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ABSTRACT. In this article, we propose a numerical method based on sparse Gaussian processes (SGPs) to
solve nonlinear partial differential equations (PDEs). The SGP algorithm is based on a Gaussian process
(GP) method, which approximates the solution of a PDE with the maximum a posteriori probability esti-
mator of a GP conditioned on the PDE evaluated at a finite number of sample points. The main bottleneck
of the GP method lies in the inversion of a covariance matrix, whose cost grows cubically with respect to the
size of samples. To improve the scalability of the GP method while retaining desirable accuracy, we draw
inspiration from SGP approximations, where inducing points are introduced to summarize the information
of samples. More precisely, our SGP method uses a Gaussian prior associated with a low-rank kernel gener-
ated by inducing points randomly selected from samples. In the SGP method, the size of the matrix to be
inverted is proportional to the number of inducing points, which is much less than the size of the samples.
The numerical experiments show that the SGP method using less than half of the uniform samples as in-
ducing points achieves comparable accuracy to the GP method using the same number of uniform samples,
which significantly reduces the computational cost. We give the existence proof for the approximation to
the solution of a PDE and provide rigorous error analysis.

1. INTRODUCTION

This work develops a new numerical method based on sparse Gaussian processes (SGPs) to
solve nonlinear partial differential equations (PDEs). PDEs have been widely used to model applications
in science, economics, and biology . However, very few PDEs admit explicit solutions. Standard
numerical approaches including finite difference and finite element methods @ﬂ for solving PDEs are
prone to the curse of dimensions. Recently, to keep pace with increasing problem sizes, machine learning
methods intrigue a lot of attention . Probabilistic algorithms to solve linear problems
are presented in . The authors of [1] extend these ideas and propose a Gaussian process (GP)
framework for solving general nonlinear PDEs. In particular, for time-dependent PDEs, GP methods based
on time-discretization are considered in . The computational costs of the above GP methods grow
cubically with respect to the number of samples due to the inversion of covariance matrices. To improve the
performance, based on , proposes to approximate the solution of a PDE in the space generated by
random Fourier features , where the corresponding covariance matrix is a low-rank approximation to
that of the GP method in .

In this paper, we propose another low-rank approximation method based on SGPs, which leverages a
few inducing points to summarize the information from observations. Our SGP method is based on ,
where a numerical approximation of the solution to a nonlinear PDE is viewed as the maximum a posteriori
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(MAP) estimator of a GP conditioned on solving the PDE at a finite set of sample points. In our SGP
method, we replace the Gaussian prior by an alternative with a zero mean and a low-rank kernel induced
from inducing points. The approximation to the solution of a PDE can be viewed as a MAP estimator of a
SGP conditioned on a noisy observation about the values of linear operators of the true solution, where the
observation satisfies the PDE at the samples. Meanwhile, the numerical approximation can also be viewed
as a function with the minimum norm in the reproducing kernel Hilbert space (RKHS) associated with the
low-rank kernel. The values of linear operators of the function are close to those satisfying the PDE at
sample points. By a stable Woodbury matrix identity stated in Subsection the dimension of the matrix
to be inverted in the SGP method depends only on the number of inducing points selected.

This inducing-point approach is initially proposed in the deterministic training conditional (DTC) ap-
proximation [26], and then it has been fully studied in several works. [21] provides a unifying view for the
approximation of GP regressions. This framework includes the DTC, the fully independent training condi-
tional (FITC) approximation [29], and the partial independent training conditional (PITC) approximation.
All above methods modify the joint prior using a conditional independent assumption between training and
test data given inducing variables. Alternatively, [8, [31] leverage the inducing-point approach into the com-
puting of the evidence lower bound of the log marginal likelihood. They retain exact priors but approximate
the posteriors via variational inference. On the other hand, the estimation of inducing inputs has been gen-
eralized into an augmented feature space in [12]. In particular, SGPs are extended in the spectral domain
with and without variational inference (7} [13]. Moreover, some works direct speed up the computation of
GP regressions through fast matrix-vector multiplication and pre-conditional conjugate gradients [5], and
through structured kernel interpolation [34].

Our contributions are summarized as follows:

1. We introduce a general framework based on SGPs to solve nonlinear PDEs. The numerical experi-
ments in Section [@] show that the SGP method using less than half of the uniform samples as inducing
points significantly reduces the computational cost without losing much accuracy compared to the
GP method in [1] using the same number of uniform samples;

2. We give a rigorous existence proof for the numerical approximation to the solution of a general
PDE and analyze error bounds in Section Our analysis bases on the arguments in [1], learning
theory [27] [28], and Nystrom approximations [10]. The error bound given in Theorem provides
qualitative hints to improve the accuracy of our method;

3. The numerical experiments show that the choice of the positions of inducing points and parameters
of kernels has a profound impact on the accuracy of the numerical approximations. In Section [2] we
give a probabilistic interpretation for the SGP method in the setting of [31], which motivates future
work for hyperparameter learning.

The paper is organized as follows. Section [2] summarizes our SGP method by solving a nonlinear elliptic
PDE. In Section[3] we provide a framework of the SGP method to solve general PDEs. Numerical experiments
are presented in Section [d] Further discussions and future work appear in Section

Notations. Vectors are in bold font. For a real-valued vector v, we represent by |v| the Euclidean norm of
v and by v” its transpose. For a matrix A, we denote by || A|| the spectral norm of A. Let (u,v) or u’v be
the inner product of vectors u and v. For a normed vector space V, let || - || be the norm of V. Let U be a
Banach space associated with a quadratic norm || - ||z, and let &* be the dual of . Denote by [-, -] the duality
pairing between U* and U. We assume that there exists a linear, bijective, symmetric ([Ky o, ] = [Ky, ¢]),
and positive ([Ky ¢, ¢] > 0 for ¢ # 0) covariance operator Ky : U* — U, such that

ullZ = K u, u), Vu € U.
P

Let {¢;}Z., be a set of P € N elements in U* and let ¢ := (¢1,...,¢p) be in the product space (U*)® .
Then, for u € U, we denote the pairing [¢, u] by

[(JS,U] = ([¢1vu]’ ) [QSP’U])
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Furthermore, for u := (uy,...,us) € U®S, S € N, we represent by [¢,u] € RP*S the matrix with entries
[¢i,uj]. We write || - || as the induced norm for linear operators on U, i.e., for any F : U — U, we define
| F|| = maxy =1 [|[F(w)|e. Given any R € N, we denote by [R] the set of nonnegative integers less equal

to R. Finally, we represent by C' a positive real number whose value may change line by line.

2. A RECAPITULATION OF THE SGP METHOD

In Subsection we demonstrate the SGP method by dealing with a nonlinear elliptic PDE given in [1].
The SGP method approximates the solution of the PDE by a minimizer of an optimal recovery problem,
which searching a solution with the minimum norm in the RKHS associated with a low-rank kernel generated
by inducing points and the values of linear operators of the solution are close to those satisfying the PDE
at finite samples. From a probabilistic perspective, the optimal recovery problem can also be interpreted as
the MAP estimation for a SGP constrained by a noisy observation of values of linear operators of the true
solution. The main bottleneck of the SGP method is the inversion of a covariance matrix. In Subsection
we describe a robust way to compute the inverse of the covariance matrix, which is the cornerstone of
the SGP method to reduce computational complexity. Finally, in Subsection we give a probabilistic
explanation for the SGP method, which motivates a way to choose hyperparameters in future work.

2.1. The SGP Method. Let d > 1 and Q be a bounded open subset of R? with a Lipschitz boundary 09.
Given continuous functions f: Q — R, 7: Q — R, and g : 9Q — R, we find the strong solution u* solving

—Au*(z) + 7(u (7)) = f(z), = € Q,
{U*(x) = g(z),z € 0Q, (2.1)

Where T is chosen such that admits a unique strong solution. We propose to approximate the solution
to (2.1) by functions in a RKHS generated by inducing points. First, we show the construction of such
RKHS We assume that the solution of | is in the space U, where U is the RKHS associated with a
nondegenerate, symmetric, and positive deﬁmte kernel K : Q x Q — R. We view U as the ambient space.
Let U* be the dual space of U and let [ | U* xU — R be the duality pairing. Next, we sample M inducing
points {#;}}, in Q such that {wj} ' C Qand {m]}j M1 C O0Q for 1 < Mg < M. Then, we define the

functionals qb§- =0z, for1<j< M and qSkZ) =05, 0A for 1 <k < Mq. Denote by qb and qb( the vectors

with entries ¢§~1) and (b,(f), respectively. Let ¢ be the vector concatenating (]5(1) and ¢(2). For simplicity,
we denote by ¢; the j™ component of ¢. Define K(-,¢) as the vector with entries [ K(-,z')¢;(z") dz’
and define K (¢, ¢) as the matrix with elements [ [ K(x,2")¢;(x)¢;(x") de de’. Suppose that the inducing
points are chosen such that K (¢, ¢) are invertible. Then, we define a new kernel Q : Q x Q — R as

Qz,z') = K(z,¢)(K($,¢)) " K(), ).

Using the positivity of the kernel K, we see that @ is semi-definite (see Lemma in Section . Thus, by
the Moore-Aronszajn theorem, () induces a unique RKHS, denoted by Ug. We call Uy the RKHS generated
by inducing points.

Next, we approximate the solution u in Ug. We take N samples {z;}Y | such that {x;}¥? c Q and
{wi} Y v, 41 C O for 1 < Ng < N. Let || - ||, be the norm of Ug. Then, our SGP method approximates
the solution u* of with a minimizer of the following regularized optimal recovery problem

1 2 8@ 2 2
min Z 2,7 —u(zy)|” + Zl\zj = Au(z;)|* + vllullz,
]:

zeRNoTN yellg j=1

. 2.2
st. — 2P+ 7)) = fl=;),Vi=1,..., Na, (2:2)
zj(-l) =g(x;),¥j=No+1,...,N,
where v > 0 is a given small regularization parameter and z := (z](\}gﬂ, .. z](\}), z{l), e ](\2 , z§2), e z](\i)))

Let (u', z") be a minimizer of (2.2). A minimizer uf of (2.2) can be viewed as a MAP estimator of a SGP
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¢ ~ N(0,Q) conditioned on a noisy observation z! about values of the linear operators of uf, where zf

satisfies the PDE at the sample points. A probabilistic interpretation of is given in Subsection
Then, we define the functionals w](.l) = 0g,; for 1 < j < N and wl(f) =0z, 0 A for 1 < k < Nq. Define

1) as the vector consisting of ¢§1) and 1/:22). We represent by 1, the j™ component of . Let Q(-,)

be the vector containing entries fQ(~,a:’)1/)i-(m’) da’ and let Q(1p,1) be the matrix consisting of elements

[ [ Q(z,x")i(x)y;(z') de d’. Theorem [3.4]in Section [3| shows that (2:2) admits a minimizer u! such that
ul (@) = Q(z, )" (v + Q9 9)) ™' 2T, (2.3)
where I is the identity matrix and z' is a minimizer of
i 2T (I + L)1z
zeRNs?ian,ueuQ (’Y Q(’l/’ "b))
2 1 .
s.t. —1z§ )+ 7(=) = fla), ¥ = 1,..., No, (2.4)
zj( ) =g(x;),Vj=Nq+1,...,N.

Next, we use the technique of eliminating variables in [1] to remove the constraints of (2.4). More precisely,
1) (2)

observing 2;’ = g(z;) and 2,7 = T(Z](vl)) — f(z;), we rewrite as
zq
min (zq,9(zaq), f(®a) — 7(20)) (v + Q(v, %)) " 9(xa0) : (2.5)
ackTe f(za) —7(20)

where zg = (24"), g(za0) = (9(2)) Ny, 110 F@a) = (f(2,)¥2, and 7(2q) = (7(2{"))¥. Then, we

obtain z' by solving (2.5)) using the Gauss-Newton method and get uf by (2.3).

Remark 2.1. In the first attempt, we consider a similar formulation to that of the GP method in [1] and
solve the optimal recovery problem

: 2
foin lJullz,

st. — Au(x;) + 7(u(z;)) = f(x;),Vi=1,...,Ng, (2.6)
u(z;) = g(x;),Vj = No+1,...,N.

However, since Q(,v) = K(¥,9)(K(¢,®)) K (¢,1), the matrix Q(p,) is not invertible when the
number of samples is larger than the number of inducing points. Hence, the representer theorem [19, Section
17.8] does not apply. Furthermore, since Uy is a subspace of U, the solution u* to may not lie in Ug.
Hence, we may not find a function in U satisfying the constraints in .

2.2. Computing (vI + Q(v,))~ . The bottleneck of solving is to calculate the inverse of I +
Q(1p, 1), whose size is proportional to the number of sample points. The computational complexity of stan-
dard Cholesky decomposition algorithms is O(N?3) in general. The algorithm in [25] computes e approximate
Cholesky factors of (v + Q(2p,2))~" in O(N log?!(N/e)). Using the structure of Q(v, ), we show that
the computational complexity can be reduced and depends only on the number of inducing points. The
technique is from Section 3.4.3 of [33] and is well explained in the documents of GPﬁow We provide the
full details below for the sake of completeness.
Using the Woodbury identity, we get

(VI + Q. )" =(vI + K (v, 9)(K(,9)) ' K(p, )"

-1 -2 -1 -1 (27)

*https://gpflow.github.io/ GPflow/2.4.0 /notebooks/theory /SGPR_notes.html
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The equation (2.7) is not numerically stable when ~y is small. To get a better conditioned matrix, we perform
the Cholesky decomposition on K (¢, ¢) and get K (¢, ¢) = LLT (see Remarkbelow). Then, we consider

(VI +Qp,9)) ™! =y =y 2K (v, ) (K (¢, ) + 77 K(, %) K (1, $)) " K(¢,9)

=y =y 2K (¢, ¢) L TLT (K (¢, ¢) + 7 K (¢, ) K(vp, ¢)) ' LL™ K (¢, 1)
=y " =y 2K, )L (LK (p,d) + 7 'K (¢, ) K (v, )L™ T) 'L K (b, 4h)
=y "=y KW, ¢) LTI+ 'L K (¢, ) K (v, p) L) LT K (¢, 9h).

(2.8)

Let A:=~"Y2L"1K(¢,1p). Then, gives
(VI + Q. 4)) " =~ 1T =y T AT(I + AAT) A (2.9)

The identity is the cornerstone for the SGP method to reduce the computational complexity. We note
that the dimension of the matrix needed to be inverted at the right-hand side of depends only on the
length of ¢, which is proportional to the number of inducing points. Hence, if M << N, using , we
are able to save computational time and memory storage. The numerical results in Section [4] show that a

small number of inducing points is sufficient for the SGP approach to achieve comparable accuracy to the
GP method in [1].

Remark 2.2. In general, K(¢, ¢) is ill-conditioned. Thus, to deal with the inverse of K (¢, ¢), we perform
the Cholesky decomposition on K (¢, ¢) +nR, where R is a block diagonal nugget built using the approach
in |1} and n > 0 is a small regularization parameter.

2.3. A Probabilistic Perspective of the SGP Method. Here, we give a probabilistic interpretation for
the SGP method. First, we put a Gaussian prior on the solution u* to , i.e., let u* ~ N (0, K), where
K is kernel associated with the RKHS ¢/ in Subsection Let {x;}%, be the set of sample points in
Subsection 2.1l Define

u = (u"(x1),...,u" (xN), Au*(z1),..., Au"(ZN,)).

Then, w is a multivariate Gaussian random variable following the distribution A(0, K (1), )). Let z be a
noisy observation of u, i.e.,

zZ=Uu-+tE€,

where € is a noise following the distribution A/ (0, yI), which is independent with u*. Thus, z ~ N (0, K (¢, 1)+
~I) and the probability density of z is

p(z) = ! 32 (K(pp)+y) 'z
V (2m)2WNetN) det(K (4, 9) + y1)

Then, solving (2.1) by the GP method in [1] is equivalent to finding z with the MAP, where z satisfies the
PDE system. More precisely, the GP method seeks to find z solving

max In p(z)
st — 2P +7(eV) = fla;), V5.1 < j < No, (2.10)

AV = g(a;), ¥, No +1 < j < N.

In our SGP method, we replace the log-likelihood in with its lower bound. The derivation follows [31].
More precisely, let {Z;}}, be the inducing points in Subsectionand define vV = (u(1),...,u(@)) and
v? = (Au(Zy),...,Au(Z,)). Let v = (v, v3)). Then, v and z are joint Gaussian random variables.
Let g(v) be the variational distribution of v and let ¢(u,v) = p(u|v)q(v) be the probability density function
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of the variational distribution of (u,v). Then, by Jensen’s inequality, we have

Inp(z —ln// zuvdudv—ln// (u,v) ))d dwv
// u,v) zuvddv_// (u|v)q( (lz)))()dud (2.11)

=:F(z,q).

Thus, F(z,q) provides a lower bound for Inp(z). To get an optimal lower bound, we take the derivative of
F w.r.t. g and get

$F(za) [ plup)
oty [ rtum PEEEE —ydu

Letting 0F(q(v))/dg(v) = 0, we get the optimal variational distribution

g (v) = Z%exp (/p(uv) Inp(z|u) du), (2.12)

where Z is a real number guaranteeing the unit mass of ¢*. Then, plugging (2.12)) into (2.11]), we get

N + Nq
2

Hence, if we replace Inp(z) by F(z,¢*) in (2.10), we note that (2.4) is equivalent to

Flz.q) = - In2e = 5 Indet(Qub. ) +97) = =T (@ ¥) +91)""2 = 5= TH(K (.) ~ Q. ).

max F(z, q*)

AP 4 r(z) = fla;),Vi=1,..., Na, (2.13)

ZJ(-l) =g(x;),Vj=Nq+1,...,N.

s.t.

Remark 2.3. The probabilistic interpretation of the SGP method above suggests a way for hyperparameter
learning. Let @ be the parameter vector consisting of the positions of the inducing points and the kernel’s
parameters. Write gj to emphasize the dependence of ¢* in on 0. Then, the SGP method with
hyperparameter learning for solving considers the maximization problem

max F(z,qp)

z,0
st. — 2P +7(V) = f(z;),Vi=1,..., Na, (2.14)
](.1):g(;l:j),Vj:NQ-i-l,...,N.

However, the objective function in is highly nonlinear. Thus, the computation of is very costly.
In the numerical experiments of Section [d] we fix the positions of inducing points. Then, we use the Gauss—
Newton method to solve for different values of the parameters of the kernel on the uniform grid in the
domain of parameters and accept the result that achieves the largest value of the objective function in .
If we choose Gaussian kernels for solving PDEs, which contain only one or two lengthscale parameters, the

above grid search method for choosing hyperparameters is efficient. We leave the full optimization over z
and 0 in (2.14)) to future work.

3. A GENERAL FRAMEWORK FOR THE SGP METHOD

In this section, we provide a framework of the SGP method for solving a general PDE. Then, we give the
existence argument for a minimizer of the optimal recovery problem used to approximate the solution of the
PDE. Finally, we analyze the approximation errors.
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3.1. A RKHS Generated by Linear Operators. In this subsection, we show the construction of a RKHS
generated by linear operators based on the abstract theory of RKHSs (see [19]). The RKHS forms a space
where we seek approximations for solutions to general PDEs.

Let U be a Banach space, let U* be its dual, and let [, ] be their duality paring. We assume further that
there exists a covariance operator I : U* — U that is linear, bijective, symmetric ([K¢, ¢] = [Ky, ¢]), and
positive ([IC¢, @] > 0 for ¢ # 0), and suppose that the norm of U is given by

lully = VK Tu,u],Vu € U.

Meanwhile, the inner products of & and U* are given by
(u,v) :=[K " u,v],Yu,v € U,
(8, 90)« =0, K], Vo, 0 €U™.
Then, U coincides with the RKHS space of the kernel K defined by
K(z,z') = [6z,Kd,],Va, 2’ € Q, (3.1)
where §, is the Dirac delta function centered at x. Let £ ~ N(0, K) be the canonical GP on U [19, Chapter
17.6] and let [¢, ] be the image of ¢ € U* under . Then, we have

E[¢,£] = 0 and E[¢,&][¢, €] = [¢, K], Yo, p € U™.

The GP method proposed in [1] approximates a solution of a nonlinear PDE by a MAP point for the GP
& ~ N(0,K) conditioned on PDE constraints at the collocation points. To reduce the computation time, we
consider a Gaussian prior with a different covariance operator generated by selected linear operators.

Let ¢ := {¢;}11, be the collection of R non-trivial elements of U*. For the canonical GP & ~ N(0,K),
[¢,&] is a Rf-valued Gaussian vector and [¢, £] ~ N(0, ©), where

SRS RRXRa ei,n = [¢17’C¢n]aVI SEAUES R.
Suppose that © is invertible. We define the induced covariance operator Q as

[, Q] = K(, )0 'K (e, ), Yoo € U*. (3.2)

The next lemma guarantees that Q is a covariance operator and associates with a RKHS.

Lemma 3.1. Let ¢ := {¢;} 2 be the collection of R linearly independent non-trivial elements of U*. Then,
the operator Q defined in (3.2) is linear, symmetric, and nonnegative. Hence, there exists a unique RKHS
Uq associated with the kernel Q) defined by

Qa,a") = (60, Q). V.2’ € 0. (3.3)
Furthermore, Ug C U and
[ulleg = lluller Vu € Ug. (3-4)

Proof. 1t is easy to see that Q is linear and symmetric. Since K is positive, © is positive definite. Then,
[0, Qp] = K(p, d)O 1K(, p) = 0,V € U*. The equality holds if and only if ¢ is perpendicular to ¢ w.r.t.
K. Thus, Q is nonnegative. Hence, the kernel @ in is symmetric and positive semi-definite. According
to the Moore-Aronszajn theorem, there exists a unique RKHS U associated with the kernel ¢). Next, we
show the relation between Ug and U.

Since Q(z,-) € U for any = € Q, the linear span of {Q(z, ),z € Q}, denoted by Ug,, is a subset of U. By
the Moore—Aronszajn theorem, Uy is the completion of Ug,. Thus, Ug C U. For any u € Ug,, there exist
sequences {x;}™, and {«;}7,, m € N, such that

lullfy =D i Q@i as) = > Y ;K (0, $)07 K (¢, 0z,) = [lullZ,

i=1 j=1 i=1 j=1

where the last two equities follows by (3.2) and (3.3). Thus, we conclude ((3.4)). O



8 SPARSE GAUSSIAN PROCESSES FOR SOLVING NONLINEAR PDES

3.2. The SGP method. In this subsection, we present a general framework of the SGP method to solve
nonlinear PDEs. Let Q € R? be a bounded open domain with the boundary 0 for d > 1. Let Ly,...,Lp €
LU;C(Q)) and Lq,...,Lp, € LIU;C(0N)) be bounded linear operators for 1 < D, < D. We seek to find a
function u* solving the nonlinear PDE

{P(Lpb+1(u*)(:1:), .., Lpu*)(z)) = f(z),Vx € Q,

B(Li(u*)(x),...,Lp,(u")(x)) = g(x), Ve € 09, (3:5)

where P, B represent nonlinear operators, and f, g are given data. Throughout this section, we assume that
admits a unique strong solution in a quadratic Banach space U associated with the covariance operator
IC, which means that u* has enough regularity for the linear operators to be well defined pointwisely in .

We propose to approximate the solution to in a RKHS generated by linear operators associated
with inducing points. To do that, we take M inducing points {Z;}}1, in € such that {EJ}JM:Q1 C Q and

{2} 1,41 C Q. Then, we define the functionals gbéi) €U as

Mo+1<j<M,ifl

¢<i) =05z, o L;, and . )
I ! 1<j< Mg, if Dy+1

Let d)(i) be the vector concatenating the functionals ¢§i) for fixed ¢ and define

¢ = (oW, ..., ¢ e U*)®E, where R = (M — Mq)Dy + Mq(D — Dy). (3.6)
The next corollary gives a RKHS generated by ¢.
Corollary 3.2. Let ¢ be as in . Assume that the elements of ¢ are linearly independent in U*. Define

0 c R™E 0, , = (¢, Ké,],V1 <i,r < R.
Then, there exists a RKHS Ug associated with the kernel Q) defined by
Q(z,x') = K(x,¢)0 ' K(¢,2'),V, 2’ € Q,
such that Uy C U. Denote by || - |lu, the norm of Ug. Then,
lullug = lluller, Ve € Ug.

Proof. The claim is a direct result of Lemma O

Next, we propose to approximate the solution u* of (| in the space Ug. More precisely, we take N
samples & := {x;}¥, in Q such that {z;}Y% c Q and {EBZ} " Ngt1 C 0. Given a regularization parameter
v > 0, we approximate u* by the minimizer of the following optimization problem

- & X P2 N ()2 5
min > > |Liuw)(zy) — 2 + Z ZIL()( 3) =2 17+ llullz,
zeRE uelg i=1j=Nq+1 i=Dyp+1 5= (3 7)
s. t. PPt ](D)):f( ), forj:1,_..,NQ, '
B(z (1),... (Db)) g(x;), for j = No+1,...,N,
where
R = (N — Nq)Dy + Nq(D — Dy) (3.8)
and

1 1 D D Dy+1 Dy+1 D D
z —(zgvg)ﬁ_l,...,zgv),...,zj(vgbll,...,zj(vb),zg b ),..., J(vgb ),...,25 ). z](VQ))
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For ease of presentation, we rewrite (3.7)) into a compact form. To do that, we define the functionals wj(-i) eu*
as
No+1<j<N,itl1<i<Dy,

<

@::5_ L; d
¥s 2 O R N < S < No, it Dy+1<i<D.

Meanwhile, let gbm be the vector consisting of wéi) for fixed ¢ and define

po= ) e @), (3.9)
Next, we define the data vector y € RV by

[ f@), ifie{1,...,No},
YT Ve, if i€ {No+1,... N},

Furthermore, we define the nonlinear map

(Dp+1) (D) .
(F(z)); = P(Zjlb ""D’Zj ), for j=1,..., Nq,
J B(zj(.)...,zj(. b))) for j = No+1,...,N.

)

Thus, we reformulate (3.7) as

min |[3p, 4] — 2> +y[ullZ,
ZERR,UEUQ (310)
s. t. F(z) =uy.

Next, we prove the existence of minimizers of and analyze the error between a minimizer uf of
and the strong solution u* to (3.5)). The arguments are based on the framework in [27]. Let ¢*(Z) be
the set of sequences a = (ag)zez With (a,b) = > __ a4, defining the inner product. Define the sampling
operator Sz : Ug +— (*(T) by

TET

Sz(u) = [, u],Vu € Ug. (3.11)

One can view Sz as a generalization of the sampling operator in [27], which only samples values of a function
at the sample points. Denote by (-, )y, the inner product of Uy and by S the adjoint of Sz. Then, for
each ¢ € ¢*(%) and u € Ug, we have

(Sze, uug = (Szu, €)@ = ¢ [1h,u] = (7 Qb uhuq-
Thus, we have
Szc=cT Qi Ve € 1*(T). (3.12)

The next lemma gives some basic properties of Sz and Sk. For a little abuse of notations, in the rest of this
section, we denote by I the identity map or the identity matrix, whose meaning is easy to recognize from
the context.

Lemma 3.3. Let Sz and S% be as in (3.11)) and (3.12). Then, for any v > 0, SxSz + vl and SzS& + ~I
are bijective. Meanwhile,

SE(SgSE 4+ 1) = (SESy + 1) 1Sz, (3.13)
For any c € (*(x), we have
(8357 +71) " Sze = (QY)T (VI + Qv 9)) e (3.14)
Furthermore,

I~ Sa(S85S5 +71) 'S5 = 4(Qtb, ) +71) " (3.15)
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Proof. We first show that SZSz 4 I is invertible for any v > 0. Let u,v € Ug and SxSzu + yu = v. Then,
according to (3.11)) and (3.12)), we have

[, u]T Qv + yu = v. (3.16)
Acting v on both sides of , we get
Qh, ) [, ul +y[h, u] = [3, v].
Since Q(v, 1)) is positive semi-definite, Q(1p, 1) + ~I is invertible. Thus,

[, u] = (I + Q(h,4)) b, v]. (3.17)
We get from and that
= %v - %w},v]T(vI + Qep, ) Oy,

which implies that SzSz 4 I is bijective. Furthermore,

(SxSz+~1) "o = % - %w,v]%f +Q(¢, ) Qup, Vo € Ug. (3.18)

Similarly, one can show that SzSi + I is bijective.
To prove (3.13)), we see that
(S3Sz + 1) S5(Sz S5 + 1)~ =(S55255 + 155) (S=S5 + )~
= 8352+ 1)(SeS3 + 1) = S5,
which yields (3.13)).
For any ¢ € (*(), using (3.18) and (3.12), we get

(8555 + 1) "' Se %cTQw - %w,cTQw(vI O, ) O
%chw - %J@(zp, $) (3T + Q1. 1)) 1 Qup
:%Jg«p - %J(@(«p,w) bl — A1) + O(ap, 1))~ O

=c" (v + Q(¢,4)) ' Qv,

which concludes (3.14]).
For any ¢ € (*(x), we use (3.14]) and obtain

(I — Sz(S5Sz + 1)~ S5)c =c — Sz((Qy)" (71 + Q(v, 1)) 'c)
=c— Q1 ¥) (VI + Qep,9)) e

. (3.19)
=c— ([ + Q(¢,¥) =) (v + Q(¢,9)) ¢
=y(vI + Q. %)) e
Since holds for any ¢ € ¢?(x), we conclude (3.15)). O

The following theorem gives the existence of minimizers to (3.10)).

Theorem 3.4. Let Sz and Si be defined in (3.11) and (3.12)). Given v > 0, the system (3.10) admits a

solution

ut = Lz', L = (S%Sz + 1)~ 'Sz, (3.20)
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where z1 is a solution to

min  27(Q(¢, ) + 1) "2
2€RR (3.21)
s.t.  F(z) =y,

where R is given in (3.8).

Proof. In (3.10)), given z € RE, we first consider the minimization problem over u

. 2 2
min |[©),u] — + . 3.22
UEZI/IQH ,U] Z| ’YHuHZ/lQ ( )

By the definition of Sz in (3.11)), we get
[, u] = 2% +l|ullZy, =(Szu — 2, Szu — 2)e@) +7(u, wuqg

=(SESzu — 2552 + yu, w, + |2/ (3.23)
Taking the function derivative w.r.t. u, we obtain from that
SzSzu — Stz + yu =0,
which implies that the minimizer u of satisfies
ul = (S58% +~I) 71 Skz. (3.24)
Thus, using and , we have
[, '] — 22 + yllut |, =(SeSzul — 2852 + yul, ut)yg + |22
=(S5S5(S5Sz +vI) ' S5z — 2852 + v(S5Sz + 1) Shz, ully, + |22
=((S55% — 2(S55z + 1) + V1) (SxSz + 1)~ Szz,ul )y, + |27 (3.25)

— (S%z,uUuQ + 22 = _<Z,Sfu1->[2(§) + 2|2
=((I = Sz(S5Sz +71)7'55)2, 2) 2 =)
=yz" (7] + Q(¢, ) 'z,
where the last equality results from . Thus, implies that is equivalent t. Using
(3-21]

a similar compactness argument as in the proof of Theorem 1.1 in , one can show that (3.21) admits a

minimizer zf. Therefore, we conclude ([3.20) by (3.24). O

Remark 3.5. Theorem implies that in order to find the solution u* of the PDE system ({3.5)), we need
to solve (3.21)). To handle the constraints of (3.21]), we use the methods of eliminating variables or relaxation
described in Subsection 3.3 of [1] when necessary.

Remark 3.6. To compute the inversion of Q(1p, 1) + I, we use the techniques introduced in Subsection
and Remark

Next, we estimate the error between the approximation solution u' given in (3.20] and the strong solution

u* of (3.5).

Theorem 3.7. Let u* be the strong solution of (3.5). Given v > 0, let (u',z") be a solution of (3.10)),
where u' is given in (3.20), and 2" solves (3.21)). Define the sampling operator Sz : U — (%(Z) by

Denote §% as the adjoint of §§ Then,
Ste=cTKap, Ve € (). (3.26)
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Define
Ao = inf |50l @)/ lvlu- s
Then,
[y <7A|l“;|;” + V312NV (VT + O, 4)) " — (VI + K (b, )|
:\/(zT DK@, 9 ) (3.28)

A2+

Proof. Since 5% is the adjoint of Sz, for each ¢ € 2 (%), we have

(St u) = (Sgu, @) = L [, u] = (TK(P), u), Yu € U.

Thus, we conclude (3.26). Meanwhile, for v > 0, by the same arguments as the proof of Lemma Sz
admits similar properties to those of Sz, i.e.,

Sa(SeS%+ 1) = (S55z +~1) 7' 5z, (3.29)
and
(5585 + 1) 715k = (Kp)T (7 + K, %)) " Le, Ve € 2(T). (3.30)
We define the operator
L= (9:5z +~I)" '8 (3.31)

Given v > 0, let u' be as in (3.20) and z' be a solution to (3.21)). We first bound u' — Lzt inU. Letting
v:= Lz and using (3.20)), we have

2 St P = Graf
{SmSwu +yul = Stz (3.32)

§%§§v +yv = §%zT.
which yields

ot = (S-5% 1628 1
{Smu (SzS% + 1)1 SpSzzt, (3.33)

S = (§5§% + 7[)_1§5§%zf.
Taking the difference of the two equations in and using , we get
vt —v) =55 (2" — Sgul) — Sz (2T — Szv)
=vSE(SeSt + 1) 2t — 4S5 (858 + 1) 2t
By (3:13), (3.14), (3:29), (3:30), and (3.34)), we have
ut — v =(9555 + 1)1 Si2t — (9285 + 1)1 Szt
=(Q9)" (VI + Q. 9)) 2" — (Kyp)" (7] + K(, 4)) " 2"

(3.34)

We have
uf —ollf =217 (v + Q. ) ' 2" — (21) " (7T + K(p, %)) ' 21
+ 292N (W + Qeh, ) (VI + K(p, b)) ' 2T
—(ZNT (I + Q) 22T — (1) (VI + K(w,9)) 2T
SB||(v + Qp, )~ — (v + K(, %)) 1277,

(3.35)
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where we use ||(v] + Q(v,%)) || < 1/ and ||(vI + K(3,4)) 71| < 1/7 in the last inequality. Thus, (3.35)
gives

luf =l < V32T VI + Q)1 — (7] + K(3,9)) 1. (3.36)

Next, we bound Lzt — LSzu*. Using (3.27)) and the same arguments as in the proof of Proposition 1 in [27],
we conclude

P B 1
W%§5+7D1”<A;+7' (3.37)
Then,
|L2" — LEgu" | =||(S555 + 1)~ (S52" — 55.85u") |u 3.38)
<I(EES5 + D)7 11852 — S55zu" fu < 19527 — 558" u/ (M5 + 7).
We have
(552" = 558", 552" — S385u7)
=(z" — Sgu*, Sz55(2" — Szu*)) o) (3.39)
=(2" = [, w D)K. ) (2" = [, w])
Thus, combining (3.38]) and -, we obtain
R I, Cis [w,u*nigf;wxﬁ “o]) 5.40)
Finally, we bound ngu* — u*. Using the definition of Lin ) and -7 we have
ILSzu” — u*lu =||(S5Sz + 1)~ S5 Szu" — U*Hu
=[(S58% + 1)~ (SeSz + I — y1)u* — u* |y
=855 + 7D~ u e < (S35 + D) 7l (3.41)
Ml
A+
Therefore, (3.36)), (3.40), (3.41), and the triangle inequality imply that holds. a

Remark 3.8. The term Az in is a straightforward extension of Definition 1 in [27] and takes into
account the information about values of linear operators evaluated at sample points. Similar to |27], we say
that the set T consisting of samples provides rich data if Az > 0 and it provides poor data if Az = 0.
Indeed, when we use the uniform sampling and the number of samples N is large enough, we will have
Az > 0. To see this, we suppose that §Ev contains the values of v evaluated at the sample points for v € U.

Then,
do= inf ISevlee > inf [Y@P> inf suplo(a)
llvlle=1 HvHu 1| =z llvlle=1

When N — +o00, we have

3r€1f sup [v(z)| — gnf sup [v(z)| > 0.
loll=1 <" loller=1 =€

Thus, as N — 400 and v — 0, the first term of (3.28]) tends to 0.

Remark 3.9. The magnitudes of the last two terms of (3.28) depend on how well Q(1), 1) approximates

K(1,1). Indeed, when Q(1p, 1) = K(1b, 1)), the second term of (3.28) equals 0 and 2T converges to [t), u*]
as N goes to infinity and v — 0 by Theorem 3.3 of [1].
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3.3. The Nystrom Approximation Error. As discussed in Remark the upper bound in is small
when Q(1), 1) approximates K(1p,1) well. In this subsection, we bound the spectral norm of K(, 1) —
Q(i/’ﬂ/)% denoted by ||IC(1/)7 d") - Q(¢'7¢)”

We recall that Q(p,1) = K(v, d)(K(¢,p)) 1 K(¢,7). Thus, we can view Q(1p,1) as the Nystrom
approximation to K(w,1). Hence, we call |IC(¢,v¢) — Q(¢,v)|| the Nystrom approximation error in the
SGP method. A typical Nystrom approximation approximates a symmetric positive semi-definite matrix
G € R"™™ n € N, by sampling m columns from G and does not assume that columns of G have close
relations with each other. The authors in [3] show that for any m uniformly sampled columns, with a
high probability, the approximation error is O(n/v/m). Later, [10] improves the bound from O(n/\/m) to
O(n/m!'=*) for p € (0,1/2) under the assumption that the eigenvalues of G have a big eigengap. In our
setting, since 1 has linear operators corresponding to the same sample points, the columns of K(1, 1)) are
highly correlated. Thus, we approximate (1, 1) using a small number of inducing points instead of using
columns from K(t), ). In general, instead of being taken from the samples, inducing points can be selected
anywhere in the input space [4]. The error analysis has been thoroughly studied in [37], which indicates
that the approximation error in the matrix Frobenious norm has an upper bound that is influenced by the
quantization error defined in [37]. Since that quantization error is the objective function in the k-means
clustering 6], k-means algorithm is typically used for the initialization of inducing inputs. In our settings,
we assume that the inducing points are sampled from the set of samples. We adapt the framework in [10] to
our settings and show that the Nystrom approximation error has an upper bound that depends only on the
numbers of samples and inducing points. In other words, though the dimension of K(1,)) is proportional
to the product of the size of samples and the number of linear operators, the error bound is not influenced
by the size of linear operators.

Following [10], we turn [|KC(2), ¥) — K (), ) (K (¢, ¢)) 1K (¢, )| into a functional approximation problem.
Define the sets

H, = span{Ko} and H;, = {BT K, |8| < 1}. (3.42)
For h € Hyp, we define
_ ; _hl2
€(h,Ha) = min [lv —hly.

Then, £(h,H,) is the minimum error for approximating a function h € H; by functions in H,. Meanwhile,
define £(H,) as the worst error in approximating any function h € H; by functions in H,, i.e.

EHa) = meax E(h, Ha)- (3.43)
The next proposition shows the equivalence of ||K(1), %) — K (1), @) (K(¢, ¢)) 1K (¢, %)|| and E(H,).

Proposition 3.10. Let £(H,), ¥, and ¢ be as in , , and 7 separately. Then,
1K (3, ) — K(t, 9)(K(p, $)) " K (b, 9)|| = E(Ha)- (3.44)

Proof. Let h € Hy, and v € H,. Then, there exists e and 3 such that v = a”K¢ and h = 87 Kap. We have
E(h, Ha) =min o’ K(¢, ¢)or — 207K (¢, 9)B + B K (v, 9)

Hence, we obtain

a) = h,
EMa) g%5<ﬂw

=max 87 (K(¢,¥) — K(,8)(K(¢, 9)) ' K(¢, %))

1B8I<1

which concludes . O
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Next, we estimate the upper bound for £(H,). For simplification, we write ¥ = (¥, ¥sq), Where
1, represents the collection of linear operators for interior points and ¥ ,q consists of linear operators for
boundary samples. We write T := (&1, Z2), where we recall that T contains all the sample points, T is the
set of interior points in €2, and x> stands for the collection of boundary points. We define the operators Lz,
and Lz, such that for any function v € U,

1

Lz, [v] = NLQ(’CU’Q)TWQ»U] and Lz, [v] = Noo (’CiﬂaQ)TWmavL (3.45)

where Ngq is the size of T; and Nygq is the length of T5. The next proposition connects the eigenvalues and
the eigenfunctions of Lz, and Lz, to the eigenvalues and the eigenvectors of K (g, 1) and K(¥5q, ¥sq)-

Proposition 3.11. Let Ry = No(D — Dy) and Ry = (N — Ng)D,, where D and D, are given in .
Let {)\j}f:ll be the set of eigenvalues of (g, 1), which are ranked in the descending order. Define the
operator Lz, as in (3.45). Then, the eigenvalues of Lz, are {)\j/NQ}f‘:ll. Moreover, let ¢1,...,¢R, be the
corresponding eigenfunctions of Lz, that have normalized functional norms, i.e. (p;, ;) = d;j, 1 < ¢,j < Ri.

Let V = [v1,...,vR,| be the orthonormal eigenvector matrix of K(vq, ¥ ). Then, we have
VAU = [, ¢;], V1 < j < Ri, (3.46)
VA = 0] Kpg, V1 < j < Ry, (3.47)

]CQ;[’SZ = V[V Alsplv"'v V ARlSDRl]Ta (348)

and
Ry

K(ta,va5) =Y [W5,¢il* V1 < j < Ry, (3.49)

i=1
where 1, ; is the j" component of 4. Similarly, let {Tj}fzzl be the set of eigenvalues of K(¥5q,%¥sq)
sorted in the descending order and let Lz, be as in (3.45). Then, the eigenvalues of Lz, are {7; /Nag}fﬁl.

Meanwhile, let (1,...,(r, be the eigenfunctions of Lz, that have normalized functional norms. Let W =
[w1,..., wg,] be the orthonormal eigenvector matrix of (95, ¥ 5q). Then, we obtain
VTiw; = [taq, (1, V1 < j < R, (3.50)
VTG = wi Koo, V1 < j < Ro, (3.51)
Ktpoq = WIVTICls - s /TR GRS (3.52)
and
Ro
K($o0.5,Ya0,5) = > [, G)* V1 < j < Ry, (3.53)

=1

where 1), ; is the j7 element of 1.

Proof. We only give proofs related to Lz, since the arguments for Lz, are similar. Let Xj be j* eigenvalue
of Lz, and let ; be the corresponding eigenfunction with a normalized norm. Then, we have

1 ~
Lz, [p;] = Nfg(’Q/JQ)TWQ,%] = Ajp;. (3.54)

Acting 1, on both sides of (3.54), we get
K(®a o)l ¢5) = Nodlwa, ¢, (3.55)
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which implies that NQ}V\J' is the j eigenvalue of K(1q,1q) and [, ;] is the corresponding eigenvector.
Hence, we confirm that if {/\j}f:ll contains the eigenvalues of K(vq,1q), {Aj/NQ}?:ll is the set of the
eigenvalues of Lz,. Furthermore, let V = [v1,...,vg,| be the orthonormal eigenvector matrix of K(1q, ¥q).

Then, (3.55)) implies that

- WQ»%’]
%= o]l (3:56)
From , we get
(Kba) " [%q, v5] = Ajgs (3.57)
which yields
(Ka) [0, ¢5), (Kpo) T [9a, 05]) = w5, 95)- (3.58)

Since @; is normalized, we obtain from (3.57) and (3.58) that
)‘j|[7/’9,<ﬁj]|2 = [¢Q,30j]T]C(¢Qa¢Q)[¢Qa90j] = )\?,

which gives
[Yq: o5l = VA (3.59)

Hence, and ply that /\jv; = [Yq,¢;], which confirms (3.46). Then, the equality
follows directly from (3.57) and (3.46]). Meanwhile, results from (3.47) and the fact that V is or-
thonormal.

Let 1), ; be the j* element of 1. Denote by V}; the component of V' at the j row and the i** column.

From ([3.48)), we get

R,y
Ktpg ; = Z Viiv/ Aipi. (3.60)
i=1
Thus, we get from (3.60]) that
R1 Rl
[wﬂ,ja’CwQJ] = <’C’¢Q,j7’C¢Q,j> = Z )\i‘/jzi = 2[1/’973'7 %‘]27
i=1 i=1
where the last equality follows (3.46)). Thus, we conclude ([3.49). O

Using (3.48) and (3.52), H, in (3:42) can be rewritten in the basis of the eigenfunctions {;}7, and
{G}i2, de.,

Ry Ro> Ry Ra
Hy = {f = bV Aigi + Y baiv/TiGi, » b+ b3, < 1}. (3.61)
i=1 i=1 i=1 i=1
For any 7 := (r1,72) € [R1] X [R2], we define

Hy :{f = 251,1‘\@% + ibQ,i\/ECh Zb?l + b%,i < 1}7
=1 i1 —

e le’l“l R27T2 le'r‘l R27T2 (362)
H, Z{fz D iV i Pier + D boin/TirrGiras Y, Ui+ Y b, < 1}~
i=1 i=1 i=1 i=1
Define
E(Ha,r) = max E(h, Ha), (3.63)

heHT

which is the worst error in approximating any h € Hj by functions in H,. The next proposition bounds

E(Ha) by E(Ha,T).
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Proposition 3.12. Let r := (r1,72) € [R1] x [R2] and E(H,,r) be as in (3.63). Under the conditions of
Proposition for any r € [R1] x [R2], we have

5(7-[0.) < 25(7-[0,7 7') + 4Ar1+1 + 47—r2+1, (364)

with the convention that Ar,+1 =0 and 7r,+1 = 0.

Proof. Let ‘Hj and 7, be defined in (3.62). For any h € Hp, there exist hy € Hy and hy € H, such that
h = hy 4+ hy. Thus, we have

€(Ha) = max, min v —hy ha |z

h2€§;
<2 max min ||v — hy||Z + 2 max ||ho| < 26 (Ha, ) + 4N, 41 + 470y 41,
hi€Hy vEH, ha€H,
which concludes (3.64). O

The above proposition implies that it is sufficient to bound £(H,,r) in order to estimate the Nystrom
approximation error. To proceed with the argument, we make the following assumptions about the inducing
points and the kernel associated with the RKHS /.

Assumption 1. Assume that the inducing points are uniformly sampled from the collection of sample
points. More precisely, let T := (%1, T2), where Ty is the set of interior sample points in Q and To is the
collection of boundary samples, and let & := (Z1,Z2) be the set of inducing points. Assume that 1 and Ty
are uniformly sampled from &, and T2, separately.

Assumption 2. Let v be as in (3.9). Denote by ¥* := (0gz0L1,...,0,0Lp) the vector of linear operators
in ¥ that is associated with the sample point at x € T. Assume that there exists a constant C' > 0 such that

D

> lwp Kl < C.

i=1

Remark 3.13. We note that if the kernel K in (3.1]) generated by K is smooth enough and the domain Q
is compact, Assumption [2] holds.

Let ¢ be as in . For clarification, we denote by ¢ = (dgq, Psq), Where ¢ represents the set of
linear operators for interior points and ¢yq includes boundary linear operators. Let & := (%1, Z2) be as in
Assumption [I}, let Mq be the size of &1, and let Maq be the length of Zo. We define the operators Lz, and
Lz, such that for any function v € U,

1
Mg

(’C¢Q)T[¢Q>U] and Lz, [v] = L(’Cff’a-)Q)TWaﬂy”]~ (3.65)

L'\ =
T [U] MBQ

The following proposition provides upper bounds for the Hilbert-Schmidt norms of Lz, — Lz, and Lz, —
Lz,. We recall that for any linear operator L : H — H, where H is a Hilbert space, we denote by || L||gs
and ||L||2 the Hilbert—Schmidt norm and the spectral norm, respectively, i.e.

1Zlls = [3_(er Lej) and Ll = max [ILol. (3.66)
T VIIHS

i,J

where {e;,i =1,...} is a complete orthogonal basis of H. We note that for any linear operator L : H — H,
L1l < [|Ll[ks-
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Proposition 3.14. Suppose that Assumptions and hold. Let Lz, , Lz, be as in (3.45) and let Lz, , Lz,
be given in (3.65). Then, with a probability 1 —§, 0 < ¢ < 1, there exists a constant C' > 0 such that

4Cn(2/6) 4Cn(2/6)
La, — La,lus < > and |[La, — Layllns < —mt. 3.67
[ lms M l s — (3.67)

Proof. Here, we adapt the proof of Corollary 8 in [10]. Let 1® be given in Assumption for x € . For any
v € U, we define

Z Kap® [y, 0],V € Ty, and &(x Z/cq/; ],V € Ty.

i=Dp+1

Then, Lz, = A/}Q wa‘i (z;), and Lz, = MEQ Zing—s-l E@,) According to Assumption El¢(x)] = Lz,
and E[g( )] = Lz,. Denote by H; the span of {¢;} and by Hs the span of {¢;}12,, which are endowed
with the norm of &/. Under Assumption [1| ., we observe that Lz, and Lz, map 7—[1 to Hi, and that Lz, and

Lz, map Ha to Ho. Thus, by the definition of the Hilbert—-Schmidt norm in , there exists a constant
C such that

Ry D 2 Ry D 2
le@)llars = Z< > fc¢m$,m,¢k> - Z( 5 [Q/Jf,@ji[lﬂf,sok])
g,k Vi=Dp+1 gk Ni=Dyp+1
R4 D D R4 2
<o |3 Y wWrhelwtelr=c, 3 (Z[wz«',@m) (3.68)
J,k i=Dp+1 i=Dp+1 7

D R1 D
<C Y Y WEelP=C Y [ kyf]<C

i=Dy+1 j=1 i=Dp+1

where the last equality follows by (3.49) and we use Assumption [2] 2 in the last inequality. Similarly, we get

IE(@) |l us < CZ NS (3.69)

Hence, using (3.68)), (3.69)), and Proposition 1 of [28] (see also Proposition 6 of [10]), we conclude (3.67)).
[l

The following proposition gives an upper bound for £(H,,r).
Proposition 3.15. Suppose that Assumptions || and [2| hold. Let £(H,,r) be as in (3.63). Let Mpo =

M — Mg and let Ngg = N — Nq. Then, for any r := (r1,72) € [R1] X [Rz2], with a probability at least 1 — ¢,
0 < § < 1, there exists a constant C' such that

(3.70)

2 1n2 2 2
EHa,T) <max{CN9 In"(2/6) CNjgIn (2/5)}.

AryMa 7 7, Mag
Proof. The proof is an adaption of the arguments of Theorem 7 in |10| Let {\i}F ), {m} P2, {pi} ), and

{¢i}P2, be the eigenvalues and the eigenfunctions in Proposition Given 6 € [0,1] and r := (r1,r2) €
[R1] x [R2], we define

, T1 1 T1 . T2 1 T2
6 :{h = ch,i\/ )\igOi, W ZC%I)\f < 5} and Hc,§ = {h = ;6277;\/77'@, Nigg ;C;ﬂf g 1-— 6},

His ={veld, vl < 5NQ//\71} and Hy s = {v €U, v]f < (1= 0)Niqa /7. }.
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Thus, H{ ; C Hy s and ﬂ:’é - ﬁrd’(;. Meanwhile, for hy € H{ ; and hy € ﬁ:ﬁ» using Proposition , we
have

1 &
Lz, [] + Lz, [ho] = ch i K¢Q) [V, i) + Ni(’)g 202,iﬁ(K¢aQ)T[¢aQa Gl
i=1
1 &
=— e (IC T’Ui + — Co T (I Twi 3.71
NQ; 1, ( ¢Q) NQQ; 2,7( "/’asz) ( )

1 & 1 &
:Nig ; €1, \/)Ti@i + m ; €2,iTin/TiGi

Thus, (3.71) implies that for any h € Hj, there exist § € [0,1], hy € Hi s, and hy € ﬂ:ﬁ such that
h = Lz, [h1] + Lz, [h2]. Hence, we have
E(Ha,7) = pax £(g, Ha) = Jm inin 1Lz, [h] + La, [ha] — vllZ;
hQGHCT(;
< = — |2
Sl Join || L, [ha] + La, [ho] — vl
h2€7‘£dy5

By the definitions of Lz, and Lgz,, we have Lz, [h1] + Lz, [ha] € Hq. Thus, we get

EMHa,r) < Lz [hi] + Lz, [ha] — v||?
(Ha,7) hfg%”rgglall @[] + Lz, [ho] — vy

thHd 5
< max || La, ] + Loy [ho] — La, [ha] — La, [ha)[%
h1€7'[d 5
th’Hd,a (372)
20Ng 2(1 - §)N3
< max { I, — Ly 3 + =0 s, — L
N2 2N2
gmax{ N L, — L s, 202 L, L@n%{s}-
T1 TT2

Thus, (3.72]) together with Proposition implies that (3.70]) holds. O

Finally, we are ready to give a bound for £(#,) in the following theorem.

Theorem 3.16. Suppose that Assumptions and@ hold. Let E(H,) be as in (3.43). With a probability at
least 1 — 6, § € (0,1), for any v := (r1,r2) € [R1] X [Re], we have

CNZ1n*(2/6) CN3,1n*(2/6)
E(Ha) gmax{ ;ZTIMQ : iZMm } + 4N 11+ 4Ty, (3.73)
with the convention that Ar,+1 =0 and Tr,+1 = 0.
Proof. The inequality (3.73|) follows directly from Propositions and O

Remark 3.17. Proposition and Theorem imply that ||K(v, ) — K(, @) (K(p, d)) 1K (b, )]

admits an upper bound that depends only on the size of sample points and is not influenced by the number
of linear operators in the PDE.

4. NUMERICAL RESULTS

In this section, we demonstrate the efficacy of the SGP method by solving a nonlinear elliptic equation
in Subsection Burger’s equation in Subsection and a parabolic equation in Subsection For
all the experiments, we take IV samples in the domain in a way such that Ng samples are in the interior.
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Besides, we randomly choose M points from the samples and treat them as inducing points. To show the
performance of the SGP method, we first plot samples, inducing points, loss histories of the Gauss—Newton
iterations, and contours of pointwise solution errors for fixed values of N and M. Though we solve an
equation at a collection of uniform random samples, we compute the solution error by reevaluating the
numerical approximation function at a 100 x 100 equally spaced grid using and by comparing the
results with the values of the true solution. Then, we record the L> errors of the GP method in |1} and the
SGP algorithm for different values of N and M. Results are averaged over 10 realizations of random sample
points.

Our implementation is based on the codtﬂ of |1], which leverages Python with the JAX package for
automatic differentiation. Our experiments are conducted only on CPUs. Additional performance speedups
can be obtained by considering accelerated hardware such as Graphics Processing Units (GPU).

4.1. A Nonlinear Elliptic Equation. In this example, we reconsider the nonlinear elliptic equation in
Section 3.5 of [1] on a larger domain. More precisely, we consider (2.1)) with d = 2, Q = (0, 3)?, 7(u) = u?, and
g(x) = 0. We prescribe the solution u to be sin(mz1) sin(rzs) + 4sin(4nzy) sin(dnzs) for @ := (z1,22) € Q

and compute f accordingly. We use the Gaussian kernel K(x,y) = exp(—lw;o ng) with the lengthscale
parameter 0 = 0.2. Given N and M, we set Ng = 0.75 x N and Mg = 0.75 x M. In this example, we
choose v = n = 10712 (see Subsection and Remark. The algorithm stops once the error between two
successive steps is less than 107°.

Figure [1| shows the numerical results for N = 4800 and M = 1200. We choose v = = 107'2. The
uniform sample points used are plotted in Figure [Ta] from which we randomly choose M including points
shown in Figure We solve the unconstrained minimization problem in . The convergence history
of the Gauss—Newton iteration in [Ic| shows that the SGP method converges in 5 iterations. In Figure
we plot the contour of pointwise errors between the numerical approximation and the true solution on a
100 x 100 equally spaced grid.

To further explore the efficacy of our algorithm. We compare the L errors of the SGP method and the
GP algorithm in [1] for different numbers of sample points and inducing points in Table We see that
when N = M, both algorithms achieve the accuracy of the same magnitude. Meanwhile, when N >> M,
the SGP method with N sample points and M inducing points is more accurate than the GP method with
M sample points. Furthermore, the SGP method with N sample points, half of which are used as inducing
points, achieves comparable accuracy to the GP method with the same number of sample points. Hence, by
using , the size of the matrix needed to be inverted in the SGP method can be significantly reduced. In
other words, the SGP approach consumes much less computational time while retaining desirable accuracy
compared to the GP method.

N 1200 2400 4800 9600
GP, L™ error 1.60 x 1071 1.42x 1073 4.31x107° 4.37x 106
SGP(M = 600), L error 8.30 x 107! 542 x 1072 248 x 1072 2.25x 1072
SGP(M = 1200), L> error 1.33 x 107! 2.00 x 107® 1.79 x 107* 8.63 x 107°
SGP(M = 2400), L error N/A 210 x 1073 413 x 1075 1.02 x 1075
SGP(M = 4800), L error N/A N/A 3.14x107° 7.11x107°

TABLE 1. The elliptic equation: L errors of the SGP method and the GP algorithm for
different numbers of sample points and inducing points. The N/A means not available. We
set y=mn=10"12

Thttps://github.com/yifaanG/NonlinearPDEs—GPsolver.git
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(a) Sample points. (b) Inducing points.
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(¢) Loss history. (d) Pointwise errors.

Fi1c. 1. Numerical results for the nonlinear elliptic equation: (a) a set of sample points; (b)
a collection of inducing points; (c) the convergence history of the Gauss—Newton iterations;
(d) contours of pointwise errors. The regularization parameters v = n = 10712, N =
9600, N, = 0.75 x N, M = 1200, Mg = 0.75 x M.

4.2. Burgers’ equation. In this example, we consider the same Burger’s equation as in . More precisely,
given v = 0.02, we seek to find u solving

Opu + udpu + vd2u = 0,Y(¢,z) € (0,1] x (=1,1),
u(0,z) = —sin(wx),Va € [-1,1],
u(t,—1) = u(t,1) = 0,vt € [0, 1].

We uniformly sample N points in the space-time domain, from which M samples are randomly chosen as
inducing points. All experiments in this example use a fixed ratio of interior points, No/N = Mq/M = 5/6.
To take into consideration the space and time variability of the solution to Burger’s equation, as in 7 we
choose the anisotropic kernel

K((t,2),(t',2) = exp(—(t = t')*/o} — (x —a')?/03), (4.1)

with (o1,02) = (0.3,0.05). For comparison, as in , the true solution is calculated from the Cole—Hopf
transformation and the numerical quadrature. We use the technique of eliminating variables to deal with
the constraints in (see Subsection 3.3 in [1]) and use the Gauss-Newton method to solve the resulting
unconstrained minimization problem. All the experiments in this example stop once the errors between two
successive steps are less than 107°.

Figure [2| shows the numerical results for N = 2400 and M = 600 with parameters v = n = 1076, The
samples and the inducing points are given in Figures and The history of Gauss—Newton iterations
is plotted in Figure which implies the fast convergence of the SGP method. The absolute values of the
pointwise errors between the numerical solution and the true solution are shown in Figure[2d] Similar to the
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results of the GP method given in , the maximum errors occurred close to the shock. In Figures we
compare the numerical and true solutions at times ¢t = 0.25,0.5,0.75 to highlight the accuracy of our SGP
method.

In Table we present the L errors of the SGP method and the GP algorithm in [1] for different choices
of N and M. Similar to the nonlinear elliptic example, the SGP algorithm yields comparable accurate
numerical solutions to the GP method by using less than half of the samples as inducing points.
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(a) Sample points. (b) Inducing points.
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0.3
0 2 4 6 8 ) . . . s 10 >0
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(c) Loss history. (d) Pointwise errors.
t=0.25 t=075
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-1.0 -0.5 0.0 0.5 1.0
X X X
(e) ul v.s. u* at t = 0.25. (f) u' v.s. u* at t = 0.5. (g) ul v.s. u* at t = 0.75.

F1G. 2. Numerical results for the Burger’s equation: (a) a set of sample points; (b) a
collection of inducing points; (c) the convergence history of the Gauss—Newton iterations;
(d) contours of pointwise errors; (e)-(g) time slices of the numerical approximation v and the
true solution u* at t = 0.25,0.5,0.75. The parameters v = n = 1075, N = 2400, N = 5N/6,
M =600, and Mg = 5M/6.
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N 600 1200 2400 4800
GP, L™ error 6.29 x 1071 4.66 x 1072 4.92 x 1073 4.60 x 1072
SGP(M = 300), L> error 6.80 x 107! 7.10 x 1072 1.72x 1072 1.15x 1072
SGP(M = 600), L* error 7.15x 1071 7.56 x 1072 4.60 x 1073 1.30 x 1073
SGP(M = 1200), L error N/A 583 x 1072 4.24x 1073 1.13x 1073
SGP(M = 2400), L*> error N/A N/A 3.53 x 1073 4.47 x 107*

TABLE 2. Burger’s equation: L errors of the SGP method and the GP algorithm for
different numbers of sample points and inducing points. The N/A means not available. We
set v =n = 107C for N < 1200 and choose v =7 = 1078 for N = 2400.

4.3. A Nonlinear Parabolic Equation. We consider the numerical solution of the parabolic equation

dyu — O%u+ $|0,ul* + u+ xdu, = f,V(t,z) € (0,1] x (0,3/2),
u(0,z) = g(z),Vx € (0,3/2),
u(t, —1) = hy(z),u(t, 1) = ha(x), ¥t € (0,1).

We prescribe the true solution u(t, z) = (sin(mz) 4+ 2 cos(2mz))e~" and compute f, g, hi, and hy accordingly.
We fix the ratios No/N = Mqo/M = 6/7. Meanwhile, we use the anisotropic kernel in with the
same lengthscales, i.e., (o1,02) = (0.3,0.05). We use the technique of eliminating variables to handle the
constraints in (see Subsection 3.3 of [1]). All the experiments in this example stop once the errors
between two successive steps are less than 1075 or the iteration numbers exceed 20.

Figure [3| plots the numerical results when N = 2800, M = 700, and v = n = 1071%. Figures [3al and
depict the samples and the inducing points. The history of Gauss—Newton iterations is plotted in Figure
which shows that the algorithm converges within 6 iterations. The absolute values of the pointwise errors
between the numerical solution and the true solution are given in Figure Table [3| records the L errors
of the SGP method and the GP algorithm in [1] for different values of N and M, which justifies the efficacy
of the SGP method.

N 700 1400 2800 5600
GP, L* error 2.75x 1071 6.42x 1073 513 x10°% 7.25x107°
SGP(M = 350), L* error 3.09 x 1071 2.92x 1072 2.67x 1072 3.63 x 1073
SGP(M = 700), L* error 2.79 x 1071 1.50 x 1072 6.93 x 10~* 1.00 x 1074
SGP(M = 1400), L> error N/A 9.47x 1073 5.22x 107* 4.70 x 107°
SGP(M = 2800), L*> error N/A N/A 3.36 x 107% 4.32x 107°

TABLE 3. The parabolic PDE: L*° errors of the SGP method and the GP algorithm for
different numbers of sample points and inducing points. The N/A means not available. We
set v =n =10"10,

5. CONCLUSION AND FUTURE WORK

In this paper, we present a SGP framework to solve nonlinear PDEs. The SGP method finds a numerical
solution to a PDE in the RKHS associated with a low-rank kernel generated by inducing points. Mean-
while, the approximation solution can be viewed as a maximum a posteriori probability estimator of a SGP
conditioned a noisy observation of values of linear operators satisfying the PDE at a finite set of samples.
Our numerical experiments imply that the SGP algorithm consumes less computational time than the GP
method in [1] without losing much accuracy when both methods use uniform samples. We notice that the
positions of inducing points greatly influence the performance of our algorithm. Hence, a potential future
work is to investigate a better way to put inducing points. Meanwhile, the choice of hyperparameters has a
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F1G. 3. Numerical results for the parabolic equation: (a) a set of sample points; (b) a
collection of inducing points; (c) the convergence history of the Gauss—Newton iterations;

(d) contours of pointwise errors. The regularization parameters v = n = 10719, N =
2800, Nq =6/7 x N, M =700, Mg =6/7 x M.

profound impact on the performance of our method. The probabilistic interpretation of the SGP approach
in Subsection provides a way for hyperparameter learning in future work.
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