs with non-monotone couplings in future work. We show the efficacy of our
algorithms through experiments on a stationary MFG with a non-local coupling and on a
time-dependent planning problem. We believe that the FF method can also serve as an
alternative algorithm to solve general PDEs.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

Mean field games (MFGs) [25-31] study the behavior of a large population of rational and indistinguishable agents as
the number of agents goes to infinity. The Nash equilibrium of a typical MFG is formulated by a coupled system of two
partial differential equations (PDEs), a Hamilton-Jacobi-Bellman (H]B) equation and a Fokker-Plank (FP) equation. The HJB
equation gives the value function of agents and the FP equation determines agents’ distribution. Recently, MFG models have
found widespread applications, see [18-21,24,33,34]. Up to now, the well-posedness of MFGs is well understood in various
settings and the first results date back to the original works of Lasry and Lions and have been given in the course of Lions
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at Collége de France (see [36]). However, very few MFG models admit explicit solutions. Hence, numerical computations of
MFGs play an essential role in obtaining quantitative descriptions of underlying models.

Here, we propose two new algorithms to solve MFGs. The first one, called the Gaussian Process (GP) method, applies the
algorithm in [16] to solve MFGs. The authors in [16] give a GP regression framework to solve nonlinear PDEs. The solution
to a PDE is found by solving an optimal recovery problem, whose minimizer is viewed as a maximum a posteriori probability
(MAP) estimator of a GP conditioned on the PDE evaluated at sample points. The main bottleneck of the GP method lies
in the computation of the inverse of a square gram matrix, whose size is proportional to the product of the size of sample
points times the number of linear operators in the PDE. To improve the performance, we propose the Fourier Features (FF)
method, where the optimal recovery problem seeks minimizers in the space generated by sampled trigonometric functions.
The FF method is based on the recent trend of approximating positive definite kernels with randomized trigonometric
functions in Gaussian regressions, see [43,46,48]. Using the technique we propose in Remark 2.10, the dimension of the
matrix needed to be inverted in the FF algorithm depends only on the number of sampled Fourier features, which is less
than the size of sample points. The numerical experiments show that the FF algorithm reduces the precomputation time
and the amount of storage with comparable accuracy compared to the GP method.

Meanwhile, we also prove the convergence of our algorithms. The proofs for the GP method are based on the compact-
ness arguments in [16] and do not depend on any monotonicity condition that guarantees stability and uniqueness of the
solution to a typical MFG. This feature implies the potential applications of the GP method to MFGs with non-monotone
couplings. On the other hand, since the Fourier features space the FF method uses lacks compactness, the same arguments
of the GP method cannot be adapted to the setting of the FF method. Instead, the Lasry-Lions monotonicity arguments
provide the uniform bounds for the errors of numerical solutions and lead to the convergence of the FF algorithm. In future
work, we plan to investigate the convergence of the FF method under the setting of MFGs without monotone couplings.

1.1. Related works

By now, there have been various numerical methods for MFGs. Here, we briefly summarize the numerical algorithms
solving MFGs that are closely related to the methods proposed in this paper. For clarification, we group them into different
categories. The first group consists of mesh-based algorithms:

e Finite difference methods. As far as we know, the first finite difference method for MFGs is introduced in [2] for
both stationary and time-dependent MFGs. The Lax-Friedrichs or Godunov type schemes are introduced to approximate
Hamiltonians. The Fokker-Plank equation is discretized in such a way that it preserves the adjoint structure in the MFG.
The authors proved the existence and uniqueness of the discretized algebraic systems. One can solve the discretized
equations using iterative methods [5]. To know more about details and applications of the finite difference method, we
refer readers to [1,3,4,32].

e Optimization algorithms. In the seminal paper [31], Lasry and Lions explain the concept of a variational MFG, which
can be interpreted as the optimality condition of a PDE-driven optimization problem. From this point of view, several
techniques from Optimization have been introduced to solve the PDE constrained minimization problem. In [7], the
authors propose augmented Lagrangian methods. Later, the performances of different algorithms are compared in [9,10],
and the Chambolle-Pock algorithm outperforms other methods.

e Monotone flows. In [6], the authors have proposed the monotone flow method to solve stationary MFGs. Later, in [22],
the authors apply the monotone flow to solve stationary and time-dependent MFGs with finite states. The insight is that
solving a MFG with monotonicity is equivalent to computing a zero of a monotone operator, which is the stationary
point of the monotone flow. However, the monotone flow may not guarantee the non-negativity of the probability
density in the flow. In [23], the authors design the Hessian Riemannian flow method to preserve positivity.

Despite the rigorous theories behind the algorithms mentioned above, they are meshed-based methods and prone to the
curse of dimensionality. The following methods are mesh-free methods developed recently to keep pace with growing
problem sizes:

e Lagrangian Methods. As far as we know, the first Lagrangian method for MFGs appears in [40]. The authors use Fourier
expansions of the non-local coupling term in the HJB equation and parameterize the MFG. The parameterized MFG
is reformulated as the optimality condition of a convex optimization problem over a finite-dimensional subspace of
continuous curves, which is independent of the dimension. Based on this work, the authors in [37,38] further develop
this idea to solve non-potential MFGs with mixed non-local couplings. Even though the methods proposed in our paper
use kernels and Fourier features, we work in a different way and approximate the solution of a MFG in reproducing
kernel Hilbert spaces (RKHSs) or Fourier feature spaces.

e Neural Networks. Since neural networks are compositions of nonlinear maps and have the power to represent sufficient
complicated functions, the authors in [12,13] use neural networks to approximate unknowns in PDEs and solve ergodic
MFGs and time-dependent MFGs. At the same time, in [45], the authors use the Lagrangian Method in [40] to refor-
mulate variational MFGs and solve the resulting system using methods from neural networks. For more applications of
neural networks in MFGs, see [14,35].
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We refer readers to the recent comprehensive surveys [4,32] for more details and applications of numerical methods for
MFGs.
Compared to the above-mentioned algorithms, our methods for MFGs admit the following features:

1. The GP and the FF algorithms are meshfree and flexible to the shape of domains, compared to algorithms in the first
group mentioned above. Especially, when we solve MFGs in the whole Euclidean space, to approximate derivatives,
mesh-based algorithms have to impose artificial conditions on the boundary of the domain we choose to work on. Our
methods parameterize the values of derivatives evaluated at sample points and solve reformulated finite-dimensional
minimization problems as in (2.9) and (2.32). Hence, we do not impose extra conditions to deal with derivatives near
the boundary.

2. Compared to the neural network methods, our algorithms base on theories of RKHSs and Fourier series, for which
the math backgrounds are well understood. On the other hand, our algorithms are equivalent to the neural network
methods in the following perspective: a neural network with a single inner layer, with the activation functions being
feature maps parameterized at sample points or being random sampled trigonometric functions, and with a linear
output layer can be viewed as a function in RKHSs or the Fourier features space, and vice versa.

3. The choice of the kernel for the GP method and the selection of Fourier features have a profound impact on the
convergence and the accuracy of our approximations. We leave the study of hyperparameter learning (see [17,42]) to
future work.

4. The convergence of the GP method does not depend on the Lasry-Lions monotonicity condition of the coupling terms
in MFGs, which is required by the monotone flow [6,22,23] and the Lagrangian methods [37,38,40]. Hence, we plan to
study the application of the GP method to solve MFGs with displacement monotonicity [39] or non-monotone couplings
in future work.

5. In general, it is less costly to compute a linear map of a Fourier feature than to calculate the same linear transformation
of a kernel function. For instance, in Subsection 4.1, we need to parametrize the linear operator L = (1 — A)~1(1 - A)~!
at sample points, where A is a Laplacian operator. In the GP method, the representer theorem gives expressions involv-
ing the computation of LK;(x,-) for x € T2, where K, is the kernel of the RKHS we choose to find an approximation
for the probability density. Since LK»(x,-) does not admit an explicit formula, one can use the fast Fourier transform
to compute it numerically. On the other hand, for any @ € N2, we observe that Lsin(o”x) = sin(wTx)/(1 + ||*)? and
Lcos(wTx) = cos(wTx)/(1+ |w|?)? for x € T2. Hence, if we choose trigonometric functions as features in the FF method,
the action of L on a Fourier feature admits an explicit formula and is easier to compute.

6. The main bottleneck of the GP method is to compute the Cholesky decomposition of the gram matrix, whose size
increases as the number of sample points grows. The FF method relieves the pressure by approximating functions in
the FF space and by using the technique in Remark 2.10. However, as the dimension of the problem at hand increases,
we should also enlarge the FF space in the absence of information about the solution. Hence, a clever selection of
features is required to apply the FF method in large dimensions. In this paper, we choose the Fourier series in the
periodic settings and use random Fourier features for the non-periodic cases. We leave the study of other selections to
future work.

1.2. Outline

This article is organized as follows. In Section 2, we present our algorithms by solving a one-dimensional MFG which
admits an explicit smooth solution. We also give the existence and convergence analysis of our methods. A simple numerical
experiment follows and verifies the efficacy of our methods. Section 3 presents the general frameworks of the GP method
and the FF algorithm. We also show the existence and convergence for the GP and the FF methods in general settings. The
proofs related to the GP method are shown in Section 3 and those of the FF method are presented in Appendix A. Numerical
experiments follow in Section 4. Conclusions and future work appear in Section 5.

Notations. For a vector v with real values, we denote by |v| the Euclidean norm of v and by vT the transpose of v. We
represent the inner product of two real valued vectors u and v by (u,v) or uTv. Let Z? be the space of d-dimensional
vectors with integer elements. Given N € N, we define Zﬂ, as the set {i|i € Z%,0 < |i| < N}. Let  be a subset of R4, let
intQ be the interior of 2, and let 9Q be the boundary of 2. We denote by L2(2) the space of square-integrable functions
on Q C R? Meanwhile, let H1(2) be the space such that Vf € H1(Q), f € L2(Q) and Vf e (L2(£))?. Furthermore, we
represent the space of functions with finite sup norm by L°°(£2). For a normed vector space V, we denote by | - |y the
norm of V. Let ¢/ be a Banach Space endowed with a quadratic norm || - ||;;. We denote by ¢/* the dual of &/ and by [-, -]
the duality pairing. We assume that there exists a covariance operator Ky, : U* — U, which is linear, bijective, symmetric
(IKuo, ¥1=[Ky, ¢]), and positive ([, ¢] > 0 for ¢ # 0), such that

lull, =K u, ul, Vu e U.

Let ¢1,...,¢p be P € N elements of /* and let ¢ := (¢1,...,¢p) be an element of the product space (L{*)®P. Then, for
u € U, the pairing [¢, u] is denoted by
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(¢, ul:= (g1, ul.....[¢p. ul).

Furthermore, for u := (u1, ..., us) e U®S, Se N, we represent by [¢, u] € RP*S the matrix with entries [¢;, u;]. Finally,
we denote by C a positive real number whose value may change line by line.

2. An appetizer: solving a stationary MFG with an explicit solution

To show our algorithms, we apply our methods to solve the one-dimensional stationary MFG in [6], which admits an
explicit solution. Let T be the one-dimensional torus and be characterized by [0, 1). Given smooth functions V : T > R
and b: T — R, we find (u,m, H) € C®(T) x C®(T) x R solving

% + V& +bXuy=Ilnm+H, onT,
—(m(ux+bx)))x=0, onT, (2.1)
Jpmdx=1, f[pudx=0

where u is the value function, m presents the probability density of the population, and H is a real number. According to
[6], when fT b(x)dx =0, (2.1) admits a unique smooth solution, which has the following explicit formulas

u(x) =— [Jb(y)dy + [p [o b(y)dydx,
V- b2 <X)

fre v(y)—m dy (2.2)

=In <fT V-4 dy)

For ease of presentation, we denote

m(x) =

2
H(x, p) = V(x)+p7+b(x)p,VxeT,peR. (2.3)

2.1. The Gaussian process method

Here, we use the GP method in [16] to solve (2.1). First, we sample a collection of M points {xl}M] in [0,1). Let &/ and
V be the RKHSs associated with positive definite kernels K; and K3, respectively. We denote by || - |4 the norm of ¢/ and
represent the norm of V by || - ||y. Following [16], we approximate the solution (u*, m*, H") of (2.1) by a minimizer of the
following optimal recovery problem

2 2

M
. 2 2 Fag 1
_min lull?, + Iml%, + [H1> + B| 35 > m(xi) — 1
(u,m,H)YelU xV xR i=1

st Hxj, ux(x)) =Inm(x;)) + H,Vi=1,..., M,
My (x;) (Ux(X;) + b (x;)) +m(x;) (Uxx (X)) + by (%)) =0,Vi=1,..., M,

M
> ulx)
i=1

(2.4)

where g > 0 is a penalization parameter. We assume that the kernels K; and K, are properly chosen such that I/ ¢ C2(T)
and V c C1(T). Hence, the constraints of (2.4) are well-defined. Let (uf, mT,ﬁT) be a minimizer to (2.4), whose existence
is given by Theorem 2.3 later. Then, u' and m' can be viewed as MAP estimators of two GPs conditioned on the MFG at the
sample points {x,}M1 [16]. We note that the conditioned GPs are not Gaussian since the constraints in (2.4) are nonlinear.

The key idea of the GP method is to characterize the minimizer of (2.4) via a finite-dimensional representation formula
using the representer theorem [41, Sec. 17.8]. Following [16], we rewrite (2.4) as a two-level optimization problem

_min lull?, + Iml2, + [H|?
(u,mH)eUxV xR

2 3 .
zeR3M /l’)r‘lgleM reR | ST u(xl)_zl uX(X) () uxx(x)_Z() Vi=1,...,M,
m(x,)— mx(x,)— @ H AVi=1,...,M,
2 (2.5)
Z o sz

st H(x, zl@) In ,0(1) V=T, M,
PP @ + b)) + oV (2 + () =0.¥i=1..... M.

where
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1 1) _@ 2) (3 3
z=(z§),...,z;w),z§),...,zl(w),zg),...,sz)) (2.6)
and
1 1 2 2
p=" .00 PP o). (2.7)

Let 8¢ be the Dirac delta function concentrated at x. We define ¢l.(1) = dy;, qbi(z) = 8y, 0 dy, and ¢i(3) =08y 00 fori=1,..., M.
Let ), ¢@, and ¢ be the M-dimensional vectors with entries ¢\, ¢*’, and ¢, separately, and let ¢ be the (3M)-
dimensional vector obtained by concatenating ¢, ¢®, and ¢®. Denote by ¢ the (2M)-dimensional vector obtained by
concatenating ¢ and ¢®. For ease of presentation, we also write ¢; and v; as the ith components of ¢ and ¥, separately.

For k=1,2, let Ki(x,¢) be the vector with entries [ Ki(x,x)¢i(x')dx" and let Ki(¢, ¢), called the gram matrix, be
with entries fT fT Ki(x, x)¢i (x')¢j(x') dxdx’. Similarly, we define Ky(x, ¥) and Ki(¢,¥). By the representer theorem (see
[41, Sec. 17.8]), the first level optimization problem in (2.5) yields

ux) = (K1(x, ¢), K1(¢, )" '2),
mx) = (K2(x, ¥), K2(¥, ¥) "1 p), (2.8)
H=x.

Thus, we have

lulf, =2"Ki(9.9)7 'z,
Imii3, = pT K29 9) " p.

Hence, we can formulate (2.5) as a finite-dimensional optimization problem

2

+5

2
min 2'K1(9. ) 'z p T Ka(W. W) T+ A2+ B

zeR3M pecR2M peR
st Hx.z?)=Inp" +1,Vi=1,....M
2 2 1 3 .
P (@ + b)) + oV (27 + by(xi) =0,¥i=1,.... M.

M
a
W ‘21 Oi -1
i=

M

1 M

M
i=1

(2.9)

To deal with the nonlinear constraints in (2.9), we introduce a prescribed penalization parameter y > 0 and consider the
following relaxation

M 2
. _ _ 1
min Rz%(«b,rp) 2+ p KW, ¥) 1p+lk|2+ﬁ‘MZp,-(”—1
i=1

zeR3M pecR3M e

2 1 M
1)
8|3 27
i=1

(2.10)
M M
(2)
+y Y1 HD = o2y 310 7 + b)) + o (@ + bx(xi)) .
i=1 i=1

The problem (2.10) is the foundation of the GP method for solving (2.1). We use the Gauss-Newton method to solve (2.10),
which is detailed in Section 3 of [16].

Remark 2.1. In (2.10), we use the exponential form for the constraints from the HJB equation to avoid possible numerical
issues when evaluating the logarithm function.

Remark 2.2. The matrices Ki(¢, @) and Ko(¥, ¥) are ill-conditioned in general. To compute Ki(¢,¢)~! and Kx(¢, ¥)~ 1,
we perform the Cholesky decomposition on Ki(¢, ¢) +n1R1 and Ky (¢, ¥) + n2R2, where 17 > 0, n, > 0 are chosen reg-
ularization constants, and Rq, R, are block diagonal nuggets constructed using the approach introduced in [16]. In the
numerical experiments, we precompute the Cholesky decomposition of Ki(¢,¢) + n1R1 and Ky (¢, ¥) + n2R2, and store
Cholesky factors for further uses.

Following the arguments in [16], the next theorem shows that there exists a solution to (2.4).

Theorem 2.3. The minimization problem in (2.4) admits a minimizer (u’, m', ET) such that

uT(x) = (K1(x, $), K1 (¢, $)~127),
m'(x) = (K2(x, ¥), K2y, ¥) "1 pT), (211)

H =t

where (z, pt, AT) is a minimizer of (2.9).
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Proof. By the above arguments, (2.4) is equivalent to (2.9). Hence, the key is to prove the existence of a minimizer to (2.9).
The argument here is similar to the proof of Theorem 1.1 in [16], which proves the existence of a minimizer for the problem
of the following form

minz' © 1z
z (212)

s.t. G(z) =0.

Here, ® is assumed to be an invertible gram matrix and G is continuous. The arguments of [16] proceed by constructing a
vector z, from the solution to the corresponding PDE such that G(z,) = 0. Then, (2.12) is equivalent to

mzinzTG_]z
st.C=1{z|G(2)=0}N{z|]zT @ 1z <zl ©12,}.

Since C is compact (by the continuity of G) and nonempty (C contains z,), the objective function z ®~!z admits a mini-
mum in C.

The above arguments can be extended to our MFG setting. Let (u*, m*, H") be the solution to (2.1). We define the tuple
(24, P, Ax) such that z, is the vector with entries zill) = u*(x;), zf,) =u}(x;), and zfl) = u},(x;), p, consists of elements

/’Si) =m*(x;) and pizl) =mj(x;), and A, = H" fori=1,..., M. Then, (z«, P, M) satisfies the constraints in (2.9). For a little

abuse of notations, we denote by G(z, p, ») =0 the constraints in (2.9) and define

2

M 2 M
1 1
Ci ={<z, 0, M2 K1 (9, ) 124+ p Koy, ¥) " o + |12 +5’M S o -1 +5‘M Sz
i=1 i=1

2 1 M
1)
DI
i=1

|

M
— _ 1
<zlKi($.9) 'z + pL K (¥ ¥) 1p*+lk*|2+ﬁ‘ﬁ§ o —1
i=1

Then, (2.9) is equivalent to
2

+5

2
5“,322”“ 6.0 2+ pT Ko, ) Tp+ M2+ B

M
1 1
M.Z%pi()_l
i=

M

1 (1)

o 22
i=1

(213)
st.(z,p,A)eC:= {(z, P, M)|G(z, p,A) :0} NCy.

By the continuity of G in (z, p,A) and the fact that (z,, p,, 1) € C, C is compact and non-empty. Hence, the objective
function (2.13) achieves a minimum on C. Thus, (2.9) admits a minimizer. We conclude (2.11) by (2.8). O

Using a similar argument as in [16], we obtain the following convergence theory.

Theorem 2.4. Assume that the kernels K1 and K are chosen such thati{ cC H*'(T') and V cc H*2(T') for some s; > 3 and s > 2.
Let (u*, m*, H") be the solution to (2.1). Denote by (uL,ﬂ, m;fv,,ﬂ, ﬁ}:,,,ﬂ) a minimizer of (2.4) with M different sample points {x,-}f‘il
and the penalization parameter 8. Suppose further that as M — oo,
sup min |x —x;| — 0. (2.14)
xeT 1<i<M
Then, as B and M go to infinity, up to a subsequence, (”;/1,,3’ m;rw’ﬁ, ﬁ;rv,_ﬁ) converges to (u*, m*, H") pointwisely in T and in H'1(T) x
H2(T) x R forany t; € (3,s1) and any t; € (2, $2).

Proof. The argument is a direct adaptation of the proof of Theorem 1.2 in [16]. Let *,m*, H") be the solution of

(2.1). Clearly, (u*,m*,ﬁ*) satisfies the constraints in (2.4). According to (2.2), u* and m* are smooth. Thus, a minimizer

(”Ivl,,s’ m;rw’ﬂ, EM’ﬁ) to (2.4) with M different sample points and the penalization constant 8 satisfies

2

M 2 M
o2 T2 gt 2 1 T ) 1 T )
g g2 + My 115 + [Hiy gl +5’M§mmqﬁ(x1)—1 +;3‘M;um,ﬁ(xl)

: (2.15)

M
— 1
*2 *)2 *2 ® )
Il + IIm* (13, + [H| +ﬁ‘M;m (xi) —1
1=

2 1 M
* .
+8 ’ o 2
i=1
By fT u*dx=0, fT m*dx =1 and (2.14), there exist a sequence {(8p, Mp)}zo=1 and a constant C such that

6
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1 My 2 1 My 2
Bp M_p,;:m*(xi)_l + Bp M—péu*(xi) <C, forp>1. (2.16)
Thus, using (2.15) and (2.16), we get
luy 617, + Iy 513 + [Hpy g% < C. (2.17)

Meanwhile, by &/ cC H' and V CC H%2, s; > 3 and s; > 2, there exists a constant C such that

kg pllstr) < Clluly gllee and mly llsacry < Climly 411y (218)

For any t; € (3,s1) and any t; € (2, s), we have H¥1(T) cc H"'(T) and H®2(T) cc H®(T). Thus, according to (2.17) and

(2.18), there exits a limit (u:rx,, mlo, ﬁ;) € H''(T) x H2(T) x R such that, up to a subsequence,

T oot
Up,. g, > Uoo in H'(T),

m}v,pﬂp — ml, in H?(T),

and

il =T .

HM,,,ﬁp — H inR,
as p — oo. Since H(T) cc €3(T) and H2(T) cc Cc'(T), the limit (ulo,mlo,ﬁlo) satisfies the constraints in (2.4). By
(2.14), the collection of points {x,-}ll.\i”1 forms a dense subset of T as M, — oo. Thus, dividing both sides of (2.15) by
B and passing M and g to infinity, we get fT mlo dx =1 and fT ulo dx = 0. Hence, by the regularity of ulo and mlo,

(ulo, mlc,ﬁ;) is a classical solution to (2.9) and by the uniqueness of the solution to (2.1), (u:r,o, mlc,ﬁ;) = (u*, m*, H).

The limit (ulo, mlo,ﬁ];o) is independent of the choice of the samples and the convergent subsequence. Therefore, we con-

clude that (uk,yﬁ,mjw_ﬁ,ﬁ;,,yﬂ) converges to (u*, m*, H") pointwisely in T and in H''(T) x H2(T) x R. O
2.2. The Fourier features method

The main bottleneck of solving (2.9) is to compute the inverses of Ki(¢, ¢) and Kz (¥, ¢¥), whose dimensions increase
with the product of the size of samples and the number of linear operators in the MFG. Hence, the computational cost of
the GP method grows dramatically as the number of samples increases. We propose the FF method based on the idea of
approximating kernels with randomized trigonometric functions (see [43,46,48]), which reduces the precomputation time
and the amount of storage significantly.

The idea of our Fourier Features method comes from the following observations. According to (2.11), the function u' in
the minimizer of (2.4) has the following form

M M M
uT () =" aiKi(x,xi)+ Y bidyKi(x, %) + Y cidpKi(x, xi), (219)
i=1 i=1 i=1

where a;, b;, c; € R are coefficients determined by K (¢, ¢)~'z'. We assume that K; is shift-invariant and properly scaled.
According to the Bochner theorem [43,44], the Fourier transform p of Ky is a probability distribution and
Ki(x — y) = Ewlcos(w(x — ¥))], VX, y € R, (2.20)

where w is a random variable following p. Combining (2.19) and (2.20), we get

M M M
u'(x) =) aiEwlcos(w(x —x))]+ ) biEwlwsin(w(x — x:)] = Y ciEw[w? cos(w(x — x)1.

i=1 i=1 i=1
Thus, drawing N/2 samples {w j}?:/ f from p, using trigonometric identities, and by the law of large numbers, we obtain

N2 M
uT(x) ~ Z Z(a,- cos(wx;) —bjw sin(w x;) — ciw? cos(w jx;)) cos(w jx)
j=1i=1
N/2 M
+ Z Z(—ai sin(w jx;) + bjw j cos(w jx;) + ciw? sin(w jx;)) sin(w jx).
j=11i=1

(2.21)
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From (2.21), we observe that u' can be approximated by a linear combination of randomized trigonometric functions. The
same conclusion holds for m' in (2.11). Hence, (2.21) motivates us to approximate solutions of MFGs in the space generated
by sampled trigonometric functions.

Next, we present the FF method by solving (2.1). To deal with the periodic boundary condition in (2.1), inspired by [46],
we approximate u and m by functions in the space generated by the Fourier series. Non-periodic settings are discussed in
Section 3, where we present a general framework of the FF method.

Given N € N, we define the set

N N
gN = [¢‘¢(x) =c+ Y a;sin@mix) + Y ficosQmix). c. i, fi € ]R}. (2.22)
i=1 i=1
We call GN the Fourier features space. Meanwhile, we consider functions sin(2wix) and cos(2mwix) for i=1,...,N as
features in GN. Given y > 0, we define the functional
Jy@,mH) = / [u)? dx + / im2dx+H° +y O, m, H), (2.23)
T T
where
. -~ 2 2
O(u,m, H) :[ lef®wo—H _ 2 qx + ‘/ udx +‘/ mdx — 1 +/ IM(Uxx + bx(X)) + My(uyx + b(x))|? dx.
T T T T
(2.24)
Then, we approximate the solution of (2.1) by a minimizer of the following problem
. —N
min Jy@N,mN HY). (2.25)
uNeGN mNeGN H eR
The following theorem gives the existence of a solution to (2.25).
Theorem 2.5. The minimization problem (2.25) admits a minimizer.
Proof. Let N € N. We define
(%) =[1,sin2mx), ..., sin(2r Nx), cos(27X), ..., cos(2r Nx)]". (2.26)
Then, for any (uN,mV) e GN x GN, there exits & € R?N*1 and g e R?N*+! such that
uN=aT¢andmM =p7¢.
Therefore, (2.25) is equivalent to
min Jy@'e, BTe,HY). (2.27)

a€R2N+17l3€R2N+1ﬁN€R

We observe that the objective function in (2.27) is co-coercive and continuous. Thus, (2.27) admits a solution. Therefore,
there is a minimizer to (2.25). O

Then, we prove the convergence of the minimizer of (2.25) to the solution of (2.1) as ¥ and N go to infinity. First, we
give a bound for the minimum of J, in the following theorem.

Theorem 2.6. Let (u*, m*, H") be the solution to (2.1), let GN be as in (2.22), and let Jy be as in (2.23) for y > 0. Then, for any
sufficiently small € > 0, there exist a constant C > 0, and functions uN,mM) e GN x GN such that

Jy @V mNH) 20w 5 g, + 20m I oy + 1H P+ C(0 + )€, (2.28)
We refer readers to Appendix A for the proof of Theorem 2.6, which directly yields the following corollary.

Corollary 2.7. Let GN be as in (2.22) and let Q be given in (2.24). For any sufficient small € > 0, there exist a constant C > 0, a
sufficiently large y > 0, and N > 0 such that any minimizer (u™-, mNY HYY) e GV x GN x R of (2.25) corresponding to y
satisfies

o, mNr BN ) < Ce. (2.29)
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See Appendix A for the proof of the above corollary. The following theorem shows that any minimizer of (2.25) converges
to the solution of (2.1) as N and y increase.

Theorem 2.8. There exists a sequence {(N;, yi)}{°; such that any minimizer (ut, mi, ﬁi) of (2.25) corresponding to (Nj, ;) satisfies
ul = u*in HY(T), m' — m* in L'(T), and H — H" in R as i goes to infinity.

The proof is given in Appendix A. Next, we propose a numerical method to solve (2.27), since (2.25) and (2.27) are
equivalent. Let N € N and take M samples {Xi};!\ir Let ¢ be given in (2.26). Introducing penalization parameters y > 0 and
B > 0, we reformulate (2.27) as an equivalent two-level optimization problem

—llel®+ 11817+ HI?
acR2N+1 BeR2N+1 FeR
stalte) =2",al¢,() =27, @l (x) =2,
1 2) 7
BTe(i)=p", BT e (i) = pi” H =1,

LA 2 RLANE M o :
D SPUIRVIRD ool R0 oA
i=1 i=1 i=1

min
zeR3M peR2M L eR

(2.30)

M
2), (2 1,3
+7 Y 102 @7 + b)) + o @ + byxi)) 2,

i=1
where z and p have forms in (2.6) and (2.7). In (2.30), we use two penalization parameters to take into account different
variability of the constraints. Let ¢, ¥ be defined as in Subsection 2.1. Denote by I/* the dual of the Banach space ¢/ and
by [-, -] the duality pairing. Let [¢, £] and [, ¢] be the matrices with entries [¢;, ¢;] and [, ¢;], separately. Then, the first
level optimization problem of (2.30) yields

a=[¢¢1"(¢. L1, 1) 'z, B=1¥. 1" (¥, 1Y, 1) ' o, H=h. (2:31)
From (2.31), we get

leell> = 2" ([, S, £1) 'z, 1812 = p" (¥, ¢1¥. E1) 1.

Hence, (2.30) is equivalent to

RZT([¢, Sl eIz 4+ p (. Sl 61 o + A1

m
zeR3M peR2M e
M @ M
+y ) 1eHEE = P2y 3 TP @+ bew) + o @ + b)), (232)
i=1 i=1 ’
M

1 )
+ﬂ|MZpi -1

i=1

2

2 1 M
(1)
8|3y 24
i=1

Then, we apply the Gauss-Newton method to solve (2.32).

Remark 2.9. In general, [¢, ¢1[¢, 17 and [¢, £1[¥, ¢]7 are ill-conditioned. Hence, we introduce two regularization parame-
ters 11 >0 and py > 0, and consider the inverses of [¢, Z][@, £17 + w1l and [y, Z1[¥, 1T + pal.

Remark 2.10. We propose an alternative method other than the Cholesky factorization to compute [¢, ¢N1[¢, ¢N1T + w1l
for ;1 > 0, which is the cornerstone for the FF method to save the precomputation time and the memory. For simplicity,
denote A :=[¢, N[, ¢N]T. To solve (AAT + u11)~1, we first perform QR decomposition on A. We get

A=QR=[Q1 Q2] [%]] = Qi1Ry,

where Q € R3MX3M s orthonormal, R € R3M*@N+D o, ¢ R3M*x@N+D) o, ¢ R3MXBM-2N-1) 3nq R, ¢ R@N+Dx@N+1),
Then, we have

AAT + 1= QRRTQT + il =QRRTQT + 1@ Q.

Thus, we get
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Table 1
L* errors of numerical approximations for the so-
lution of (2.1), given the number of sample points

M = 256.
GP FF
Errors of u 3.08 x 1076 9.09 x 1073
Errors of m 3.70 x 1072 1.68 x 1072
Errors of H 7.83 x 1074 9.87 x 104

T -1
1

_ 1
=Qi(RiRT + D 7'Q] + EQzQZT.
Using

I:QQT=Q1Q1T+Q2Q2T,

we have
1
(AAT + 1D = QI(R(R] + DT QT + - Q). (233)

Since R1R] + pql € RCNTDX@N+D - computing the right-hand side of (2.33) consumes less CPU time than calculating
the left-hand side of (2.33) if N << M. In the FF method, we precompute the QR decomposition of A and the Cholesky
decomposition of R4 RlT + w11, and store the results for further uses. We apply the same technique to compute the inverse

of [¥.21¥. 21" + 2l

Remark 2.11. The Woodbury matrix identity admits the same advantage as what we stated for (2.33) in Remark 2.10.
However, the Woodbury formula is numerically unstable in our experiments, especially for small values of w1 and 5.

2.3. Numerical results

To demonstrate the efficacy of our algorithms, we show here a simple numerical experiment by solving (2.1). We perform
the calculation using MacBook Air 2015 (4 GB RAM, Intel Core i5 CPU). Let V (x) = sin(7rx) and b(x) = cos(2mwx) for x € T.
For the GP method, we choose the periodic kernel used in [46] for both K; and K>, i.e.,

cos(2m (x—y))—1

Ki(x,y) =Ka(x,y)=e o2 ,Vx,yeT,

with lengthscale o > 0. We denote by (ugp, mgp, Hgp) the numerical result of the GP method. For the FF algorithm, given
N e N, we approximate the solution of (2.1) in the space GV given by (2.22). We represent the numerical solution of the FF
method by (upp, mer, Hrp). Let (u*, m*, ﬁ*) be the solution of (2.1) given by (2.2). We choose 0 = 0.6 and N = 10. For both
methods, we use the Gauss-Newton method and take the step size 0.4. We set the regularization parameters 17y = 1, =
i1 = p2 =107% in Remarks 2.2 and 2.9. Meanwhile, we choose the penalization constants 8 =10"% and y =1 in (2.10)
and (2.30). Both algorithms start from the same initial point and stop after 35 iterations. In Fig. 1, we show the numerical
solutions of the GP method and the FF algorithm when we take uniformly distributed M = 256 sample points. We present
L errors in Table 1. We see that the FF algorithm is comparable to the GP method in terms of accuracy. Table 2 records the
CPU time consumed by the Cholesky and the QR decomposition by both methods, which implies that the FF algorithm costs
less precomputation time than the GP method. We see that the CPU time consumed by the Cholesky decomposition in the
FF method does not increase with the number of samples since we choose a fixed number of base functions. Surprisingly,
the CPU time of the QR decomposition for the FF method even decreases when M = 2048. We attribute it to the tall-and-
skinny property of [¢, ¢1[¢, 217 and [¢, ¢][¥, ¢]" when M >> N, i.e., [¢, ¢][¢,¢]" and [¢, Z][¥, Z]7 have more rows than
columns.

3. The general frameworks
This section presents the general frameworks of the GP method and the FF algorithm for solving MFGs. We mainly
state the settings for stationary MFGs. The arguments can be naturally adapted to the time-dependent cases. Numerical

experiments on both stationary and time-dependent MFGs follow in Section 4.

10
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Loss histor :
Y — 1.25

102 0.1 ) Ugp
1.00

S 0.0 g
0.75
1

10 -0.1 0.50

0 10 20 30 0.0 0.5 1.0
The number of iterations X X
(a) Loss history (GP). (b) ugp v.s. u* ) mgp v.s. m*
Loss histor 5
y — 1.25
, 0.1 © Urr
10 1.00
S 0.0 g
10! 0.75
-01 0.50
0 10 20 30 0.0 0.5 1.0
The number of iterations X X
(d) Loss history (FF). (e) urpp v.s. u* (f) mpp v.s. m*

Fig. 1. Numerical results for (2.1): (a), (d) the histories of loss functions; (b), (e) the numerical results ucp and ugg v.s. the explicit solution u*; (c), (f) the
numerical approximations mgp and mgp v.s. the explicit solution m*. (For interpretation of the colors in the figure(s), the reader is referred to the web
version of this article.)

Table 2
The precomputation time (in seconds) for solving
(2.1) as M increases.

GP FF
M Cholesky QR Cholesky
256 0.70 0.30 0.18
512 0.78 0.32 0.18
1024 1.59 0.34 0.18
2048 8.08 0.24 0.18

3.1. The general forms of MFGs

Let Q be a subset of R?. Suppose that the stationary MFGs of our interest have the form

P*, m*, H)(x) =0,Vx €intQ,
Bw*,m*)(x) =0,Vx € 0%, (3.1)
Joutdx=0, [om*dx=1.

Here, P is a nonlinear differential operator and B represents a boundary operator. We assume that (3.1) admits a unique
classical solution (u*, m*, H"). If the solution of (3.1) is not smooth enough, we suggest using the vanishing viscosity method
[11] or regularizing the MFG with smooth mollifiers [15] to get a system with a solution of stronger regularity and applying
our numerical methods to compute approximated solutions.

Remark 3.1. In time-dependent settings, let & be a space-time domain. We consider MFGs taking the form

Pu*, m*)(x) =0,Vx €intQ,

(3.2)
Bu*, m*)(x) =0,Vx € 0L,

and assume that (u*, m*) is a unique classical solution to (3.2).

3.2. The Gaussian process method

Using the method in [16], we approximate (u*, m*) in the solution of (3.1) by two GPs conditioned on PDEs at sampled
collocation points in 2. Then, we compute the solution by calculating the MAP points of such conditioned GPs. More

11
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precisely, we take a set of samples {x,-}l’.‘i1 in such a way that x1,...,xm, €intQ and xXpq41,..., XM € 9Q for 1 < Mg < M.
Let i/ and V be Banach Spaces with associated covariance operators Ky : U* — U and Ky, : V* — V), respectively. Following
[16], we introduce a penalization parameter 8 > 0 and consider the following problem

' _ | Mg 2 | Mg 2
min (ul 4 Iml+ HP 4 B g > uti)| + Bl Lomex) — 1
(u,m,H)eZ/lexﬁ i= i=1 (3 3)
st. P(u,m, H)(x)=0, fori=1,...Mgq, ’
B(u,m)(xj) =0, forj=Mgqy1,...,M.
We further make a similar assumption to Assumption 3.1 in [16] on P and B.
Assumption 1. For 1 < Qp < Q and 1 < Dp < D, there exist bounded and linear operators Li,...,Lo, € LIU; C(d Q)),

Loy+1,..-,Lg € LWU; C(intQ)), J1,..., Jp, € LOV;C(ORQ)), Jpy+1,---, Jp € L(V; C(intL2)), and continuous nonlinear maps
P and B such that

P, m*, H)(x) = P(Lg,,, W)X, ...,Lo W), Jp,,, M) X),..., Jp(m*)x),H),Vx €intQ, (3.4)
B*, m*)(x) = B(L1(u*)(x), ..., Lo, ") (X), J1(m*)(X), ..., Jp,(Mm*)(x)), Vx € 0 2.
Following [16], under Assumption 1, we define functionals ¢\* € 4* and ¥ " € V* as
Mo+1<i<M, if1<q<Qyp,
qﬁi(q) = 8y, o Lg, where @ + ! 1 4< Q
1<i< Mg, ifQpr1 <g<Q,
and
Mo+1<i<M, if1<p<Dy,
wi(p) =8y, 0 Jp, where Q@ + : 1 PSEb
1<i< Mg, if Dp41 <p<D.
For ease of presentation, we denote by ¢@ the vector consisting of 4),@ and define
¢=",....'Y) e UH®"u, where Ny = (M — Mg)Qp + Ma(Q — Q). (3.5)
Similarly, we concatenate " to get the vector ¥ ?) and denote
v=wD, .. y®)e O where Ny = (M — Mq)Dy + Ma(D — Dp). (3.6)
According to Assumption 1, we define the nonlinear map G such that for any u e/, me V, H e R,
(Qb+1) (Q) (Dp+1) (D) o
P(lg; 7 ul, o Mgy ul [y " ml, . [y m), H)
— ifiefl,..., Mg},
(G, ul, [¥,ul, H))i = —_ (3.7)
l B([qb,(])v u]7 ceey [¢,(Qb)s u]v [‘/f,(l)y m]a ceey [w,(Db)v m]v H)
ifie{Mqg+1,...,M}.
Hence, we can rewire (3.3) as
2 2 4 T2 1 Ne ? 1 Ne ?
min llully, + imlls, + [HI* + Bl 375 2o u(x)| + Bl g 2o mxi) — 1
(u,m,H)eU x VxR u v Mg i; : Mg i; ' (3.8)
s.t. G([¢, ul, [¥,m], H) =0.
Remark 3.2. Similarly, in time-dependent settings, we consider
min _ull?, + [Imlf3,.,
(u.mye xV (3.9)

s.t. G([¢, ul, [¥.m]) =0,

where G is an analog to the one in (3.7)

The following theorem gives the foundation for the GP method to solve (3.8).

12
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Theorem 3.3. Suppose that Assumption 1 holds. Let Ny4, ¢, Ny, ¥, and G be as in (3.5), (3.6), and (3.7). Define matrices ® € RNuxNu,
W e RNvXNv gych that

Oij = [¢i, Kudjl. 1 < i, j < Ny, and Wis = [V, Kys], 1 <k, s < Ny.

Assume further that © and W are invertible. Let X = (X1,..., Xn,) and § = (11, ..., nn,,) be the vectors with elements

Ny Ny
Xi=Y Oy Kupn.i=1.....Ny, and =Y W' Kyym.i=1.....Ny,
n=1 n=1

where 9511 and lIJi;1 are the elements of ©~! and W1 at the ith row and the nth column. Then, (u’, m, ET) is a solution to (3.8) if
and only if

ul=xT2 mf=97p, and H' =1, (3.10)

where (7, pT, ) is a minimizer to

2 2
min 2T lz4+pTw o+ 22+ 8 +8
zeRNU peRMV 1eR

s.t.G(z,p, 1) =0.

Mg
1 (1)
wg 2P — 1

Mg
1 (1)
g 2 Zi .
1=

i=1

(3.11)

Proof. We conclude using similar arguments as in the proof of Theorem 2.3. Let (u*,m*,ﬁ*) be the solution to (3.1)
and define z, =[¢,u*], p, =[¢¥, m*] and A, —=H". Then, G(z4, p, X+) =0. Thus, the minimization problem (3.11) can be
restricted to the form of (2.13). Hence, (3.11) admits a minimizer. Following nearly identical steps to the derivation of (2.9),
we conclude (3.10). O

Next, following [16], we have the convergence theorem.

Theorem 3.4. Assume that Assumption 1 holds and that the MFG in (3.1) has a unique classical solution (u*, m*, ﬁ*) in the space
U x V x R. Assume further that U CC Hq CC C11(Q) N 1 (3RQ) and that V cC Hy CC C2(Q) N C2(32), where Hq and Hy are
Banach spaces and t1, t}, tz, and t!, are sufficiently large. Denote by {x; l"i 1 the collection of samples with M points. Suppose further
that as M — oo,

sup min |x—Xx;| — Oand sup min  [x—x;| = 0. (3.12)
xeintQ 1<i<Mg x€0Q Mo+1<i<M

Given M and B, let (u;rv,,ﬂ,m;rwﬁ,ﬁk,ﬁ) be a minimizer of (3.8). Then, as M and B go to infinity, up to a sub-sequence,
(u;rv, 8> mL,ﬂ, ﬁ;rv,,ﬂ) converges to (u*, m*, H") pointwisely in Q and in H1 x Hz x R.

Proof. The argument is similar to the proof of Theorem 2.4. Given M sample points and the penalization parameter g,
denote by (u}‘w’ﬁ, m;rw’ﬁ, ﬁ}v,_ﬁ) a minimizer to (3.8). Using the fact that the classical solution (u*, m*, ﬁ*) to (3.1) satisfies the

constraints in (3.8), we prove that there exists a sequence {(M, ﬁp)};‘;l such that ||uLp’ﬂp e ||mLp’ﬂp Ily, and |HMp~/3p| are

uniformly bounded for all p > 1, and that [, m],hv,p’ﬁp dx— 1 and [, uLp,ﬂp dx — 0. Since Y CC H1, V CC Ha, and a closed

bounded set in R is compact, the sequence (u;rw’p, m}‘w’p, HL_p) converge, up to a sub-sequence, to a limit (ulo, mlo, ﬁ];o) in

H1xHa xR as p — oo. Using H1 CC Ct1(Q)NCH(3Q) and that Ha CC C2(2)NC2(3$), we conclude that (ulo,mlo,ﬁio)

satisfies the constraints in (3.3) at all points in {xi}Ml. Due to (3.12), {x,-}IM1 is dense in  as M — oo. Hence, (u]:,o, m];o, ﬁ];o)

i=
solves (3.1). Since the solution to (3.1) is unique, we conclude that (u];o, m:r,o, ﬁlo) = (u*, m*,ﬁ*). O

Remark 3.5. To deal with the nonlinear constraints of (3.11), we introduce two penalization parameters, y >0 and 8 > 0,
and consider the relaxation formulation similar to (2.10).

Remark 3.6. Under similar Assumptions of Theorems 3.3 and 3.4, (3.9) admits a solution (uL, m;rw) for given sample size M,
and (”I\a’ m;rw) converges to the classical solution of (3.2) as M goes to infinity.

13
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3.3. The Fourier features method

Let O ={¢(-, w)|w € W} be a family of base functions parametrized over the set VV, where

XeQ

sup|¢(x, )| < 1,Yw € W and f;z(x, ) dx < 0. (3.13)
Q

We propose to approximate u* and m* in the solution of (3.1) by linear combinations of functions sampled from ©. More
precisely, given N € N, we take samples {w;};. ; and {‘1:,-}11":l from W and define vector valued functions ¢V and #" by

NO = w, L GwnlTand VG =8¢ T, e Grav)] (3.14)
Then, we define spaces

Gen = {a’ ¢ e RN} and Gyn = (BT 9V (B e RN} (3.15)
Meanwhile, for ¢ satisfying (3.13), we equip the spaces QCN and G,n with the norms

e “Q;N: |, Vug =a’¢N e Gn and |mg HgﬂN: 1B, Vmg = BT9N € Gyn.

By (3.13), the norms | - ||ch and || - [l 2 are equivalent for the space g{N. Then, we approximate the solution of (3.1) by
the minimizer of the following problem

min luallfz g, + Impls g + ¥ [P e, mg, H)I?
UacGyn mpeGon R LD Blize) o Mg, H)I2 g
? 2 (3.16)
+V||B(Ua7mﬂ)||%2(m+7/‘/mﬂdx—l +y‘/uadx ,
2 Q

where P and B are given in Assumption 1, and y > 0.

Remark 3.7. When the domain © = T, we choose O such that
O ={¢(-,w) =cos(2m (a, ) + b)|w = (a,b) € Z% x {0, 7 /2}}.
Then, given N € N, we select a subset {w; = (ai,b,-)}f\’:1 in Z9 x {0, /2}. Thus, the vector valued function ¢V in (3.14)
becomes
¢N () =[cos(2m (a1, ) +b1), ..., cos2 (an, ) + by
Hence, for & = {o1, ..., an} € RN, the function ugy € ch in (3.15) has the following form

N
Uy (X) = Z o cos(2nal~Tx + bj).
i=1

The same construction holds for the space Gyn.

Remark 3.8. When the domain €2 is non-periodic, we choose

O ={{(, @) = cos2 (@, )|w € RN U (-, @) =sinQ27 (@, ) |w € RY).
Then, we take N/2, N € N and N is even, samples {a)i}'.v/

1212 from R? in such a way that the nonlinear map ¢V in (3.14) is
defined as

2
Ny =, N[sin(w{x), e sin(w,(,/zx), cos(wlx), ..., cos(a),(,/zx)]T, vx e R%,

To sample {a)i}f\lz/lz, we use the method of orthogonal random features [48]. More precisely, the matrix W = [wy, ..., a)N/z]T
satisfies
1
W = ES Q, (3.17)

14
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where ¢ > 0, Q is a uniformly distributed random orthogonal matrix, and S is a diagonal matrix with entries sampled i.i.d.
from x-distribution with d degrees of freedom. We refer readers to [48] for more details about the construction of W.

Then, given & = {orq,...,an} € RN and ugy € QCN in (3.15), we obtain
N/2 N
Ug(X) = Zai sin(w] x) + Z a; cos(w] x).
i=1 i=N/2+1

We use the same method to build the space Gyw.

Remark 3.9. In a time-dependent setting, the space-time domain is non-periodic. Hence, we use features given in Re-
mark 3.8 and approximate the solution to (3.2) by the minimizer of the following problem

min _ |ugl? o + Imgl% o + VIPUa, mg, H)I12, o) + ¥ I1B(g, mg) %) -
g €GN, mpeG,n HER L) L2(€2) 12() 12(9)

A numerical example for a time-dependent planning MFG is shown in Section 4.
The following theorem gives the existence of a solution to (3.16).
Theorem 3.10. Under Assumption 1, the minimization problem (3.16) admits a minimizer for any given y > 0.

Proof. The arguments are the same as in the proof of Theorem 2.5. First, we convert (3.16) into an equivalent minimization
problem similar to (2.27). Then, from the lower semi-continuity and the coercivity of the objective function, we conclude
that a minimizer exists. 0O

Next, we study the convergence of (3.16) as N and y go to infinity. We do not try to provide the most general conver-
gence result for all MFGs since the spaces in (3.15) lack compactness. Hence, we cannot apply the arguments of Theorem 3.4
here. Instead, we prove the validity of our method in concrete setups of interests. In the rest of this subsection, we build the
convergence results of the FF method applied to a stationary MFG with a Lipschitz coupling and a unique smooth solution,
see Subsection 4.1 for a numerical experiment. We postpone the study of the convergence of the FF method in settings of
time-dependent MFGs to future work.

More precisely, given a smooth function V : R? — R and a functional F : C(T%) ~ C(T?), we consider the following
MFG

—Au+ ML 4 v(x) = Fim](x) + H, inT¢,
—Am — div(mVu) =0, in TY, (3.18)
Jpamdx=1, [pqudx=0.

We assume that (3.18) admits a smooth solution. In addition, we suppose further that (3.18) satisfies the following assump-
tion, which guarantees the uniqueness of the solution to (3.18).

Assumption 2. There exists a constant Ly > 0 such that for any m, u € C(T%),

sup [FIm](x) — F[u])| < Lrllm — ]l oo ey (319)
xeT

Meanwhile, F is monotone, i.e., for any m, i € C(T'%), m = p if and only if

/(F[m](x) — Flpl(x)(m(x) — pu(x)) dx < 0.
Td

Next, we study the convergence of our method when we use the Fourier series to approximate u and m. Given N € N,
we define the Fourier features space

gN = [([)‘d)(x) =c+ Y aisin@ri’x) + Y Bicos2mi’x), ¢, i, fi € R} (3.20)
ieZ¢, ieZ¢,

and equip GN with the norm | - gn defined as
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2 2 2 N
lplign =1cl+ > lail® + |Bil%. Vo e GN.
ieZ‘,{,

For ease of presentation, given y > 0, we define the following functional

]y(u,m,ﬁ)=/|u|2dx+/|m|2dx+ﬁ2+yg(u,m,ﬁ), (3.21)
Td Td
where
O, m, H)= / | — Au+ |Vuf? + V(x) — Flm](x) — H|? dx
e , , (322)
+/|—Am—div(mVu)|2dx+ /udx + /mdx—l .
Td Td Td
Then, (3.16) is equivalent to
min ]y(uN,mN,ﬁN). (3.23)

uNeGN meGN H' R

Using the same arguments as in the proof of Theorem 3.10, we conclude that (3.23) admits a minimizer. Next, we show
the convergence of a minimizer of (3.23). First, we give an upper bound for the minimum of (3.23) in the following theo-
rem.

Theorem 3.11. Let (u*, m*, ﬁ*) be the solution to (3.18) and the functional ], be as in (3.21) for y > 0. Suppose that Assump-
tion 2 holds. Then, for any sufficiently small & > 0, there exist a constant C > 0, N € N, and functions (u™, m") e GN x G such
that

Jy @M omNHY <2003, pay + 20m* 13 ey + 1H 1P+ €A+ p)e?. (3.24)

See Appendix A for the proof of the above theorem. The following corollary follows directly from Theorem 3.11 and

proves that there exists a minimizer (uN’V,mN'V,ﬁN’V) of (3.23) such that Q(uN’V,mNV,ﬁN’y) —0as Nand y go to
infinity.

Corollary 3.12. Let Q be as in (3.22). Under the same assumptions of Theorem 3.11, for any € > 0, there exist a constant C > 0,
sufficiently large y > 0 and N > 0, and a minimizer of (3.23), which is denoted by (u™-Y, mNY By e GN x GN x R, satis-

fies

—N,
oMY, mNY H™) < Ce.

We give the proof of Corollary 3.12 in Appendix A. The following theorem shows the convergence of minimizers of (3.23)
to the solution of (3.18) as N and y go to infinity. The proof is presented in Appendix A.

Theorem 3.13. Let (u*, m*, H") be the solution to (3.18). Under the assumptions of Theorem 3.11, there exists a sequence {(N;, ¥i)}72,
such that the sequence {(u!, m', ﬁ')}f’il, where (ui,m', El) is a minimizer of (3.23) corresponding to N; and y;, satisfies u' — u* in
HY(T%, m' - m*in H(T%),and H — H inRasi — oo.

Next, we propose a method to solve (3.16). We take M samples {Xf}il\il in the domain @ such that {xi}i’\iﬂl CintQ
and {x,-}i"iMQH Cc 9 for 1 < Mg < M. To capture different variability of the constraints, we introduce two penalization

parameters y, 8, and consider

Mg 2
_ 1
min luglld . + mgl|? +|H|2+ﬁ‘— mg(x;) — 1
uaegw,mﬂegw,ﬁeR o ggw B GyN MQ; Bxi
(3.25)
1 Mg 2 Mg . M
+ﬂ‘M—Q;uN<xi> +in]j|P<ua,mﬁ,H>(xi)|2+yi MX:H'B(”a’mﬂ)(XiNZ-
_ = =Mg
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Let Ny; and Ny, be as in (3.5) and (3.6). Under Assumption 1, we reformulate (3.25) into an equivalent two-level minimiza-
tion problem

2

2 1 Mg (
- D
N. N +ﬂ‘M Zzi
zeRNU peRMV e L

. —2
min el +[IBI? + H,
+ J acRN,BeRN HeR

st.[¢. eV =z [y, 9V]B=p. H=1.

The first level optimization problem gives

a=[¢.cN1T (¢, tNp, tNT) 1z,
B =0y 2" (v, 9Ny, 92N~ 1p,
H=nx.

Mg
1
i G M2+~ > oV -1
min RVII (Z, 0, M) +ﬂ‘MQ i—1pl

(3.26)

Hence, (3.26) is equivalent to

2

1 MQ (]) 2 ] MQ (])
min V||G(Z,P,)»)||2+ﬂ‘— 0 _]‘ +ﬂ’ 2
zeRNU peRNV 1eR Mg ; i Mo ;zl ;

+27 (¢, ¢V, eN D) 1z 4+ BT (1w, # Ny, 2N T8 22,

Remark 3.14. In general, the matrices [¢, £N1[¢, ¢M1T and [¢, 9V ][y, #N)T are ill-conditioned. Hence, we choose two reg-
ularization parameters, (1 >0 and @y > 0, and consider

2

1 Mg W 2 1 Mg a

min V||G(Z,P,)»)||2+,3’7 P —1 +ﬂ‘7 Zi

zeRNU peRMV 2eR Mg ; l Mg ; l
(3.27)

+2" (¢, ¢, ¢NTT + D'z
+BT (v, Ny, oM + a7+ 22

Remark 3.15. When necessary, we also eliminate equality constraints in (3.27) as discussed in Section 3.3 of [16].

Remark 3.16. According to Theorems 3.4 and 3.13, using the GP and the FF methods, the non-negativity of the probability
measure m is guaranteed at the limit. Thus, unless the coupling term is not well defined when m is non-positive (see
Remark 2.1 for discussions about a MFG with a log coupling), we do not impose extra non-negativity constraints on the
Gauss-Newton iterations. We will also see that the numerical results of the probability measures are non-negative in the
next section.

4. Numerical results

In this section, we implement our methods to solve a non-local stationary MFG in Subsection 4.1 and a time-dependent
planning problem in Subsection 4.2. The runtimes are measured using MacBook Air 2015 (4 GB Ram, Intel Core i5 CPU).
Our implementation is based on the code of [16]," which uses Python with the JAX package for automatic differentiation.
Our experiments count only on CPUs. Additional speedups can be achieved by using accelerated hardware such as Graphics
Processing Units (GPU).

4.1. A second-order non-local stationary MFG

We consider a variant of the non-local stationary MFG in Subsection 6.2.5 of [2]. More precisely, given v > 0, we want
to find (u, m, H) solving

—VAu+Hx, Vu)=((1-A)~1(1—-A)""'m)(x) +H, inT?,
—vAm —div(mDpH(x, Vu)) =0, in T2, (4.1)
Jpaudx=0, [pamdx=1,

1 https://github.com/yifanc96/NonlinearPDEs-GPsolver.git.
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Table 3

The precomputation time (in seconds) consumed by
the GP method and the FF algorithm for solving
(4.1) when v=0.1 and N =10 as M increases.

GP FF
M Cholesky QR Cholesky
400 1.29 0.35 0.31
800 6.31 0.50 0.21
1200 38.66 1.09 0.23
1600 88.79 1.92 0.30

where

H(x, p) = sin(2mx1) + sin(2xy) + cos(4mx;) + |p|?, Vx € T2, p € R.

We use the GP method and the FF algorithm proposed in Section 3 to solve (4.1). In the experiments, we write (4.1) in the
form of (3.4) with Qy =Dy =0, Q =4, D =5, and with linear operators L1(u) =u, Ly(u) = dxu, L3(u) = dyu, Lg(u) = Au,
Jim)=m, Jo(m)=0ym, J3(m)=203ym, J4(m) = Am, and J5(m) = (1 — A)~1(1 = A)~Im. We compute the action of J5 on
a kernel by the Fast Fourier transform. The GP method uses the periodic kernels

1

K1((x1,%2), (¥1, ¥2)) = K2 (%1, %2, y1, y2) = eo?
with lengthscale o = 0.2. For the FF method, we fix N € N, use the basis

(cos(2m (x1—y1))+cos(2m (x2—Yy2))—2)

;N(xl,xz) :ﬂN(X] ,X2) = [1,sin2Qmx1 + 27X2), ..., Sin(2wixy + 27 jx2),
...,SIN(2mT Nx1 + 2m Nx2), cos(2mwx1 + 2w Xx2),
...,C08(2mixy + 27 jx2),...,cos(2mr Nx1 + Zanz)]T,Vi, j=1,...,N,

and approximate u and m by functions in the space g;N as in (3.15). We choose the regularization parameters 71 =1, =

i1 =tz =107 in Remarks 2.2 and 2.9. To measure the accuracy of our algorithms, we identify T2 with [0, 1) x [0, 1),
discretize the domain with 100 x 100 uniformly distributed grid points, and use the FD method in [2] to solve (4.1) with
high accuracy. The GP method and the FF algorithm use the same sample points and start from the same initial values.
We denote by (ucp,mgp, Hep) and (upp, mpp, Hpp) the numerical solutions of the GP method and the FF algorithm,
separately.

In Fig. 2, we show the numerical results of both algorithms for v = 0.1 after 36 iterations. We take the same M = 400
samples for both the GP method and the FF algorithm, which is shown in Fig. 2d. We use the Gauss-Newton iteration with
step size 1 to solve the optimization problems, and choose N = 10 for the FF method. We set the penalization parameters
B=1and y =10~ for both algorithms. Figs. 2b, 2e, 2c, and 2f plot the graphs of ugp, urr, mgp, and mgp, separately.
The convergence histories of the Gauss-Newton iterations are presented in Figs. 2g and 2j, which verify the convergence of
our algorithms. We attribute the non-monotone decreasing of the loss curves to the non-linearity of the objective functions.
The contours of pointwise errors are shown in Figs. 2h, 2i, 2k, and 21. We see that the errors are smaller in smoother areas.
The errors of Hgp and Hpp are given in Fig. 2a.

For larger values of v, the solutions are smoother. Then, fewer bases are enough for the FF method to achieve higher
accuracy, which is shown in Fig. 3. We take M =400, v =1, and N = 2. Meanwhile, we set the penalization parameters
B=1, y =10"" for the FF method and 8 =1072, ¥ =10~ for the GP algorithm. The Gauss-Newton method uses step
size 1 for both methods and stops after 5 iterations. Figs. 2 and 3 imply that the selection of parameters depends on the
data of the model and suggest the need to study hyperparameter learning in future work.

Table 3 records the CPU time of performing the Cholesky and the QR decomposition for both algorithms as M increases.
We set v=0.1 and N = 10. We see that the FF algorithm outperforms the GP method in the precomputation stage.

4.2. A planning problem

We consider a planning MFG, a variant of the crowd motion model given in [45]. Let pg(:, o, 0p) be the probability
density function of a one-dimensional Gaussian with mean o € R and standard variance og. We seek (u, m) solving

— % 4 Tugl?=0.01m, in (0,1) x R,
M — (muy)x =0, in (0,1) x R, (4.2)
m(0, x) = po(x), m(1,x) = p1(x), inR,

where pg(x) = p¢(x,0.5,0.1) and pq(x) = pc(x, —0.5, 0.1). Since the time and the space domains have different variability,

following [16], we use the anisotropic kernel
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Fig. 2. The numerical solutions of the non-local stationary MFG (4.1) when v = 0.1. (a) The errors of Hcp and Hpp with respect to the reference Hpp;
(b), (c), (e), (f) Numerical values of ugp, m¢p, urr, and mgr; (d) the samples used by the GP and the FF methods; (g), (j) the evolution of the losses, which
are the objective functions in (3.11) and (3.27); (h), (i), (k), (1) The contours of the pointwise errors of ugp, mgp, Urp, and mgg.

Kk((t,s), (t',5) =exp(—(s —s)?/of — (t — )2 /o})

for the GP method, where (01,07) = (1/\/5, 1/«/5). We choose the regularization parameters 1y =1y = 1 = pp = 107>
in Remarks 2.2 and 2.9. For the FF method, we use orthogonal random Fourier features stated in Remark 3.8. In (3.17),
we choose ¢ = 0.2 and select 200 random Fourier features both for approximating u and m. We write (4.2) in an analog
form of (3.4) with Q, = D, =0, Q =4, D =3, and with linear operators L1(u) =u, Ly(u) = dru, L3(u) = oxu, La(u) = 8fu,
Ji(m)=m, Jo(m)=0dym, and J3(m) = d,m. To solve the optimization problems, we apply the Gauss-Newton method with
step size 0.1. Both algorithms stop after 320 iterations. In the experiments, we uniformly sample Mg = 1200 points in
(0,1) x (—2,2), 200 samples in {0} x (-2, 2), and 200 points in {1} x (=2, 2). To show the accuracy of our methods, we
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Fig. 3. The numerical solutions of the non-local stationary MFG (4.1) when v = 1. (a) The errors of Hgp and Hpr with respect to the reference Hrp; (b), (c),
(e), (f) Numerical values of ucp, mgp, upr, and mgp; (d) the samples used by the GP and the FF methods; (g), (j) the evolution of the losses, which are
the objective functions in (3.11) and (3.27); (h), (i), (k), (1) The contours of the pointwise errors of ucp, mgp, urf, and mgg.

discretize the domain [0, 1] x [—2, —2] with 64 x 512 uniformly distributed grid points, solve (4.2) via the Eulerian solver?
used in [45], and save the results as a reference. Denote by (ugp,mgp) and (upp, mpp) the numerical solutions of the
GP method and the FF algorithm, separately. We represent the result of the Eulerian solver by (ury,mgy). Fig. 4 plots
numerical results for the planning MFG. We plot the histories of Gauss-Newton iterations in Figs. 4a-4b. Both the GP and
the FF methods use the same set of samples, which is shown in Fig. 4c. Since we care more about the evolution of the
probability density in the planning problem, we show the pointwise error between mgp and mpy in Fig. 4d, and plot the
error between mpr and mpy in Fig. 4e. We see that the errors are larger near the peaks of the probability density. This

2 https://github.com/EmoryMLIP/MFGnet.jl.git.
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Fig. 4. Numerical results for the Planing MFG (4.2): (a), (b) The histories of Gauss-Newton iterations; (c) uniformly sampled points in the space-time do-
main; (d), (e) contours of the pointwise errors of the numerical solutions; (f)-(k) time slices of the numerical solutions and the reference at t =1/4,1/2,3/4.

phenomenon suggests the need to study non-uniformly distributed sample points in the future. Figs. 4f-4k compare various
time slices of mgp, mpp, and mpy at time t =1/4,1/2,3/4 to highlight the accuracy of our methods.

5. Conclusions and future work

This paper presents two meshless algorithms, the GP method and the FF algorithm, to solve MFGs. The GP method adapts
the algorithm in [16] to solve MFGs and finds numerical solutions in RKHSs. The convergence analysis of the GP method
does not rely on the Lasry-Lions monotonicity condition. Hence, we plan to apply the GP method to solve MFGs with other
monotonicity conditions or with non-monotone couplings in future work. To get better performance, we introduce the FF
algorithm seeking approximations in Fourier features spaces. Compared to the GP method, the FF algorithm consumes less
precomputation time without losing accuracy by using a prescribed number of base functions. Since the Fourier features
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space lacks compactness, we cannot use the same convergence arguments of the GP method. Instead, the Lasry-Lions
monotonicity ensures the boundedness of numerical errors and gives the convergence of the FF method. We plan to study
the convergence of the FF algorithm in displacement monotone or non-monotone settings in future work. We believe that
one can also use the FF method to solve general PDEs. As we have observed in the numerical experiments, the choices of
base functions and parameters in our methods profoundly influence the accuracy of numerical solutions. Hence, in future
work, we also plan to investigate methods of hyperparameter learning and different sampling techniques.

CRediT authorship contribution statement

Chenchen Mou: Formal analysis, Investigation, Methodology, Validation, Visualization, Writing - review & editing. Xi-
anjin Yang: Conceptualization, Formal analysis, Investigation, Methodology, Software, Validation, Visualization, Writing -
original draft, Writing - review & editing. Chao Zhou: Formal analysis, Funding acquisition, Investigation, Methodology,
Resources, Visualization, Writing - review & editing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgement

We want to thank Yifan Chen for sharing the code of [16] online and discussing the implementation. We also thank
Professor Lars Ruthotto for sharing the Matlab code about the crowd motion model in [45] and thank Mathieu Lauriére
for discussions about the finite difference methods of MFGs. C. Mou gratefully acknowledges the support by CityU Start-up
Grant 7200684 and Hong Kong RGC Grant ECS 9048215. C. Zhou is supported by Singapore MOE (Ministry of Education),
AcRF Grants R-146-000-271-112 and R-146-000-284-114, and NSFC Grant No. 11871364.

Appendix A. Proofs of the results

Proof of Theorem 2.6. Let (u*, m*, H") be the solution of (2.1). By the explicit formulas in (2.2), u* and m* are smooth.
Thus, according to the approximation theorem of Fourier series [47, Chapter 14], for any € > 0, there exist N € N and
functions u™, mN € GV such that

maxsup | dP uNx) — dV u*(x)| < e (A1)
IS2 xeT

and
max sup | d? mN (x) — dP m*(x)| <e, (A.2)
IST xeT

where d? represents the ith order derivative. Hence, by the definition of Q in (2.24), we have

. 2 2
Q(uN,mN,ﬁ*):/w”("’”y)‘” —mN|2dx+‘fuNdx +‘/m”dx—1
T T T

+ / ImM (ul, + bx(x)) +my (uf +bx))|* dx

/leH(xu)H H(xu)H| dx—i—/lm m| dx

‘/- ulNdx — udx ‘/ mN dx — mdx

+/|m”(u,’§<+bx(x)) —m*(u§x+bx(x))|2dx

+/|m§f(u§+b(x))—mﬁ(u;‘+b(x))|2dx.
T
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Next, we estimate the terms at the right-hand side (RHS) of (A.3). From (A.1) and (A.2), we get

2 2
flmN—m*|2dx+ ‘/uNdx—/u*dx +‘/mNdx—/m*dx < 3€2. (A4)
T T T T T
For the first term at the RHS of (A.3), we have
f |eH(x,u£’)fﬁ* . eH(x,uj)fﬁ*|2 dx
T
1 2
=e2H / ’/de”o‘*’:‘y) dx (where fiy := sul + (1 — s)u}}, s € [0, 1]) (A5)
T 0
1 2
—e2H / ’ /eH(x*i‘y)DpH(x, eyl —up)ds| dx.
T 0
Using (A.1), we get
sup |0 (x)| < supsjul — u}| 4 sup [u}| < se + sup [u}]. (A.6)
xeT xeT xeT xeT
Thus, by the definition of H in (2.3), (A.1), (A.5), and (A.6), there exists a constant C > 0 such that
f | eHOu)=H" _ oHeu)=H" 12 gy <« Ce2, (A7)
T

Next, we use (A.1) and (A.2), and get

f MM (g, + bx(x)) — m* (U + bx(x))* dx < / [N — m*)(uy, + bx(x)* dx + / m* (g, — u)|* dx < Ce?.
T T T

(A.8)

Similarly, there exists a constant C > 0 such that

f|mfj(ux+b(x)) —miu} 4+ b(x)) > dx < Ce>. (A.9)

T
Combining (A.4), (A.7), (A.8), (A.9), we get from (A.3) that

owN,mN, H") < ce’. (A.10)
Using (A.1) and (A.2) again, we get

f luM|?dx < 2||u*||f2(T) +2€? and / [mN % dx < 2||m*||§2(T) +2€2. (A11)

T T

Therefore, we conclude (2.28) by combining (A.10), (A.11), and the definition of J, in (2.23). O

Proof of Corollary 2.7. Let (u*,m*,H") be the solution of (2.1). By Theorem 2.6, for given small € > 0 and y > 0, there
exists a constant C and functions (uN, m") e GV x GN such that

Jy @M mNEY) 20wt )1Z 4+ 20m* ) + [H PP+ (1 + y)el. (A12)
Let uNY, mN*V,ﬁN’y) be a minimizer in (2.25) given N and y. Then, we have

N N,y N7 N .. N T5*
Jy @™ m™Y HTT) < J, ', mY H ).

Thus, using (A.12) and the definition of J, in (2.23), we have

_N’ J—
yoMy mNY HYY) C2plut ), + 21m* )%, + [H 12 + C(1 + p)e?,
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which yields
N,y Ny Nv 2 #112 *112 o2 1 2
QM m™Y ) < Sl + I, + [H'P) + €+ e
Therefore, we conclude (2.29) by passing y to infinity. O
Proof of Theorem 2.8. By Theorem 2.6 and Corollary 2.7, there exists a sequence {(N;,y;)}2; such that the set
{(ui,mi,ﬁl)}?il, where (u, mi,E') is a minimizer of (2.25) given N; and y;, satisfies
ow',m,H) = 0asi— oo. (A13)
Meanwhile, there exits a constant C such that fori > 1,
Jp@ . m H)<C. (A14)
Thus, by (A.14) and the definition of J,, in (2.23), there exists a constant C such that
I ll2ery < €. Im'll2¢p) < C. and [H| < C. (A15)
Then, there exists H™ € R such that, up to a subsequence, H converges to H” in R. Let h' and g! be functions such that
i\2 : . ) i
{% + V(0 +beul =In(m +hi () +H, (A16)
—(m'(uy +b(x)))x = 8'(%).
By (A.13), we have

lim [ m'dx=1, lim [h'|2p, — Oand lim |g[l2) — O. (A17)
1—00 1—00 1—00

T
Hence, integrating the first equation of (A.16), we get from (A.17) and (A.15) that

luyll 2Ty < C.
Thus, u' € H'(T). Since u! is the finite linear combination of trigonometric functions, there exists a constant C such that
lu'llerery < Cllu' gy < C. (A18)

Next, we prove the convergence of (ui,mi,ﬁi) using the Lasry-Lions monotonicity argument. Let *,m*,H") be the
solution to (2.1). Then, from (A.16), we get

@) wH? i . i hig)y _Inm* L H
[ X - 4 bl — bXuf =In(m' +hi(x) —Inm*+H —H", (A19)

—(mi(ul 4+ b(x)))x + (M* (U} + b(x)))x = g (x).

Multiplying the first equation of (A.19) by mi +h! —m* and the second equation in (A.19) by u! —u*, subtracting the resulting
equations, and integrating by parts, we obtain

1 o . 1 ) o o
5/(m‘ +hY)|uf —ul|? dx + E/m*lu;‘ —u§(|2dx+/(ln(m’ +hY — Inm*)(m' +h' —m*)dx
T T

T (A20)

=H -H) /(mi +h' —m*)dx + / g —u)dx+ / hi(ul + b)) (ul, — ul) dx.
T T T
By passing i — 0, (A.17), (A.18), and (A.20) yield

.1 i i i2 1 i2 i i i i

l_11_r>r(1)§/(m +hYuf — ul dx+§ m*|uy —uy|“dx+ [ (In(m' +h") —Inm*)(m' +h' —m*)dx =0. (A21)
T T T

From the first equation of (A.16), we get

. . i -
mi 4 hi(x) = e2 WD)V 0—H ~b20) 5 ,—C miq?evw—bz(xy
Xe

Then, the left-hand side of (A.21) is non-negative, and m! + h' is uniformly bounded below. Hence, (A.21) yields
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ul — uin L(T).

Thus, up to a sub-sequence, ui converges to uj pointwisely. By the first equation of (A.16), there exists a function m* such
that, up to a sub-sequence,

<ux)

m — m™® = +HVO+b (U~ pointwisely.

Since m' is uniformly bounded above by the dominated convergence theorem, we conclude that m! converges to m™
in Ll(']I‘) We note that (u*, m™, H™) satisfies (2.1). By the uniqueness of the solution, we conclude that m® = m* and
H=H". o

Proof of Theorem 3.11. The arguments here are similar to the proof of Theorem 2.6. Using the approximation theorem of
Fourier series and (3.19), we perform similar computations as in (A.3)-(A.11). Then, we conclude (3.24) by the definition of

Jy. O
Proof of Corollary 3.12. The proof is the same as in the arguments of Corollary 2.7. O

Corollary Al Let {f'}2°, be a sequence such that f € G' defined in (3.20). If { f1}°, is uniformly bounded in L?(T*Y). Then, there
exists a constant C > 0 such that

£ Ml ooy < C.

Moreover, there exits a continuous function f such that, up to a sub-sequence, f' converges to f in L°(T%) as i — cc.

Proof. Since fi e G! for i > 1, there exist real numbers {ozj}]E

fix)=c + Z ozj- sin(27 jTx) + Z ,3}'- cos(2m jTx),x e TY.
jer’ jeZ?

zd» {ﬁ}}jezq, and ¢! such that
1

Thus, we have

(f"(x))2 :(C’A)2 + Z aé-afc sin(2m jTx) sin(2kTx) + Z ,B}ﬁ,i cos(27 jTx) cos(2k! x)

k,jez? k,jeZ'ii
o , ‘ . . (A22)
+2 ) BlafcosrjTx)sin@rk %) + ¢ Y alsin@rjTx) +c Y Bicos2mjTx).
k. jezd jezd jezd
Since Vi, j € Z9,
/cos(ZniTx) dx=/sin(2niTx)dx=0
Td Td
0, ifijori=j=0,
/sin(anTx) sin(ZniTx)dx: :1 ) ‘# )
o 3 ifi=j#0,
0, ifi ],
fcos(anTx) cos@mi'x)dx= {1, ifi=j#0,
Td 1, ifi=j=0
and
/cos(anTx) sinmilx)dx=0
Td
we get from (A.22) that
/(f)dX—(f:) T B SR ST (A23)
jEZ jEZd
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By (A.23) and the fact that {fi}l.oil is uniformly bounded in L%(T%), there exits a constant C > 0 such that
) ) 1 ) 1 )
i\2 _ AiN2 i\2 iN2
/(f) de= ()’ +5 Y @) +5 D (B)*<C. (A.24)
Td jeZ? jeZ?
Thus, using (A.24) and Young’s inequality, we obtain
1F W opay < (T4 Dl + D IB5D* < C /(f")2 dx<C.
jezd jezd Td

Hence, {f"}l‘?il is uniformly bounded in L% (TY). ‘
Meanwhile, by (A.24), there exist real numbers ¢, {«;}?2;, and {ﬁj}]‘?"1 such that, up to subsequences, ¢’ — ¢, o} — «j,

: j=1 = J
and ,8; — Bj, forall je Z?, as i — oo. Furthermore, for any € > 0, there exists N € N such that for any |i| > N,
> leji<e X IBjI<e, (A25)
jeZd, | jI=N JjeZdIjI=N
> lejl<e and ) |BjI<e. (A.26)
J€Z4,|jI=N J€Z4,|jI=N
We define
fx)=c+ Z ajsin@m jTx) + Z Bjcos(2m jTx)
jezZa\{(o} jezZi\{0}
and

fnx) =c+ Z o sin(2m jTx) + Z Bjcos(27 jTx).
jeZﬁ, jeZ?\,
Thus, for |i| > N, by (A.25) and (A.26), there exists a constant C > 0 such that
1" = flleqray SIS = fnllpseqray + 1 fn = Flie
<lch—cl+ ) lof—ajl+ ) 18— Bl
jez§, jez§,
+ Y e+ D B+ ) e+ YD IBjI<Ce.
jezd,|jI>N jeZd,jI>N jezd,|j|>N Jjezd,|j|>N

Therefore, we conclude that fi converges to f in L°(T%). O

Proof of Theorem 3.13. By Theorem 3.11 and Corollary 3.12, there exist a sequence {(N', yi)}f’il and a constant C such that
the sequence {(u, mi,ﬁ')}f’;, where (uf, mi,ﬁl) is a minimizer of (3.23) given N and y, satisfies

lufll2epay < €. Im'llj2cpay < C. and [H'| < C. (A27)

Meanwhile, let ki and g' be functions such that

Al VU2 _ i1 pi
dul 4 555 4 V0 = i) — H' =0, (n28)
—Am' —divim'vu') = g'(x).
Then,
lim |h'||2¢pa) — Oand lim ||g'[|2(pa) — O. (A.29)
1—00 1—00

Next, we study the regularity and the convergence of {ui};ﬁl. We split our arguments into three claims and prove each
claim.

Claim 1. There exists a constant C > 0 such that ||u’ llc1 ey < C for all i and exists a multi-valued function ¢ € (L (T'9))? such that,
up to a subsequence, Vu' converges to ¢ in (L (T%))4.
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Integrating the first equation in (A.28), we get

vui|? . . .
/ | 5 | dX:—/ V(x)dx—i—/F[m’]dx—i— H' -‘r/hl(){) dx. (A:30)
Td Td Td Td

Thus, for i large enough, using Assumption 2, (A.27), (A.29), and the smoothness of V, we get that Vu'! is uniformly bounded
in (L2(T9))?. Hence, by Corollary A.1 and (A.27), there exists a constant C such that |u! llcr¢rey < € and exists a function

¢ € (L=(T%)? such that, up to a sub-sequence, Vu' converges in (L°(T%)? to ¢.
The following claim gives the convergence of {m'}{2; and the properties of the limit.

Claim 2. There exits a continuous function m* such that, up to a subsequence, m' converges to m® in H'(T'?) and in L>°(T?%) as
i — oo. Moreover, [pqm® dx=1and m™ > 0.

By (A.27) and Corollary A.1, there exists a continuous function m* € L (T%) such that m' - m® in L%°(T?). By Corol-
lary 3.12, limj_, o fpa m' dx = 1. Thus, [ m® dx = 1. Next, we show that m™ > 0.
Multiplying the second equation of (A.28) by m' and integrating by parts, we get

/|Vmi|2dx:—/mi<Vu",Vmi>dx+fg"midx
Td

d d
T T (A31)

1 . : 1 . o
<3 /(m’)2|Vu'|2 dx+ 2 f [Vm' [ dx + / g'mtdx,
Td Td Td
where we use Young’s inequality in the above inequality. Hence, by (A.27), (A.29), Claim 1, and (A.31), there exists a constant
C such
VM|l 2 ey < C.

Then, by Corollary A.1, up to a subsequence, Vm' converges to a vector field & e (L°°(T9))d. Since m' — m® in L>°(T4),
m® is differentiable and & = Vm®. Hence, m' converges to m*® in H'(T4). We multiply the second equation of (A.28) by
@ € C(TY), integrate it by parts, and get

/(Vmi,V(p)dx—i-fmi(Vui,V(p)dX:/giﬁl’dx-
Td Td Td

Passing i to infinity, we obtain

/-(Vmoo, Vgo)dx—}-/moo(g, V)dx =0.
Td Td
Hence, m® is a weak solution to
—Am™ —div(cm™) =0in T¢ and /m"o dx=1.
Td

Thus, by the ergodic theory, m® > 0 (see Section 1.4 of [8]).

Finally, we have the convergence of a subsequence of (u!, mi,ﬁi)ioil to the solution of (3.18). The proof is based on the
Lasry-Lions monotonicity argument.

Claim 3. Up to a subsequence, u' — u* in H1(T9), m' — m* in H1(T9), and H' converges to H' in R as i goes to infinity.
Denote w' = ui — u*, pi =mi —m*, t' =H' — H". Then, we have

— AW+ (VY Gyi) = Fmi] — F[m*] 4t + hi(x),

T YW= ! (A32)
—Ap' —div(Vw'm') — div(p'Vu*) = g'(x).

Multiplying the first equation in (A.32) by p' and integrating by parts, we obtain
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) ) vul + vu* o ) ) ) ) . .
/(le,Vpl)d,H_/<%,Vw'p’>dx:/(ﬂm']—F[m*]),O' dx + tl/p‘dx+/h’(x),o’dx. (A33)
Td Td Td Td Td

Then, we integrate the second equation of (A.32) multiplied with w over T¢ and get

/(V,oi,Vw")dx—l—/IVwi|2midx+/(inu*,Vwi)dx=/gi(x)widx. (A34)
Td Td Td Td
Subtracting (A.33) from (A.34), we have

5/|Vw’|2(m'+m*)dx+/(F[m’]—F[m*]),Oldx:—tlfp‘dx—[h’(x)p’dx-l—/g'(x)wl dx.
Td Td Td Td Td
Using (A.29), [pam*dx = fpam*>°dx=1, and Claim 2, we obtain

lim %/|Vwi|2(mi+m*)dx+/(F[mi]—F[m*])(mi—m*)dx=0.
1—00 Td Td

Hence, we have

1 112 11,,00 * i * i *
5/|Vw| (m™+m )dx—i—/(F[m]—F[m D@m' —m*)dx — 0.
Td Td

Since m® > 0 and m* > 0, we get

lim [ (F[m'] = Fim*])(m' — m*)dx = 0.
i—0
Td
By Assumption 2 and Claim 2,

/(F[mo"] — FIm*)(m*® —m*)dx =0.
Td

Thus, we have m*> =m*. By Claim 2, we conclude that, up to a sub-sequence, m' converges to m* in H'(T9). Next, we
show the convergence of u'.
Multiplying the first equation in (A.32) by w' and integrating by parts, we get

) vul 4+ vu* o ) ) ) ) ) )
/|Vw’|2=—/<%,Vw'w‘>dx+/(ﬂm']—F[m*])w‘dx+r‘/w’dx—i—/h‘(x)w’dx. (A35)
Td Td Td Td Td

Hence, passing i to infinity, we get from (A.35) that vw! converges to 0 in L2(T%). Thus, u' converges to u* in H'(T4Y).
Finally, using (A.30), H' converges to H" in R. O

References

[1] Y. Achdou, F. Camilli, I. Capuzzo-Dolcetta, Mean field games: numerical methods for the planning problem, SIAM J. Control Optim. 50 (1) (2012)
77-109.
[2] Y. Achdou, 1. Capuzzo-Dolcetta, Mean field games: numerical methods, SIAM ]. Numer. Anal. 48 (3) (2010) 1136-1162.
[3] Y. Achdou, J.-M. Lasry, Mean field games for modeling crowd motion, in: Contributions to Partial Differential Equations and Applications, Springer,
2019, pp. 17-42.
[4] Y. Achdou, M. Lauriére, Mean field games and applications: numerical aspects, in: Mean Field Games, 2020, pp. 249-307.
[5] Y. Achdou, V. Perez, Iterative strategies for solving linearized discrete mean field games systems, Netw. Heterog. Media 7 (2) (2012) 197.
[6] N. Almulla, R. Ferreira, D. Gomes, Two numerical approaches to stationary mean-field games, Dyn. Games Appl. 7 (4) (2017) 657-682.
[7] J.-D. Benamou, G. Carlier, Augmented Lagrangian methods for transport optimization, mean field games and degenerate elliptic equations, J. Optim.
Theory Appl. 167 (1) (2015) 1-26.
[8] A. Bensoussan, G. Blankenship, Singular perturbations in stochastic control, in: Singular Perturbations and Asymptotic Analysis in Control Systems,
Springer, 1987, pp. 171-260.
[9] LM. Bricefio-Arias, D. Kalise, Z. Kobeissi, M. Lauriére, A.M. Gonzdlez, F. Silva, On the implementation of a primal-dual algorithm for second order
time-dependent mean field games with local couplings, ESAIM Proc. Surv. 65 (2019) 330-348.
[10] L.M. Briceno-Arias, D. Kalise, F. Silva, Proximal methods for stationary mean field games with local couplings, SIAM ]. Control Optim. 56 (2) (2018)
801-836.
[11] P. Cardaliaguet, Notes on mean field games, Technical report, 2010.

28


http://refhub.elsevier.com/S0021-9991(22)00250-9/bib7031FF59EAAAD79FBB6AFCB8C63C7F15s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib7031FF59EAAAD79FBB6AFCB8C63C7F15s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib991D5BF2977826E8CE37DE0DF1F60273s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib546D8FAC50AFA1E2726BD5424D70DEE6s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib546D8FAC50AFA1E2726BD5424D70DEE6s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibEA8C14F1A1CA568C79CAD078B4C7E794s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib145C404ECE491AE181DBAD5A547E8D13s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibE33BB132FC4DC5BAF7F1870B72D3E747s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib0B28334CADCFA45569CCA3E25AD60BD7s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib0B28334CADCFA45569CCA3E25AD60BD7s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibDA912972D01940AFC2EC91969FF60A1Fs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibDA912972D01940AFC2EC91969FF60A1Fs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib3C287761415B5C41DF9D9674CFF03C0Bs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib3C287761415B5C41DF9D9674CFF03C0Bs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib57B109123622975BF2FE2263C3B4836Cs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib57B109123622975BF2FE2263C3B4836Cs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib2B90D6A98731DF0670E8022B13099C19s1

C. Mou, X. Yang and C. Zhou Journal of Computational Physics 460 (2022) 111188

[12] R. Carmona, M. Lauriére, Convergence analysis of machine learning algorithms for the numerical solution of mean field control and games I: the
ergodic case, SIAM ]. Numer. Anal. 59 (3) (2021) 1455-1485.

[13] R. Carmona, M. Lauriére, Convergence analysis of machine learning algorithms for the numerical solution of mean field control and games: II-the finite
horizon case, Ann. Appl. Probab. (2021), in press.

[14] R. Carmona, M. Lauriére, Deep learning for mean field games and mean field control with applications to finance, arXiv preprint, arXiv:2107.04568,
2021.

[15] A. Cesaroni, M. Cirant, S. Dipierro, M. Novaga, E. Valdinoci, On stationary fractional mean field games, J. Math. Pures Appl. 122 (2019) 1-22.

[16] Y. Chen, B. Hosseini, H. Owhadi, A.M. Stuart, Solving and learning nonlinear PDEs with Gaussian processes, J. Comput. Phys. 447 (2021) 110668.

[17] Y. Chen, H. Owhadi, A. Stuart, Consistency of empirical Bayes and kernel flow for hierarchical parameter estimation, Math. Comput. (2021).

[18] D. Evangelista, R. Ferreira, D. Gomes, L. Nurbekyan, V. Voskanyan, First-order, stationary mean-field games with congestion, Nonlinear Anal. 173 (2018)
37-74.

[19] H. Gao, A. Lin, RA. Banez, W. Li, Z. Han, SJ. Osher, H.V. Poor, Belief and opinion evolution in social networks: a high-dimensional mean field game
approach, in: ICC 2021-IEEE International Conference on Communications, IEEE, 2021, pp. 1-6.

[20] D. Gomes, L. Nurbekyan, E. Pimentel, Economic Models and Mean-Field Games Theory, Publicaoes Matematicas, IMPA, Rio, Brazil, 2015.

[21] D. Gomes, J. Satide, A mean-field game approach to price formation, Dyn. Games Appl. 11 (1) (2021) 29-53.

[22] D. Gomes, ]. Satide, Numerical methods for finite-state mean-field games satisfying a monotonicity condition, Appl. Math. Optim. 83 (1) (2021) 51-82.

[23] D. Gomes, X. Yang, The Hessian Riemannian flow and Newton’s method for effective Hamiltonians and Mather measures, ESAIM: Math. Model. Numer.
Anal. 54 (6) (2020) 1883-1915.

[24] O. Guéant, J.-M. Lasry, P-L. Lions, Mean field games and applications, in: Paris-Princeton Lectures on Mathematical Finance 2010, Springer, 2011,
pp. 205-266.

[25] M. Huang, PE. Caines, R.P. Malhamé, An invariance principle in large population stochastic dynamic games, J. Syst. Sci. Complex. 20 (2) (2007) 162-172.

[26] M. Huang, PE. Caines, R.P. Malhamé, Large-population cost-coupled LQG problems with nonuniform agents: individual-mass behavior and decentralized
€-Nash equilibria, IEEE Trans. Autom. Control 52 (9) (2007) 1560-1571.

[27] M. Huang, PE. Caines, R.P. Malhamé, The Nash certainty equivalence principle and McKean-Vlasov systems: an invariance principle and entry adapta-
tion, in: 2007 46th IEEE Conference on Decision and Control, IEEE, 2007, pp. 121-126.

[28] M. Huang, R.P. Malhamé, P.E. Caines, Large population stochastic dynamic games: closed-loop McKean-Vlasov systems and the Nash certainty equiva-
lence principle, Commun. Inf. Syst. 6 (3) (2006) 221-252.

[29] J.-M. Lasry, P-L. Lions, Jeux a champ moyen. I-le cas stationnaire, C. R. Math. 343 (9) (2006) 619-625.

[30] J.-M. Lasry, P-L. Lions, Jeux a champ moyen. II-horizon fini et contrdle optimal, C. R. Math. 343 (10) (2006) 679-684.

[31] J.-M. Lasry, P-L. Lions, Mean field games, Jpn. ]. Math. 2 (1) (2007) 229-260.

[32] M. Lauriére, Numerical methods for mean field games and mean field type control, arXiv preprint, arXiv:2106.06231, 2021.

[33] W. Lee, S. Liu, W. Li, S. Osher, Mean field control problems for vaccine distribution, arXiv preprint, arXiv:2104.11887, 2021.

[34] W. Lee, S. Liu, H. Tembine, W. Li, S.J. Osher, Controlling propagation of epidemics via mean-field control, SIAM J. Appl. Math. (2020).

[35] A.T. Lin, SW. Fung, W. Li, L. Nurbekyan, S.J. Osher, Alternating the population and control neural networks to solve high-dimensional stochastic mean-
field games, Proc. Natl. Acad. Sci. 118 (31) (2021).

[36] P-L. Lions, Cours au Collége de France, 2007-2013.

[37] S. Liu, M. Jacobs, W. Li, L. Nurbekyan, S.J. Osher, Computational methods for first-order nonlocal mean field games with applications, SIAM J. Numer.
Anal. 59 (5) (2021) 2639-2668.

[38] S. Liu, L. Nurbekyan, Splitting methods for a class of non-potential mean field games, J. Dyn. Games (2020) 2020.

[39] A.R. Mészdros, C. Mou, Mean field games systems under displacement monotonicity, arXiv preprint, arXiv:2109.06687, 2021.

[40] L. Nurbekyan, J. Satde, Fourier approximation methods for first-order nonlocal mean-field games, Port. Math. 75 (3) (2019) 367-396.

[41] H. Owhadi, C. Scovel, Operator-Adapted Wavelets, Fast Solvers, and Numerical Homogenization: From a Game Theoretic Approach to Numerical Ap-
proximation and Algorithm Design, vol. 35, Cambridge University Press, 2019.

[42] H. Owhadi, G.R. Yoo, Kernel flows: from learning kernels from data into the abyss, J. Comput. Phys. 389 (2019) 22-47.

[43] A. Rahimi, B. Recht, Random features for large-scale kernel machines, in: NIPS, vol. 3, Citeseer, 2007, p. 5.

[44] W. Rudin, Fourier Analysis on Groups, Courier Dover Publications, 2017.

[45] L. Ruthotto, S.J. Osher, W. Li, L. Nurbekyan, S.W. Fung, A machine learning framework for solving high-dimensional mean field game and mean field
control problems, Proc. Natl. Acad. Sci. 117 (17) (2020) 9183-9193.

[46] A. Tompkins, F. Ramos, Periodic kernel approximation by index set Fourier series features, in: Uncertainty in Artificial Intelligence, PMLR, 2020,
pp. 486-496.

[47] A. Vasy, Partial Differential Equations: An Accessible Route Through Theory and Applications, 2015.

[48] EX. Yu, A.T. Suresh, K.M. Choromanski, D.N. Holtmann-Rice, S. Kumar, Orthogonal random features, Adv. Neural Inf. Process. Syst. 29 (2016) 1975-1983.

29


http://refhub.elsevier.com/S0021-9991(22)00250-9/bibBAC07F67B4D623CCCD7E38F9E10413DEs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibBAC07F67B4D623CCCD7E38F9E10413DEs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib21DFCDF95045E563DD0C9FCAABBD0D06s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib21DFCDF95045E563DD0C9FCAABBD0D06s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib2F20B68CFF9279DB8A75CCBB7FCCF0AEs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib2F20B68CFF9279DB8A75CCBB7FCCF0AEs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib112E2B13CA95F89F0A6FADD4CCE67C3Bs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib2AF75AC957A9CB970407246061C69C76s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib708F2101A64D10ED10DA07AF7F55E845s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib0CE82496869EFCA49159C5CA63EC86F7s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib0CE82496869EFCA49159C5CA63EC86F7s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib755A6BF1CA485D4C4963ECE15D9683DEs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib755A6BF1CA485D4C4963ECE15D9683DEs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib01F52340431D5A9FB853B091206AAF46s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib1D612427DCBE884838077D296F45B84Cs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib46662DA8D86AF983ECF182FE0662162Fs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib534154F0903587DCF9093E9C194267AFs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib534154F0903587DCF9093E9C194267AFs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib875A128692B182C85D0BEEA6696D5D5As1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib875A128692B182C85D0BEEA6696D5D5As1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibBCF5F318B26FE8BAFC7922FD4D040287s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib6B357B1D05126441771E07050606B319s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib6B357B1D05126441771E07050606B319s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibC0B45D14DBF63B49A25BEE506A23B3A3s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibC0B45D14DBF63B49A25BEE506A23B3A3s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib4FB47EEC7FF17833200D0D0CFAE825B6s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib4FB47EEC7FF17833200D0D0CFAE825B6s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib0373B3B4A38A5C53C27A7B7D000ED55Es1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib5003AF7F65789653AA975EA0BE5D3EB5s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib6305696BDB1AC7AAEE144BEAFE61CEE3s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib115048FF432635C65B68148027E152CCs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib724D6251DA4CBE45E77CDDE6B5358EB7s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib86719E34621E33EF33704F11E3265247s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib953FAF4A1E42F7E9717CB0B974E4BB47s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib953FAF4A1E42F7E9717CB0B974E4BB47s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib9F4E6300A662A536620088207EC0C09As1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibA80EC10F6419A81D043FE4A2C71BD4B3s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibA80EC10F6419A81D043FE4A2C71BD4B3s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib9E57FCD50DAA80B685F39C178F7BED4Cs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib45CD25F05E6FE6E5FD9D8F0FF5A67E28s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib75FD13505AC0080EA6AD4638DA35DBEAs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib70A9DEF4155939793D55A51FEA6E8F85s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib70A9DEF4155939793D55A51FEA6E8F85s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibAD237D9C39BCB7431CE903D09668C61Bs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib1FE51AD1B97B14E9ED7FA0B0FF6F49CFs1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib482BC6E6F9D4B9B3FC4B98598579B742s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibD97AF1288E3296E87D0292E46D13988As1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibD97AF1288E3296E87D0292E46D13988As1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib228806EC1F9B9E2B96EFD516CB9CC627s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib228806EC1F9B9E2B96EFD516CB9CC627s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bibA1EE2A2503494D6770A3F29F27A9FC04s1
http://refhub.elsevier.com/S0021-9991(22)00250-9/bib4467AA1EED2DCE516C6D38F90DCFE618s1

	Numerical methods for mean field games based on Gaussian processes and Fourier features
	1 Introduction
	1.1 Related works
	1.2 Outline

	2 An appetizer: solving a stationary MFG with an explicit solution
	2.1 The Gaussian process method
	2.2 The Fourier features method
	2.3 Numerical results

	3 The general frameworks
	3.1 The general forms of MFGs
	3.2 The Gaussian process method
	3.3 The Fourier features method

	4 Numerical results
	4.1 A second-order non-local stationary MFG
	4.2 A planning problem

	5 Conclusions and future work
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgement
	Appendix A Proofs of the results
	References


