Time Reversal, SU(N) Yang-Mills and Cobordisms:
Interacting Topological Superconductors/Insulators

and Quantum Spin Liquids in 341D

Meng Guo!, Pavel Putrov? and Juven Wang?3

! Department of Mathematics, Harvard University, Cambridge, MA 02138, USA
2School of Natural Sciences, Institute for Advanced Study, Princeton, NJ 08540, USA
3 Center of Mathematical Sciences and Applications, Harvard University, Cambridge, MA, USA

Abstract

We introduce a web of strongly correlated interacting 341D topological superconductors/
insulators of 10 particular global symmetry groups of Cartan classes, realizable in electronic
condensed matter systems, and their generalizations. The symmetries include SU(N), SU(2),
U(1), fermion parity, time reversal and relate to each other through symmetry embeddings.
We overview the lattice Hamiltonian formalism. We complete the list of field theories of
bulk symmetry-protected topological invariants (SPT invariants/partition functions that ex-
hibit boundary ’t Hooft anomalies) via cobordism calculations, matching their full classifica-
tion. We also present explicit 4-manifolds that detect these SPTs. On the other hand, once we
dynamically gauge part of their global symmetries, we arrive in various new phases of SU (V)
Yang-Mills (YM) gauge theories, analogous to quantum spin liquids with emergent gauge fields.
We discuss how coupling YM theories to time reversal-SPTs affects the strongly coupled the-
ories at low energy. For example, we point out a possibility of having two deconfined gapless
time-reversal symmetric SU(2) YM theories at § = 7 as two distinct conformal field theories,
which although are secretly indistinguishable by gapped SPT states nor by correlators of lo-
cal operators on orientable spacetimes, can be distinguished on non-orientable spacetimes or
potentially by correlators of extended operators.
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1 Introduction and Summary

Global symmetry plays a crucial role in constraining the fate of macroscopic states! of physical
systems — its constraint is applicable including but not limited to quantum many body condensed
matter (normally defined with an ultraviolet (UV) high-energy /short-distance lattice regularization
cutoff), and quantum field theories (preferably studied at the infrared (IR) low-energy/long-distance
universal behavior at fixed points), including gauge theories [1].

In condensed matter physics, one digs into how global symmetry acts on the operators and the
states in the local Hilbert space in the deep UV. For example, the electrons that can hop between
atoms/orbitals, where the distances between atoms are essentially the UV scale lattice constant.
While quantum field theory (QFT) controls the global and large scale IR properties of systems,
the condensed matter way of thinking supplements it by zooming in and examining the ultraviolet
(UV) lattice cut off — in which we essentially see the fairy dancing patterns of electrons within the
effective “Planck scale” UV quantum effects. The two principles could actually complement, like
Yin and Yang, with each other. In this work, we would like to implement global symmetries at
both UV (deep on the lattice) and IR, and discuss their consequences on various systems.

First we consider the 10 particular global symmetries (see Table 1 and 4) that are mostly rele-
vant to the fermionic electrons of condensed matter system in 3+1 dimensional spacetime (3+1D),
involving SU(2), U(1), ZL', or ZI' symmetries. If one limits these 10 global symmetries to the
quadratic Hamiltonian systems, they correspond to the 10 Cartan symmetry classes, studied since
Wigner-Dyson [2-4]. They are studied later in the context of so-called free fermion topological
insulators/superconductors [5-7] (See an overview [8,9]).2 The SU(2) plays the role of the flavor
symmetry or the spin—%’s SU(2) rotational symmetry. The U(1) plays the role of electromagnetic
charge symmetry or the spin rotational symmetry. The ZZ' is the fermionic parity symmetry that
flips the sign of fermionic operator v» — —. The Zg (or more precisely, Z4T) is the time rever-
sal symmetry. However, including interactions can change the classifications and characterizations
of these Symmetry-Protected Topological states (SPTs). One of the most powerful tools can be
used is finding their symmetry-protected topological invariants (SPT invariants). By topological
invariants, we mean the partition functions (or path integrals) in field theoretic form at IR that
capture the bulk SPTs (by coupling to background non-dynamical probed fields) and also con-
strain the boundary anomalies. The field theoretic partition functions studied in [10-16] are good
examples. Recently the 3+1D SPT classifications have been more-or-less completed by pioneer
works (the bosonic cases in [17, 18], physical intuitive studies of interacting fermionic topologi-
cal insulators/superconductors (TI/TSC) [19-21], with the later corrections and refinements from
cobordisms [12,22,23] or generalized group cohomology [13,24], see more References therein). Some
of their topological invariants are uncovered [10,15,16], however other topological invariants (espe-
cially those involving the SU(2)-symmetries) are still not fully transparent. One of the goals of our
work is to fill this gap, by providing the complete list of symmetry-protected topological invariants
that characterize the 10 particular global symmetries of Cartan symmetry classes. These bulk SPT

1 We would use phases of matter or states of matter interchangeably, and the quantum vacua or the ground states
of system interchangeably.

2We should remind the readers that the Cartan symmetry class combines many distinct symmetry groups in a
single class. In the free fermion system, these distinct symmetry groups in the same Cartan symmetry class have
the same topological classifications. However, in the interacting system, one should specify a particular symmetry
group even within a Cartan symmetry class. Distinct symmetry groups in the same Cartan symmetry class may have
different classifications. In our work, the “abused” Cartan symmetry class notation for interacting SPTs means a
particular global symmetry that we will specify.



invariants also specify certain 't Hooft anomalies [1] living on the boundaries of bulk spacetime.
We stress that “the anomalies” here for interacting TI/TSC are in some sense unfamiliar: they are
non-perturbative global gauge anomalies that may mix between time-reversal and gauge anomalies.
Since the precise definition of global symmetry is significant, along the way we correct and refine
the misused, confusing or erroneous notations in condensed matter literature.

In addition, we also examine global symmetries and topological invariants that are pertinent to
quantum chromodynamics (QCDy) or the cold atom systems with larger flavor/or spin rotational
global symmetries: SU(2) x SU(2) color-flavor symmetry, SU(3) symmetry, and SU(4) symmetry
with Zg time-reversal. Or more generally, for a larger flavor, we can characterize topological
invariants of SU(N) symmetry with ZI time-reversal, when N is an odd positive integer. We
achieve these goals by explicitly constructing field theoretic partition functions, and by computing
the appropriate cobordism groups. Ref. [23] provides especially the important guidance.

Later we can also dynamically (fully or partially) gauge the global symmetries of system, with
the caution in mind that its Hilbert space is dramatically changed under the gauging process. By
gauging, we mean that microscopically at the deep UV, we insert the gauge variable on the link
between the site variable associated to the global symmetry, where the global symmetry acts on-
site. By implementing a machinery of gauging, we input various quantum vacua/ground states
protected by global symmetries, and output dynamically gauge theories.

For example, gauging the SU(N,) subgroup out of the original SPTs protected by SU(N.) X
SU(Ny) global symmetry group with a time-reversal,> we obtain various new quantum vacua of
time-reversal invariant SU(IV.)-Yang-Mills theories. Our results resonate and shed new lights to
the recent attempts to study time-reversal-invariant Yang-Mills or QCDy, in the beautiful work
of [25,26]. For other examples, gauging the U(1) subgroup of topological insulators/superconductors
(SPTs with U(1) and ZI symmetries), we obtain the time-reversal invariant dynamical Maxwell’s
U(1) gauge theories. These long-range entangled (gapless or gapped) quantum phases are also
known as SU(N)-quantum spin liquids [27] and U(1)-quantum spin liquids [27-29] in condensed
matter. One can also study gauging only the discrete subgroup (Zy) out of the full symmetry
group (time reversal, U(1), SU(N)) [30].

Here let us pause for a moment to have a deeper overview of the possible states of quantum
matter. Two key concepts can be used, Short/Long-Range Order (SRO/LRO) and Short/Long
Range Entanglement (SRE/LRE):

e Short-Range Order (SRO): Gapped system, where two-point correlation functions show ex-
ponential decays.

—— Examples of SRO include trivial gapped vacuum (pure Yang-Mills theory at 6 = 0),
SPTs (Topological Insulators), SETs (Symmetry-Enriched Topologically ordered states) and
intrinsic Topological Order (TO), etc.

e Long-Range Order (LRO): Gapless system, where two-point correlation functions show power-
law decays [e.g. Conformal Field Theory (CFT)] or stay constant, even at large distance, such
as spontaneous symmetry breaking (SSB) of continuous group results in gapless Goldstone
modes [e.g. superfluid].

SU(Nc)xSU(Ny)xZ¥
chd(Nc‘Nf) XZgcd(Ne,2) Xchd(Nf,Q) ) :
Zgcd(Ne,N§,2)

3More precisely, we gauge SU (N.) out of the symmetry group (



—— Examples of LRO include superfluid, gapless quantum spin liquids, metals, CF'T, etc.

e Short-Range Entangled (SRE): Can be deformed to a trivial vacuum [product state on-site]
by local unitary transformations through finite-width local quantum circuits.

—— Examples of SRE include trivial gapped vacuum (pure Yang-Mills theory at 8 = 0),
SPT and superfluid, etc.

e Long-Range Entangled (LRE): Cannot be deformed to a trivial vacuum [product state on-site]
by local unitary transformations through finite-width local quantum circuits.

—— Examples of LRE include SETs, Topological Order, Quantum Hall states, gapless and
gapped quantum spin liquids, CFTs, and metals with Fermi surfaces, etc.

The concepts of SRO/LRO and SRE/LRE are different, so in general there are roughly four sce-
narios for these characterizations.

Now let us discuss the possibilities of gauging SPT states. Note that SPTs are gapped SRO
and SRE states, but what are the outcome states of gauging?

(1) SPTs ® gauge theory: Here SPTs is gapped and decoupled from the dynamical gauged
sector. The gauge theory can be gapless or gapped, such as CFTs, or TO (TQFT), etc. Since two
sectors are decoupled (thus a tensor product ® structure), these are less-interesting.

(2) SSB Landau-Ginzburg order ® ... (gapless or gapped, with Goldstone modes or
SPTs, etc): SSB stands for spontaneous symmetry breaking (partially or fully), which thus charac-
terizes Landau-Ginzburg order. But the continuous symmetry breaking results in gapless Goldstone
modes. Another possibly is that the remained unbroken symmetry hosts gapped SPTs. Thus the
whole states can be either gapless or gapped.

(3) SETs [31, 32] (gapped, not necessarily SPTs @ TO): SETs are SRO but LRE. They are

symmetry-protected and topologically ordered, but in general are symmetry-enriched richer than
a tensor product SPTs ® TO.

(4) SP-gapless or SP-CFT (Symmetry-Protected gapless states, or Symmetry-Protected CFT):
The CFT near the fixed point somehow is nontrivially protected by global symmetries, say a SP-
CFT, but which is not a normal SPTs ® CFT. Breaking symmetries may result in different states
than a SP-CFT. More exotically, SP-CFTs protected by time-reversal symmetries, we will discuss
a scenario that two CFTs with exactly same global symmetries but cannot be distinguished on
orientable manifolds, but only distinguished on non-orientable manifolds.

(5) SET-gapless or SET-CFT (Symmetry-Enriched Topological gapless states, or Symmetry-
Enriched Topological CFT): There could be a topologically-ordered CFT, say TO-CFT, that is not
TO ® CFT. Different TO-CFTs may not be distinguished by local operator product expansions
(OPE), but only by correlation functions of extended operators, like lines and surfaces. Furthermore,
such states could also be symmetry-enriched (e.g. enriched by unitary symmetries or anti-unitary
time-reversal symmetry), just like TO and TQFT can be symmetry-enriched.

What are the justifications and the sharp distinctions of states that we outlined as (4) SP-
gapless/SP-CFT and (5) SET-gapless/SET-CFT? How do these (1)-(5) states emerge from our
studies of SU(N)-SPTs or SU(N) Yang-Mills? We leave these questions resonating as our prelude



into the overture. In the finale, Conclusion (Sec. 8), we will come back to discuss the quantum
phases of SU(N) Yang-Mills with topological terms obtained from gauging SPTs in terms of the
framework outlined above.

The convention for our notations is listed in Appendix A.
Our article is organized as follows.

In this work, we start with a self-contained overview of global symmetries on the UV lattice and
IR field theories in Sec. 2. We explore the symmetry-protected quantum vacua (SPTs) protected
by SU(N),SU(2),U(1), fermion parity and time reversal symmetries, focusing on their topological
terms and their complete classifications (some of them are known, while others, primarily involving
SU(N) with time reversal, are new to the literature), in Sec. 3 and Sec. 5. Then we address how
these global symmetry groups and how their topological terms can embed/break into each other,
in Sec. 4 and in Sec. 6. By examining the consequences of dynamical gauging of SU(N) symmetry
of the above SPTs, we then switch gears to study time-reversal symmetric SU(N) Yang-Mills in
Sec. 7. We conclude in Sec. 8.

2 Overview of Global Symmetries of the UV Lattice and IR Field
Theories

2.1 Global Symmetries of the UV Lattice, Hamiltonian and Hilbert space

We start by making precise the global symmetries and how they act on the UV lattice of fermionic
systems with an intrinsic Z" fermion parity. For example, we can consider electron systems that
could be non-relativistic on the lattice at UV. The electron is a fermion in the spin-statistics
relation, with an electromagnetic charge under U(1), and is an SU(2)-spin doublet (spin-3) under
SU(2)-fundamental representation. Our attempt is to first make connections to global symmetries
discussed in the condensed matter literature. We would like to emphasize the total symmetry
group Gy which obeys the short exact sequence 1 — Z& — G,y — G — 1 with Z% is the
fermion parity. The G = Gt /ZéJ is closely related to the symmetry group in the condensed
matter notation, although the condensed matter notation does not quite precisely match with G.
Our spirit on analyzing symmetries is coherent to a rigorous insightful setup in [7], which also
emphasizes the total symmetry group that contains ZI". Instead of focusing on free quadratic
Hamiltonians as in [7], we like to extend the analysis to the interacting systems.

Definition: Given the Hermitian operator Hamiltonian H and a state-vector |¥) living in the
Hilbert space,* we define the operation of the global symmetry group G as a matrix representation
operator M, for any group element g € G, such that their algebra obeys

M,HM; = H, (1)
M| W) = | D). (2)

4 The state-vector | W) satisfies the time-dependent Schridinger equation H|W¥) = id;|¥), although in the present
context we focus on the eigenstate H|W) = E|¥), especially the ground state with E being the minimum energy

eigenvalue. Here we use the hat symbol ~ on M, to denote a matrix operator of M, in the quantum mechanical
sense.



By satisfying the above criteria, we say the Hamiltonian system H and the state |W) respect the
global symmetry G. If g € (G is unitary, we have MgM;,r =1 and MgiM, I = for an imaginary
number i. If g € G is anti-unitary, we have Mgng_1 = —1.

Below we overview and define some crucial symmetries later implemented in Sec. 3. Since we
consider the interacting systems, H is composed of many-body interactions between local fermionic
annihilation/creation operators ¢; and éj (of site j) that satisfy the anti-commutation relations

{&,¢]} = 164.° For example,

H= hglj) IA + h( )czcj + hg ])k TcTckcl + h( ) lczc]ckcl + hz( ])k ! mnéjé}é};élémcn + ...,

where the ... terms contain other terms, overall we have H = H' Hermitian. The first two terms
(e.g. KD, h?) are so-called free quadratic, the next terms (e.g. h®), h*) h®)) are fully-interacting,

In the lattice Hamiltonian formalism here, all global symmetries studied below are made to be
local onsite symmetries, which means that the symmetry operator M, = ®j My ; can be written
as a tensor product of operators at each site j.

All fermionic systems must obey fermionic parity Z" symmetry, that flips the sign of fermionic
operator ¢; and é; for each site j:

éj — —éj, CJf — —C;f (3)

Other global symmetries are optional. Since the electron is an SU(2)-spin doublet, we write the

corresponding operator as ¢, j where o is the SU(2) doublet index, spin up or down 1, | (say 1 and
2 respectively).

In general, time reversal symmetry 1mphes that under Schrodinger equat10n i2 5V (t) = H U(t),
the U*(—t) is also a solution, and H = H*. Time reversal operator T = UrK is an anti-unitary
operator where Ur is unitary and K is a complex conjugate operator. For a sp1n—§ fermion, we
require that T2 = —1 on a fermion, thus (UrK)(UrK) = UpU = —1. We define the time reversal
symmetry 7' on the lattice as:

Sa ~1 ~ . ” A ~ 1 ~ . ~

Tto ;T = €aplp; = 1ag‘ﬁc/37j, TCLJT = Ea/gc;’j = 1azﬁc;,j, (4)
where o¥ follows the convention of Pauli matrices. The T acts on the spin—% doublet as icY K where
K is complex conjugate. It is easy to see that indeed

72 = (—1)V = (—1)F. (5)

Acting by time-reversal twice on any operator multiplies it by +1/ — 1 depending on the fermionic
number operator N = > N; = >.¢ cj, thus it is the fermionic parity ZL" operator (—1)%. There-

fore, T4 = +1, the true time reversal symmetry is actually Z! such that Z%" is its normal subgroup,
Z4T D ZF . What condensed matter community usually denotes Z in a fermionic system, actually
refers to a partial symmetry Z1 /ZY = Z, instead of the full time reversal zr.

The operator of SU(2)-spin rotation symmetry operator around the unit vector n-direction by
a f-angle acts on a site j as follows:

10-3; 10(ne ST+ny 8Y4n.5%) _

e I = e i%(nrc

At at AT
o,j aﬂcﬁ ]+nyca jo ﬂcﬂ J+nzcoc J aﬁcB J) (6)

® Here é;|0]‘> =11;), &;]1;) =10;), and é;|1j> = ¢;]0;) = 0, where |0) and |1) are empty and filled fermionic state.



The U(1)-charge symmetry associated to the fermion number N; acts on a site j as:
QlON; _ oi0el60e; _ eie(ai,jamﬁéj’jq,j)' (7)

We remark that SU(2) (here the spin rotation) contains the Zs-center and U (1)-charge also contains
a Za-subgroup. Both are precisely the fermionic parity ZZ symmetry, so SU(2) D Z& and U(1) D
zL.

Also the unitary charge conjugation symmetry C on the lattice acts as:

Ceo;C1 = eaﬁégj — iagﬁégj, Oegvjéfl = €aplp; = 0% 405, (8)

Similarly C2 = (—I)N = (-1)f and TC = CT, so C* = +1. The true charge conjugation symmetry
is indeed Z§ D ZL such that ZI" is its normal subgroup.

Other than the above symmetry realization on the fermionic electron systems, we will also
comment about other more general ways to realize and “regularize” symmetry on the UV lattice
later, especially in Sec. 5 for SU(N) symmetry.

2.1.1 Symmetries of charge/spin, fermion-pairing, and spin-orbital coupling orders

Below we analyze and summarize the global symmetry systematically on several possible Hamilto-
nian terms, partially inspired by [7], including charge/spin-orderings, fermion-pairings, and spin-
orbital interactions:

1. N; = éj ; as a charge order, invariant under time-reversal and spin rotations:

TN = SN, e 105 = 4 ;. (9)

2. (Gp4€y5 —€1iCyj) = ¢;16Y¢;, a spin-singlet real superconductor pairing (expectation value <S’ ) =
0, (S*) = 0), here i and j can be on different sites, invariant under time-reversal and spin
rotations:

T(éicyy — cutr)) T~ = % (@piey; — epary)e™ ™% = +(ency; — ety). (10)

3. (é1iéy; + éicyj) = ¢,0%¢;, a spin-triplet real superconductor pairing ((S) = 1, (5%) = 0):

T(éﬁéw + éu'éTj)T_l = —(CriCj + Clicyj),
el ety + eiyy) e T = @ (Gtyy + ptyy) e ™ = —(Endy + Ecyy),
eiesz(éﬁéw + éuéﬁ)e—iesz = +(CpiCpj + Cpacyy). (11)
4. S’Za = (%éjc} ¢i), as a spin order, a = z,y, 2
o1 — e (12)

We have a coplanar (the spin along the z-z plane) or a collinear (the spin along the y) order.
We discuss these details in the following three cases respect to spin-flip symmetries.

10



5. (éjna - 6%¢;), say a coplanar spin order along a = x or z, and a collinear along a = y (the

reason for this convention is that later we consider the spin-flip under eiﬂgy):
T(eing - 69)T" = —(élng - 6%),
'™ (@lng - 6%¢)e” ™" = (—1)I-0w) (eln, - 69¢;). (13)

e , we have a

In general, if the spin order along n, is parallel to spin rotational operator el
symmetry invariant; otherwise, for other spin rotational operators e ei™" with a 75 b, we get

an odd (—1) factor under operations.

6. (cTnm a%¢; + cTny a¥c; + cTnZ G%¢) = >, c ng - 6%¢;, a spin-orbital coupling term has
symmetry operations as:

T(c;-rn(z S5 NT = —(cgna -6%¢5),

eiﬂSb (Cjna ) a_aéj)efiﬂ'gb _ (_1)(175@) (c;[na . é’aéj). (14)

We will come back to use these orders, couplings and interaction terms to suggest what topo-
logical superconductors/insulators respect the same global symmetries of these orders in Sec. 3.

2.2 Global Symmetries of the IR Field Theories, Path Integral and Cobordisms

Now we switch gears to explore global symmetries suitable for description in terms of the IR field
theories, path integrals and cobordism formalism. Note that IR here means continuum field theory
that describes lattice theory at long distances. It should not be confused with “deeper” IR theory
discussed later in the paper which arises after gauging (part of) the global symmetry at strong
gauge coupling. From the point of view of the latter theory, the continuum weakly gauged field
theories below can be considered as UV theories. The partition function of an SPT then can be
viewed as the exponential of a classical weakly gauged action, which depends on topology® and
some background gauge fields (which mathematically has meaning of some additional structure on
the spacetime manifold, such as choice of a principle bundle for the symmetry group).

Below we provide general comments before proceeding to special cases in Sec. 3. Suppose
we have a global symmetry with Lie group” G and so that our system contains fermions in a
faithful representation® of G. There are two qualitatively distinct cases: G contains Zs center
subgroup or not. In the first case we also assume that all bosonic fields, if present, transform under
G /Z5 so that we can identify the Zy center subgroup with the fermionic parity Z&'. The fermion
fields in d dimensions therefore form a faithful representation of Pin™ (d) XzrF G or Spin(d) Xzr G
group depending on whether time-reversal symmetry is present or not. To be specific A XzF B =

(Ax B)/ Zg means the quotient w.r.t. the diagonal center Zg subgroup, which physically means
identifying fermionic parity contained both in Pin®(d) (or Spin(d)) and G groups.

We will be mostly interested in the case when time-reversal symmetry is present. In order to
define such fermionic fields on a d-manifold My, one should equip it with Pin®(d) Xzr G principal

5n general, it can also depend on the choice of smooth structure.
"We use tilde to distinguish it from Grot or G which contain time-reversal symmetry.
8For example, it is N-dimensional fundamental representation if G = SU(N).
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bundle, or, equivalently, with Pin® x zr G structure. The principle bundle is such that the O(d)
principle bundle obtained by projection Pin®(d) x zF G — Pin®(d)/Z% = O(d) is the structure
bundle of the tangent bundle TMy. Note that it is possible that manifold does not have a Pin* (or
Spin) structure, but does have Pin™ XF G (or Spin X, r G’) structure. In other words, the fermion
fields locally are sections of S ® V bundle where S is the spinor bundle and V is the representation
bundle of G. It may happen that although both S and V globally do not exist but their product
does. Physically this means that one can only consider fermions coupled to gauge fields on such a
manifold, but not “uncharged” ones. The SPTs protected by fermionic parity, time-reversal and

G symmetry are then classified by the (Poincare dual to the torsion part of) bordism group of
PiniX Fé
manifolds with corresponding structure: €2, %

In the case when G does not contain a Zy center (for example when G' = SU(3)), the fermionic
parity is contained only in Pin®(d) (or Spin(d)) group. The corresponding structure is then just
Pin* x G (Spin x G). Equivalently, this means that we should consider manifolds equipped simul-

taneously with Pin™ (Spin) structure and a principal G-bundle. The corresponding bordism group

. :E . ~
then can be also written as dem xG — ngi (BG). In the general discussion below we will assume
that G does contain ZL'. The other scenario is much simpler. In what follows we will also assume

by default that the spacetime dimension is d = 4.

Possible topological terms that can appear in SPT action are invariants of bordism of manifolds
equipped with additional structure [12,22,23]. As we confirm by direct calculation of the bordism
groups, all topological terms that can apear are either purely “bosonic”, and can be realized as
Stiefel-Whitney numbers of bundles over the manifold or can be obtained by integrating out massive
fermions coupled to background gauge fields, as was described in [14-16] for example.

To make a connection to the cobordism formalism we will be considering Euclidean spacetime.
The systematic way to do a Wick rotation of 3+1d fermions from Minkowski to Euclidean spacetime
can be found in [33] for example.

On the flat Euclidean spacetime, the path integral of a massive Dirac fermion reads
[Pumilen-se) = [opiien{- [adeica, rmef, 03

with dtd3z = d*xzp. More generally, for a Dirac spinor coupled to a background (probe) gauge field
a in the curved Euclidean spacetime of a metric g,,,, the path integral becomes

[DY][DY)exp{—Sg} = [ [DY][DV]exp? — [ d*zp+/det g(d(B, +m)y) ¢,  (16)
/ / -/ }

where locally ID, = el’j ,7“/(8M+iwu— ia,), eﬁ, is a vielbein, w, and a, are spin and gauge connections
respectively. More explicitly, in components, one has w, = iw;}” [’y)‘,fy” |/8 and a, = a, T, where T,
are generators of the Lie algebra Lie(é’). In order to globally define the Dirac operator 1P, on My,
one needs to specify the transition functions that relate fields® 1,1 and a on different patches. The
transition function should be also such that they leave the local expression for the action above
invariant.

9Note that in the path integral formalism one considers ¢ = ¥T+® and ¢ as independent Grassmann fields.

12



The transition functions between the charts that preserve orientation are standard. The def-
inition of transition functions that change orientation is more subtle. Note that the orientation-
reversing transition function can be always realized as a composition of an orientation-preserving
transition function and transition function that relates local coordinates as 2% = ¢ = —t = —a0,
2 = 2%, The corresponding transition function for fields of the theory is then realized by time-
reversal transformation. Note that when a theory is considered on a flat spacetime, in principle
the notion of the time-reversal symmetry is ambiguous. A time-reversal symmetry is any sym-
metry 77 that flips the sign of the “time” coordinate ¢ — —t, acts on 1-form gauge fields as
ao(z,t) = —ag(z, —t), a;(x,t) — a;(x, —t) and satisfies either (7")? = 1 or (T")? = (—1)* condition
(as explained in [12], these conditions are swapped when one does Wick rotation from Minkowski
to Euclidean spacetime). If one uses 7" such that (7”)2 = 1 to define the theory on a unoriented
manifold, this corresponds to a choice of Pin™ xz, G structure. The condition (17)% = (—1)F
corresponds to a choice of Pin™ xz, G structure. The time reversal symmetry in principle can
also be combined with an order 2 automorphism of the symmetry algebra Lie(G) (such as, for
example, charge conjugation a, — —a, for G = U(1) case, see details below). In general, if 7"
is a time-reversal symmetry and I' is the generator of any Zs global symmetry, then 7'T is also a
time-reversal symmetry. However, when put on an unoriented manifold, one has to make a par-
ticular choice of T” which will be used in orientation-reversing transition functions for the fields
of the theory. Different choices correspond to different ways of defining the theory on unoriented
space-times. Morally speaking, putting the theory on an unoriented manifold corresponds to turn-
ing on a background gauge field for 7" symmetry. The ambiguities/obstructions of doing that on a
quantum level correspond to anomalies of 77 and, as usual, can be cured by coupling the original
theory to a bulk SPTs in one higher dimension.

Given the global definition of the Dirac operator acting on fermionic fields (that is sections of
the twisted spinor bundle associated to Pin* xz, G structure), one can use the general expression
for the Gaussian Grassmann path integral:

/[’Dw][Dw]eXp{— d*zp \/det g(P(Dy +m) )}—det(lDa—i—m). (17)

A non-trivial SPT arises in the IR when the mass m of the fermion is negative. In order to capture
only the topological degrees of freedom of this SPT, one needs to normalize the partition function
above by the partition function of the Dirac fermion with positive mass (that gives a trivial gapped
theory). The value of the partition function of the SPT in the presence of a background gauge field
is then given by the following ratio of the determinants (in the limit of large mass), cf. :

detDy —fml) _  ppidtind

ZsPT m = lim
[ ] |m|—ro0 det(lﬁ + \m|) |m|—o00 X i\ — |m|

(18)

where A runs over eigenvalues of —ilp, (note that ID, is anti-Hermitian, so \ are real).

2.2.1 C,T, and CT for Dirac fermion coupled to U(1) gauge field

Let us first review a simple case when the weakly gauged symmetry group is G = U (1). This
case has been explored in detail in a remarkable work [14]. The action of a massive Dirac fermion
coupled to U(1) gauge field a in Euclidean flat spacetime reads:

S = / dtd (7D — i) + m). (19)
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It has the following discrete symmetries:

(CQZ: Ly Y@ > CodT(@),  d@) = T @)C), @) = —a(@). (20)

CT: ¢(f»t) - i(7075)¢(fv _t)a QZ(:Z:’ t) - _i&(fv _t)(7570)7 (21)
(CT)? = +1) ao(Z,t) — —ao(T, —t), al(Z,t) = ad(&, —t). (AIII TSC)

T: w(fv t) - 1’70’75CD7[}T(5’ *t)v &(fv t) - id}T(f’ *t)CTD’YiYOa (22)
(T? = +1) ao(Z,t) = +ao(Z, —t),  ai(Z,t) = —ai(Z, —t). (AII TI)

Where Cp is the unitary “charge conjugation” matrix acting on Dirac spinors that satisfies
CD('y“)TCTD = —H, C’D('y5)TC’]Tj = ~°,CpC} = —1. As was already mentioned, in Euclidean
path integral formalism, one treats ¥ and v as independent fields, so that C'; CT, and T above
are unitary symmetries. Moreover, they commute with each other.!' Both T' and CT involve
t — —t so they both can be interpreted as time-reversal transforms. However, one can see that
CT is actually a more natural choice, since the one-form field a, transforms naturally (so that
a,dx? is invariant), while for 7' this transformation is complemented by a, — —a, which can be
interpreted as Zy automorphism of U(1) (i.e. charge conjugation). In particular, CT commutes
with the U(1) action so that if one uses 7" = CT to define a theory on a unoriented 4-manifold,
this will correspond to Pin™ XzF U(1) = Pin® structure. Alternatively, one can use 77 = T' which

corresponds to Pin* x U(1) = Pin®" structure. The semi-direct product structure reflects the fact
that the time-reversal transformation involves charge conjugation.

2.2.2 (,T, and CT for Dirac fermion coupled to SU(2) gauge field

Consider now the case of weakly gauged symmetry group G = 9 U(2). Let 9 be a Dirac fermion
transforming as a doublet of SU(2) (i.e. in fundamental representation). Explicitly, the action of
one such massive Dirac fermion on flat Euclidean spacetime reads

Sp = [ @b i((o" © 1), ~ ial(" © 02)i + miv (25)
where o, a Pauli matrices, the generators of su(2) Lie algebra, 1) belongs to the tensor product of 4
dimensional complex (i.e. Dirac) representation of so(4) algebra and 2 dimensional representation

of SU(2) symmetry, and aj, are components of the background SU(2) gauge field.

The action (25) has the following discrete symmetries (which would not be broken by Yang-Mills
action for gauge field a):

10 Since 9 and 1 are independent the transformations above can be written as the following linear transforms
acting on the pair of vectors ¢ and ¢”:

(5) (s )

0.5
CT: ( gT ) I ( WO’Y 71.70(;“70T ) ( fT > (24)

The fact that C' and C'T are unitary and commute can then be easily seen using the properties of Cp and gamma-
matrices.
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: V@) = (Co 8Os’ (@), ¥@) = =T @CL 8 Cp) (g
(C? =(-1)F) ay(x) = aj(z).
CT: 1/}<fv t) - 1(70’75 ® 1)w(f7 —t), f&(f? t) - _ilﬁ(f? _t)(7570 @ 1)7 (27)
(CT)? =1) ad(Z,t) = —ad(F, —t), al(Z,t) — al (&, —t). (CI TSC)
T ~ 1/1(33 t) - _1(7075 ® 1)(CD ® CSU(Q))Q;T(fv —t),
(72 = (1)) O(E, 1) = =17 (&, ~1)(Ch ® Clyy ) (1" © 1), (28)
af(Z,t) = —af(z, —t), al(Z,t) — al (&, —t). (CII TT)

Here Cp is the unitary “charge conjugation” matrix acting on Dirac spinors, same as in the U(1)
case, and Cgy () = e'z272 ¢ SU (2) is the matrix that provides an isomorphism between fundamen-
tal representation of SU(2) and its conjugate. In particular, it satisfies CSU(Q)aané(Q) = —ol.
Similarly to the U(1) case, one can see that C, C'T" and T are unitary symmetries and commute

with each other, if one treats ¢ and ¢ as independent Grassmann fields in the path integral.

Again, in Euclidean spacetime, CT, as defined above, provides the most natural choice of time-
reversal symmetry acting on the Dirac fermions, because it does not involve complex conjugation.
Therefore, if the Dirac fermions form a complex representation of some symmetry group, the CT-
transformed fermions will be in the same representation, not the conjugated one.

The choices of T = CT or T' = T to define the theory on unoriented manifolds correspond to
Pin™ Xzr SU(2) or Pin™ XzF SU(2) structures respectively because (CT)? =1 and T? = (—1)F".

Note that in principle one could define C differently (this would change T correspondingly if we
keep C'T to be the same), by keeping the same action on fermions as in the U(1) case. In order to
make the action invariant, this then would require a non-trivial transformation of a, — a, (such

that (a’ )ZUZ = —ay0,) corresponding to Zy (inner) automorphism of SU(2).

2.2.3 SU(N) and more general groups

Since CT transformation does not involve any charge conjugation matrix, it can be generalized
as the symmetry of the Dirac action for massive fermion in arbitrary representation of any gauge
group G:

T V(1) > i @ Y@, —t), P t) - —ig(@, ) (v @ 1),

(CT)? = 1) 08(7,1) — —al(F, —1), 09(7, 1) — al (7, —1). (29)

Therefore one can always use 7" = CT to define Dirac operator on a manifold with Pin™ XzF G
(Or Pin™ x G, if G does not contain Z& center, as for example when G' = SU(N) and N is odd).

Note that one cannot generalize (26) to G = SU(N) an arbitrary group, because there is no
direct analog of Cgyr(2). The case of SU(2) is special because the fundamental representation and
its conjugate are equivalent, which is not the case for SU(N), N > 2. When G = SU(N), in
principle, one can define C transform so that it acts on the fermionic fields the same way as in the
U(1) case, but then one needs to transform the gauge field according to a non-trivial order 2 outer
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automorphism of SU(N) (which corresponds to Zs symmetry of the Ay_; Dynkin diagram and
swaps fundamental representation with anti-fundamental). The corresponding 7' = C' - CT then
can be used to define Pin™ xz, SU(N) structure (for even N).

3 Complete List of Symmetry-Protected Topological Invariants
for 10 global symmetries of Cartan classes

Follow Sec. 2, here we would like to discuss the 10 Cartan classes with particular global symmetries
in the interacting cases. We will first present the UV symmetry at the lattice scale as in Sec. 2.1,
then the IR symmetry in Sec. 2.2 that are suitable for continuum field theory/path integrals.
We then present the Symmetry-Protected Topological invariants (SPT invariants) as the bulk
field partition functions that match the full interacting classifications of these SPTs (interacting
topological superconductors/insulators) obtained from cobordism classifications. We summarize
the global symmetries and their notations at UV lattice/IR Minkowski/IR Euclidean signatures,
and their SPT invariants in Table 1.

In the sub-section titles below, we list down the full symmetry Grot on the UV lattice and the
IR Euclidean global symmetry that can be used to compute the cobordism groups.

3.1 CI class: SU(;M and Pint x,r SU(2)
2 2

The Cartan CI class corresponds to the following several global symmetries that can be realized
in the fermionic electronic condensed matter system. We would like to enumerate them one by
one, beginning with the largest global symmetry containing SU(2)-spin/flavor and time reversal

symmetries.
. _ su@)xzt . N ) .
1. UV lattice symmetry Gy = —Z IR Euclidean Pin™ x zr SU(2): Topological Super-
conductor.

The first example, on the lattice, we have the full spin SU(2) rotation under operator 01075

in eqn. (6), and time reversal. Since TeitnSiP—1 = e+i0aS; and 72 = (=1)F thus T* = +1,

spin T
the full symmetry group is actually: SU@)Z#.H The Z5 in the denominator is exactly Z1".

We can convert this Hamiltonian operator symmetry to the symmetry of IR Euclidean field
theory on the spacetime: By flipping 72 = (—1)f" in Minkowski to 72 = +1 in Euclidean, we
get the full symmetry Pin™ XzF SU(2) for the Cobordism theory.

[U()P"xZP M x 2T

2. UV lattice symmetry Gro = ) , IR Euclidean Pin™ x zF [U(lz)x'z“]: Topologi-

2

cal Superconductor.

The second example, on the electronic lattice, we can consider the spin-U(1) rotation along
the z-axis, the spin-flip realized as half-rotation along y-axis, and also the time reversal,

under three symmetry operators respectively €' = e! 2(%a,;%55%.3) 1™ and T. The spin

spin

"1 Tn the electronic system, SU(2) is a spin-rotational symmetry denoted SU(2)
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Condensed Matter Symmetry Full Symmetry Grot: ) 4
C W 5 : (Grot/ZE = @) Cobordism Q%;

artan | “misused” notation (not Grot) Tot/ 42 . .

(for fermionic electrons) Minkowski vs. Euclidean Classification (3+1d)
Ul
fT1(T? = C2 = (—-1)F, C € Z§): U2 267, SU2)° % ZE | Pin= x40 SU(2);

CII U(1)¢ x [2T x Z§] ‘[7(5'1 S — - 2
[U(1>c % Zg] % ZgT J(1) 5224)2>< i or - (Z)QX 4 (1/01170476) € Ly XLy xZy

C fTSC: SU(2) > Z¥ SU(2) Spin Xzp SU(2); No class

SUGITDEL v, SU(2) x 2,
in U1)P"«zZ5Pm < 2T
fTSC (T2 = €% = (-1)F', C e ZP)"): ()= e € D2 g,

CI SU(2 2:):1 X Zsélr’l . [U(l)?’i"xZZ{’L“}ng Pin™ ng SU(2);
[U(l)z. X Z27y } X ZQ, U(l)ipmxz[;;pm ZCT7} (VCI,Oz) €2y X 2o
U(1)2P™ x [Z;{);n x Z§7] — Vs.

U= (Z3 " < Z§T]
5 (Z2)* 0
fTSC (7% = +1): T U(1)xzT Pin™ x,r U(1);

Al U(1) x Z5 vs. 4 2
U1y % 2] () =22 v 77, wez,

BDI | fTSC (T? = +1): I x z¥ ZT x z8 vs. Z1 Pin~; No class

D No symmetry except only Z1’ zr Spiri; No class

Pin™;
2 _ (_1\F T T F )
DIIT | fTSC (T° = (-1)") Z; vs. Z5 X Zj Vom € Zi
T :

amp | T (T2 T( 1)F): UOAZE o (1) 0 2 Pin™ xzr U(1);

(1)C X Z Z2 (I/AH,Oz,ﬁ) c ZQXZQXZQ

A U(l) > z¥ U(1) Spin®; No class
fTSC (TQ — (_1)F): (1)sme24T T Pin® = Pin™ XzF U(l);

Alll U(1)P™ x 2T vs. U(l) x 2, (vamn, @) € Zg X Zy
able 1: e list down symmetry groups related to artan symmetry classes that contain ,
Table 1:  We list d lated to 10 C 1 h in U(1

time reversal T, and /or charge/spin conjugation C' symmetries. The first column shows the Cartan
symmetry class notation. The second column shows (less-precise or misused) symmetry notation
in condensed matter. fTI/fTSC means fermionic Topological Insulator/Superconductor. The third
column shows G, the total symmetry group containing a normal subgroup fermion parity Zg ,
which follows that 1 — Zg — Grot & G — 1. The G = Gt/ Zg is roughly speaking the global
symmetry group without Zg . The G is closely related to the symmetry group in the condensed
matter notation, although the condensed matter notation does not quite precisely match with G.
The U(1)¢ means the electromagnetic U (1)*"'8® symmetry. The SU(2)¢ means the approximate
charge symmetry, but there is no obvious SU(2)-charge symmetry from the electronic condensed
matter. The U(1)*P™ means the spin or orbital like U(1) symmetry. The x and x are semi-direct
products. The last column shows groups for cobordism calculation, their cobordism classifications,

and their indices for SPT invariants.

rotation 6 has 4m-periodicity, and we can modify the periodicity to 27 by considering U (1)-

symmetry e'??%) as U (1)?)in where (2S'JZ ) is quantized as an integer. The spin-flip symmetry

obeys (emsg)4 = 1 an generates a finite group Z;

only two non-commutative symmetry generators follow the rule

o 10(28%)

, which defines a semi-direct product x structure in U(1)

spin

y - Since Te
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U™z <2 2 ;
overall total symmetry group as (22)2’y . The (Z2)* mod-out factors are again the

(2L)? redundantly appearing in the three symmetry generators.

By flipping 72 = (—1)¥" in Minkowski to 7?2 = 41 in Euclidean, we get the full symmetry

Pin* XzF [%:24] for the cobordism theory.

Potentially we can realize CI class topological superconductor with SU(2)-spin rotational and
real-pairing symmetry, and additional symmetry-preserving interaction terms (See Sec. 2.1.1 and

[7)-

There are 8 different symmetry-protected vacua, forming a group structure (vcr,a) €

Q4Pin b SU@)™ Z4 x Zy for a complete classification. This has been firstly computed in [23]. Our

2
Appendix B provides further details and calculations. We explore their field theories, topological
terms and physics in the next subsection.

3.1.1 SPT vacua and topological terms

Consider the case of v massive Dirac fermions transforming under an orientation reversal map by
T’ = OT matrix described in Section 2.2.2. Since (CT)? = 1 this requires a choice of Pin™ xz, SU(2)
structure on the manifold. One can consider the forgetful map Pin™ xz, SU(2) — SU(2)/Zy =
SO(3). So that any Pin™ xz, SU(2) structure on a 4-manifold My gives an SO(3) bundle Vo3
on My. The SO(3) bundle can be lifted to an SU(2) bundle if wa(Vso(3)) = 0. This should be
possible if the manifold admits Pin™ structure. The obstruction to the existence of Pin™t structure
is also we of the tangent bundle TMy. If wo(T'My) # 0, then to define a Pint xz, SU(2) structure
one can choose an SO(3) bundle with wa(Vso(s)) = w2(T'My) (which is always possible), and lift
it to Pin™ xz, SU(2).

Consider partition function of such fermions with negative mass m (normalized by partition
function of fermions with positive mass) in presence of background SU(2) connection a (cf. [14]):

v det lDa —|m v m|—o0 .
Zgyolal = (M) Il exp(2mivnsy (2)lal) (30)

where D, = el’j ,w’(au + iw, — ia,) is the Dirac operator, its global definition was discussed in
section 2.2. Its n-invariant is defined, as usual, by the following formula

1 . . s
Nsu(z) = 5(No+ lim > sign AN ) (31)
320

where \ are eigenvalues of I, and Ny are the number of its zero modes. Since exp(2mivngy(2)) is
cobordism invariant, the calculation of the bordism group tell us that ngy(2) € %Z and non-trivial
fSPT classes generated by such massive Dirac fermions are effectively labelled by v € Z4. In the
case of Pin™ manifold the fact nsu(2) € iZ follows from the the general analysis in [16] 2.

12Tn this case the fermions are sections of Vsu(2) ® S where both Vgy(2) and S (the spinor bundle associated
to the Pin' structure) are globally defined. Then from the fact that w(Vsu)) = 1+ wa(Vsy(z)) it follows that
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This can be compared to the cases with just U(1) or no global symmetry (apart from time-
reversal and fermionic), where the fSPTs generated by massive fermions in the bulk are classified
by Zg and Zig respectively. When SU(2) is broken to a maximal torus U(1) (that is a can be
made globally diagonal), the Dirac doublets split into pairs of £1 charged Dirac fermions. Each
of the single fermions contributes exp(27inpiyc) where npi,c € %Z is the n-invariant of a defined
Dirac operator for a given Pin¢ structure [34]. That is ' nsu(2) = 2npinc mod 1. Therefore such
symmetry breaking corresponds to the embedding map Z, — Zg (v +— 2v), where Zg is a factor of
Qp..c & Zg x Zy bordism group classifying fermionic SPTs with U(1) and time-reversal symmetry
of AIII class.

If the whole SU(2) is broken (i.e. one can globally set a to zero), one can further split each
fermion into a pair of Majorana fermions. A massive Majorana fermion contributes exp(minp;,+) to
the partition function. It is the generator of Z15 = Q4Pin+ bordism group classifying fermionic SPTs
with just time-reversal symmetry (DIII class). Thus complete symmetry breaking corresponds to
the embedding Zy — Z16 (v +— 4v).

Similarly to the case with U(1) or no symmetry, we have 2ngy(o) = wi(TMy)/2 mod 1 (cf.

4npi+ = wi(TMy)/2 mod 1[12]) v = 2 fSPT is equivalent to a bosonic SPT. The full classification
inT
of fermionic SPTs is given by Q4Pin+XZQSU(2) = Hom(Q4P n XZQSU(2)’ U(1)) 2 Zy x Zy where the Zs
factor corresponds to purely bosonic SPTs generated by the SPT with action w2(T'My). After
inclusion of such bosonic phases the fSPT partition function in general read as:
7"*(a] = exp(2mivnsy(glal) (1) M, (va) € 24 % Zs. (36)
Note that the multiplication by 2 maps Z; — Zg — Zig in the paragraph above are given by
pullbacks of homomorphisms between bordism groups naturally defined by embeddings Z4 = 41 C
U(l) Cc SU(2):
) e int
Q}iﬁn"" N len _ Qi)ln ><Z2SU(2) . (37)
216 — ZSXZQ — Z4><ZQ

On the other hand, the embedding of purely bosonic SPTs Zy x Zy < Z4 x Zy ((V/, ) — (2V/, @)

w(Vsu ) ®Vsu(e)) = 1 and Vsy(2) © Vsuy () is stably trivial (considered as a real bundle). Therefore exp(4minsuy(2)) =
exp (8T inpi,+ ) where 9p;,+ is the usual (untwisted) Dirac operator defined for a given Pin™ structure. The statement
nsu(z) € $Z follows from np;,+ € $Z [34]. (see also [12,15]).
13 To be more precise, we actually have
275U (2) — 271 (MPine (9)F1pine (s7)) (32)
where s’ is the “opposite” Pin® structure, that is the one with det(s’) = det(s)~*, or where det is the injective map
det : Pin® — Pic(M4) = Ho(My,Z) that corresponds to taking square of the U(1) part in Pin® = Pin™ xz, U(1).
Suppose €27 (Pinc (5)=npine ) is non-trivial. But then it should be a Pin® bordism invariant, and therefore of the
form:

£27 1 (Ipine (5)=npine (s)) _ 27 ipnpine (s) (— 1)/\105 (33)

for some universal (i, \) € Zg x Z2. By considering RP*, which has Pin™ structure, and therefore one can choose
det(s) = 1, we see that A = 0. Further, on an orientable manifold one can use an appropriate index theorem that
tells us that

e2minine (5) — (_1)(o(Ma)=cf(det(s)))/8 (34)
to show that ;1 = 0 as well. This implies that

6277177Pinﬂ(5/) — 27 inpinc(s) (35)
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is given by the pullback of the forgetful map

Pin* xz,5U(2)

Q 9%

4 . (38)
Z4 X ZQ — 22 X 22

Suppose My is oriented and spin wy (T'My) = wa(TMy) = 0. Then one can split Pin* xz, SU(2)
structure into the product of spin-structure and an SU(2) bundle Vg () (the lift of SO(3) bundle
Vso(s), possible due to w2<VSO(3)) = 0 ) with connection a. On oriented manifolds, the second
term in (31) vanishes and 2™ = (—1)No = (—1)N++N- = (—1)N+=N- where Ny are the numbers
of zero modes of Ip, with given chirality. From the index theorem we have:

Ny — N_ = p1(TMy4)/12 — e2(Vsp2)) (39)
Therefore, on oriented manifolds we have:
zve = (=1)v2Vsu@) | (y,0) € Zy X Zy. (40)

where we have also used the fact that p;(T'My)/3 = o(My) is a multiple of 16 on smooth spin
4-manifolds). Therefore odd v phases have § = 7 topological terms for SU(2) background gauge
field.

More precisely, on oriented spin manifolds or on a flat spacetime, odd v phases reduce to

exp ( — Sla]) :exp(/;iQTrFa/\Fa), (41)
My

at § = m, with a is not presented in the path integral measure (i.e. no f[Da]) thus only a non-
dynamical background gauge field. The Fj, is the field strength of a under the generic (flat or
curved) spacetime. In condensed matter, the non-dynamical background gauge field means a probe
field, and this field is able to probe/couple to SPTs thus to characterize the SPTs. Thus this
topological term specifies the SPT vacua. In field theory language, it can also be understood as a
bulk anomaly term, or a an anomaly-cancellation counter term for some anomalous 2+1d QFT.

For an oriented non-spin manifold using the appropriate generalization of the index theorem we

get:
7V = (=1)YeM)+n(Vsoe)) /At w3(TMy) (42)

which is well defined due to

p1(Vso@m)) = Pa(w2(Vsos))) = Pa(we(Vray)) = p1(TMy) = —o(My) mod 4 (43)

where P, is Pontryagin square.

3.2 CII class: SU(2) x Z] and Pin~ xzr SU(2)

The CII class corresponds to a different kind of SU(2) and time reversal symmetries.
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| (My, Vso) | 27 |
(5%, H) (=1)”
(CP% Lc+1) [ (-1)*
(RP4,3) eﬂ'il/ 2

Table 2: Some examples of non-trivial values of the partition function on 4-manifolds S*, CP?, and

RP* that distinguish all SPT states of Cartan CI class with a particular global symmetry %

4

for Hamiltonian, or based on Cobordism QPm+X22 SU(2)"

1. UV lattice symmetry Gy = SU(2) x Z¥, IR Euclidean Pin™ XzF SU(2).

Ideally we hope to construct the larger CII class symmetry requiring the total group
SU(2) x Z¥. Here SU(2) contains Z%" in the center, and 72 = +1. Thus this symmetry
cannot be realized, at least not easily without modifying the definition of T-symmetry, in the
lattice of fermionic electrons alone.

By flipping 72 = +1 in Minkowski to 72 = (—1) in Euclidean, we get the full symmetry
Pin™ xzr SU(2) for the Cobordism theory.

c C c C
2. UV lattice symmetry Grop = %Z)i;xm or WUZZZ o 7T IR Euclidean
c C
Pin™ xzr [U(1)27;Z4]: Topological Insulator.

We can consider a different (smaller) symmetry group realization of CII class that is exactly

the fermionic electron symmetry. The U(1)°-fermion number charge symmetry acting as
ei%Ni | the charge conjugation C' in eqn. (8) generating ZE, and time rAeversal zT. AWe can
define a semi-direct product relation x based on Te!NT—1 = ¢=10N and Cel?NC-1 =
—iON _ U@)x[Z] xZf] : : 2 _
e , so the total symmetry group Grot = —zyr - again the denominator (Z2)* =

(z1)? is the redundancy appearing in the three symmetry generators. We can redefine CT

as a new anti-unitary symmetry generator such that (CT)? = +1 generating a Z§7, and

A A KT, A A P c C
(CT)e'N(CT)™' = el%V, 50 the total symmetry group can be rewritten Gro; = %;24] X

0T,

By flipping 72 = +1 in Minkowski to 72 = (—1)!" in Euclidean, we get the full symmetry
c C

Pin™ xzr [11(1)27324] for the Cobordism theory.

Even though this symmetry group in the option 1 above is not exactly the fermionic electron
symmetry, for convenience, we consider the SPT invariants of this group for CII class. (We stress
that the SPT classifications for the two symmetries of CII class could be different.)

Potentially we can realize CII class SPTs as topological insulator with inter-sublattice hopping
and inter-sublattice spin-orbit coupling terms: H =}, , B(é;A Cjp+ ié;rA Ng 0% Cip+ ié;r-A Ny 0YCj, +
iéT-Anz - 6%¢j, + h.c.) + ... with Hermitian conjugate (h.c.) terms., and additional symmetry-

J
preserving interaction terms (See Sec. 2.1.1 and [7]).

There are 8 different symmetry-protected vacua, forming a group structure (vc,o, ) €

4 = Zy X Zy x Zy for a complete classification, firstly computed in [23]. Our Ap-

QPin7 ng SU(2)

21



pendix B provides further details and calculations. We explore their field theories, topological
terms and physics in the next subsection.

3.2.1 SPT vacua and topological terms

Consider again v doublets of Dirac fermions transforming under SU(2). But now let them transform
under orientation reversal map by 7" = T matrix described in Section 2.2.2. Since T? = (—1)F
this requires a choice of Pin™ xz, SU(2) structure on the manifold. One can again consider the
forgetful map Pin~ xz, SU(2) — SU(2)/Zy = SO(3). The obstruction to the existence of Pin™
structure is w? (T My) + wo(TMy). To define a Pin~ xz, SU(2) structure one can choose an SO(3)
bundle VSO(3) with wz(VSO(g)) = w%(TM4) + ’UJQ(TM4) and lift it to Pin™ Xz, SU(Q) In this case
each eigenvalue of the Dirac operator is accompanied by an opposite one (this can be shown by an
argument similar to the one in [14], that is by presenting an operator that anti-commutes with the
Dirac operator and commutes with the transition functions) and therefore the second term in (31)
of the corresponding n-invariant identically vanishes. A similar calculation gives then:

v . det(lDa — |m]) Y [m|—o0 vN}
Zgu(z)lal = (det(lDaJrlml)> — (=1 (44)

where N/, is the number of the zero modes of the Dirac operator. Its value mod 2 is a spin-topological
invariant known as mod 2 index. The non-trivial fSPT classes generated by such massive Dirac
fermions are effectively labelled by v € Zs. The full classification of fermionic SPTs is given by
Q4Pin—xz25U(2) = Hom(QleDln XZQSU(Q), U(1)) =2 (Z3)? where the other two Zy factors corresponds to
purely bosonic SPTs generated by the SPTs with actions w3(T'My) and w$(TMy). After inclusion

of such bosonic phases the fSPT partition function in general read as:

Zu,a,ﬁ _ (_1)VN6+O!’LU%(TM4)+,Bwil(TM4)’ (V,a,ﬁ) € Zs X Zo X Zs. (45)

The embedding of purely bosonic SPTs (Z3)? < (Z2)® ((8,a) — (0,a,/)) is given by the
pullback of the forgetful map
Pin7><Z2SU(2)

2 9 (46)

(Z2)? = (Z2)*

When My is oriented we have Nj = Ny = N4 + N_ and one can again use the index theorem.

As in the CI case, we have
gy _ (_1)V€2(VSU<2)) (47)

for spin My, where Vgys(2) is the SU(2) bundle which is the lift of Vg (s) (possible due to vanishing
wa), and, more generally

Zvef = (—1) (M) +p1(Vsow)/4taws(TMs) (48)

for non-spin My. Again, this means that odd v fSPTs have § = 7 terms. The partition function
on oriented spin manifold becomes the same as exp ( -5 [a]) in eqn. (41).

Note that the fact CII is the same as in the CI case on oriented manifolds is not surprising
because Pin™ and Pin~ become equivalent on oriented manifolds.
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| (My, Vso) | 2P ]

(S*, H) =
(CP%Lc+1) | (-1)°
(RPY,2Lg +1) | (—1)8

Table 3: Some examples of non-trivial values of the partition function on 4-manifolds S*, CP?,
and RP* that distinguish all SPT states of Cartan CII class with a particular global symmetry

SU(2) x ZT for Hamiltonian, or based on Cobordism Qéin_XZQSU@).

3.3 C class: SU(2) and Spin xzr SU(2)

We can take the full spin rotation Gro; = SU(2) under operator eif7S; in eqn. (6) with SU(2) D
ZL'. Without time reversal, we get the full symmetry Spin x zF SU(2) for the cobordism theory.
Apart from the trivial vacuum, there are no other non-trivial symmetry-protected vacua because

QgpinXZQSU@) =0 [23]

3.4 Alclass: U(l) x Z; and Pin~ xzr U(1)

The AI class corresponds to U(1) and time reversal symmetries with 72 = +1. We list two ways
to realize the full symmetry group U(1) x ZZ" on fermionic electrons:

1. UV lattice symmetry Gro = U(1)¢ x ZQT/, IR Euclidean Pin™ xzr U (1): Topological Insula-
tor.

We can take the U(1)°fermion number charge symmetry operator as e¢'*Vi, and a modified

time reversal symmetry 177 = e!™vT so that 7”2 = +1 and T'elONT'=1 = ¢=i0N The full
onsite symmetry is Gy = U(1)€ % Zg/.

By flipping 72 = +1 in Minkowski to 72 = (—1) in Euclidean, we get the full symmetry
Pin™ xzr U(1) for the cobordism theory.

2. UV lattice symmetry Gror = U(1)5™ x 227, IR Euclidean Pin~ x zr U(1): Topological Su-
perconductor.
We consider U (1)-spin symmetry e10(257) o U(1)5™ and a modified time reversal symmetry
T = el so that 772 = +1 and T"e!NT'1 = ¢ 19N The full onsite symmetry is
Gror = U(1))5P™ % ZT7. We have the same full symmetry Pin~ X zF U(1) for the Cobordism
theory.

Potentially we can realize Al class SPTs as (1) topological superconductor with both a real spin-
singlet pairing (¢4;¢); — €1;¢1;) and a spin-order éj&zéj, or (2) topological insulator with x-z plane
coplanar spin order éjnm -0%C; é;nz - 6%¢j, or (3) topological insulator with a spin-orbital coupling
H= Dkl K (1617130 0T+ ié}ny -0Yej+ iéanﬁzék/) +... with additional symmetry-preserving
interaction terms (See Sec. 2.1.1 and [7]).
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There are 2 different symmetry-protected vacua, forming a group structure Q% e = £z where
Pin®~ = Pin~ Xzr U(L).

3.4.1 SPT vacua and topological terms

The only non-trivial topological term (generating Zy group) is of bosonic nature, w3(T'My) [20].
This is consistent with the fact the the Dirac operator can be defined (see Section 2.2.1) for AII
and AIIl symmetry, but not Al (at least not in an obvious way).

3.5 AII class: U(gjzj{ and Pin* Xz U(1)

The AII class corresponds to U(1) and time reversal symmetries with 7% = (—1)F. We list one

T
standard ways to realize the full symmetry group U(1%7>;Z4 on fermionic electrons:

(1)exzf

1. UV lattice symmetry l z IR Euclidean Pin™ XzF U(1): Topological Insulator.

We can take the U(1)°-fermion number charge symmetry operator as eieNﬂ', and the usual

time reversal symmetry 7, so that 72 = (=1 and TeiNF—1 — ¢=i0N  The full onsite

. _ U@)xz?T . . .  SF
symmetry is Grot = —Z, = again the denominator is the redundant factor Zy = Z;.

By flipping 72 = (—1)% in Minkowski to 72 = +1 in Euclidean, we get the full symmetry
Pin™ xzr U(1) for the Cobordism theory.

Potentially we can realize AII class topological insulator with a spin-orbital coupling H =
Zi,j,k,i/,j/,k'(iéj'”z -o%Cy + ié;r-ny ~o¥ey + iéan&Zék/) + ... and additional symmetry-preserving
interaction terms (See Sec. 2.1.1 and [7]).

4

There are 8 different symmetry-protected vacua, forming a group structure (vay, o, 5) € QPin6+

= Zy X Zy X Zs where Pin®" = Pin* XzF U(l).

3.5.1 SPT vacua and topological terms

The partition function of a general fSPT on a general 4-manifold reads [14]:
Zu,a,ﬁ _ (_1)VN6+O!’LU%(TM4)+,Bwil(TM4)’ (V,a,ﬁ) € Zs X Zy X Zs. (49)

where N is the mod 2 index of the Dirac operator defined using 7" transform from Section 2.2.1.
The corresponding topological term arises after integrating out v copies of massive Dirac fermions.
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3.6 AIII class: %L or U(1) x Z}', and Pin‘ = Pin* x¢ U(1)

The AIII class corresponds to different U(1) and time reversal symmetries with 72 = (—1). We
(H)xzT

list two standard ways to realize the full symmetry group 1]2724 on fermionic electrons:

1. UV lattice symmetry %, IR Euclidean Pin™ Xz U(1): Topological Superconductor.

We can take the U(1)-spin symmetry e'??%) as U(1)™, and the usual time reversal symme-

try T, so that 72 = (—=1)¥ thus a Z7, and Tel0C5) -1 — ¢i0(S5) The full onsite symmetry
U)xzT
Z>

is , again a mod-out redundant factor Zy = Z1".

By flipping 72 = (—1)¥" in Minkowski to 7?2 = 41 in Euclidean, we get the full symmetry
Pin™ xzr U(1) for the Cobordism theory.

2. UV lattice symmetry U(1) x ZQT/, IR Euclidean Pin™ x zr U(1): Topological Superconductor.

T)* =

Since 7" and ¢'%25}) commute, we can define T’ = eig@gf’)f’, so that (17)2 = ei”(2§;)(
(—=1)F(=1)¥ = 41. The full onsite symmetry is U(1) x Z%FI.

By flipping 72 = +1 in Minkowski to 72 = (—=1)¥" in Euclidean, we get the full symmetry
Pin™ Xzr U(1) for the Cobordism theory.

Potentially we can realize AIII class topological superconductor with both a real spin-singlet
pairing (¢4;¢; — €i¢;) and additional symmetry-preserving interaction terms (See Sec. 2.1.1 and

[7)-

Note that Pin® = Pin* XzF U(1). There are 16 different symmetry-protected vacua, forming a
group structure (var, «) € Q%inc =Zg X Zs.

3.6.1 SPT vacua and topological terms

The partition function of a general fSPT on a general 4-manifold reads [14]:
Zu,a,ﬁ — eQwiunpinc(_l)a w%(TM4)’ (1/’ Oé) c ZB % ZQ. (50)

where 7piyc is the n-invariant of the Dirac operator defined using C'T' transform from Section 2.2.1.
The corresponding topological term arises after integrating out v copies of massive Dirac fermions.
Note that 8npi,e = wi(TMy).

Using the appropriate index theorem for Dirac operator, on an oriented manifold both (49) and
(50) take values +1 and can be written as

(_1)V(U(M4)—c%(det(s)))/S—i—aw%(TM;;) (51)

where det(s) is the determinant line bundle of the Spin® structure s (cf. footnote 13).
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3.7 A class: U(1) and Spin®

There are no non-trivial symmetry-protected vacua because Qgpinc =0.

3.8 BDI class: ZI x ZI' and Pin~

There are no non-trivial symmetry-protected vacua because Q4 - =0.

3.9 DIII class: Z! and Pin™

The symmetry of DIII class fSPTs as Z1 O ZI" is already discussed in Sec. 2.1. Potentially we can
realize DIII class topological superconductor with both a real spin-singlet pairing (é4;¢; — €1i¢45)
and a spin-orbital coupling (16171;C NopteEs ié}ny o¥ei+ ié};nz&zék/) +... with additional symmetry-

preserving interaction terms (See Sec. 2.1.1 and [7]).)

There are 16 different symmetry-protected vacua, forming a group structure (vpy) € €2
=26

4
Pint

3.9.1 SPT vacua and topological terms

The partition function of a general fSPT on a general 4-manifold reads [12,15] :
ZV — TWNPing (52)

where 7pin, is the n-invariant of the Dirac operator without background gauge field that can be
defined using C'T" transform from Section 2.2.1. Note that 8npi,, = wi(TMy).

On an oriented manifold it takes 1 values and becomes

(_1)1/0‘(M4)/16. (53)

3.10 D class: Z& and Spin

There are no non-trivial nontrivial symmetry-protected vacua because Q‘Slpin =0

4 The Web of Symmetry Reduction and Embedding

4.1 Symmetry reduction and embedding through Hamiltonian approach

By analyzing the global symmetry groups for 10 Cartan classes, we find the following symmetry
embedding relations, presented in Table 4. An arrow directed from a group Gi to a group Gs

26



means that Go symmetry is embedded inside G;1. Equivalently, symmetry G can be broken down
to Go. We find our web relation also manifests their notations in terms of C, A and D, etc.'*

4.1.1 CI/CII/C — AI/AII/AIII/A — BDI/DIII/D

Let us start by analyzing the total symmetries Gy in terms of lattice Hamiltonian formalism
(shown in the third column in Table 1).

C; SU(2), A: U(1), D: 7%,
Spin><z§~SU(2) ’ QL'bl‘pin” ’ Q?Sl‘pin
—0 / =
(Sjl: - AT:
U 2 spin
=, U(1)° % 23, BDI:
(VCI,a) S 5 (Oé) S 3 Zg X Zg,
4 4 /
QPin"'><ZpSU(2) Qpin—szU(l) Q%in_zo
2 2
= Z4 X 22 = Z2
AIII: . 7T
V(1) 2T DIII: 7,
Z (vpm) €
(V4AIIL a) € > QL
QPinC = 216
= Zg X 22
CII:
() xZ5T]=2F Al Y02
Z ) 3
(vor, @, B) € N (’QAH’O"B) <
S2P1117XZ!:S(;’(2) P111+[><Z§U(1)
:ZQ><22XZQ =Zy X Ly x Ly

Table 4: We propose a web of symmetry group embedding of 10 particular global symmetries in
Cartan class. We list down their classifications and corresponding topological terms in terms of
their indices studied in our Sec. 3, where all indices v, 3,... are meant to be integers. They are
related as follows: varr = 2vcr mod 2 and vpyp = 2vamnn = 4ver = 86 mod 16.

We would like to begin from the general C (CI, CII and C) classes and see what groups do they
embed (or how they can be broken down).

14 Again we remind the readers that the Cartan symmetry class associate many distinct symmetry groups in a
single class. So in our study here, we only pick up certain symmetry groups of Cartan class that can be related by
embedding or symmetry-breaking. Here we either consider the largest symmetry groups in Table 1 (that we study
their cobordism theory) or the symmetries realizable in fermionic electron condensed matter.
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Obviously, CI and CII both contain the full symmetry of C, A and D group. They are related
by breaking time reversal. We denote in brief

CI, CII Bréik C: break time reversal

We have SU(2) D U(1) > ZE, thus
C ek p Bk,

U(1)P (2P < Z§ 7]

We can consider taking a smaller total group of CI class, (instead of the larger

Zs
spin T U(1 spin Zipln ZT
total group M) This is related to BIOF (;2)2 I analyzed earlier in Sec. 3 1 by re-
defining T to CT where C is generated by the m-spin rotation symmetry along y, say e!™5 . Then

breaking Z" ,y " but keeping Z§7', we obtain Al's U(1) x Z¥', so

CI 2 AT break ZSPlrl but keep U (1)$P™ and Z§7.

[U)F"xzP R x2] : spin : ;

Take another smaller total group, (22)2’y , then breaking Z, ", we obtain AllT’s
UM =2f
Zo :

Break

CI AIIL: break Z5P™ but keep U(1) and ZJ .

4y

[U(l) XIZC]

For CII breaking, take a smaller Got = X ZCT Breaking ZCT we get All’s % via

CII Break

AIL: break ZS7T but keep U(1) and Z§.
Alternatively breaking Z§ of Groy = %jzg] x Z§T, we get Alll’'s U(1) x ZQT/ or its rewriting

U)xz?

Zs via

CIT & AL break Z§ but keep U(1) and Z§7.

Now consider the general A (AI, AIIl, AIIIl and A) classes and see what groups do they embed
(or how they can be broken down). All A classes can be broken to A by removing time reversal.
The Al's U(1) x ZI and AIIl’s U(1) x ZI embeds BDI's Z¥' x ZI' via:

AL, AITT 2 BDI: break U(1) down to ZZ.

The AIls szél and AIID’s M embeds DIIT's Z7 via:

ATI, AIII 2% DIIT: break U(1) but keep ZL.

Lastly the general D (BDI, DIIT and D) classes can be broken to D by removing time reversal.

4.2 Relations of symmetries through field theories and topological terms

Consider in general the meaning of symmetry embedding G2 C G from the point of view of
cobordism theory. The embedding provides a natural map between the bordism groups of manifold
with the corresponding structure:

Qfr — ot (54)
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realized by treating manifolds with structure G2 C G as special cases of manifolds with structure
(G1. Note that in general this map is neither surjective nor injective. The dual map relates the
Pontryagin dual groups classifying corresponding SPTs:

Qf — Q4. (55)

4.2.1 CI — AIIl

This corresponds to embedding Pin® = Pin™ xz, U(1) structure into Pin™ xz, SU(2) in an obvious
way, by embedding U(1) as a maximal torus of SU(2). This was already discussed in Section
3.1.1.The topological invariants reduce as follows:

Nsu@) — 2NPin° (56)

The corresponding map between SPTs is then given by

Zy X2y —> ZgXZQ

(v,a) — (2, «). (57)

4.2.2 CI — Al

This corresponds to a slightly less obvious embedding of Pin®~ = Pin~ xz, U(1) structure into
Pin™ xz, SU(2) realized by embedding U(1) as a maximal torus of SU(2) and by identifying the
orientation-reversal element (of order 4) of Pin®" with the orientation-reversal element (of order
2) of Pin" xz, SU(2) times the charge conjugation Cgyy(9) € SU(2) order 4 element which already
appeared in Section 2.2.2. The topological invariants reduce as follows:

The corresponding map between SPTs is then given by

Z4X22 — 22

(v,a) — «a. (59)

4.2.3 CII — AIl

This corresponds to embedding Pin®t = Pin™ xz, U(1) structure into Pin~ xz, SU(2). It can be
realized by embedding U(1) as a maximal torus of SU(2) and by identifying the orientation-reversal
element (of order 2) of Pin®" with the orientation-reversal element (of order 4) of Pin~ xz, SU(2)
times the charge conjugation Cgr(2) € SU(2) order 4 element. The product of those two order 4
elements is indeed an order 2 element. The topological invariants reduce as follows:

Ny — 0
w3 (TMy) — w3 (T My) (60)
wjl(TM4) — wjl(TM4)
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The corresponding map between SPTs is then given by

z — Z
(v,a,B8) — (0,a,p).

4.2.4 CII — AIIl

This corresponds to embedding Pin® = Pin™ xz, U(1) structure into Pin™ xz, SU(2) in an obvious
way by embedding U(1) as a maximal torus of SU(2). The topological invariants reduce as follows:

Ny — 0
w3 (TMy) —  w3(TMy) (62)
w‘f(TM4) — w‘f(TM4) = 87]pmc

The corresponding map between SPTs is then given by

Z3 — ZgxZy

(v,a,B8) — (458, ). (63)

5 Time Reversal and SU(N) Symmetry-Protected Topological In-
variants

Following the setup in Sec. 2, now we would like to go beyond the 10 particular global symmetries
within Cartan symmetry classes of Sec. 3. We would like to study global symmetries including
SU(N) flavor/color in QCDy4 or viewed as SU(N) larger spin/orbital symmetries in cold atom
systems (or more exotic orbitals in condensed matter). Here we less rigorously use “QCD,” in
a more general context, that either contains a SU(N) global (so that later can be gauged) or a
SU(N) gauge symmetry.
Earlier ; . . _sSu@)xzf .

arlier in Sec. 3.1, we mentioned the CI class with a symmetry Grot ==, —* and cobordism
group for Pin™ x zr SU (2). While in electronic condensed matter, it can be realized as a SU(2)-
spin rotation and time reversal-invariant topological superconductor system, we can also regard it
as a Ny = 2-flavor SU(2) QCDy4 without color gauge coupling. On the other hand, we can further
dynamically gauge the SU(2) to obtain a N, = 2-color SU(2) QCD,4 without a flavor symmetry
but only strong gauge coupling.

Here in Sec. 5, we would like to explore the SPTs associated to SU(2) x SU(2) color-flavor
symmetry, SU(3) symmetry, and SU(4) symmetry with Z"QF time-reversal. Later in Sec. 7, we will
explore the consequence of gauging SU(N) for these SPT vacua.

We summarize the global symmetries and their notations at UV lattice/IR Minkowski/Euclidean
signatures, and their SPT invariants in Table 5.
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Particle Physics / QCD Full Sym Got: (Got/ 25 = Q) Cobordism Q?;
(or Cold Atom) Realization Minkowski vs. Euclidean Classification (3+1d)
o (Pin™ x (SU(2))%)/(Z5)?
SU(2)eolor X SU(@)favor: T? = (~1)F | EUDLIEL g (SRS o 71 = Pin* xzr SO(4);
(v,a, B,7) € Zy X Zy x Zy X Z3
Pin™ x,r SU(2);
SU(2), T? = (-1)F SU@2)xz{ T z ;
( ) ( ) Zs V8. SU(Q) x 22 (VCLOC) é Z4 X 22
2 _ [ 1\F T . r o1 | PinT x SU(3);
SU(3), T? = (—1) SUG) x Zfvs. SUG) xZE <2 | ) 0 ez 2,
Pin™ x,r SU(4)'
SU(4), T? = (-1)F SUMA)xZ] T z ;
(4), (-1 z, VS SU(4) x Z, (a, B,7) 26 Zy X Zy X Zo.
2 \F SU((2n + 1) x ZT vs. Pin™ x SU(2n + 1);
SU(2H+1),T _( 1) SU(QH—Q—l)XZgXZg (Z/,CM)EZH;XZQ

Table 5: Time Reversal and SU(N) Symmetry-Protected Topological Invariants: The first column
shows the conventional (but less-precise or misused) notation for some SU(N)-symmetry group in
UV lattice Hamiltonian (Minkowski signature with unitary time evolution). The second column
shows the total symmetry group Grot. The last column shows the group for cobordism calculation,
their cobordism classification, and their indices for SPT invariants.

5.1 SU(2)color % SU(D)gavort Grot = SX2FEL and (Pin x (SU(2))?)/(25)?

We can realize a SU(2) x SU(2)-symmetry with time reversal in fermionic system as follows:

e UV lattice symmetry Groy = %, IR Euclidean (Pin™ x (SU(2))?)/(zZ%)?: 2-color

2-flavor QCDy.

Let us call the two SU(2) as color and flavor onsite symmetries, SU(2)color = SU(2.) and
SU(2)favor = SU(2f). Here when we denote a fermion ¢; on site j, we actually implicitly

mean & = Cq,p,,; Where a., By are color(c)/flavor(f) indices. Fermion of fundamental
representations on site j lives in a 222 = 16-dimensional Hilbert space, subject to symmetry
constraint.

The SU (2)-color /flavor rotation onsite symmetry operator acts on a site j by two independent
generators, analogous to two copies of eqn. (6). Time reversal symmetry has 72 = (—1)F
thus forms Z% group, whose normal subgroup Zs = Z£ is a doubled redundant factor in the
two centers of (SU(2))?, so we mod out it twice.

The full onsite symmetry is Gy = %. By flipping 72 = (—1)F in Minkowski to

T? = +1 in Euclidean, we get the full symmetry (Pin™ x (SU(2))?)/(Z%)? = Pin™ XzrF SO(4)
for the Cobordism theory.

There are 32 different symmetry-protected vacua, forming a group structure (v,«,f,vy) €

Q‘}l,ir1+X SU@)2/22 = Zy X Zy X Zy X Zs for a classification, firstly shown in our Appendix B with
2

further details and calculations. We explore their field theories, topological terms and physics in

the next subsection.
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5.1.1 SPT vacua and topological terms

To recap, consider possible fermionic SPTs protected by (SU(2)? x Z1)/Z3 symmetry in Minkowski
spacetime. In Euclidean spacetime the symmetry becomes (SU(2)? x Z%)/Z3. When one considers
the classification of SPTs by cobordism, the corresponding structure group is (Pin™ x SU(2)?)/Z3.
As in CI/CII cases, consider the topological term that arises after integrating out massive fermions
(normalized by the partition function of the same fermions but with the mass of opposite sign).
When putting the fermions on an unoriented space we will use C'T" transformation, as in the CI
case. Note that C'T' transformation, unlike 7', does not contain charge conjugation matrix and
thus has a universal definition for Dirac fermions transforming in arbitrary representation of any
symmetry group. It satisfies (CT)? = 1 which is indeed in agreement with Pin™ choice in the
Euclidean structure group.

Consider a possibly unoriented 4-manifold with (Pin™ x SU(2)?)/Z3 structure. For each SU(2)
factor in the structure group, the corresponding forgetful map Pin™ x SU(2)%/Z2 — SU(2)/Z5 =
SO(3) defines an SO(3) bundle. Denote the corresponding real rank 3 vector bundles as V; and
Va. They satisfy the following condition: we (V1) + we(Va) + we(T'My) = 0. When the manifold is
Pin™ (that is wo(T'My) = 0), the product V; x Vi can be lifted an SO(4) bundle Vso(a)-

Because the fermionic parity is identified with Zy centers of both SU(2) symmetry groups,
one needs to consider fermions in the tensor product of fundamental representations, that is (2,2)
representation of SU(2) x SU(2), where, as usual, n denotes the representation of dimension n.
Equivalently, (2, 2) is the vector representation of SO(4) = SU(2) xz, SU(2). Because this repre-
sentation can be chosen to be real (4-dimensional), one can consider v Majorana fermions, similarly
to the case of DIII symmetry. The ratio of the determinants of the twisted Dirac operators (acting
on the corresponding twisted Majorana spinor bundle) is given by

_ (det(f?—lmb> ml—s00

Z5u@)2z,l0] = det(B, + [m)) — exp(Tivngy(2)2/z,[al) (64)

where, for consistency, 1gy(2)2/z, is still defined as the n-invariant of the Dirac operator acting on
the twisted Dirac spinor bundle (thus 1/2 factor in the exponent compared to the CI case). The
calculation of the bordism group (see Appendix B) tells us that NsU(2)2/z, € %Z so that effectively
v € Z4, and moreover!'®

25U (2)2/25 = wi(TMy) + wi(TMy)wy (Vi) mod 2. (65)

When the manifold in Pin™, this is in agreement with the general criterion of the presence of
mixed TR-global anomaly [16]. Namely, when the manifold is Pin™, a single (i.e. » = 1) Majorana
spinor is a section of a globally defined Vgo(4) bundle tensored with a globally defined spinor
bundle. The total Stiefel-Whitney class of the sum of two copies (i.e. v = 2) of Vo) is given by
w(Vsoy @ Vsow)) = 1 —|—w%(VSO(4)). Therefore, VSGBOQM) is stably trivial if and only if'6 w2 (Vso(a)) =
0 (note that wo(Vso(s)) = wa(Vi) = wz(V2) for Pin™ manifolds). When this happens, the partition
function for v = 2 should coincide with the partition function of 2dim Vgp(4) = 8 massive Majorana
fermions in trivial representation (i.e. v = 8 class of DIII), which is indeed exp(riwf(TMy)). For

5The symmetry Vi <> Vo (which corresponds to the exchange of two SU(2) groups) of the expression follows from
the fact that we(Vi) + wa(Va) 4+ w2 (T M) = 0 and wi(TMy)we(TMy) = 0.

1Note that this is different from CI case, when the sum of two copies of Vsu(2y (treated as a real 4-dimensional
bundle) is always trivial. This is why in that case 2ngy(2) = wi(TMy) mod 2 is independent of the choice of Vsu(2)
bundle.
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the sum of four copies, we have w(VSE,Bg( 4)) = 1, so that v = 4 partition function should coincide
with the partition function 4dim Vgp4) = 16 massive Majorana fermions in trivial representation,
which is trivial. It follows that that indeed exp(4mingy(2y2/z,) = 1.

Other possible topological terms correspond to purely bosonic SPTs. They can depend on
combinations of Stiefel-Whitney classes of T'My, Vi and V5 bundles. Taking into account the
bosonic SPT with the action given by (65), there are 3 more independent Z, valued topological
invariants. They can be chosen to be the following;:

wi (TMy) + w3 (V1), (66)
wi (T My)wo(V3), (67)
w3 (Va). (68)

The fact that there are no more independent terms follows from the following relations (which can
be shown using Wu’s formula, for example):

wi (T My)wo(TMy) = wy (T My)ws(TMy) = wi(TMy) + w3(TMy) +wy(TMy) =0,  (69)
wl(TM4)’LU3(V1) = 0, wl(TM4)w3(V2) = 0, (70)
(W (T'My) + w2 (T My) Jw2 (V1) = w3 (VA), (71)

together with the condition
wg(V1) + wz(‘/z) + ’UJQ(TM4) =0. (72)

Therefore, the partition function of a general SPT on a general 4-manifold equipped with
(Pin™ x SU(2)?)/Z3 structure reads

VB TWNsu(2)2/2, (_1)a(wil(TM4)+w§(Vl))-hé’w%(TM4)w2(V2)+’Yw§(V2)’
(1/, Oé,ﬁ,’)/) € Zy X2y X Zy X Zs. (73)

On an oriented manifold one can use an index theorem for the twisted Dirac operator to obtain a
more explicit expression:

By — (_1)V(U(M4)+P1(V1)+P1(V2))/4+04w%(Vlew%(Vb) =

(=1 eM)tpi (V)4 (Vo) fAtam V)t (V2) () o B,~) € Zy x Z3.  (74)

Note that the expression is well defined because o(My) + p1(V1) + p1(V2) is always a multiple of 4,
which follows from the fact that

—0(My) = p1(TMy) = Po(wa(T'My)) = Pa(w2(V1) + w2(V2)) =
Pao(w2 (V1)) + Pa(ws(V2)) + 2wa(Vi)wa(Va) =
p1(V1) + p1(Va) 4+ 2w (Vi )wa(Ve) mod 4 (75)

together with
wg(Vl)wg(Vg) = w%(Vl) + WQ(Vl)WQ(TM4) =0. (76)

The following 4-manifolds equipped with Pin™ x SU(2)?/Z3 structure can distinguish all 4-23 =
32 different SPT's

33



[ My, i, Vo) | ZveFT |

(RP*,3,3) eV (—1)”
(CP?,Lc +1,3) (—1)~
(RP 2Lg +1,2Lr +1) | (—1)VTB+"
(CP?,3,Lc +1) (=1)”

Table 6: Some examples of non-trivial values of the partition function on 4-manifolds CP? and
RP* that distinguish all SPT states (of SU(2)color X SU(2)favor) With a particular global symmetry

Grot = % for Hamiltonian, or based on Cobordism Pin™ X(zF)2 (SU(2))%.

5.2 SU(3)-symmetry: Gro = SU(3) x ZI' and Pin* x SU(3)

Naively we may want to consider SU(3) as a color/flavor onsite symmetry, whose symmetry oper-
20 8 o atyas.

ator is ez Za=1 a8\ (analogous to eqn. (6), but replacing the o matrices to rank-3 Gell-Mann
matrices). Such that a fermion of fundamental representation on site j lives in a 23 = 8-dimensional
Hilbert space on each site, subject to symmetry constraint. In principle, we want 72 = (—1)F thus

Zl' 5 zI'. The SU(3) contains neither ZI nor ZI', so the total group is Groy = SU(3) x Z1.

However, T' = UK described in Sec. 2 cannot be implemented for $ U(N) fundamental fermions
for odd N consistently with 72 = (—1)F. At least T2 = (—=1)¥ does not manifest in the above
lattice fermion construction. Nevertheless, there could be other lattice constructions at UV, or
an effective field theory at intermediate energy scale to realize Groy = SU(3) x Z1. Here is one
resolution:

e We can consider SU(3) as a color/flavor onsite symmetry together with the SU(2) spin-%
rotational symmetry for fermions. There are 3 x 2 = 6 types of fermion creation/annihilation
operators on each site. Such that a fermion of fundamental representation on site j lives in
a 23%2 = 64-dimensional Hilbert space on each site, subject to symmetry constraint. The

T
SU(2) contains Zg at its center. The total symmetry group is Gt = % We

can implement on 72 = (—=1)¥ on 6 types of fermions per site j, then weakly breaking only
the SU(2) symmetry. This can be a UV lattice realization.

We like to switch gears now and directly consider the Euclidean path integral. By flipping
T? = (-1)¥ in Minkowski to 7% = +1 in Euclidean, we get the full symmetry Pin* x SU(3) for
the Cobordism theory.

There are 32 different symmetry-protected vacua, forming a group structure (v,a) €

Q4Pm T SU3)T Z16 X Zs for a classification, firstly shown in our Appendix B with further details and

calculations. We explore their field theories, topological terms and physics in the next subsection.

5.2.1 SPT vacua and topological terms

In this case, there is no center shared between SU(3) and Pin™(4), therefore Pin™ x SU(3) struc-
ture just means the Pin™ structure and SU(3) bundle Vs (3) without any additional constraints.
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Therefore the corresponding bordism invariants are 8np,,+ € Zig, which is the only invariant of
Qpiy+, and wa(Vsy(s)) = c2(Vsy(z)) mod 2, which is the only non-trivial Stiefel-Whitney class of
Vsu(s) (treated as a real 6-dimensional bundle).

Note that nggr(3), the n-invariant of the Dirac operator acting on Dirac spinors in fundamental
representation of SU(3), does not give a new independent invariant, because

2150(3) — 6Mpin+ = wa(Vsy(z)) mod 2. (77)

This can be seen from the condition that V(s is stably trivial (as a real vector bundle) if and
only if wy(Vsy(3)) = 0. The fact that the coefficient in front of w4 (Vsy(3)) in the hand side of (77)

is not zero can be checked on oriented manifolds, where e?™su(3) = (—1)02(V5U ®) from the index
theorem.

On a general 4-manifold, the SPT partition function reads
Zv = et (—1)2ws(Vsue)  (y,a) € Zig X Zs. (78)

On an oriented 4-manifold, it simplifies to

o(My)

Ze = (=1)"" 1% (_1)QCQ(VSU(3))’ (v,a) € Z16 X Zs. (79)

The following 4-manifolds can distinguish all different SPTs,

| (My, Vsu) | 27 ]
(RP4,6) eﬂ'il/ 8
(S H+2) | (-1~

Table 7: Some examples of non-trivial values of the partition function on 4-manifolds S* and
RP* that distinguish all SPT states with a particular global symmetry Gro, = SU(3) x ZI for
Hamiltonian, or based on Cobordism Pint x SU(3).

where H is the SU(2) C SU(3) (complex rank 2) bundle with instanton number 1 (i.e. ¢2 = 1)
induced by Hopf fibration S7 — S%.

Note that the case of more general SU(N) for odd N is completely analogous. In particular

the corresponding SPT's have the same classification QéinJrX SU(N) > 71 X Zs.

5.3 SU(4)-symmetry: Grot = % and Pin™ xzr SU(4)

We can realize a SU(4)-symmetry with time reversal in fermionic system as follows:

e UV lattice symmetry Gy = %, IR Euclidean Pin™ XzF SU(4): 4-flavor QCDy.

We consider SU(4) as a color/flavor onsite symmetry, whose symmetry operator is

20 15

5 atsas,
e1§ azlna~cj)\“c] (

analogous to eqn. (6), but replacing the Pauli’s o matrices to rank-4 gen-
eralized Gell-Mann matrices), such that a fermion of fundamental representation on site
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j lives in a 2 = 16-dimensional Hilbert space on each site, subject to symmetry con-

straint. In principle, we want 7% = (—1)¥" and thus ZI' 5 ZI'. The 7' = UrK described

in Sec. 2 can be implemented for SU (N) fundamental fermions for even N consistently with

7? = (-1)¥. We require that UrUj; = (—1)F and time reversal commutes with SU(4),
: N S T [0 5 ootiag, .

SO T(elgz(llilna'ci)‘ DTt = (elnggln“ ¢2"%). The SU(4) has a Z, center inside that

SU(4)xzT
Zo :

ol

contains Z4" but not Z1, so the full onsite symmetry total group is Gos =

By flipping 72 = (—1)% in Minkowski to 72 = +1 in Euclidean, we get the full symmetry
Pin* Xzr SU (4) for the cobordism theory.

There are 8 different symmetry-protected vacua, forming a group structure («,f,7y) €
Qéin*Xzz su@ = Zo X Zy X Zo for a classification, firstly shown in our Appendix B with fur-
ther details and calculations. We explore their field theories, topological terms and physics in the
next subsection.

5.3.1 SPT vacua and topological terms

The situation is very similar to the cases with Pin™ xz, SU(2)/Zs (CI class) and (Pint x SU(2)?)/Z3
structure groups. Here one can consider the forgetful map Pin™ x SU(4)/Zy — SU(4)/Z5 = SO(6).
This defines an SO(6) bundle Vgp) (real 6-dimensional). It satisfies the following condition:
w2(Vso(s)) +wa(TMy) = 0. When the manifold is Pin™ (that is wy(TMy) = 0), the bundle can be
lifted to an SU(4) bundle Vg (4) (complex 4-dimensional).

As before, consider v massive Dirac fermion in the fundamental representation of SU(4). The
ratio of the partition functions for positive/negative masses is again given in terms of the corre-
sponding n-invariant:

det(]Da — ‘mD)V |m|—o0

Zisolel = (S ) " esplemivag o)) (50)

From the calculation of the bordism group (see Appendix B), it follows that there are only Zy
valued invariants. In particular, v = vy = 2 SPT should be trivial. When 4-manifold is Pin™,
and there is a Vgy(4) bundle, this is consistent with the fact that VS@UQ( 2 is stably trivial and of
real dimension 16. This implies that indeed exp(4mingy(4)) = exp(16minp;,+) = 1. Moreover, as
before, one expects that if v is taken to be vyax/2 = 1, the corresponding SPT is purely bosonic.
This is indeed what the bordism group calculation tells us, since all the invariants are expressed via
Stiefel-Whitney classes of T'My and Vgps). It is easy to see that there are 3 independent degree 4
combinations of them. Therefore the partition function of a general SPT on a general 4-manifold

reads as follows:

7087 = (—1)ewtTMO+Bus (V)73 (00) (o B 4) € Zy x Zo X Zo. (81)

The following 4-manifolds can distinguish all different SPTs: where, as before, H is the SU(2) C
SO(4) € SO(6) (complex dimension 2) bundle with instanton number 1 induced by Hopf fibration
ST — g4,
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| (My, Vso) | 27 |
(RP*,6) (=1
(S, H+2) | (—1)7°
(CP%, Lc +4) | (-1)7

Table 8: Some examples of non-trivial values of the partition function on 4-manifolds S, CP?
SU(4)xZT

and RP* that distinguish all SPT states with a particular global symmetry Gro; = —z, for

Hamiltonian, or based on Cobordism Pin* Xzr SU (4).

6 The Web of Symmetry Reduction and Embedding for SU(N)
with Time-Reversal

6.1 (Pin* x SU(2)?)/Z3 symmetry

By turning off one of the SU(2) background fields (that is by considering trivial Vo = 3) we get a
an SPT with (Pin™ x SU(2))/Zy symmetry, that is of CI class. Namely, the topological invariants
in Section 5.1.1 reduce as follows:

Nsu@2)2/z, — 210sU(2)
wi(TMy) +w3s(V1) — wH(TMy) +w3(TM,y) = sy e) + w3 (T My) (82)
wi(TMy)wa(Va) — 0
wi(Va) — 0
The corresponding map between SPTs is then given by
Z4XZ% — Z4X22 (83)

v, a,8,7) — (v +2a,0).

6.2 Pin" x SU(3) symmetry

By turning off one of the SU(3) background fields (that is by considering trivial Vg (3) = 6) we get
a an SPT with Pin™ symmetry, that is of DIII class. The topological invariants in Section 5.2.1
reduce as follows:

Mpint niiHJr 9 2 (84)
wy(Vsuz) — wi(TMy) 4+ wy(TMy) = 4nsy(2) + wi (TMy)
The corresponding map between SPTs is then given by

216X22 — Zlﬁ
(v,a) — 1.
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6.3 Pin" xz, SU(4) symmetry

Consider embedding SU(2) into SU(4) in a block diagonal way. That is so that the corresponding
unitary matrices are related as follows

Usu(2) 0 >
U = . 86
SU(4) ( 0 Usup) (86)

This defines reduction of Pin™ xz, SU(4) symmetry to Pin™ xz, SU(2), that is of CI class. The
fundamental representation of SU(4) then decomposes as 4 — 2 - 2. The vector representation of
SO(6) = SU(4)/Zy decomposes as 6 — 3 + 3 - 1, which means that the corresponding real vector
bundles are reduced as Vo) — Vso(z) +3. The topological invariants in Section 5.3.1 then reduce

as follows: . .
wi(TMy) — wi(TMy) = sy ()

wy(Vsoe)) — 0 (87)
wi(Vsowe)) — w3(Vsogs)) = ws(TM,)

and the corresponding map between SPTs is given by

Z% — Z4><ZQ

(o, B,7) — (2a,7). (88)

7 Time Reversal and SU(N) Yang-Mills

7.1 Gauging SU(2): From CI and CII SPTs to SU(2) gauge theories

Consider gauging of SU(2) symmetry. This involves summation over all (allowed) classes of Vgos)
bundles (Vso(s) is the adjoint bundle associated to the SO(3) principle bundle) and (path) inte-
gration over connection. To get a (physically) well defined integral we need to add a Yang-Mills
(YM) term ~ 1/g* [ a, Tr Fo * Fy to the action in order to suppress contribution from large values
of connection 1-form of a. Since the fermionic symmetry Z%" is identified with the center of SU(2),
the gauging of SU(2) involves bosonization, so that the IR theory effectively becomes bosonic.
This is in agreement with the fact that it can be put on a manifold My which has Pin® xz, SU(2)
structure, but no Pin™ structure.

The fSPT part in such coupled YM-fSPT system can be understood as something that appears
after first integrating out some gapped theory that has unique vacuum (SPTs) coupled to SU(2)
gauge field. On oriented spin manifolds or on a flat spacetime, the path integral becomes just!”

/[’Da] exp ( — S[a]) = /[Da] exp ( — /(4;2'1‘1“]7@ ANxFy) + /(SfQTr F, A Fa)) (89)

My My

both in CI and CII case. We stress that, in contrast to the previous eqn. (41) for background field
probing SPTs, here we do have dynamical gauge field a, that is we are summing over a with the
path integral measure [[Da].

1"We normalize it so that integrand of the path integral is e~ %,
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The cases ¥ = 0,1 mod 2 correspond to the values of # = 0,7 in the theta-term, both known
to preserve time-reversal symmetry on the classical level. On the quantum level, these two cases
are very different.

7.1.1 v=0 mod?2

Consider first the simpler case of ¥ = 0 mod 2, i.e. § = 0. Then, on a flat space the we have a
pure SU(2) YM theory which is believed to be gapped in the IR with a single vacuum preserving
time-reversal symmetry. Above we saw that on a general My, when v = 0 mod 2, the actions of
CI and CII fSPTs become the same, and, moreover, they coincide with the action

Ti(aws + Bwi) (90)

of bosonic SPTs labelled by (a, 8) € (Z2)? = Q2, where 8 = v/2 in the CI case. Therefore coupled
YM-fSPT systems in the IR become corresponding bosonic SPTs.

7.1.2 v=1 mod?2

The case of ¥ = 0 mod 2 is much more subtle. On a flat space we have a YM action with § = 7
term. This situation has been analyzed in detail in [25,26]. In particular, the authors argued that
in this case the theory has non-trivial 't Hooft anomaly for time-reversal symmetry. Therefore
there are two natural possibilities of what can happen in IR.

The first possibility is that the theory is still gapped, the time-reversal symmetry is sponta-
neously broken, and is there multiple (two, in the simplest scenario) vacua not invariant under
time reversal symmetry. We discuss this first scenario in Sec. 7.1.3. One more possibility is that
the theory is actually a TQFT also symmetry-protected, thus a symmetry-enriched TQFT, as the
second scenario. Another possibility is that the theory is actually gapless, as the third scenario in
Sec. 7.1.4.

7.1.3 Spontaneous time reversal symmetry breaking

The case of the spontaneously broken symmetry is the one considered in detail in [25,26], where,
in particular, the 3d theories living on the domain walls were identified. When the time-reversal
theory is spontaneously broken all SPT classes should collapse to one, because there is no non-
trivial 3+1d SPT with no (including time-reversal) symmetry. This corresponds to the fact that
there is no torsion in the oriented bordism group Qfo (pt). In other words, the theory can be only
put on an oriented manifold, where w}(TMy) = 0 (so that no dependence on choice of v and 3
in CI and CII case respectively) and w3(TMy) = p1(T M) mod 2, so that o can be continuously
deformed to zero.

In summary, in this scenario, the dynamical gauging of SU(2) results in spontaneous time

reversal symmetry breaking for v = 1 mod 2 case, which suggests that there are only two trivial
vacua (T-breaking vacua) and there can be no bosonic SPTs attached to them.
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7.1.4 Deconfined gapless and time-reversal symmetric CFTs

When the theory is gapless, the time-reversal symmetry can be still preserved. Then, naively, the IR
theory can be universally described as a direct product of a certain fixed CFT with a bosonic SPT
labelled by (¢, 8') as in (90), so that (¢/,5) = (a, (v — 1)/2) in the CI case and (o/, ") = («, B)
in the CII case.

We propose a scenario that there are actually two distinct gapless deconfined time-reversal in-
variant SU (2)-gauge theories, protected by two different topological terms (eqn. (30) and eqn. (44))
respectively. The two gapless deconfined states should be two different time-reversal invariant
CFTs.

How do we support our proposal of two different time-reversal symmetric CFTs for these strong-
coupled SU(2) gauge theories? Here are our arguments and justifications:

1. The partition functions for two theories Zyniisspr-cr and Zymiespr.crr are defined differently,
effectively as follows

/[Da] exp ( - SYM+fSPT_CI) = /[Da] exp ( - /(4;2Tr F, A *Fa)) exp(2mivngy(g)lal), (91)

My
/[Da] exp (— Symtsproci) = /[Da] exp (— /(4;2Tr F, /\*Fa))(_1)VN6[a}, (92)
My

but different only on non-orientable manifolds. We expect that the ratio of two partition
functions is not equal to 1 in certain non-orientable manifolds My generically:

ZYMASPT-CL _ [[Da)exp ( — Symspr-ci)
Zymsspr-ci - [[Da]exp (— Symtsspr-cin)

£1 (93)

Note that even though it maybe hard to have unambiguous (even at the physical level of
rigor due to the ambiguous overall factor as well as renormalization counter terms) definition
of individual path integrals (91) and (92), their ratio is much more controlled since one can
expect the the possible ambiguities cancel.

2. There is no evidence for the field theory duality (in any sense of duality) for these non-
supersymmetric SU(2) gauge theories on non-orientable manifolds (that is between path
integrals between eqn. (91) and eqn. (92)).

3. Numerical results have not ruled out the scenarios that SU(2) gauge theories with topolog-
ical terms can be gapless. If they are indeed gapless, providing all the Lorentz/Euclidean
rotational symmetries endorsed to eqn. (91) and eqn. (92), they should be CFTs.

4. Finally, but importantly, we can propose ideal numerical tests, starting from lattice Hamil-
tonian models of CI and CII SPTs (TSC/TI described in Sec.3.1 and Sec.3.2), where they
have onsite SU(2) and time reversal symmetry. Crucially onsite SU(2) global symmetry
can be dynamically gauged by inputting dynamical gauge variables on the links between the
sites. There are two general methods to consider the numerical simulations: One is by the
emergent gauge field construction through the “soft gauging” method (e.g. the continuous
group formalism analogous to Sec. 4.7.1 of [35], both for the spatial Hamiltonian or spacetime
lattice path integral), another is by the spacetime lattice path integral method (e.g. through
quantum Monte Carlo simulation).
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7.2  Gauging SU(2)color Of SU(2)color X SU(2)aavor

Now we consider gauging one of SU(2) (color) out of fSPTs of SU(2)color X SU(2)favor-

v is even

When v is even, the theory has § = 0 term for both SU(2) factors in a flat spacetime. Consider
gauging the first SU(2) factor by coupling the SPT to the corresponding SU(2) Yang-Mills action.
Similarly to the CI case, the theory is expected to flow to a trivial gapped theory tensored with
a bosonic SPT protected by time-reversal and SO(3) global symmetry, where the global SO(3)
is the second SU(2) factor divided by Zs center. Such SPTs are known to be classified by Z3
with the corresponding topological terms being wi (T My), w3 (T My), w? (T My)ws(Va), w3 (V). The
corresponding coefficients of the action of the bosonic SPTs in the IR (i.e. at strong gauge coupling)
are given by the following map

ZyxZyxZax2Zy — Zj

(v, B,7) — (V/2+a,a,v/2+4 B,a+ 7). (94)

v is odd

When v is odd, the theory has § = 7 term for both SU(2) factors in the flat space. Consider
again gauging the first SU(2) factor by coupling the SPT to the SU(2) Yang-Mills action. Now
the theory is expected to flow to either a gapped theory with a spontaneously broken time-reversal
symmetry, a gapped TQFT, or a gapless theory (presumably a CFT, discussed in Sec. 7.1.4).

In the first case, all different choices of the SPTs in the UV (i.e. at weak gauge coupling)
become equivalent in the IR because all the topological terms can be deformed to each other when
restricted to oriented manifolds (i.e. breaking time-reversal symmetry).

In the last case, we get a fixed (that is independent on choice of parameters v, a, 8,7) CFT
tensored with a bosonic SPT protected by time-reversal and SO(3) global symmetry. The corre-
sponding coefficients of the action of the bosonic SPT in the IR are given by the following map

Z4XZQXZQ><ZQ — Z%

(v,a,8,7) — (v=1/24a,a,(r—1)/245,a+7). (95)

The fixed part depends on the background SO(3) gauge field. If the background field is turned off

it is the same as the (hypothetical) CFT for CI class at ¥ = 1 and o = 0 (i.e. the one described by
ZyM4tsPT-CI in eqn. (91).

7.3 Gauging SU(3): 3-color Yang-Mills + topological terms

Consider gauging SU (3) group. On a flat spacetime, the theory has theta-term with § = ra. Note
that unlike in previous cases, the gauge group does not contain Z£ fermionic parity and therefore
gauging does not bosonize the theory. When a = 0 in the IR we expect to get a trivial gapped
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theory tensored with an SPT of DIII class specified by the same v € Z1g. When « = 1, if the
theory in the IR turns out to be a non-trivial CFT with unbroken time-reversal symmetry, it is a
fixed CF'T tensored by the same SPT of DIII type. But certainly, the less-interesting but a highly
possible scenario is that time-reversal symmetry is broken spontaneously.

7.4 Gauging SU(4): 4-color Yang-Mills 4+ topological terms

Consider gauging SU(4) group. On a flat space the theory has theta-term with § = 7w 3. Here the
gauge group does contain Zg fermionic parity and therefore gauging bosonizes the theory. When
a = 0 in the IR we expect to get a trivial gapped theory tensored with a bosonic SPT protected
by time-reversal symmetry. Such SPTs have (Z3)? classification and the corresponding topological
terms are wi(T'My), w3(TMy). The coefficients are given by the following map

zi — 73

(@.8.7) = (7). (96)

When 8 = 1, if the theory in the IR turns out to be a non-trivial CFT with unbroken time-reversal
symmetry, it is a fixed CF'T tensored by the same bosonic SPT. But again a highly possible scenario
is that time-reversal symmetry is broken spontaneously.

8 Conclusion

8.1 Discussion in a Gauging Framework

In the Introduction, we introduce 5 possible outcome quantum states, labeled from (1) to (5), then
we leave some questions as an overture, one of them is “How do these states appear in our study?”
We would like to first reminder ourselves and readers, Sec. 7’s gauging SPTs to SU(N) Yang-Mills,
in the framework discussed in the introduction, Sec. 1.

First, in the case of SU(2) gauge theory invariant under time-reversal in Sec. 7.1 (gauging
SU(2), which includes fermion parity Z£ < SU(2), thus also doing bosonization), the case of
v = 0 mod 2 corresponds to the case (1) as [SPTs] ® [a trivial gapped vacuum] (i.e. SPTs ® a
pure-Yang-Mills gauge theory at § = 0 preserving time reversal).

For v =1 mod 2, we discuss three scenarios:
o First scenario, spontaneous time reversal breaking in Sec.7.1.3, stands for the (2) case, where we
have [SSB Landau-Ginzburg order] ® [a trivial gapped vacuum)].
o Second scenario, symmetry-enriched TQFT, stands for the (3) case SETs.
¢ Third scenario, deconfined gapless and time-reversal symmetric CFTs in Sec.7.1.4, stands for the
(4) or (5) case. For (4), there could be two distinct time-reversal symmetric CFT fixed points that
one can distinguish on non-orientable manifolds.

Now we would like to address “What are the justifications and the sharp distinctions of states
as (4) SP-gapless/CFT and (5) SET-gapless/CFT?” question.
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The outcome of (4) is, in some sense, related to gapless theories at quantum critical points with
enhanced global symmetries (see References in [36], and other recent work [37,38]). We stress that
outcome states of (5) seem to be overlooked.

In principle, even though gapless states naively have infinitely many degenerate ground states,
there are finite volume/size effects (say the length scale of the system is L), that distinguish the
states in the spectrum by energy gap scaling as the order AE ~ O(L™#), related to the scaling
dimensions (A) of primary operators. However, the topological degeneracy has the smaller energy
gap scaling as the order §E ~ O(e~#) of an exponentially decaying tiny gap. Such a data of small
gaps AFE and JFE could be encoded in the path integral calculations Z(My,...) on some topology,
such as M3 x S1 or more generic My. We could potentially read this data. One could compare a
generic M3 with a simpler 3-sphere S3, and the contributions for the (5) case, SET-gapless/CFT
have topology-dependent terms appearing at dE. In contrast, the (4) case’s SP-gapless/CFT, the
OFE term either does not appear, or the absolute value (related to the order of JF) is insensitive to
the spacetime topology.

Similarly, the SU(2.) gauge theory with SU(2) time-reversal in Sec. 7.2 can be phrased in this
framework. The v = 0 mod 2 again corresponds to the case (1) as [SO(3) x Z1-bosonic SPTs] ®
[a trivial gapped vacuum (6 = 0)].

For v = 1 mod 2, we again discuss three scenarios. In the first scenario, spontaneous time
reversal breaking, we have [SSB Landau-Ginzburg order] ® [a trivial gapped vacuum] as in the case
(2). In the second scenario, we have a TQFT of [SET] ® [SO(3) x Z}-bosonic SPTs| as in the case
(3). Again this SET can be enriched by SU(2f) not just Z'. Third scenario, [deconfined gapless
time-reversal symmetric CFTs] ® [SO(3) x ZL-bosonic SPTs] as in the case (4)/(5). This particular
CFT is symmetry-enriched by ZZ and SU(2f). This state can be reduced to, by removing SU(2)-
symmetry, but is in general different from, the simpler naive [gauged CI's CFT in Sec.7.1.4] ®
[SO(3) x ZT-bosonic SPTs].

At this moment, the analytical calculation of the path integral Z(My, ... ) for non-Abelian gauge
theories seems to be challenging. However, certainly, other justifications of the states of (4) and
(5) can be from computer numerical simulations (with finite volume/size effect). For (5), it should
be that local OPEs cannot distinguish two CFTs, but the extended OPEs can distinguish them.
Another physical motivated approach is that one could look into the wvortices and their sub-gap
structures to see the data. We leave these issues for the future exploration.

8.2 Comments and Relations to other recent work

We conclude with some final remarks:

1. In this work, we study the possible scenarios of SU(N) Yang-Mills gauge theories with topo-
logical terms under time-reversal symmetry, obtained from dynamically gauging SU(N) SPTs.
We emphasize that, in the lattice Hamiltonian formalism at UV, the SU(N) SPTs (specified
by some topological terms in field theory) are gapped, unitary, and have onsite SU(N) and on-
site time-reversal symmetries. Thus the local onsite symmetry (e.g. SU(N)) guarantees that
it can be gauged, but the gauging would drastically change the dynamics of the ground states
and energy spectra (see discussion in the main text). The consequence could be of all kinds,

43



including gapped or gapless, topological or not, symmetry-preserving or symmetry-breaking,
etc (see Sec. 8.1).

In contrast, the effective boundary theories of SPTs have non-onsite symmetry thus have 't
Hooft anomalies. This results in obstruction for dynamically gauging the boundary theories
of SPTs alone.

We study the systems with QFT coupling to topological terms (e.g. TQFT). This topic is
also recently explored in [39].

2. In our work, the fermionic operators at UV and the effective fermionic fields at IR are not
the same operators. Although the effective descriptions at UV (e.g. lattice and cutoff scales)
and IR (e.g. field theory) may be different, the assumption is that if the RG flow preserves
the symmetry, then we can use the same symmetry group description Go and study the
symmetry protected ground state.

3. Topological terms (SPT invariants) define the bulk theory. So we show the bulk topological
terms (thus more than given only the group structure classification) that characterize the
boundary anomalies of SPTs and other physical observables.

4. We provide some remarks for the related work here. Ref. [20] provides various helpful phys-
ical signatures and insightful intuitions behind for fTI/fTSC. (However it does not provide
precise bulk background field theory or topological terms for SPTs, few of their prediction
slightly mismatches with the cobordism classifications.) It will be interesting to compare other
physical observables based on our topological terms set-up. Ref. [40] analyzes the stability of
boundary gapless states of SPTs under quartic interactions and obtain the classifications sim-
ilar to the cobordism result. There are also other strong coupling gauge theory applications
studied recently in [41,42], using condensed-matter ideas. We also leave detail explorations of
the relation of our work on time-reversal symmetric non-Abelian SU(N) Yang-Mills to time-
reversal symmetric Abelian U(1) Maxwell theories for future study, related to [14,28,29].

5. Other than Ref. [23], there are other cobordism/cohomology calculations recently motivated
by related physics studied in Ref. [43,44].
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Appendix

A The plan of the article and the convention of notation

The plan of our article is organized in terms of the Table of Contents, from page 1-4.

The convention for our notations and terminology is as follows.

e The term “spin” can have different meanings in our article, including the SU (2)-spin rotation,
or the spin group, or the spin manifold.

e For condensed matter realization, fTI/fTSC stand for fermionic topological insula-
tor/superconductor, bTT/bTSC stand for their bosonic counterparts.

e The fSPTs/bSPTs stand for fermionic/bosonic Symmetry Protected Topological states
(SPTs) respectively.

e Non-orientable and unorientable manifolds both mean that the manifolds cannot be oriented.
An unoriented manifold means that an orientation has not been chosen (that is, even though
it might be possible to orient the manifold, the transition functions in the atlas do not
necessarily preserve orientation).

e (—1)F is the generator of ZL fermionic parity, where F is the fermion number (or N).

e Mathematically Z£', Zy, Z/2, Z/2Z, {41} all mean the same, the cyclic group of order 2.
Notation Z£' is used when we want to emphasize its physical meaning as fermionic parity
symmetry. Notation {1} is sometimes used to emphasize that is considered as a multiplica-
tive group.

e Rank r real (complex) vector bundle V' is a bundle with fibers being real (complex) vector
spaces of real (complex) dimension r.

o w;(V) is the i-th Stiefel-Whitney class of a real vector bundle V' (which maybe be also complex
rank 7 but considered as real rank 2r).

e p;(V) is the i-th Pontryagin class of a real vector bundle V'

e ¢;(V) is the i-th Chern class of a complex vector bundle V.

e My (or simply M) is a d-dimensional (possibly non-orientable) manifold
e T'My (or simply T'M) is the tangent bundle over My (or M).

e For a top degree element of cohomology we often suppress explicit integration over the man-
ifold (i.e. pairing with the fundamental class [M,]), for example: w3(TM,) = | My w3 (T My).

e P, is the Pontryagin square operation H* (M, Zq) — H* (M, Zoi+1)
e o(M) is the signature of manifold M.

e LR is the tautological (real) line bundle over real projective space RP¢
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e Lc is the tautological (complex) line bundle over complex projective space cp?
e The n (e.g. 1,2,3) represents trivial real vector bundle of dimension n over the base space.

o 11— V54 V3 is an example of an operation on the vector bundles Vi, V5, V3 in the Grothendieck
18
group

e QX the bordism group of d-manifolds with structure H (e.g. H = Spin)
e Q¢ = Hom(Tor Q4,U(1)) the cobordism group classifying deformation classes of SPTs.

o A Xz, B=(AX B)/Zy where the quotient is w.r.t. the diagonal center Zy subgroup.

B Computation of Spin/Pin+/_ Cobordism: Bordism groups
maMTH

This Appendix aims to fill calculations of bordism groups in more detail'®. In the work of Freed-
Hopkins [23], there is a 1:1 correspondence

deformation classes of reflection positive
invertible n-dimensional extended topological p = [MTH, PRy Z]tors-
field theories with symmetry group H,

In particular, [MTH, X" 1 1Z];os stands for the torsion part of homotopy classes of maps from
spectrum MTH to the (n+ 1)-th suspension of spectrum /Z. The Anderson dual IZ is a spectrum
that is the fibration of IC — IC* where IC (IC*) is the Brown-Comenetz dual spectrum defined
by

[X, IC] = Hom(mp X, C)

[X,1C*] = Hom(m X, C*)

There is an exact sequence

0 — Ext'(r, MTH,Z) — [MTH,¥""'1Z] — Hom(mp 1 MTH,Z) — 0

The torsion part [MTH, X" [ Z]0ps is

Ext' (0 MT H)tors, Z) = Hom (1, MT H)tors, U (1))

In this section we compute homotopy groups myMTH for groups H = Pin' x (+13 SU(2),
H =Pin~ x(413 SU(2), H = Pin" x 413 SO(4), H = Pin™ x SU(3), and H = Pin™ x ;1) SU(4).
In the following note, BG stands for the classifying space associated to a group G.

We can think of m4MTH as bordism group of 4-manifolds with H-principal structure on
stable tangent bundles. In particular, MTH is the colimit of ¥X"MTH,, where X"MTH, =

18Tet us remind that one way to define it is as isomorphism classes of “virtual” vector bundles, that is pairs
of bundles (V, V') modulo relation (V @ W,V' @& W) ~ (V,V’). The operation + then descends from @ so that
—(V,V') = (V', V). Then V; = (V;,0).

9 Here we adopt the notations widely used in mathematics community. We write Z,, (or Z/n or Z/(nZ)) for the
finite group of order n. We write {£1} for a Z finite group.
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Thom(BH,;R" — V,,), where V,, is the induced vector bundle (of dimension n) by the map
BH, — BO,. In the cases we are interested in, BH,, — BO,, is the projection

H, X% Pinf/{£1} = O(n)

In another way, we can think of MTH = Thom(BH,—V'), where V is the induced virtual bundle
(of dimension 0) by the map BH — BO. In the case we are interested in, BH — BO is the
projection

H 2% Pin* /{+1} = O

Note: ”T” in MTH denotes that the H structures are on tangent bundles instead of normal
bundles. In the following sections, w; denotes the ith Stiefel-Whitney class. H*(—) stands for mod
2 cohomology H*(—;Z3).

B.1 H=Pin' x( SU(2)

B.1.1 Understanding BH

Recall that Pin™ is an extensions of O by Zy. In particular, the classifying space BPin™ is
classified by the following fibration

BPint

!

BO —— K(Z5,2)

where K (Z3,2) is the Eilenberg-MacLane space.

Note that SU(2) = Spin(3) = 52 so it has the following fibration

BSU(2)

BSO(3) —2- K(Z5,2)
We have a commutative diagram that each square is a homotopy pullback square
BH —— BSO(3)

.

BO T2> K(ZQ, 2)
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There is a homotopy equivalent f : BO x BSO(3) = BO x BSO(3) by (V,W) — (V- W +3,W).
Note that f*(wz) = wa(V — W) = wa(V) + wi(V)wi (W) + we (W) = we + w) since W is oriented.
Then we have the following homotopy pullback

BH —= 5 BPint x BSO(3)

| |

BO x BSO(3) —!— BO x BSO(3) 2™, K(Z,,2)

wa+w),

LDTLV
V4+W-3
BO

This implies that

BH ~ BPin™ x BSO(3) (97)

We note that there is a pullback diagram

BSpin x BO(1) ‘ﬁﬁ BPin™

! |

BSO x BO(1) =4 Bo —*2 . K(Z,,2)

w2

and we have BO(3) ~ BSO(3)xBO(1) by V — (V®Det V,Det V). Thus, we have the following
homotopy pullback square

BH ~ BPin" x BSO(3) BSpin x BO;
w2
BO x BSO(3) TSI BO x BSO(3) BSO x BO(3) —— K(Z,2)
l(V,W)»—)V

BO

(V,W)—(V —DetV+1,W@Det

(E,F)—~E+DetF—F®DetF'+2

B.1.2 Understanding BH

Write P = K(Z3,1) x K(Z3,2) with the group structre

(w1, 22) * (y1,92) = (x1 + y1, 22 + y2 + 2191)
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(w1,w2)

in which z;, y; € H*(—) With this choice the map BO ——= P is a group homomorphism.

Define BH — BO by the homotopy pullback square

BH ——— BO(3)

[

(w1,w2+w7)
Then we have a homotopy square involving BH — BO like below

BH —— BSpin x BO(3)

|

BO x BO3 ——— BOx BO(3) — P
id—(Vz—s) (w1,w2)

VW)=V

(W,V3)F—>7W7(V373)
BO

Thus BH — BO can be identified with the map
BSpin x BO(3) — BO

(W, Va) = =W — (V5 = 3)

This leads to the following equivalence

MTH ~ MSpin A X 73MO(3) (98)

B.1.3 Identification of BH — BO with BH — BO

The homotopy fiber of Z?ﬁ — BO being the same as the homotopy fiber of BO(3) — P is
BSping. We can identify BH with BH. We know that BH sit in a homotopy pullback

BH —— BSOs3

| J

BO —2- K(Z,2)

and BH sit in the pullback
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To identify them, expand the first homotopy pullback to the diagram

BH —— BO(3) B2 Bgo(3)

l J/(UJLU)Q) lw'z

B P K(Z5,2
O w ( 2 )
w3

Thus, we can identify BH — BO with BH — BO. With these identification, we have
MTH ~ MSpin A X2 MO(3) (99)
These are useful for computing homotopy groups of MTH.

Remark 1. From the following diagram,

BH —— BSO(3)

I

BO 2 K(Z5,2)

we can think of the mth homotopy group m,MTH as the bordism group of n-manifolds with
a SO(3)-bundle Vgp(3y such that the 2nd Stiefel-Whitney classes of tangent bundle T'M and of

Vso(s) agrees, wa2(T'M) = w2(Vso())- If we use the other model BH ~ BSpin x BO(3) — BO by
(W, V3) = =W — (V3 — 3), then V3 can be identified by Vgo3y @ (TM — n).

B.1.4 Computation

Since the computation involves no odd torsion, we can use the Adams spectral sequence

Ey' = ExtS (H*(MTH),Zs) = m_sMTH}

Since the mod 2 cohomology of Thom spectrum M Spin is

H*(MSpin) = A®A(1) {ZQ EBM}
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where M is a graded A(1)-module with the degree i homogeneous part M; = 0 for i < 8. Here A
stands for Steenrod algebra and A(1) stands for Fo-algebra generated by Sq¢' and S¢?. A(1) is a
subalgebra of A. Thus, for t — s < 8, we can identify the Fs-page with

Ext’y) (H*?(MO(3)), Z»)

We need to identify the A(1)-module structure of H*¥3(MO(3)). This can be done by Thom
isomorphism and Wu formula of Stiefel-Whitney classes. By Thom isomorphism, we have

H*+3(MO(3)) = Z/2[’LU1, wg,’LU3]U

where U stands for Thom class of the universal 3-bundle E3 over BO(3) and wj is the ith Stiefel-
Whitney class of E3 over BO(3).

The A(1)-module structure of H**3(MO(3)) below degree 8 and E, page are as figure 1:

Pin™ x {+1} SU(?)

wa ’U‘3U

wywsU
13 ur%U

U‘fU . . oI o eeoe

U
S$73AMO(3)

Figure 1: H = Pin™ x 413 SU(2)

From the above spectral sequence, we have

Theorem 2. The bordism groups of MTH are

i mMTH
4 Z/49Z)2
5 Z/2

B.1.5 Manifold generators

Claim 3. (CP?,Lc + 1) and (RP%,3) generate myMTH, where Lc is tautological complex line
bundle over CP?.
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First, check that (CP?, Lc + 1) and (RP%,3) are elements in m, MTH.

cp? Lt Bso(3)

TCP2l lwg

BO — K(Z5,2)
with we(TCP?) = wy(Lc + 1)

RP* —3 BSO(3)

TRP{ lwé
BO — K(Z,2)
with wo(TRP?*) = ws(3)
From the above spectral sequence, we have a map

TuMTH =24®2Zy — Zo D Zo

(M, Vsog) = ( /M wnws(Vso ® (TM — 4)), /M w3 (Vsos © (TM — 4)))

In particular,
w1 (Vsoz) @ (TM —4)) = wi(TM)

wQ(VSO( 3) (TM 4) w% ) + U}Q(TM)
w3(Vso@) ® (TM —4)) = wi(TM) + wi(TM)ws(TM) + w3(Vsos))

(RP*,3) is sent to (1,1) and (CP? L + 1) is sent to (0,1). So they generates. If the invariants
are chosen to be wi(TM) and w3(TM), it gives the same results.

B.2 H =Pin~ Xy SU(2)

B.2.1 Understanding BH

Recall that Pin™ is an extensions of O by Zs with the following fibration

BPin™

l w?4ws

BO 1 K(Z,,2)
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Thus, the case of H = Pin™ x4} SU(2) is analogous to case of H = Pin™ x 413 SU(2) by just
exchanging wy and w? + ws.

We have a commutative diagram that each square is a homotopy pullback square

BH —= 5 BPin~ x BSO(3)

| |

’LU2 w
BO x BSO(3) —!— BO x BSO(3) VK (2,,2)
lPﬁ:V Vw3 w%—&-wg—i—wé
BO
This implies that
BH ~ BPin~ x BSO(3) (100)
We have the following homotopy pullback square
BH = BPin~ x BSOs3 BSpin x BOs
l l J/ (w1,w2)
BO x B50(3) (V,W)=(V-W+3,W) BO x BSO(3)(V,W)n—>(V+DetV—1,W®DetV S0 x BO(3) — K(Z2,2)
l(V,W)»—)V

BO
(E,F)—E—Det F+F®Det F—2

B.2.2 Understanding BH

Write P = K(Z3,1) x K(Z3,2) with the group structre
(z1,72) * (y1,92) = (1 + Y1, 72 + y2 + T191)

(w1,w2)

in which z;, y; € H'(—) With this choice the map BO ——= P is a group homomorphism.

Then define BH — BO to be the composition of BH — BO of case H = Pin* X1y SU(2)
with BO —'% BO, so we have the following homotopy pullback square

BH ——— BO(3)

[

BO —— P
(w1,w2)
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Then we have a homotopy square involving BH — BO like below

BH —— BSpin x BO(3)

l(—id,id)

BO x BO3 ——— BO x BO(3) ——— P
id—(V3—s) (w1,w2)

VW)=V /
(W, V3)—W+(V3—3)

BO

Thus BH — BO can be identified with the map
BSpin x BO(3) — BO

(W, V) = =W + (V3 = 3)

This leads to the following equivalence

MTH ~ MSpin A 23MTO(3) (101)

B.2.3 Identification of BH — BO with BH — BO

The homotopy fiber of BH — BO being the same as the homotopy fiber of BO(3) — P is
BSping. We can identify BH with BH. We know that BH sit in a homotopy pullback

BH —— BSO(3)

.

2
BO ™3 K(2,,2)

and BH sit in the pullback

To identify them, expand the first homotopy pullback to the diagram
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BH —— BO(3) 222 Bso(3)

J/ J/(wl 7w2) J’wé

BO P K(Z5,2)

wi,w2) w24ws

wi+ws

Thus, we can identify BH — BO with BH — BO. With these identification, we have
MTH™ ~ MSpin A 23MTO(3) (102)

Remark 4. From the following diagram,

BH — BSO(3)

|

BO —— K(Z5,2)

we can think of 7, MTH as the bordism group of n-manifolds with a SO(3)-bundle Vg3 such

that w} + wa(TM) = wa(Vso(s)). If we use the other model BH ~ BSpin x BO(3) — BO by
(W, V3) = =W + (V3 — 3), then V3 can be identified by Vso3) @ (TM —n).

B.2.4 Computation

Similarly, we can use the Adams spectral sequence

Ey' = Ext(H*(MTH),Z5) = m_sMTH}

Since H*(M Spin) = A® 41){Z2® M}, where M, A and A(1) as in case H = Pin™ x4, SU(2).
Thus, for t — s < 8, we can identify the Fs-page with

Ext’y) (H*(MTO(3)),Z5)

We need to identify the A(1)-module structure of H*~3(MTO(3)). This can be done by Thom
isomorphism and Wu formula of Stiefel-Whitney classes. By Thom isomorphism, we have

H*(MTO(S)) = Zg[wl, wa, wg}U

where U stands for Thom class of —FE3 over BO(3) and w; is the ith Stiefel-Whitney class of Fs
over BO(3).

The A(1)-module structure of H*~3(MTO(3)) below degree 8 and E» page are as figure 2:

Theorem 5. The bordism groups of MTH are

95



Pin™ X{il} SU(?)

wowsU
wiU  wil
L] L] e o

$3 A MTO(3)

woU

Figure 2: H = Pin™ X413 SU(2)

1 m, MTH

4 Zo®Zy D 2o
5 Zy ®Zo

B.2.5 Manifold generators

Claim 6. The generators of TyMTH = Zy®Zy®Zs are (S*, H), (CP?, Lc+1), and (RP*,2Lg +1),
where H is the induced oriented 3-dimensional vector bundle from Hopf bundle S7 — S4, L¢ is the
tautological complex line bundle over CP? and Lg is the tautological real line bundle over RP?.

First, check that (S*, H), (CP?, Lc + 1), and (RP*,2Lg + 1) are elements in 7, MTH.

cpP? Lt Bso(3)

TCPQJ( J’wg

wi+ws

BO 2258 K(Z,,2)

with w? 4+ we(TCP?) = wy(Lc + 1)

RPY 22HL BO(3)

TRP4J(

BO

wi+ws
-
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with w? + we(TRP*) = wo(2Lg + 1).

sty BSO(3)

TS"{L lwé
2
+
BO 258 K (Z,,2)
with w? + we(T'S*) = wa(H).
From the spectral sequence in the previous section, we have a map

7T4MTH — ZQ D 22 (&) ZQ
(M, Vso(3)) = (mod 2 index of Dirac operator, /M w%(TM),/ w3 (TM))

M
We can see (S*, H), (CP%, L 4 1), and (RP* 2Lg + 1) are the generators.

Remark 7. There is a map MTH — MTO if we forget the H-structure on stable tangent bundles.
We know the latter one is isomorphic to Zy @ Zy generated by CP? and RP*. The kernel of this
map is generated by (S*, H) where H is the induced SO(3) bundle from Hopf bundle S7 — S.

B.3 H =Pin" X [£1} SO(4)

B.3.1 Understanding BH and BH

There is a homotopy pullback square:
BH* —— BSO(3) x BSO(3)
l J/w’Qerg

BO T> K(ZQ, 2)

Similar to computation of MTPint x SU(2), if we define a new space B H to sit in the following
homotopy pullback

BH —— BO(3) x BSO(3)
l |t

Remark 8. From the following diagram,
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BH —— BSO(3) x BSO(3)

J’ J’wé +wl

BO ———— K(Z5,2)

we can think of 7w, MTH as the bordism group of n-manifolds with two oriented 3-dimensional
vector bundle V7 and V3 such that then second Stiefel-Whitney class wy(T M) of tangent bundle
TM agrees with the sum of second Stiefel-Whitney classes wa(V1) 4+ w2(Va) of Vi and Va. If we use
the other model BH ~ BSpin x BO(3) x BSO(3) — BO by (W, V3,V5) —» —W — (V3 4+ Vo — 6),
then V3 can be identified by V; @ (T'M — n).

B.3.2 Computation

BH — BO is identified with BH — BO. We can see that the spectrum MTH is homotopy
equivalent to the spectrum M Spin A MO(3) A MSO(3). Use the Adams spectral sequence

Ext®!

S HTH(MOB)) @ HH(MSO(3)), Zs) = m-sMTH

The A(1)-structure and E» page are as figure 3:

Pin* x (113 SO(4)

wowsU

wilU
’UJ%U % . ° . oIS o oo I
0 2 4 6
U

ST AMO(3) S73 A MSO(3)

wiwzU

Figure 3: H = Pin™ X413 SO(4)

From the picture, we can read

Theorem 9. The bordism groups of MTH are
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1 m, MTH

Zy
0
Zy ® Ly
Zy
ZyDZyDZy D2y
Zy ®Zy®Zo

Tl W N~ O

B.3.3 Manifold generators

Claim 10. The generators of nyMTH = Z4 & Zy ® Zy © Zs are (RP%,3,3), (CP% L¢c + 1,3),
(RP*,2Lg + 1,2Lr 4+ 1), (CP2,3,Lc + 1). Lgr (Lc) is the tautological (complex) line bundle over
RP* (CP?).

First check that they are elements in 714 MTH

R — @Y BSO®3) x BSO(3)

TMJ J{w’Q +wl

BO K(Z2,2)

cp? e Beo(3) x BSO(3)

TMJ lwé +wl

BO K(Z3,2)

Rpt ZIRILARTL B (3) x BSO(3)

TMJ J{w’Q +wh

BO K(Z2,2)

cp? 3Lt | Boo(3) x BSO(3)

TMJ lwé +wl

BO K(Z3,2)

The corresponding invariants mapping to Zy ® Zy ® Zs ® Zy are wi(TM) + w?(TM)w2(V1),
wi(TM) +w2(V1), w?(TM)wy(Vz) and w3 (Vs) respectively. We can check they generates Zs @ Zo @
Zy @ Zy, and thus generates Zy & Zo & Zo & Zs.
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B.4 H =Pin" x SU(3)
B.4.1 Computation

The spectrum MTH is homotopy equivalent to MTPin™ A BSU(3),. Use the Adams spectral
sequence

Ext’it (H* " (MTO(1)) © H*(BSU(3)1),Z2) = msMTH

The A(1)-structure and Es page are as figure 4:

Pint x SU(3)

Q (.
e

° 0 2 4 6

U
SYAMTO(1) BSU(3)+
Figure 4: H = Pint x SU(3)

From the picture, we can read

Theorem 11. The bordism groups of MTH are

~.

m, MTH

Zy

0

Zy

Zy
Zis ©Zs

0

Uk W N+ O

B.4.2 Manifold generators

Claim 12. The generators of m4MTH = Zj5 © Zy are (RP*, RP* x SU(3)) and (S*, H) where H
is the Hopf fibration S7 — S4 considered as a SU(2) bundle by SU(2) — SU(3).
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If we think of MTH as a Pint 4-manifold with a SU(3)- bundles W, the corresponding invari-
ants are eta invariant and ¢z (mod 2) of W. They generate the bordism groups of MTH.

B.5 H= Pin™ X{+1} SU(4>
B.5.1 Understanding BH

There is a homotopy pullback square:

BH —— BSO(6)

.

projection V—-Vs+6
projection, V=Ve+6,

We can identity BH BO with BPin™ x BSO(6) BO

The spectrum MT H is homotopy equivalent to Thom(BPint x BSO(6), —(V — Vg +6)), which
is OMTPin™ A MSO(6).

Remark 13. From the following diagram,

BH —— BSO(3) x BSO(6)

L

we can think of m, MTH as the bordism group of n-manifolds with two oriented 6-dimensional
vector bundle V; such that then second Stiefel-Whitney class wa(T'M) of tangent bundle T'M
agrees with the second Stiefel-Whitney classes ws(V7) of V.

B.5.2 Computation

Use the Adams spectral sequence

Ext®!

A(l)(H*‘l(MTO(l)) ® H**5(BSO(6)),Z3) = 7y sMTH

The A(1)-structure and Ey page are as figure 5:

From above picture, we can read

Theorem 14. The bordism groups of MTH are
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Pin+ X{+1} SU(4)

Il'lll] ®

wilU

U U
S'AMTO(1) S7% A MSO(6)

Figure 5: H = Pin™ x4) SU(4)

.

m, MTH

Zy
0
Zy
0
Zy D Zy D Zy
Zy

QU W N~ O

B.5.3 Manifold generators

Claim 15. The generators of myMTH = Zy ® Zy @ Zy are (RP*,6), (S* H + 2), (CP?, Lc + 4),
where H is the induced complex 2-dimensional vector bundle from Hopf fibration over S%.

First check that they are elements in m4MTH

RP* — % 5 BSO(6)

| y

BO ——— K(Z5,2)

st — 2 BSO(6)

] ¥

BO ——— K(Z5,2)
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cp2 — <t L BSO(6)

] ¥

BO ——— K(Z2)

If we think of MTH as a 4-manifold with an oriented 6-vector bundles Vg, the corresponding
invariants are wi(TM), wy(Vs), w3(Vs). They generate the bordism groups of MTH.

References

[1] G.’t Hooft, Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking, NATO
Adv. Study Inst. Ser. B Phys. 59 (1980) 135.

[2] E. P. Wigner, On the statistical distribution of the widths and spacings of nuclear resonance
levels, Mathematical Proceedings of the Cambridge Philosophical Society 47 (1951) 7907798.

[3] F. J. Dyson, The Threefold Way. Algebraic Structure of Symmetry Groups and Ensembles in
Quantum Mechanics, Journal of Mathematical Physics 3 (Nov., 1962) 1199-1215.

[4] A. Altland and M. R. Zirnbauer, Novel Symmetry Classes in Mesoscopic
Normal-Superconducting Hybrid Structures, Phys. Rev. B 55 (1997) 1142,
[arXiv:arXiv:cond-mat/9602137].

[5] A. Schnyder, S. Ryu, A. Furusaki and A. W. W. Ludwig, Classification of topological
insulators and superconductors in three spatial dimensions, Phys. Rev. B T8 (2008) 195125.

[6] A.Y. Kitaev, Periodic table for topological insulators and superconductors, AIP Conf. Proc.
1134 (2009) 22.

[7] X.-G. Wen, Symmetry-protected topological phases in noninteracting fermion systems, Phys.
Rev. B 85 (Feb., 2012) 085103, [arXiv:1111.6341].

[8] M. Z. Hasan and C. L. Kane, Colloquium: Topological insulators, Reviews of Modern Physics
82 (Oct., 2010) 3045-3067, [arXiv:1002.3895].

[9] X.-L. Qi and S.-C. Zhang, Topological insulators and superconductors, Reviews of Modern
Physics 83 (Oct., 2011) 1057-1110, [arXiv:1008.2026].

[10] X.-L. Qi, T. L. Hughes and S.-C. Zhang, Topological field theory of time-reversal invariant
insulators, Phys. Rev. B 78 (2008) 195424.

[11] J. C. Wang, Z.-C. Gu and X.-G. Wen, Flield theory representation of gauge-gravity
symmetry-protected topological invariants, group cohomology and beyond, Phys. Rev. Lelt.
114 (2015) 031601, [arXiv:1405.7689].

[12] A. Kapustin, R. Thorngren, A. Turzillo and Z. Wang, Fermionic Symmetry Protected
Topological Phases and Cobordisms, JHEP 12 (2015) 052, [arXiv:1406.7329].

[13] X.-G. Wen, Construction of bosonic symmetry-protected-trivial states and their topological
invariants via G x SO(o0) non-linear o-models, Phys. Rev. B91 (2015) 205101,
[arXiv:1410.8477].

63


http://dx.doi.org/10.1017/S0305004100027237
http://dx.doi.org/10.1063/1.1703863
http://dx.doi.org/10.1103/PhysRevB.55.1142
https://arxiv.org/abs/arXiv:cond-mat/9602137
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1103/PhysRevB.85.085103
http://dx.doi.org/10.1103/PhysRevB.85.085103
https://arxiv.org/abs/1111.6341
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
https://arxiv.org/abs/1002.3895
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
https://arxiv.org/abs/1008.2026
http://dx.doi.org/10.1103/PhysRevB.78.195424
http://dx.doi.org/10.1103/PhysRevLett.114.031601
http://dx.doi.org/10.1103/PhysRevLett.114.031601
https://arxiv.org/abs/1405.7689
http://dx.doi.org/10.1007/JHEP12(2015)052
https://arxiv.org/abs/1406.7329
http://dx.doi.org/10.1103/PhysRevB.91.205101
https://arxiv.org/abs/1410.8477

[14] M. A. Metlitski, S-duality of u(1) gauge theory with 8 = 7w on non-orientable manifolds:
Applications to topological insulators and superconductors, arXiv:1510.05663.

[15] E. Witten, Fermion Path Integrals And Topological Phases, Rev. Mod. Phys. 88 (2016)
035001, [arXiv:1508.04715].

[16] E. Witten, The "Parity” Anomaly On An Unorientable Manifold, Phys. Rev. B94 (2016)
195150, [arXiv:1605.02391].

[17] X. Chen, Z.-C. Gu, Z.-X. Liu and X.-G. Wen, Symmetry protected topological orders and the
group cohomology of their symmetry group, Phys. Rev. B 87 (Apr., 2013) 155114,
[arXiv:1106.4772].

[18] A. Vishwanath and T. Senthil, Physics of Three-Dimensional Bosonic Topological Insulators:
Surface-Deconfined Criticality and Quantized Magnetoelectric Effect, Physical Review X 3
(Jan., 2013) 011016, [arXiv:1209.3058].

[19] C. Wang, A. C. Potter and T. Senthil, Classification of Interacting Electronic Topological
Insulators in Three Dimensions, Science 343 (Feb., 2014) 629-631, [arXiv:1306.3238].

[20] C. Wang and T. Senthil, Interacting fermionic topological insulators/superconductors in three
dimensions, Phys. Rev. B 89 (May, 2014) 195124, [arXiv:1401.1142].

[21] M. A. Metlitski, L. Fidkowski, X. Chen and A. Vishwanath, Interaction effects on 3D
topological superconductors: surface topological order from vortex condensation, the 16 fold
way and fermionic Kramers doublets, ArXiv e-prints (June, 2014) , [arXiv:1406.3032].

[22] A. Kapustin, Symmetry Protected Topological Phases, Anomalies, and Cobordisms: Beyond
Group Cohomology, ArXiv e-prints (Mar., 2014) , [arXiv:1403.1467].

[23] D. S. Freed and M. J. Hopkins, Reflection positivity and invertible topological phases, ArXiv
e-prints (Apr., 2016) , [arXiv:1604.06527].

[24] Q.-R. Wang and Z.-C. Gu, Towards a complete classification of fermionic symmetry protected
topological phases in 3D and a general group supercohomology theory, arXiv:1703.10937.

[25] D. Gaiotto, A. Kapustin, Z. Komargodski and N. Seiberg, Theta, Time Reversal, and
Temperature, JHEP 05 (2017) 091, [arXiv:1703.00501].

[26] D. Gaiotto, Z. Komargodski and N. Seiberg, Time-Reversal Breaking in QCDy, Walls, and
Dualities in 2+1 Dimensions, arXiv:1708.06806.

[27] X.-G. Wen, Quantum orders and symmetric spin liquids, Phys. Rev. B 65 (Apr., 2002)
165113, [arXiv:cond-mat/0107071].

[28] C. Wang and T. Senthil, Time-Reversal Symmetric U (1 ) Quantum Spin Liquids, Phys. Rev.
X 6 (Jan., 2016) 011034, [arXiv:1505.03520].

[29] L. Zou, C. Wang and T. Senthil, Symmetry enriched U(1) quantum spin liquids, ArXiv
e-prints (Oct., 2017) , [arXiv:1710.00743].

[30] P. Ye and J. Wang, Symmetry-protected topological phases with charge and spin symmetries:
Response theory and dynamical gauge theory in two and three dimensions, Phys. Rev. B 88
(Dec., 2013) 235109, [arXiv:1306.3695].

64


https://arxiv.org/abs/1510.05663
http://dx.doi.org/10.1103/RevModPhys.88.035001, 10.1103/RevModPhys.88.35001
http://dx.doi.org/10.1103/RevModPhys.88.035001, 10.1103/RevModPhys.88.35001
https://arxiv.org/abs/1508.04715
http://dx.doi.org/10.1103/PhysRevB.94.195150
http://dx.doi.org/10.1103/PhysRevB.94.195150
https://arxiv.org/abs/1605.02391
http://dx.doi.org/10.1103/PhysRevB.87.155114
https://arxiv.org/abs/1106.4772
http://dx.doi.org/10.1103/PhysRevX.3.011016
http://dx.doi.org/10.1103/PhysRevX.3.011016
https://arxiv.org/abs/1209.3058
http://dx.doi.org/10.1126/science.1243326
https://arxiv.org/abs/1306.3238
http://dx.doi.org/10.1103/PhysRevB.89.195124
https://arxiv.org/abs/1401.1142
https://arxiv.org/abs/1406.3032
https://arxiv.org/abs/1403.1467
https://arxiv.org/abs/1604.06527
https://arxiv.org/abs/1703.10937
http://dx.doi.org/10.1007/JHEP05(2017)091
https://arxiv.org/abs/1703.00501
https://arxiv.org/abs/1708.06806
http://dx.doi.org/10.1103/PhysRevB.65.165113
http://dx.doi.org/10.1103/PhysRevB.65.165113
https://arxiv.org/abs/cond-mat/0107071
http://dx.doi.org/10.1103/PhysRevX.6.011034
http://dx.doi.org/10.1103/PhysRevX.6.011034
https://arxiv.org/abs/1505.03520
https://arxiv.org/abs/1710.00743
http://dx.doi.org/10.1103/PhysRevB.88.235109
http://dx.doi.org/10.1103/PhysRevB.88.235109
https://arxiv.org/abs/1306.3695

[31]

[32]

A. Mesaros and Y. Ran, Classification of symmetry enriched topological phases with exactly
solvable models, Phys. Rev. B 87 (Apr., 2013) 155115, [arXiv:1212.0835].

L.-Y. Hung and X.-G. Wen, Quantized topological terms in weak-coupling gauge theories with
a global symmetry and their connection to symmetry-enriched topological phases, Phys. Rev.
B 87 (Apr., 2013) 165107, [arXiv:1212.1827).

P. Van Nieuwenhuizen and A. Waldron, On euclidean spinors and wick rotations, Physics
Letters B 389 (1996) 29-36.

P. B. Gilkey, The eta invariant for even dimensional pinc manifolds, Advances in
Mathematics 58 (1985) 243-284.

J. Wang, X.-G. Wen and E. Witten, Symmetric Gapped Interfaces of SPT and SET States:
Systematic Constructions, ArXiv e-prints (May, 2017) , [arXiv:1705.06728].

S. Sachdev, Quantum Phase Transitions. Cambridge University Press, 2011.

F. Benini, P.-S. Hsin and N. Seiberg, Comments on global symmetries, anomalies, and duality
in (2 + 1) d, Journal of High Energy Physics 4 (Apr., 2017) 135, [arXiv:1702.07035].

C. Wang, A. Nahum, M. A. Metlitski, C. Xu and T. Senthil, Deconfined Quantum Critical
Points: Symmetries and Dualities, Physical Review X 7 (July, 2017) 031051,
[arXiv:1703.02426L

A. Kapustin and N. Seiberg, Coupling a QFT to a TQFT and Duality, JHEP 04 (2014) 001,
[arXiv:1401.0740L

T. Morimoto, A. Furusaki and C. Mudry, Breakdown of the topological classification Z for
gapped phases of noninteracting fermions by quartic interactions, Phys. Rev. B92 (2015)
125104, [arXiv:1505.06341].

Y. Tachikawa and K. Yonekura, Gauge interactions and topological phases of matter, Progress
of Theoretical and Experimental Physics 2016 (Sept., 2016) 093B07, [arXiv:1604.06184].

K. Yonekura, Dai-Freed theorem and topological phases of matter, Journal of High Energy
Physics 9 (Sept., 2016) 22, [arXiv:1607.01873].

G. Brumfiel and J. Morgan, The Pontrjagin Dual of 3-Dimensional Spin Bordism, ArXiv
e-prints (Dec., 2016) , [arXiv:1612.02860].

J. A. Campbell, Homotopy Theoretic Classification of Symmetry Protected Phases, ArXiv
e-prints (Aug., 2017) , [arXiv:1708.04264].

65


http://dx.doi.org/10.1103/PhysRevB.87.155115
https://arxiv.org/abs/1212.0835
http://dx.doi.org/10.1103/PhysRevB.87.165107
http://dx.doi.org/10.1103/PhysRevB.87.165107
https://arxiv.org/abs/1212.1827
https://arxiv.org/abs/1705.06728
http://dx.doi.org/10.1007/JHEP04(2017)135
https://arxiv.org/abs/1702.07035
http://dx.doi.org/10.1103/PhysRevX.7.031051
https://arxiv.org/abs/1703.02426
http://dx.doi.org/10.1007/JHEP04(2014)001
https://arxiv.org/abs/1401.0740
http://dx.doi.org/10.1103/PhysRevB.92.125104
http://dx.doi.org/10.1103/PhysRevB.92.125104
https://arxiv.org/abs/1505.06341
http://dx.doi.org/10.1093/ptep/ptw131
http://dx.doi.org/10.1093/ptep/ptw131
https://arxiv.org/abs/1604.06184
http://dx.doi.org/10.1007/JHEP09(2016)022
http://dx.doi.org/10.1007/JHEP09(2016)022
https://arxiv.org/abs/1607.01873
https://arxiv.org/abs/1612.02860
https://arxiv.org/abs/1708.04264

	Introduction and Summary
	Overview of Global Symmetries of the UV Lattice and IR Field Theories
	Global Symmetries of the UV Lattice, Hamiltonian and Hilbert space
	Symmetries of charge/spin, fermion-pairing, and spin-orbital coupling orders

	Global Symmetries of the IR Field Theories, Path Integral and Cobordisms
	C, T, and CT for Dirac fermion coupled to U(1) gauge field
	C, T, and CT for Dirac fermion coupled to SU(2) gauge field
	SU(N) and more general groups


	Complete List of Symmetry-Protected Topological Invariants for 10 global symmetries of Cartan classes 
	CI class: SU(2) Z4TZ2 and Pin+Z2F SU(2)
	SPT vacua and topological terms

	CII class: SU(2) Z2T and Pin-Z2F SU(2) 
	SPT vacua and topological terms

	C class: SU(2) and Spin Z2F SU(2)
	AI class: U(1) ZT2 and Pin-Z2F U(1)
	SPT vacua and topological terms

	AII class: U(1) ZT4Z2 and Pin+Z2F U(1) 
	SPT vacua and topological terms

	AIII class: U(1) ZT4Z2 or U(1) ZT'2, and Pinc =PinZ2F U(1)
	SPT vacua and topological terms

	A class: U(1) and Spinc 
	BDI class: Z2T Z2F and Pin-
	DIII class: Z4T  and Pin+
	SPT vacua and topological terms

	D class: Z2F  and Spin

	The Web of Symmetry Reduction and Embedding
	Symmetry reduction and embedding through Hamiltonian approach
	CI/CII/C  AI/AII/AIII/A  BDI/DIII/D

	Relations of symmetries through field theories and topological terms
	CI  AIII
	CI  AI
	CII  AII
	CII  AIII


	Time Reversal and SU(N) Symmetry-Protected Topological Invariants
	SU(2)color SU(2)flavor: GTot=(SU(2))2 Z4T(Z2)2 and (Pin+(SU(2))2)/(Z2F)2
	SPT vacua and topological terms

	SU(3)-symmetry: GTot=SU(3) Z4T and Pin+ SU(3)
	SPT vacua and topological terms

	SU(4)-symmetry: GTot=SU(4) Z4TZ2 and Pin+Z2F SU(4)
	SPT vacua and topological terms


	The Web of Symmetry Reduction and Embedding for SU(N) with Time-Reversal
	(Pin+SU(2)2)/Z22 symmetry
	Pin+SU(3) symmetry
	Pin+Z2 SU(4) symmetry

	Time Reversal and SU(N) Yang-Mills
	Gauging SU(2): From CI and CII SPTs to SU(2) gauge theories
	=0 12mumod2
	=1 12mumod2
	Spontaneous time reversal symmetry breaking
	Deconfined gapless and time-reversal symmetric CFTs

	Gauging SU(2)color of SU(2)color SU(2)flavor
	Gauging SU(3): 3-color Yang-Mills + topological terms 
	Gauging SU(4): 4-color Yang-Mills + topological terms 

	Conclusion
	Discussion in a Gauging Framework
	Comments and Relations to other recent work

	Acknowledgements
	The plan of the article and the convention of notation
	Computation of Spin/Pin+/- Cobordism: Bordism groups 4MTH
	H=Pin+{1} SU(2)
	Understanding BH
	Understanding B
	Identification of BBO with BHBO
	Computation
	Manifold generators

	H=Pin-{1} SU(2)
	Understanding BH
	Understanding B
	Identification of BBO with BHBO
	Computation
	Manifold generators

	H=Pin+{1} SO(4)
	Understanding BH and B
	Computation
	Manifold generators

	H=Pin+ SU(3)
	Computation
	Manifold generators

	H=Pin+ {1} SU(4)
	Understanding BH
	Computation
	Manifold generators



