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The aim of this paper is to develop a mathematical framework for opto-elastography.
In opto-elastography, a mechanical perturbation of the medium produces a decor-
relation of optical speckle patterns due to the displacements of optical scatterers.
To model this, we consider two optically random media, with the second medium
obtained by shifting the first medium in some local region. We derive the radiative
transfer equation for the cross-correlation of the wave fields in the media. Then
we derive its diffusion approximation. In both the radiative transfer and the diffu-
sion regimes, we relate the correlation of speckle patterns to the solutions of the
radiative transfer and the diffusion equations. We present numerical simulations
based on our model which are in agreement with recent experimental measurements.
© 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4790409]

. INTRODUCTION

When a strongly scattering medium is illuminated by a coherent laser beam, the spatial profile
of the transmitted light forms a speckle pattern which results from the interference of many multiply
scattered waves, having different phases and amplitudes. The intensity of the speckle pattern varies
randomly in space and its statistical properties depend on the statistical properties of the scattering
medium. When the optical scatterers are displaced in some region, the speckle pattern changes and
its correlation with the original speckle pattern depends on the amplitude of the displacement and on
the local optical properties (scattering and absorption) of the region affected by the displacement.

Focused ultrasound introduces such displacements of scatterers through two different mecha-
nisms. First, ultrasound focusing generates oscillating compressive strain in the focal region; the
oscillation of the optical scatterers is in the MHz frequency range. Second, high-intensity focused
ultrasound can also generate low-frequency (of kHz range) strain in elastic media, which in turn
generates shear wave propagating in the medium. Both modifications of scatterers can cause decorre-
lation of the optical speckle patterns. However, when the speckle patterns are recorded over exposure
time windows after the ultrasound focusing, the effect of the high-frequency compressive motion is
negligible and the decorrelation in speckle patterns is dominated by the second mechanism. More-
over, if the exposure times are sufficiently short with respect to the shear motion, one may consider
that, for each acquisition, the speckle pattern is created by a frozen scattering medium in which the
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optical scatterers are displaced by the displacement field of the shear wave corresponding to the cen-
tral time of the time window. Based on this idea, transient opto-elastography experiments have been
carried out by Bossy et al.,*> where they found qualitative relations between the decorrelation of
speckle patterns and optical absorption as well as mechanical properties (such as Young’s modulus)
of soft biological tissues.

The main objective of this paper is to provide an analytical model that relates the decorrelation
of the transmitted speckle patterns to the displacements of the optical scatterers. Such a model hence
helps us to understand the aforementioned “acousto-elasto-optic”” phenomenon. To this end, we start
with the Helmholtz equation with the index of refraction having a highly oscillatory random part.
We consider the regime where the correlation length of the random medium is of the same order as
the wavelength and both are smaller than the typical propagation distance. We denote by ¢ the ratio
between the correlation length of the medium and the propagation distance and assume therefore
that ¢ < 1. We also assume that the relative amplitude of the random fluctuations of the index of
refraction is weak, of order \/c. This is known to be a scaling regime where the random medium
interacts with the propagating high-frequency waves.!! We consider two random media, with the
second medium obtained by shifting the first medium in some local region.

The correlation of wave fields is well described by the Wigner distributions.® Following the
techniques of Ref. 11, we formally derive the radiative transfer equations (RTEs) for the cross-
correlations of the two wave fields acquired with two random media in the limit ¢ goes to zero.
Radiative transfer limits for waves in two different random media have already been considered,
e.g., in Refs. 1 and 2, but the case of two media related by a local shift considered in this paper is
new. The salient effects of this local shift of random media are: it introduces a phase modulation to
the scattering cross section of the RTE in the region affected by the shift; further, when the amplitude
of the shift is large, say much larger than the wavelength, by non-stationary phase the RTE for the
cross-correlation function is intrinsically absorbing in this region. Next, following the techniques of
Refs. 3,7, and 8, we derive the diffusion approximation of the RTE in the regime when the mean
free path is small; this simplification is useful for numerical simulations. In the special case of large
shift, the cross correlation vanishes in the region affected by the shift. We shall see that this accounts
for the loss of correlation of the speckle patterns.

The paper is organized as follows. In the Sec. II, we present the model of two random media
considered in this paper; they are related by a local shift. In Sec. III, we derive the RTEs for the
Wigner distributions of the wave fields in the aforementioned two random media, in the limit when
& goes to zero; we also present the formula for speckle pattern correlation in terms of the solutions
of these RTEs. In Sec. IV, we derive the diffusion approximation of the RTEs in the limit when the
mean free path goes to zero, and again we derive the formula for the speckle pattern correlation in
the diffusion regime. In the special case of large shift, using the derived diffusion approximation and
correlation formula, we run numerical simulations which confirm that the diffusion equation model
is able to capture the loss of correlation of the speckle patterns.

Il. WAVE EQUATION AND HETEROGENEOUS MEDIA

In the microscopic scale, light propagation is described by the Maxwell equations. In a d-
dimensional medium (d > 2), when scalar approximation is valid, these equations reduce to the
following Helmholtz equation for the electric field u,

Au(x) + kin*(Xu(x) =0, x e R, (1)

where kg is the wave number of the light in vacuum and the spatially varying refractive index n(x)
models the heterogeneous medium.
The following model for n*(x) is adopted:

n*(x) := n} (l + 20V(;)) , (2)

where V(X) is a real-valued mean-zero random process. Therefore, the square index of refraction
of the heterogeneous medium has mean n%, which is assumed to be a constant, and its relative
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fluctuations are captured by 20 V(x//) where the numbers o and / model the strength and the
correlation length of the fluctuations, respectively.

The random process V(x) is assumed to be stationary, i.e., statistically homogeneous. The
two-point correlation function of this process is

R(x) =E[V)V(y+x]=E[VO)VX)], 3)

where [E stands for the expectation with respect to the distribution of the random medium. Throughout
this paper, we adopt the convention that the Fourier transform of a function f on R¢ is defined by

/ e*X f(x)dx. 4)
Using this notation and the stationarity of V, one easily verifies that

E[V(p)V(@)] = RSP + q). S

where § is the Dirac distribution.

From now on the product kgn(z) is denoted by k2. Let L denote the typical propagation distance. In
the high-frequency regime, the ratio between the wavelength and the propagation distance, denoted
by & := k~!/L, is much smaller than one. Let k := I/k~ ! be the ratio of the correlation length of the
random medium to the wavelength. We consider the so-called weak coupling high-frequency regime
which corresponds to ¥ = 1 and o = /. This is known to be a situation where the heterogeneous
medium interacts with the high-frequency waves.!' Denoting by u°(x) the scaled function u(Lx), the
Helmholtz equation becomes

2
%Aus(x) + %ME(X) + /EVE®UE(x) = 0, (6)
with Vé(x) = V(x/e¢).

Two random media: As mentioned in the Introduction, we are interested in the correlation of
two wave fields in two random media. With the application to opto-elastography in mind, we view
these two media as configurations of scatterers at two instants of the shear motion. Let u{ be the first
wave field which solves (6) with V(x) = V(x/¢). Let uj be the second wave field which solves (6)
with V; (x) given by

VEX) = VE(X + ep(x)) = v(’e—‘ o). VI = v(i-‘). %

Here ¢ is a continuous and compactly supported vector field. V, is obtained from V{ by the
application of the diffeomorphism x — x + e¢(x). Hence ¢ can be thought as the displacement
field that shifts the configurations of optical scatterers. Note that the amplitude of the shift is of order
&, which is of the order of the optical wavelength.

Correlation of waves: It is well known that the correlation of two scalar wave fields « and v is
well described by the Wigner distribution W[u, v], which is defined by

Wlu, vl(x, k) :=

i [ €rux= Dot Shay, ®)

where the bar denotes the complex conjugate. According to (4), the Wigner distribution may be
thought as the Fourier transform of the two-point correlation function of the fields. In this paper we
are interested in

o x k) = Wt u1(x, k), 9)
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where the wave fields uj, j =1, 2, are described earlier and they correspond to two random media
V]‘? related by (7). We note that

/ ox, k)dk = uf (x)uf(x) (10)

In particular, f W7 (x, k)dk is the energy density |u§(x)|2 and W7 (x, k) itself corresponds to
frequency-specified energy density of the first wave field. The functions W3, and W{, can be
interpreted similarly.

In Sec. I1I, we derive the radiative transfer equation (RTE) for W7, from the Helmholtz equation
in the limit ¢ — 0, and we relate the correlation of speckle patterns to the Wigner distributions.

lll. RADIATIVE TRANSPORT EQUATION FOR THE WIGNER DISTRIBUTIONS

The goal of this section is to derive the RTE for the correlation of waves. Recall that the two
wave fields uj,j =1, 2, solve

2
AU+ 1500 + VEV (U0 = 0, (an
where V5 and V| are of the form (7). Recall that WJ’?I is defined in (9). For the moment, we assume
that u°; has prescribed plane wave behavior at infinity to simplify the calculation and derive RTEs
for the limits of W]’?l ’s. For bounded domains, these RTEs are valid in the interior of the domain, and
appropriate boundary conditions should be imposed (that will be discussed later).

Using (9) and (11), integration by parts and the prescribed plane wave behaviors of u ’s, we
find (see Appendix A for the derivation):

1 eik»y

ik - VW, (x, k) = «/— (27r)d

X y X y o
[ (g+§)_v(g_§)] 1(x——)u (x+ 2 )dy, (12)

XY oroox oy ey Xy
ik - VWiH(x, k) = \/_/ (271)‘1 (g to+ d(x+ 7)) - V(; - E)]
xuf(x — %)u_i(x + %)dy, (13)

eik-y

1
ik - VW, (x, k) = 7 o

XY gy X Yy gy
[VE+3+ox+ 20 -VE - +dx—- )]
X5 (x — %)u_g(x + %)dy. (14)

Formal derivation of RTE for W7, is classic.!” We observe, however, that the equation for Wy,
and W3, are not standard because of the shift ¢. In fact, correlation of wave fields in different random
media has been considered in Ref. 1, but they do not cover the case when one medium is a local
shift of the other as described in (7).

Now we adapt the formal derivations in Refs. 1 and 11 to derive RTE for the cross-correlations
W7, and W3,. In the process of the derivation and as in the references, various assumptions will be
made whose rigorous justifications are known to be difficult. To form a closed equation for Wy,, we
rewrite the equation it satisfies as follows using the Fourier transform of V,

lkydydp —i .(¥+X+¢(x+ﬂ)) —i .(3_2)
ik - VW5 (x, k) = f// oy V(p)[ p(* _ e ip(: ]

YV — £
1t (X — Sy)ui(x + ?y).
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We replace the function ¢(x 4 €y/2) in the phase function by ¢(x) and neglect the error term of
order ¢. It follows that

Ik
ik - VW, (x, k) ~ /f (;d;dpv(p)[ —ip(3+3+9) _ —ip(3-3 ]

ey — ey
xu§(x — E)MZ(X + ?)
1 —ip- ¥y —i X e & P
= %fe P»V(p) PIOYE (x k — D )— le(x,k~|—§)]dp, (15)
where in the second equality we have used the definition (9). By the same argument we also have

1 P
ik TWH K~ — f e V() [Wgz(x, k — g) WALk + g)] dp.  (16)
£

A. Radiative transfer limit by multiscale expansion

In this subsection we consider the limit of W}, and Wy, as & goes to zero using a formal
multiscale expansion argument. Equations (15) and (16) can be written as

k- VWS (x, k) + 1 k) =0. a7

1
N

Here jl takes the value 12 or 22. The operators P;; are defined by
PLWE, =i / () [ IV W x K — g) — Whx K+ g)] dp.

P We, =i / e~ (H90) P () [W;Z(x, k— g) —Whx Kk + g)] dp.

Following the method of multiscale expansion, we define the fast variable £ = x/¢, and assume
that the following expansion is valid:
W, k) = W%, &, ) + VeW[ (x, €, k) + e W (x, €, k) + - (18)

As ¢ goes to zero, the leading-order term W}?) dominates, and the goal is to derive a RTE for this
term. To this end, we substitute the multiscale ansatz (18) and the relation

1
V=Vy+-V;
€
into (17). Equating terms that are of equal order in &, we find
O : k-VW) =0, (19)
O k-VeW +Pyw) =0, (20)
O): k- VW +k-VeWP +Pyw) =0. (1)

The strategy of the derivation is as follows:

—The first equation imposes that W;?) is independent of the fast variable &.
—The second equation can be explicitly inverted and provides a representation of Wj(.ll) in terms
(0)
of W;,".
—By taking the statistical expectation of the third equation, we get a compatibility equation that
gives the equation satisfied by W;?). Indeed, we observe that

E[VeW] =0,
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because the statistics of V (and therefore of W;ZZ)) is homogeneous in the fast variable &. We

also note that it is natural to assume that W](.?) is deterministic. Then the expectation of the third
equation reduces to

k- VW +E[P;W]=0. (22)
Therefore, it suffices to invert (20) and to evaluate the expectation above.

Limiting equation for W{,: Upon adding an absorption term GWS) for regularization (that
will be set to zero later), we rewrite (20) as

k- Vew D +owd) 4 f e PV (p) [ PHOW e - g) WOk + g)] dp=0. (23)

Taking Fourier transform in the fast variable &:

1

(1)
W', q,k) = )

/ W (x, & K9t dE

and making use of

D iq- . (1)
Gyt | VW £ 100 = i s, b

we obtain from (23) that

V@ [e WPk — 9 - Wk + 9]

W q.k) = RS

(24)

To estimate the expectation of P, Wl(;), we rewrite this integral in terms of the Fourier transform of
1)
wi:

PW,(x, £,k =i / / e PTOEY () [e*"P"N’O WO, q. k — g) — W, q, k+ g)] dqdp.
Using (24), we can write this integral in terms of ng’ as follows:
Pawlx g0 =i [[ 0@

R L e T )
X

W+ B ) - W+ B4 ) } dpda

k+5%-q+i6



021501-7 Ammari et al. J. Math. Phys. 54, 021501 (2013)

Taking expectation, using the definition (5) and the fact that ﬁ(p) = I@(—p), we obtain that the
expectation of PlZWS) can be evaluated as

E[PnW]
[ [ MOy e - wRw)
—(k—5)-p+if —(k+5)-p+i0
_. / Rk —p) WO (k) — e~ Q) p) Rk @080 WO ) — wQk)
—3(KP — |p?) +i6 —3(KP? — |p?) — i6
—2if

i / Rep — IWO k) — WO (p)ei ®P40] dp

7(K2 = |p[)? + 62

9~>O A i —k). X
20 4x / R — WIW k) — WO @)@ 09015112 — |p2)dp.

In the first equality, we have used the change of variables k — pr—>p and k 4+ p+p for the two
integrands, respectively. In the last equality, we have used the fact that

0 0—0
m —> wé(x)

as a distribution of the one-dimensional variable x. Finally, we obtain the following RTE for Wl(g):

k- VWD (x, k) + 4n / Rp —W[W3 (k) — WS (e ®R¢™]5(|k|> — |p|)dp = 0.  (25)

Limiting equation for W3,: The above procedure can be applied to the equation satisfied by
WJ, as well. Upon adding a regularizing term and using Fourier transform, we can solve Eq. (20):

- Vi@e o™ [W - ) - W'+ 9)]
W (x. q.k) = o . (26)

Using this solution and the Fourier transform representation, we find that P, Wzg) has the form

, o WPk WPk -2+ D)
Pl g0 =i [[rome i) { no o m oo

k-5 -q+i0
W k+ 2D - wpk+5+9)
k+5%-q+i0

} dpdq.

This expression is much simpler compared with that of P, Wl(;) because the phase modification due

to ¢ is uniform for the W2<3> above. Taking expectation and using (5) we find that this modification

has no effect on the expectation. In fact, we have
E[PrWy(x, & K)] — 47 / R(p — K[ W3y () — W3, (@)]8(IkI> — Ip|*)dp.
Finally, we obtain the RTE for Wz((z)) :
k- VW (x, k) + 4n f Rp — K[ W33 (k) — W3 ()]5(IkI> — |pI*)dp = 0. 27)

We note that this is the same as the classic RTE limit for Wl((l)).
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Summary of the results: Now we summarize the above results and discuss the boundary
conditions when the problem is posed on a bounded domain as often encountered in practice.

As can be seen from the presence of the Dirac term in (25) and (27) there is no coupling between
Wigner distributions with different values of |k|. From now on we consider the monokinetic case
when |Kk| > 0 is fixed, so the Wigner distribution is specified by the spatial variable x € X and the
direction k € §971:

Wi(x, k) = W (x, k[K), (28)

where X is the physical domain and S¢ ~ ! is the unit sphere in R?. The RTEs are therefore posed
on the phase space (x, k) € X x $%~!, with |k| as a fixed parameter. With these notations, Egs. (25)
and (27) become

o (P, k; [K))e MO RIOW . x p)dp,  (29)
1

K- VWia(x, R) + S(K; K Wia(x, K) = /

k-VW,;(x, k) + Z(k; [k)W;;(x, k) = / lo<ﬁ,ﬁ;|k|>wfj(x,f>>dﬁ, i=12 (30

5d-
for (x, k) € X x S9! In (29) and (30) the differential scattering cross section o is defined by
o(p. k; k) =27 [K|"R((p — K)k]), p.kes, 31

and the total scattering cross section X is defined by
Zhilk) = [ opkilkndp, ke s (32)
gd—1

The total scattering cross section is such that

4 2 A A~
K 3(k|” — [pI)R(p — k)dp = Z(k; k),

because

2 2 1
8(|k|” = [pl") = mf?(lkl —IpD-

On a bounded domain X C R?, we need to equip the RTEs (29) and (30) with proper boundary
conditions. We define the incoming boundary I"' _ and the outgoing boundary I" ; as

Iy:={x k) edX x s £k-vx) > 0}, (33)

where v(X) is the outer-pointing normal at the point x on the boundary dX. When a bounded domain
is considered, the RTEs (29) and (30) for the Wigner distributions W;’s should be understood as for
(x, k) € X x §9! with the boundary condition

Wix, k) = p(x,k), (x,k)eTl_, (34)

where p models the light intensity incoming at point x € 8X in the direction k. In the case of an
incident laser beam the support of p is spatially limited to x € 9X; where 9X; is the part of 9X where
the incident laser beam is applied.

The case of large shifts: When the shift ¢ is much larger than the wavelength, i.e.,

k[l > 1, 35)

the RTE (29) for W, can be simplified. Indeed, since the integral is taken over the sphere which has
non-vanishing Gaussian curvature, we can apply Theorem 1.2.1 in Ref. 12, which may be viewed as
an analog of the Riemann-Lebesgue lemma, and conclude that the integral on the right-hand side of
(29) is of order (|k||¢|)~“~1/2 and hence approaches zero. Consequently, (29) should be modified
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as follows

k- VWi(x, k) + S(k; k) Wia(x, k) = 0, (x,k) € X, x 8471,

k- VWi(x, k) + S(k; [k))Wia(x, k) = f o,k [K)Wi(x, p)dp,  (x,k) € X¢ x §97".

Szl—l
(36)
Here X is the support of ¢, i.e., the region in which the scatterers are shifted, and X¢ is the
complement of X; in X.

B. Speckle pattern correlations in the RTE regime

As we have seen, the Wigner distribution W[u, u] of a wave field u has the interpretation of
direction-resolved energy density. Hence RTE for W{u, u]is a very good model for light propagation.
In this subsection, we relate the correlation of optical speckle patterns to integrals of Wigner
distributions.

In the opto-elastography experiment, emitted light intensity is measured at a part dX,, of the
domain boundary dX and the data are {|u§(x)|2|x € 0Xn},j = 1, 2. The correlation of two speckle
patterns u§ and S is defined by

((uS 1 = (QusPNAus = (us*))

1= ; (37)
VA P = (S PN2/ (s> = (us)?)
where (A) denotes the spatial average over the boundary Xy, that is
1
(A) = / A(x)dx. (38)
10 Xml| Jox,

Note that in the above equation, the notation dx means the induced Lebesgue measure on the
boundary 0Xy,, and |0Xy,| is the area of the boundary.

Assume that the complex amplitudes (u$, u5), as a C2-valued random process, satisfy the
circular symmetric Gaussian distribution, and assume also that the spatial average can be thought as
ensemble averages (taking expectations), we have
up) + (5P (i), gl =1.2. (39)

(I Plucg Py = () (S
Using this equality, we find that the numerator of (37) is

2
/ Wia(x, K)dkdx| |
T

m,+

2_ 1
9 Xml?

_ 1
9 Xm?

ey 2
[(ufu3)l

/ u?(x)u_g(x)dx
X

where
Moo= {(x,k) € 0X x $?7x € X, k- v(x) > 0).

In the second equality above, we have used the fact that u?u_g(x) is the integral over k of Wia(x, ﬁ),
as seen in (10). Since the product u{u$(x) only accounts for the outgoing light, we take the integral
of Wy, over outgoing directions. Similarly, the denominator in (37) is given by

1 A A A
Qs P P) = —— [ Wi(x, Rodiax / Was(x, Rdkdx.
|8Xm| I‘er rm.+
Combining these calculations above, we find that in the RTE regime, the correlation of two speckle

patterns is:
2
| f Wi (x, Rdkdx]
Cip = e —. (40)
WU(X, k)dkdX WQQ(X, k)dkdX

Fm,+ rm.+
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We remark that the modeling of the outgoing light depends on the measurement set-up. In the
above model, the light outgoing in all directions is completely captured (hence the integral in k over
the half-sphere v(x) - k > 0). If light is collected and imaged by a lens, then we should only take the
integral in k in a cone that corresponds to the aperture of the lens. Such a situation does not affect
qualitatively the results in the sequel.

IV. THE DIFFUSION LIMIT FOR THE RADIATIVE TRANSFER EQUATIONS

The RTEs (29) and (30) derived in Sec. III are posed on the phase space X X S§? =1 which
is of dimension 2d — 1. This may cause difficulties for instance for numerical simulations, espe-
cially when the total scattering cross section X is large. In this section, we consider the diffusion
approximations of the RTEs (29) and (30) which are much easier to deal with for the purpose of
simulations.

For the sake of simplicity, we consider the case when the differential scattering cross section o,
as defined in (31), takes the form

o, k; |k|) = o(p - k; |k|). (41)

This happens in particular when the fluctuations of the index of refraction are statistically isotropic,
i.e. when ﬁ(p) depends only on |p|. If (41) holds, then the total scattering cross section X defined
in (32) depends only on the parameter |k|. In the sequel of this paper, we will use the normalized
differential scattering cross section

. 1 R
p-ki k)= ———o(p - k; k). 42
S - K; k) E(|k|)o(p 5 [KkI) (42)

The diffusion approximation is valid in the regime where the mean free path n = 1/Z(|k|) is much
smaller than the size of the domain. Here we assume 1 < 1 and the size of the domain is of order
one (Alternatively, when 71 is bounded but not necessarily small, diffusion limit is still valid when
we consider the problem on a very large domain and rescale the spatial variable).

In Subsections IV A and IV B, we adapt the classical derivation of diffusion limits of RTE>7-8
to the case considered in this paper. The point here is that we have to manage the shift field ¢.
Though rigorous derivation of diffusion limit is possible, we do not pursue it here and adopt the
formal multiscale expansion argument only. We consider three interesting situations. In the first one,
the amplitude of the shift ¢ is very small so that |k||@]| is of order 5. In the second one, the amplitude
of the shift ¢ is large so that |k||¢| is of order one. In the third one, the amplitude of the shift ¢ is
very large so that |k||¢| is much larger than one. As seen in Sec. III, this leads to the RTE (36).

A. The case of small shifts

In this subsection, the amplitude of the shift ¢ is assumed to be small compared to the wavelength
so that

klg(x) = n¥ (x), (43)

for some function ¥ (x) of order one. The diffusion limit for W;; and W, are classic (see Section
XXI1.5.4 in Ref. 7); hence we concentrate on that for Wy, in (29). Dividing on both sides of this
equation by X(|k|), we get

ok YW R = [ f ki) [0 ¥OWx, )~ Wi ] dp.
Sd—1
We follow the idea used in Ref. 1 and define a new function which takes account the phase shift

Wia(x, k) = e ™ VO W, (x, k).

Then it is easy to verify that le satisfies

nk - VWia(x, k) — in? Z,(x, k) Wia(x, k) = 11f(f"l};lkl)[wlz(x,f))—VT/lz(X,R)]df’- (44)
o
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Here, the intrinsic “complex absorption” coefficient is given by

T.x, k) =k -V(k yx) = Z ¥i(x) = Tr((k @ VY (), (45)

where k ® k is the projection matrix Kk’ and Tr means taking the trace.
Since ng approximates Wi, as n goes to zero, it suffices to consider the limit of W12 Abusing
notations, we still denote this function by Wj,. To start the formal derivation, we substitute the ansatz

Wi =W 4wl +?w + ... (46)
into Eq. (44). Equating the terms that are of equal order in n we find
L0 — . O oy _ w©
Oy : 0= / Ik [ W) - Wi | ap, 7)
e

om : k- vw? = p-k: k) [ WD w k)| dp 48
n: n = dlf(p ;s [k[) ® — W, k)| dp, (48)

e

=

OGP k- VWY, — iy, W' = / k) [WEB) - Wi |ap. (49)
gd—1

To study these equations, we define the integral operator from L*(S¢ = 1) to L>(S? ~ ):
chi= [ - KilkDGap. (50)
i

Using this definition, Eq. (47) can be recast as (C — YWD =0, where 7 is the identity operator.
Note that we have f g1 S (k - p; |k|)dp = 1. We assume also that fis uniformly bounded from up and
below by positive numbers. In this case, the constant function is known to be the only eigenvector
of K corresponding to the eigenvalue one.” Furthermore, the integral equation (X — Z)h = v is
solvable only if |, ga-1 vdp = 0 (Fredholm alternative).

Using these results, Eq. (47) shows that Wl((z)) does not depend on the direction variable Kk, so
Wl(g) = Wl(g)(x). Eq. (48) relates WS) to Wf?. In fact, we need to solve the integral equation

K-DwY =k- vWPx).
Leth j(ﬁ) be the unique solution whose integral over $¢ ~ ! is zero to the equation
(K —TD)h;k) =¢&; -k, (51)

where €; is the jth unit vector in the orthonormal basis of R?. Indeed, (51) has a unique solution (up
to an additive constant) by Fredholm alternative since &, - k integrates to zero on the sphere ¢ ~ !
We show in Appendix B that the vector field h(k) = (h j(k))?:l is given by

A

N k
hk) = ————, (52)
1 —g(k|)
with
1
oK) = G [ (s Kiu(t )5 e (53)
-1
where G, is a constant depending only on the dimension
G 2T
d = Srd-1y"
r)

It follows that
w3 x, k) = hk) - VW (x). (54)
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Substituting this representation of Wl(;) into Eq. (49) and integrating the equation over S

d— 1
find that the right-hand side vanishes and we get e
AMR-VD&%VW@@Wﬁ—iAMTﬁ@®ﬁW¢@DW©@Mﬁ=O

Carrying out these integrals, we find
~D(k|) : VVWO(x) — %‘”(v Y)W x) = 0. (55)

Here, the symbol : denotes the Frobenius inner product of two matrices, d is the space dimension,
and @ 4 is the area of the sphere $¢ ~ !

27t
wy = -
r(s)
The diffusion matrix D(|k|) is given by
D(k|) = — / h(k) ® kdk. (56)
Sd—l
Substituting (52) into (56), we find that
D(k) = —— 4] (57)
—d(l—g(kD)

where I is the identity matrix. The limiting diffusion equation for Wl(g) which is denoted by W,
from now on becomes

S
(1 = g(IK))

VW) —i(V-yx)WHx) =0, xeX. (58)

For the autocorrelation functions Wld1 and sz, we take ¥ above to be zero and recover the
classic limiting diffusion equation

e VWix) =0, x€X, j=1,2. (59)
(1—g(k)) ¥

The above diffusion equations (58) and (59) should be equipped with proper boundary conditions.

We impose that

W%@:q@) x € 9X. (60)

Here, g(x) models the incoming light intensity at the boundary. It can be derived from the boundary
condition p(x, k) in (34) of the RTE. If p is independent of k, then ¢ = p. The case when p is
anisotropic requires a careful boundary layer multiscale analysis as developed in Refs. 3 and 6,
which shows that there exists a linear operator (local in x) that maps p to g. In the three-dimensional
case when fis constant (isotropic scattering) and p(X, R) = p(x, u) where u = k- v(X), this map
is given by

1
g(x) = /0 px, M)H(M)%du, 1)

where H(it) is the so-called Chandrasekhar H-function. The evaluation of H can be found, for
instance, in Section 1.5 in Ref. 3. As a result the support of ¢ is spatially limited to the part 0.X; of
the boundary X where the laser beam is applied.

B. The case of moderate shifts

In this subsection, the amplitude of the shift ¢ is assumed to be moderate and of the same order
as the wavelength so that

klg(x) = ¥(x). (62)
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for some function ¥ (x) of order one. The RTE (29) for W), then takes the form (after dividing by
Z([k])):

nk - VWi(x, k) = / f® -k k) [e“f’*w OWiax, p) — Wia(x, l%)] dp
gd—1
We define a new function which takes account the phase shift

Wia(x, k) = e® VO W, (x, k).

It satisfies

k- VWi —inZak Wi = | f(p -k kD [Wia(x, p) — Wia(x. k)] dp. (63)
o

where the intrinsic “complex absorption” coefficient X, is given by (45). We substitute the ansatz
Wiy = Wiy +nW) + - (64)

into Eq. (63). Equating the terms that are of equal order in  we find

om:0= [ 7b-kilkn (W)~ F2do] dp. (69)
Sd—1

Om) : k- VW — iz, x. B = / 6 kKD [P @) - W] . (66)

As in Subsection IV A, Eq. (65) shows that W(O) does not depend on the direction variable k,

SO Wl(g) = (0)(x) Equation (66) relates WI(Z) to Wl((Z)) By Fredholm alternative, the compatibility
equation for the resolution of this equation is that the left-hand side has an integral over the sphere
equal to zero, which imposes (since the integral of K is zero):

02/ x0T )k = TV - $ )W )
gd—1

As a consequence, provided the displacement field is not divergence free (more precisely, we assume
that the set of points x € X; such that V - ¢(x) = 0 is negligible), then Wj»(x, k) = Wldz(x) which is
the solution of

-V.——  vwix) =0, X¢,
TP ¥eh ©7)

wWix)=0, xeX,.

This equation is equipped with the boundary condition (60). The diffusion limits for Wfl1 and Wzd2
are given by (59) with boundary condition (60).

C. The case of large shifts

In this subsection, we consider the case when the shift ¢ of the scatterers has large amplitude
so that |K||@| > 1. As we have derived in Sec. III A, the RTE for W, takes the form (36). Consider
the limit n = 1/¥ « 1, these equations can be written as

nk - VWia(x, k) + Wia(x, k) = 0, (x,k) € Xy x §971,

nk - VWio(x, k) + Wia(x, k) = / N fk-p; [K)Wi(x, p)dp,  (x,k) € XE x §471.
o
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On the unshifted region X¢, the second line of the RTEs above takes the classic form and its
diffusion limit is (59). On the other hand, sending 1 to zero, we deduce from the first line of the
equations above that W}, goes to zero in the shifted region X; in the limit. Consequently, the diffusion
limit for the cross-correlation Wld2 in the case of large shift is:

S VWi xx) =0, X¢,
TG reh 68)

Wi(x) =0, x € X,

and it is equipped with the boundary condition (60). The diffusion limits for W}, and W3, remain
unchanged; that is, they are given by (59) with boundary condition (60). These are the same equations
as in Subsection IV B.

D. Speckle pattern correlation in the diffusion regime

In this subsection, we revisit the formula (40) and rewrite it in terms of the functions in the
diffusion limit. As before, we denote by dX, the part of the boundary where measurement is taken.
We naturally assume that the part 9X; of the boundary that is illuminated by the incident laser beam
has an empty intersection with the part 0 X;, where the outgoing light is measured. Therefore Eq. (60)
implies that the leading-order term W;’, (x) in the diffusion approximation of the direction-resolved

correlation function W (x, R) vanishes on 0Xp,. It is then necessary to look for the first-order
corrections in the expansion of W (x, k). This is discussed in detail in Ref. 10 and we follow the
ideas there.

In the diffusion regime, using the expansion (46) with Wl(;) given by (54) and using the similar
results for W,(}) and Wz(;) , we can write W;(x, k) as

n

Wii(x, lA() = Wfl(x) - m

k- VWi +--- (69)

where W]f]l (x) is the function involved in the diffusion equations (58), (59), and (68). This expansion
is valid only inside the domain X and not at the boundary 90X, again because of the presence of a
boundary layer which gives rise to a correction of order 1 that cancels the first-order corrective term
in (69) for x € X, and v(x) - k<o If, however, we carry out the calculation with this expansion
formally, then we find that

Can
1 —g(k[)

n

- kdk - VW4(x) = —
1 — (kD Jivpo=o 7

ﬁ Wii(x, k)dk = v(x) - VW§(x),
k-v(x)>0

where C,; is a constant that depends on the dimension. The second equality follows from the
decomposition k = (k- v(x))v(x) + k, where k, is perpendicular to v(x), and the fact that the
contribution of k | averages to zero because of symmetry.

In fact the result obtained in this formal way is correct up to the value of the constant C;. The
exact value of C,; depends on the form of f, it can be obtained by the multiscale analysis of the
boundary layer, and it can be evaluated numerically when fis constant in particular (see Sec. X.A in
Ref. 10). It follows that the correlation of speckle patterns in the diffusion regime is given by

2
) / p(X) - VWldz(x)dx‘
Cpp = X

. (70)
/ v(x) - VW (x)dx / v(x) - VW5 (X)dx
3Xm IXm

We remark that in the above formula, the constant Cyn/(1 — g) is cancelled out, so the desired result
does not depend on the value of C,.
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(a) (b) (c)

FIG. 1. Computational domains and elastic wave fronts. (a) The dashed lines are the wave fronts S(r,)’s. (b) An optical
absorber with radius r, = 0.2 centered at (0, 0). (c) An optical absorber with radius r, located at (0, 0.1).

E. Numerical simulations of the diffusion equation model

In this subsection, we show some numerical simulations which confirm that the diffusion
equation model derived in this paper for the cross correlation Wy, captures the loss of correlation in
speckle patterns. The numerical simulations are in accordance with the experimental measurements
published in Refs. 4 and 5.

Let the domain X be a two-dimensional square (— 1, 1) x (— 1, 1), and let a sequence
of circles S(r,) centered at (0, 0) with increasing radius r, model the wave front of the elastic
wave introduced by the ultrasound modulation. Let Cg) be the correlation calculated as in (70)
on the right side of the square domain X where the two random media are those when the wave
fronts are at S(r,) and S(r,, — 1), respectively. Since ¢ models the shift of the scatterers of these
two random media, the support of ¢ is the union of the supports of the elastic waves at the two
instants, and it is enclosed inside the circle S(r,,). We assume that the shift is large enough (i.e. larger
than the optical wavelength) so that the formulas obtained in the large shift regime in Sec. IVC
are valid.

To evaluate Cg), we need to calculate Wy, Wa,, and Wy,. For the first two functions, we solve
the diffusion equation (59) with unit diffusion coefficient on the whole domain X with boundary
condition (60), which is taken as ¢ = 1 on the left side and ¢ = 0 on the three other sides of the
square domain X (which models an illumination from the left). For Wy,, since it vanishes on the
support of ¢ which has outer boundary S(r,,), we solve the first equation of (68) on the exterior of
the ball enclosed by S(r,,); the boundary condition is (60) on X and W, = 0 on the inner boundary
S(r,). These configurations of computational domains and elastic wave fronts are illustrated in
Fig. 1(a).

To demonstrate the effect of optical absorbers, we also consider the case when such an absorber
with radius r, = 0.2 is located at (0, 0) and (0, 0.1), respectively, as illustrated in Figs. 1(b) and 1(c).
They are referred to as the case with centered and non-centered absorbers, respectively. In these
cases, the equation for W, and W,, are solved outside the absorber because light is completely
absorbed inside. For W,, the equation is solved outside the union of the absorber and the ball
enclosed the circle S(r,).

Note that for simplicity, the diffusion coefficient and the boundary condition g on the left
boundary are chosen to have unit value. This does not affect the results of the simulation. Indeed, the
diffusion constant is cancelled out in (70); further, when the boundary condition ¢ in (61) is uniform
in x on the left side, its constant value will be cancelled out in (70) as well.

Finally we plot C Yé) as a function of r,, in Fig. 2. We see that when there is no optical absorber,
the correlation of speckle patterns drops immediately when elastic wave forms. On the other hand,
when optical absorber is present, the correlation starts to decay only after the elastic wave exits the
absorber, that is at r = 0.2 for Fig. 1(b) and at r = 0.1 for Fig. 1(c). Hence the decay of correlation
is sensitive to the location of the absorber. This can be exploited further for medical imaging
purposes.
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FIG. 2. The correlation of consecutive speckle patterns during the propagation of a circular elastic wave.
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APPENDIX A: DERIVATION OF EQUATION (13)
We first write the equations satisfied by uj(x — ey/2) and #5(x + €y/2):

2

£ ey 1 ey X Yy e
A=) = —guilxm ) - VeV~ Huilx - 7).

T | 1, ey X |y Y\ oo . EY
A3+ F) = —3mE ) = VeV(E S+ e i (x+ ).

We multiply the first equation by it5(x 4 ey/2) and the second one by u{(x — £y/2) and we substract
the two resulting equations:

err_ ey ey ey\ « -
S+ ) A (x = ) —wifx = S) A (x+ ) |

X Y &y X Yy € \_
- ﬁ[v(g +3 bt )~ V(S - —)]u‘i(x - SV (x+ ).
By multiplying by exp (ik - y)/[£(27)?] and by integrating in y we find
L?(x,KkK) = R*(x,Kk)

where we have defined
e — L/ .y N viE N e x— Eviae e
R°(x,k) = 7 [V((9 + 5 + d(x + > )) V(e 2)]u1(x zy)uz(x—i— > )(2n)ddy,

& _ ey ey ey _ gy
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The right-hand side R°(x, K) is the one that appears in (13), it remains to simplify the left-hand side
L*(x, k). By rewriting Ax we have

Lo(x, k) = —/ [+ 5%y - Vs (x = ) s (x = S)Vy - ey (x + ) | (;i:)yddy.
By integrating by parts in y:
Li(x, k) = / [vyu;(x + %) Vit (x — %) + Vyus (x — %) - Vit (x + %)]%dy
+ [ [+ Dyvanitn - D) +uils - Dyvaster D)) v
=2 [ [+ ) wauilx - D) - wuaix - 2) v+ D] &
sibe vy [ as( Dyuts - %)%dy

=ik - V, W5, (x, K),

which is the desired result.

APPENDIX B: DERIVATION OF EQUATION (52)

We consider

K-T)(-k-&)=k & — ] lf(ﬁ-l%;|k|)13-é,~d15.
-

Let Qg ; be an orthogonal matrix so that wa-lA( =¢&;. Since p- &; = Qi ;P - Qg ;€;, we have
(K -Dk) =k~ [ FQub-&:IKD Qb+ Qb
-

=kt — | F@-&:IkDP- Qi édp. (B1)

In the last equality, we changed the variable Qg ;p to p. We have the decomposition

Qf('jéj = [éj . Ql}’jéj]éj + CéjJ_ = [Ql},jk . Ql;’jéj]éj + CéjJ_ = (k . éj)éj + CéjJ_,
where c€;, is perpendicular to &;. By symmetry, the contribution of c€;, to the spherical integral in
(B1) vanishes. We can then check that

(-Dik-&) =k-& — k&) [ f&lkDp-&dp =1 - gk k&,
n
with
ok = [ F-lknp- &ap.
n

which does not depend on j and is given by (53). Note that g(|k|) < 1. If we define i j(ﬁ) by
k-¢

PO = =k

(B2)
then we can now check that it solves (51) and that it integrates to zero on §¢ ~ !, which completes
the proof.
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