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Abstract

We explore various 4d Yang-Mills gauge theories (YM) living as boundary conditions of 5d gapped
short/long-range entangled (SRE/LRE) topological states. Specifically, we explore 4d time-reversal
symmetric pure YM of an SU(2) gauge group with a second-Chern-class topological term at 6 = 7
(SU(2)g=r YM). Its higher 't Hooft anomalies of generalized global symmetries indicate that the 4d
SU(2)g=r YM, in order to realize all global symmetries locally, necessarily couples to a 5d higher
symmetry-protected topological state (SPTs, as an invertible TQFT, or as a 5d 1-form-center-symmetry-
protected interacting “topological superconductor” in condensed matter). We revisit the 4d SU(2)g—
YM-5d SRE-higher-SPTs coupled systems in [arXiv:1812.11968] and find their “Fantastic Four Siblings”
with four sets of new higher anomalies associated with the Kramers singlet /doublet and bosonic/fermionic
properties of Wilson lines. Following Weyl’s gauge principle, by dynamically gauging the 1-form center
symmetry, we transform a 5d bulk SRE SPTs into an LRE symmetry-enriched topologically ordered
state (SETs); thus we obtain the 4d SO(3)p—, YM-5d LRE-higher-SETSs coupled system with dynamical
higher-form gauge fields. Apply the tool introduced in [arXiv:1612.09298], we derive new exotic any-
onic statistics of extended objects such as 2-worldsheet of strings and 3-worldvolume of branes, which
physically characterize the 5d SETs. We discover new triple and quadruple link invariants poten-
tially associated with the underlying 5d higher-gauge TQFTs, hinting a new intrinsic relation between
non-supersymmetric 4d pure YM and topological links in 5d. We provide lattice simplicial complex
regularizations and “condensed matter” realizations.
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1 Introduction and Summary

The world where we reside, to our best present understanding, can be described by quantum theory and
the underlying long-range entanglement. Quantum gauge field theory, under the spell of “Gauge Principle”
following the insights since Maxwell, Hilbert, Weyl, Pauli, and others (See a historical review [1]) embodies
the quantum, special relativity and long-range entanglement into a systematic framework. Yang-Mills
(YM) gauge theory [2], generalizing the U(1) gauge group to a non-abelian Lie group, has been proven to
be powerful to describe the Standard Model physics.

A pure YM theory with an SU(N) gauge group (i.e., SU(N)-YM) in 4-dimensional spacetime (i.e.,
4d),! without additional matter fields, without supersymmetry and without a Chern-class topological

term (6 = 0), is believed to be confined and trivially gapped in Euclidean spacetime R* [3]. Formally, YM
Euclidean path integral (or partition function) ZZ\L%\/[ of a non-abelian Lie group G is

Z¥y = / [Da] exp (— Symolal) =

/[Da] exp (= Sywml[a]) exp (— Sp[a]) = /[Da] exp | — / 912TrFa ANxF, + / %TrFa NFy |, (1.1)

with the standard notations, where readers who are unfamiliar about the notations can access this infor-
mation from our footnote.?

! We denote nd for an n-dimensional spacetime. We denote m + 1D for an m-dimensional space and 1-dimensional time.
We denote mD for an m-dimensional spatial object.

2 Here a is locally the 1-form SU(N)-gauge field connection obtained from parallel transporting the principal-G' bundle
over the spacetime manifold M*. Locally a = a, dz" = a, T dz" with T is the generator of Lie algebra g for the gauge
group (G), constrained by the commutator [To‘,Tﬁ] = if*®7T7, where f**7 is a fully anti-symmetric structure constant.
Locally dz* is a differential 1-form, the x4 runs through the indices of coordinate of M*. Then a, = a, T is the Lie algebra
valued gauge field, valued in the adjoint representation of the Lie algebra. The [Da] is the path integral measure, for a
certain configuration of the gauge field a(t, ) over the spacetime (¢,x). The path integral measures f[Da] integrated over all
allowed gauge inequivalent configurations, where gauge redundancy is removed or mod out later. The integration is under
a weight factor exp ( - SYM_,_g[a}). The g is YM coupling constant. The F, = da — ia A a is the G-gauge field strength or
curvature, while d is the exterior derivative and A is the wedge product; the xF, is F,’s Hodge dual. The Tr (F, A xFy) is
the Yang-Mills Lagrangian [2] (a non-abelian generalization of Maxwell U(1) gauge theory). The Tr denotes the trace as an
invariant quadratic form of the Lie algebra of gauge group G. Under the variational principle, YM theory’s classical equation
of motion (EOM) is non-linear. The #-topological term in physics (8%Tr Fa A Fo) = 0(—ca2 + 5¢7) is formally related to the
second and first Chern classes, with c3(E) = — 25 Tr(Fu A Fu) + 523 (TrFa) A (TrF,) for the E-gauge (complex vector) bundle,
where ¢1(F) = “f’l = 0if G = SU(N). This path integral is sensible for physicists, but may not be precisely mathematically

2
well-defined. We will also point out how to grasp the meaning of YM path integral on unorientable manifolds in Sec. 2.




The YM without any Chern-class topological term, say the 4d SU(N)y—g theory (6 = 0 in Eq. (1.1) and
footnote 2), has a trivially energy gap and is in the confinement phase [3], with no 't Hooft anomaly [4].
Recently, Ref. [5] discovers that for SU(N)-YM with a second Chern-class topological term at 6 = ,
denoted the 4d SU(N)y—, theory, there is a subtle 't Hooft anomaly [4] of the generalized global symmetries
[6] of the mixed types at an even integer N, mixing between a linear 0-form time-reversal global symmetry
(say ZT) transformation and quadratic 1-form Zy-center global symmetry (say ZeN,[u) transformations.?
Intuitively speaking, since the 4d 't Hooft anomaly is captured by a 5d topological term through the
anomaly inflow [7], schematically, Ref. [5] suggests an analogous 5d form of topological term:

~ TBB. (1.2)

Where T implies a “1-form background field” for time-reversal symmetry Z2' transformation and B = By

implies a 2-form background field for 1-form center symmetry Zle\l,[l] transformation.

Further recently, Ref. [8] suggests that there are additional new higher 't Hooft anomalies for some
4d SU(N)g—, theories at even N: From one perspective, Ref. [8] suggests that, at N = 2, there is a
mixed anomaly of a cubic power of O-form ZZ time-reversal symmetry transformation and a linear 1-form
ZeN’[l]—center symmetry transformation. Schematically and intuitively, Ref. [8] suggests an analogous 5d
topological term to capture a new higher 't Hooft anomaly:

~TTTB. (1.3)

From another perspective, Ref. [8] suggests that 4d SU(N)g—, at an even integer N > 4 contains new
mixed anomalies mixing between Zg, VAS 0 and a O-form charge conjugation (a Zy outer-automorphism)
symmetry. Schematically, Ref. [8] suggests new analogous 5d topological terms to capture new higher ’t

Hooft anomalies:

~ TAAB, (1.4)
~ TTAB.

Here A implies a “l-form background field” for 0-form ZQC charge conjugation or outer-automorphism
transformation. Other notations follow earlier statements. In the following, we will make the above
schematic 5d topological terms Eq. (1.2), Eq. (1.3), Eq. (1.4), and Eq. (1.5) mathematically precise, by
following the setup in Ref. [8] and Ref. [9].

The above 5d topological terms can be regarded as the semi-classical partition functions (definable on
closed 5-manifolds with appropriate structures) whose functional values depend on the couplings to global
symmetry-background probed fields. In the present work, we will further dynamically gauge the higher
1-form symmetry Zf\l,[l associated to the coupled systems of 4d YM and 5d topological terms above, in
order to transform these 5d “short-range entangled” topological terms into a 5d “long-range entangled”
topological quantum field theory (TQFT). Then, to the punchline of our work, we apply the methods
developed in Refs. [10,11] and [12] to analytically compute the physical observables of the higher-gauge 5d
TQFTs with dynamical 2-form gauge fields. The physical observables of 5d TQFTs include, for example,
(i) the partition functions Z[M?®] on closed manifolds M°, (b) braiding statistics of anyonic strings and
anyonic branes (whose spacetime trajectories forming 2-worldsheets and 3-worldvolumes, respectively) and
link invariants of these 2-surfaces and 3-surfaces in a spacetime 5-manifold. We uncover new spacetime
braiding process and link invariants, including a triple-linking, its quadratic enhancement, and a quadruple
linking analogous to previous works in [10,11,13-15], except that we are now studying the phenomena in
a higher dimensional spacetime in 5d.*

3When we say “symmetry” in this article, we always mean “global symmetry,” unless we state explicitly otherwise. (We
hardly mean gauge symmetry, since it is only a redundancy.)
4 Here we comment on the physical and mathematical meanings of fractional statistics or non-abelian statistics associated



to the spacetime braiding process for 0D anyonic particles, 1D anyonic strings or 2D anyonic branes, or other extended
objects, etc. Note that in the below discussions, we take a generalized definition of “anyonic.”
e In a more restricted definition, “anyonic” means the self-exchange statistics can go beyond bosons or fermions [16].
e In our generalized definition, “anyonic” means that either self-exchange statistics (of identical objects) or the mutual statistics
(of multiple n distinguishable objects, where n can be 2, 3, 4, or more) can go beyond bosonic or fermionic statistics.
— In 3d (2+1D) spacetime M3, braiding statistics of particles can be fractional (such as the exchange statistics of two
identical particles, or mutual statistics of two different particles) which are called anyonic particles (see an excellent historical
overview [16]). As an example, this can be understood from a 3d TQFT Chern-Simons action with local 1-form gauge field
a integrated over a spacetime 3-manifold M?>

~ / ar daJ

M3

which modifies the quantum statistics of particle worldline whose open ends host the anyonic particles.

— In 4d (341D) spacetime M*, braiding statistics of particles cannot be fractional as the two 1-worldlines cannot be
intrinsically linked in 4d. Thus there is no anyonic particle and no fractional particle statistics (beyond bosons or fermions)
in 4d. However, braiding statistics of strings can be fractional which we may call anyonic strings. As an example, this can
be understood from a 4d TQFT term with local 1-form gauge field a and 2-form gauge field b, as

N/ bda
M4

which modifies the mutual quantum statistics of a 0D particle from 1-worldline a linked with a 1D string from 2-worldsheet
b in 4d spacetime.

anyonic strings and anyonic branes. Since particle cannot carry fractional charge in 4d, we can interpret as the anyonic
string carry fractional flux in 4d. Another way to interpret the fractional statistics of anyonic strings, is through the
dimensional reduction picture from 4d to 3d, where we can see that the anyonic strings can become anyonic particles in the
dimensionally reduced 3d through an S' compactification, where the closed anyonic strings wrap around the compact S' —
see demonstrations in the earlier work [17-19] on such 4d-to-3d dimensional reduction interpretation on braiding statistics.
From the field theory side, these additions of 4d TQFT terms with local 1-form gauge field a, as

~/ araydag, ~/ arajaKar,
M4 M4

can modify the braiding statistics of strings, see the formulations in [10,11,20-24]. See the relations between Dijkgraaf-
Witten’s group cohomology gauge theory [25] and these TQFTs discussed in [10,11,20]. Besides, a 4d TQFT term with local
2-form gauge field b can be still made gauge invariant with

~ / brbs,
M4

which can restrict the particle (worldline) must be attached to strings (worldsheet), see the formulations in [6,11,26].
— In 5d (441D) spacetime M?, for example, we can have a self or mutual coupling type of 5d TQFT term with local 2-form

gauge fields b, by, by, etc.,
~ / bdb, ~ / brdby.
M5 M5

The self coupling term [ 5 0db actually follows the restricted definition [16] to introduce new “anyonic” string, which means
the self-exchange statistics of string can go beyond bosonic or fermionic statistics. The mutual coupling term | s brdby obeys
our generalized definition, “anyonic” means that mutual statistics (of distinguishable 1D strings) can go beyond bosonic or
fermionic statistics. Both terms modify the quantum statistics of string worldsheet whose open ends host the 1D anyonic
string.

We can have another Aharonov-Bohm like topological term with local 1-form gauge field a and 3-form gauge field c.

~ cda,
M5

which we interpret that the 0D particle from 1-worldline a is not anyonic (with an integrally quantized charge), but the 2D
brane from 3-worldvolume (with a fractional “generalized flux”), can be anyonic branes. Again we can also let an anyonic
brane become anyonic particles in the dimensionally reduced 5d to 3d through an T2 compactification, where a closed anyonic
brane wraps around the compact T2 generalizing the idea of [17-19].



The analogous phenomena happen in various dimensions.”

Now let us take a step back to digest the physical meanings of these 5d topological terms Eq. (1.2)-
Eq. (1.5). The dd 't Hooft anomaly of ordinary 0-form global symmetries is known to be captured by a
(d + 1)d invertible topological field theory® (i.e., iTQFT, or the so-called (d 4 1)d Symmetry-Protected
Topological State [SPTs| in condensed matter physics, see recent reviews [27-30]). For a short account of
the recent development on the relations between SPT terms and response probed field theories/partition
functions, we should mention that these have been systematically studied, selectively, in [20,31-36] (and
References therein), and climax to the hint of cobordism formulation/classification of SPTs pointed out
by [37,38].

Recently the iTQFTs and SPTs are found to be systematically classified and computed by a powerful
cobordism theory framework of Freed-Hopkins [39], following the earlier work of Thom-Madsen-Tillmann
spectra [40,41]. Further recently, Ref. [9] generalizes the above Thom-Madsen-Tillmann-Freed-Hopkins
cobordism theory [39-41] to include the higher-form and generalized higher global symmetries [6]. So,
the generalized cobordism group computation of Ref. [9], which involves the bordism group of higher
classifying spaces and their fibrations, e.g. BG, can capture the dd higher 't Hooft anomaly of generalized
global symmetries G by (d+ 1)d bordism invariants (again, certain more general iTQFTs). Similar earlier
or recent pursuits on a systematic framework to obtain higher-SPTs, higher-anomalies and higher-gauge
theory through cobordism theories or cohomology theories include the pioneers and the recent works
of [42-51] and citations therein.

In other words, we should be able to identify the 4d anomalies of Eq. (1.2)-Eq. (1.5) and their cor-
responding 5d topological terms as mathematically precise 5d bordism invariants,” or equivalently 5d
higher-SPTs in condensed matter terminology. The goal of this Introduction Sec. 1 and Sec. 2 are first to
summarize some of the results obtained in Refs. [8] and [9], then introduce additional new results obtained
in this work.

1.1 The Outline and The Plan

Here are the outlines of the goals of our present work and the plan of our article.

e Sec. 2 — By identifying these 5d bordism invariants and 5d higher-SPTs that couple to 4d SU(N)y—, YM
theory (especially at N = 2) thanks to higher-anomaly matching, as illustrated in Figure. The anomaly
matching is of course done in a non-perturbative exact analytical way. This issue is addressed in Sec. 2.

SThere are many other terms allowed to be added in 5d and in higher dimensional TQFTs, see [20].
Note that in the above case, when we have a Aharonov-Bohm like topological term of

/cmdcn ~ /cndcm

(see [11]), say we have local n and m-differential forms with n < m, we always take the higher-dimensional object from the
cm-field to have fractional statistics (the analogs of fractional flux), while we take the lower-dimensional object from the
cn-field to have a regular statistics (the analogs of integrally quantized charge).

5 By invertible topological field theory (iTQFT), physically it means that the absolute value of partition function |Z| = 1
on any closed manifold. Thus whose Z can only be a complex phase Z = e'?, which can thus be inverted and cancelled by
e~ 1% as another “inverse” iTQFT.

" For the mathematical terminology, we call:

e the bordism group generators as the manifolds or manifold generators, which generate finite Abelian groups, e.g., Z,,.

e the cobordism group generators as the topological terms or iTQFTs, which generate Abelian groups, e.g., Z,, or Z, etc.

e the co/bordism invariants (people call bordism invariants as cobordism invariants with the same meaning) mean that they
are invariant under the bordism class of manifolds; thus co/bordism invariants mean the topological terms or iTQFTs, which
again generate Abelian groups, Z,, or Z, etc.



e Sec. 3 — Clarify and enumerate the possible distinct classes of 4d SU(2)p—, YM theories. Here we
focus on their high-energy UV (ultraviolet) completion (such as on a lattice, by quantum many-body or
condensed matter systems) requires only the bosonic systems, instead of fermionic systems. These types of
YM theories, we may call them the bosonic YM theories. As we will find later these bosonic YM theories
still can allow Wilson line operators as worldlines of particles being (1) either bosonic or fermionic in
quantum statistics, (2) either Kramers doublet or Kramers singlet under the time-reversal symmetry. We
will see that this result supplements as a partial classification of 4d SU(2)g—, bosonic YM theories. We
apply the tools in Ref. [36] to understand the relation between gauge bundle constraint, the properties of
line/surface operators towards the classification of gauge theories. This issue is addressed in Sec. 3.

In fact, from Sec. 2 and Sec. 3, we will see that there are at least four closely related 4d SU(2)p—, non-
supersymmetric pure YM theories (which we nickname the “Fantastic Four Siblings” of 4d SU(2)p—, YM
theories) with a bosonic UV completion say on a lattice. Each of them carries distinct 4d 't Hooft anomaly,
thus they correspond to four distinct 5d higher-SPTs. The four distinct 5d higher-SPTs labeled by four
distinct 5d bordism invariants, are actually the physical analogs of 5d (4+1D) one-form-center-symmetry-
protected interacting topological superconductors in a condensed matter language. In short, there are
also four distinct (“Fantastic Four Siblings”) of 4d SU(2)p—, YM-5d-higher-SPTs coupled systems.

e

e Sec. 4 — We dynamically gauge the 1-form center symmetry ZN,[l]? such that this procedure turns the 4d
SU(N)p=r YM-5d-higher-SPTs coupled systems in [8] into a 4d PSU(N)p—, YM-5d-higher-SETs coupled
systems. The SETSs stands for the symmetry-enriched topologically ordered state (SETS), see the overview
of such states in comparison with SPTs in [29,30] or the footnote.® In particular, we focus on N=2 case,
this dynamically gauging procedure turns the 4d SU(2)g—, YM-5d-higher-SPTs coupled systems in [8]
into a 4d SO(3)p=, YM-5d-higher-SETs coupled systems. This issue is addressed in Sec. 4.

e Sec. 4 and Sec. 5 — We then explore the detailed properties of various 5d higher-SETs obtained in
Sec. 4. The 5d higher-SETs are actually 5d time-reversal symmetric higher-TQFTs with (emergent)
2-form dynamical gauge fields. Thus they are also 5d higher-gauge TQFTs (including at least 2-form
gauge fields). We mainly focus on the “Fantastic Four Siblings” of 5d higher-SETs, although we also
consider other highly relevant exotic 5d higher-SETs. To characterize these 5d time-reversal symmetric
higher-gauge 2-form TQFTs, we compute and derive their properties:

1. Partition function Z[M?®] without extended operator (1-line, 2-surface, 3-submanifold) insertions on
5-manifold M®. We compute Z[M?] following the techniques and tools built from [11] and [12]. This
issue is addressed in Sec. 4.

2. Topological ground state degeneracy (the so-called topological GSD) on a spatial M*, obtained from
computing Z[M* x S']. We compute Z[M?®] following the techniques and tools built from [12]. This
issue is addressed in Sec. 4.

3. Braiding statistics of anyonic 1D string/2D branes, etc. And the associated link invariants of the
spacetime 2-worldsheet/3-worldvolume, etc. To achieve this goal, we compute the path integral
Z[M°; W, U, ...] with submanifold extended-operator insertions (W, U, ...), following the techniques
and tools built from [10,11, 14, 15]. This issue is addressed in Sec. 5.

e Sec. 6 — We provide the exemplary spacetime braiding process of anyonic string/brane in 5d, and the

8 Symmetry-Protected Topological State (SPTs) is a short-ranged entangled (SRE) quantum state defined on a lattice
(UV complete such as on a triangulable manifold or a simplicial complex) — once we break global symmetry, SPTs can be
deformed to a trivial product state under local unitary transformation. Symmetry-enriched topologically ordered state (SETs)
is a long-ranged entangled (LRE) quantum state defined on a lattice (UV complete such as on a triangulable manifold or a
simplicial complex) — even if we break all of global symmetries, SETs cannot be deformed to a trivial product state under
local unitary transformation. SETs have the same LRE nature as topologically ordered states. See recent reviews [27-30].



link configurations of extended operators, which can be detected by the link invariants that we derived in
Sec. 5.

e Sec. 7 — We come back to make more comments on the 4d SO(3)g—, YM, which lives on the boundary
of 5d-higher-SETSs. In particular, we re-examine these 4d SO(3)g—, YM-5d-higher-SETs coupled systems
in Sec. 4.

e Sec. 8 — We construct the lattice regularization and UV completion of some of our systems. This includes
a lattice realization of 5d higher-SPTs and higher-gauge SET's by implementing on 5d simplicial complex
spacetime path integral, and a 441D “condensed matter” realization on the spatial Hamiltonian opera-
tor. We also provide a lattice regularization of (1) higher-symmetry-extended and (2) higher-symmetry-
preserving anomalous 3+1D topologically ordered gapped boundaries by generalizing the method of [52].

e Sec. 9 — We conclude and make connections to physics and mathematics in other perspectives.

Before we proceed to the detailed discussions in the main text, we first give a quick overview on more
colloquial and pedestrian summaries in terms of schematic descriptions and Table 1, in Sec. 1.2. Readers
who are not familiar certain mathematical information or physical motivations may seek for additional
helps from Refs. [36] (and its Appendices), [8] and [9].

1.2 Summaries and Tables

As we mention, in Sec. 2 and Sec. 3, we will see that there are at least four closely related 4d SU(2)p—
non-supersymmetric pure YM theories (nicknamed the “Fantastic Four Siblings” of 4d SU(2)p—, YM
theories) with a bosonic UV completion. All of them carry distinct 4d higher 't Hooft anomaly, thus
they correspond to four distinct 5d higher-SPTs labeled by four distinct 5d bordism invariants, (physical
analogs of 5d (4+1D) one-form-center-symmetry-protected interacting “topological superconductors” in
a condensed matter language.?) Here we advertise these results in a colloquial and pedestrian manner.

1. The 1st sibling of 4d SU(2)g—, with Kramers singlet (T? = +1) bosonic Wilson line has the 4d
anomaly /5d bordism invariant schematically as:

~w (TM)BB, (1.6)

with wy (T'M) the Stiefel-Whitney (SW) class of spacetime M’s tangent bundle T'M. Mathematically
precisely, w1 (TM)BB is given by 3w (T M) U P(B), explained in [8] and later sections.

2. The 2nd sibling of 4d SU(2)y—, with Kramers doublet (T2 = —1) bosonic Wilson line has the 4d
anomaly/5d bordism invariant schematically as:

~ w1 (TM)BB + w;(TM)>B. (1.7)

3. The 3rd sibling of 4d SU(2)p—, with Kramers singlet (7% = +1) fermionic Wilson line has the 4d
anomaly /5d bordism invariant schematically as:

~ wl(TM)BB—i—wg(TM)B. (1.8)

9 In condensed matter, “topological superconductors” refers to electronic systems with time-reversal symmetry but without
U(1) electron charge conservation symmetry (see an overview [28,29]), for example due to the Cooper pairing breaking U(1)
down to a discrete subgroup or down to nothing.



4. The 4th sibling of 4d SU(2)g—, with Kramers doublet (72 = —1) fermionic Wilson line has the 4d
anomaly/5d bordism invariant schematically as:

~ w1 (TM)BB + w(TM)3B + ws(TM)B. (1.9)

All these anomalies that we discussed above are the mod 2 non-perturbative global anomalies, like the
SU(2) anomalies [53,54]. We remark that our investigations on Kramers time reversal properties and
bosonic/fermionic statistics of line operators (for non-abelian gauge theories here) give rise to a further
refined “classification” of gauge theories somehow beyond the previous framework of Ref. [55] and [6].
(See Ref. [56,57] for the case of abelian U(1) gauge theories. See also [58] and [59] for other examples of
non-abelian gauge theories.)

A schematic illustration of 4d SU(2)g—, Yang-Mills theory (YM)-5d short-ranged entangled (SRE)-
higher-SPTs coupled systems is shown in Fig. 1. See Table 1 for a short summary for these “Fantastic
Four Siblings” of 4d SU(2)p—, YM theories and coupling to 5d systems, and their physical properties. See
Table 2 for a summary of 5d TQFT’s link invariants and link configurations, and references/hyperlinks to
their Sections.

(a) | (b) |
4d SU(2)p=r YM d SO(3)p=r YM
w higher—?t Hooft anomady i

3 Gauging |1-form Zg,[l] center symmetry

3d higher-SPT or iTQFT 5d SET or TQFT
(5d SRE state) (5d LRE state)
g z k z
) Y

Figure 1:

(a) Schematic illustration of 4d-5d coupled system: SU(2)g—, Yang-Mills theory (YM)-5d short-ranged
entangled (SRE)-higher-SPTs (invertible TQFT) coupled systems studied in Ref. [5] and [8]. We revisit
the system and follow the mathematically notations prescribed in [8]. We find “Fantastic Four Siblings”
of such systems with bosonic UV completion, summarized in Table 1. Locally we use z,y, z (and the time
t) to label the spacetime coordinates of 4d (3+1D) YM, and we introduce an extra w to label an extra
spacetime coordinate of 5d higher SPTs.

(b) Schematic illustration of 4d-5d coupled system: 4d SO(3)p—, Yang-Mills theory (YM)-5d long-ranged
entangled (LRE)-higher-SETs (higher-gauge TQFT with 2-form gauge fields) coupled systems obtained
via gauging 1-form ZS»[H center symmetry for the whole bulk-boundary system in Fig. 1 (a). We study
“Fantastic Four Siblings” of such 5d SET systems with bosonic UV completion, summarized in Table
1. Locally we use z,y, 2z (and the time t) to label the spacetime coordinates of 4d (3+1D) YM, and we
introduce an extra w to label an extra spacetime coordinate of 5d higher SETs.

See also Fig. 16.




“Fantastic Four Siblings” of 5d SRE-higher-SPTs-4d SU(2)y—, YM coupled systems

and their gauged analogous

“Fantastic Four Siblings” of 5d LRE-higher-SETs-4d SO(3)s—, YM coupled systems

(i). 5d higher-anomaly polynomial
(5d bordism invariants of Q9 (B2Z,))
involving 1-form center Z;m
time-reversal ZZ-symmetries

5d iTQFT / SPT partition function :
V)

5d TQFT / SET path integral :
d
V)

(ii). 4d SU(2)p=r YM obtained via
dynamical gauging 4d SPTs
(4d bordism invariants of Q§")

G’ for a group extension:
1—=SU(2) -G — 0(d) — 1.

Gauge and spacetime
bundle/connection constraints

Wilson line operator W properties

(iii). 5d-spacetime-braiding process
of anyonic-1D-strings/2D-branes
from 2-worldsheet and 3-worldvolume
of 5d Higher-Gauge TQFTs/SETs:
Path-integral Z[M?, Link]/Z[M?]
= (Link)

New 5d Topological Link Invariants

1st system (K; =0,K3=0):
191 (TM)UP(B)= BSq'B +Sq°Sq' B

Eq. (3.2)

G’ = O(d) x SU(2) in Eq. (3.6)

wa(Vpsu(z)) = B

~ wlBB
iTQFT: ZSPT( )[ °] of Eq. (2.19)
TQFT: Z3y , , [M7] of Eq. (4.1)

Kramers singlet (7% = +1) bosonic W

3 3
E) ﬂVU<)ﬂVU())
E’]'-‘lk’u) BB(E§(722U()’EU( 1))

2nd system (K; =1,K, =0):
11 (TM)UP(B) + w (TM)*B
= BSq'B + wao(TM)Sq' B
~wy BB+ (w)®B

iTQFT: ZSPT(1 0 [M?] of Eq. (2.19)

TQFT: Zé%T(l,O) [MP®] of Eq. (4.1)

Eq. (3.2)

G' = E(d) xz, SU(2) in Eq. (3.8)

wy(Vpsu(z)) = B+ w1 (TM)?

Kramers doublet (T2 = —1) bosonic W

Eq. (5.96)

s#(VE, NEE,)
5
= %Lkv(m)dB(EQUh’ E%]b)

3rd system (K; =0,K,=1):
1w, (TM)UP(B) + ws(TM)B
= BSq'B + w, (TM)?Sq'B
~ w1 BB +w3B

iTQFT: Z3hy, | [MP] of Eq. (2.19)

TQFT: Zg%T(O,l)[M‘L”] of Eq. (4.1)

Eq. (3.2)

G' = Pin™ (d) xz, SU(2) in Eq. (3.10)

wa(Vpsu(z)) = B + w2 (TM)

Kramers singlet (T? = +1) fermionic W

#(g/;ém NV, NE)
- lewlwl dB(Zg((i) ’ E%((“) ) E%})

4th system (K; =1,Ko,=1):

L@y (TM)YP(B) + wi(TM)*B + w3 (TM)B

= BSq'B
~ U}lBB + (wl)?’B + ’wgB

Eq. (3.2)

G' = Pin~(d) xz, SU(2) in Eq. (3.12)

iTQFT: ZSPT( [M?®] of Eq. (2.19)

wa(Vpsu(z)) = (B+
w1 (TM)? + w2(TM))

TQFT: Z3%y,, , [MP) of Bq. (4.1)

Kramers doublet (72 =

—1) fermionic W

#(V3, N2E,)
= (5%, )

Table 1:

A short summary of some results obtained in our work for the “Fantastic Four Siblings’

’ of 4d pure non-

supersymmetric SU(2)p—, YM theories or SO(3) YM theories, and for the 4d-5d-SPT coupled systems or 4d-5d-higher-SET

coupled systems.
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Section and Link Invariant

Link Configuration Intersecting Number Configuration

Sec. 5.1 and Sec. 6.2 #(VENVZ NV3 ) =Tk (5%, 53,5 )

Sec. 5.2.2, Sec. 5.4 and Sec. 6.3: #(VE nVi nx2) =TIk
X() X (i)

wilwy dB

(Z?))((l) ) E%{(,,) ? Z2U)

Sec. 5.2.1 and Sec. 6.4: #(Vit, NVE, NVE NV = QO (S5 Tk, S T0)

Sec. 5.3, Sec. 5.4 and Sec. 6.6: #(V3, N ¥%)

E?JVE%T’)

’LU

Sec. 6.7: #( VX() N E}( p N Vi) = le(AdA)B Eg{() Eg{(u) £0)

X
N

Table 2: Link invariants and link configurations of 2-worldsheet and 3-worldvolume from the “anyonic”-1D-Strings/2D-
Branes’ spacetime braiding process in 5d TQFTs, here 5d higher-gauge time-reversal SETs in Sec. 5 and 6.




2  4d SU(2)y-, Yang-Mills Gauge Theories coupled to the Boundary of
5d SPTs/Short-Range Entangled Invertible-TQFT's

2.1 Derivation of New Higher-Anomalies of SU(2) Yang-Mills at § =«

We start with SU(2) Yang-Mills theory with = 7, denoted SU(2)yp—,. The Euclidean action Sg is

. .
SE[M4]:/ TrF/\*F—”T/ TtF A F. (2.1)
M4 M4

g2 87r2

Since the anomaly is a renormalization group flow invariant, in the following discussion, the kinetic term
which is proportional to the running coupling constant 1/¢? will not play a role. Hence we only consider
the theta term (the second term involving §TrF A F'). To probe the anomaly, we turn on the background
gauge fields B for the ng[l} 1-form symmetry. Here B is a Zs 2-form gauge field, with fEB = wZ for
any closed surface Y, and it is related to the 2-cochain B via B ~ 7B, and we also convert the wedge
product “A” to the cup product “U.” To couple the SU(2)AYang—Mills to the background gauge field B,
one promotes the SU(2) gauge field b to a U(2) gauge field b, and the theta term at 6 = 7 reads'’

T ~ ~
o [ (F-Bi) A (F-BL) 2.2

8m2 Jy r 2 2 (2.2)
where F' = db— ibAb is the U(2) field strength, and I3 is the two dimensional identity matrix. To restore
the SU(2) gauge field, the U(2) field strength should satisfy the gauge bundle constraint

TtF 2B
wa(Vpsu(z)) = w2(Vsos)) = 5. =3, = 8 mod2. (2.3)
7r 2m
Here wa(Vpsu(2)) = w2(Vso(3)) is the Stiefel-Whitney class of the associated vector bundle of the PSU(2) =
SO(3) (the principal gauge bundle of PSU(2) = SO(3)).

To activate the background field for the time reversal symmetry, we formulate Eq. (2.2) on an un-
orientable manifold M?. On an unorientable manifold, the top differential form is not well defined, due
to the lack of the volume form whose definition needs an orientation. To make sense of Eq. (2.2) on an
unorientable manifold, we apply the 1st and the 2nd Chern classes of the associated vector bundles of
U(N) (which we denote as c;(Vyy(ny) for the jth Chern class for the principal gauge bundle of U(N)):

TrF
Cl(VU(N)) = “or (2.4)
1 ~ 1 ~ ~ '
co(Vumy) = —@Tr(F AF)+ ?(TrF) A (TrF).

Here P = P is the Pontryagin square. Replacing #Tr(ﬁ AF ) by % — ¢9, Eq. (2.2) is rewritten as

71./ (W — CZ(VU(2)) — %B Uep (VU(Q)) + 73(43)> (25)
M4

On an unorientable manifold M = M*, w; (T M) is nontrivial and one can consider it as the background
gauge field for the time reversal symmetry. This allows us to modify the gauge bundle constraint Eq. (2.3)
by an additional term Kjwi(TM)?, with K; =0, 1.

10 The topological term for the Euclidean action Sg,iopotogicat in the Euclidean partition function Z = exp(—S, topological)
contains a factor of imaginary i, namely Sg = —i(...) in Eq. (2.1). However, by converting exp(—Sg) = exp(iS), we have
the following “Minkowski” S in Eq. (2.2).

12



Furthermore, we also activate the term Kows(T M) with Ko = 0, 1, since the underlying manifold does
not necessarily allow a Spin/Pin structure. In summary, there are four choices of gauge bundle constraints

wz(VpSU(g)) = wQ(Vso(3)) = Cl(VU(Q)) =B + K1w1 (TM)2 + KQZUQ(TM) mod 2, KLQ S ZQ . (26)

The value of Kj 2 has physical consequences: when K; = 0,1, the SU(2) charge is Kramer singlet (T2 =
+1) or Kramer doublet (7? = —1) under time-reversal transformation; when K = 0,1, the SU(2) charge
is a boson (quantum spin as an integer) or a fermion (quantum spin as a half-integer). (More details
about the Wilson line properties are derived in Sec. 3.)

Since the time reversal and 1-form Z§ 0 symmetry background gauge fields are activated, we would like
to check whether the action Eq. (2.5) is gauge invariant. Failure to be gauge invariant implies the existence
of 't Hooft anomaly for the global symmetries. Under the 1-form background gauge transformation

B — B+, (2.7)
c1 also transforms ¢; — ¢; + 9\ due to the gauge bundle constraint Eq. (2.6). The variation of the theta

term Eq. (2.5) is

1 1

w/ oAU (V) + PONY 7r/ —6AU (B + Sq' A + Kyjw (TM)? + Kowo(TM)) |.  (2.8)
e \ 2 4 e \ 2
The right hand side of Eq. (2.8) does not vanish.

To interpret such non-invariance as a 4d higher-anomaly (associated to a 5d bordism invariant, or
physically to a 5d higher-SPTs, given in [8] and [9], more in the next subsection 2.2), we need to examine
Eq. (2.8) can not be cancelled by adding 4d counter terms of the background gauge field. The 4d counter
terms that we can add to the action are the topological terms characterizing 4d SPTs, whose general form
are

Tr /M4 <L217><B> + Lowz(TM)? + Lywi (TM)* + Lywi (TM)?B + Lswy(TM >B> : (2.9)

where Ly € Z4, and Lj € Zy for j = 2,3,4,5 characterize distinct 4d (higher-)SPT phases. These 4d
(higher-)SPTs topological terms have been classified in Ref. [8,9] via a generalized cobordism theory for
higher global symmetries. Under the 1-form gauge transformation Eq. (2.7), the variation of Eq. (2.9) is

T / SAU (LlB + L1Sq* A + Lywy (TM)? + L5w2(TM)> (2.10)
M4

which does not cancel Eq. (2.8). We conclude that there is indeed a higher 't Hooft anomaly involving
the time reversal O-form ordinary global symmetry and the Z3 1 1-form center global symmetry.

2.2 Proof of Anomaly Matching of 5d-4d Inflow and Cobordism Group Data

In this section, we propose that the nontrivial variation Eq. (2.8) is cancelled by a 5d anomaly polynomial

w/ (B USq'B +Sq*Sq' B + Kyw (TM)? U B 4 Kows(TM) U B) : (2.11)
M5

The last two term terms are new higher 't Hooft anomalies in 4d, which we will explain.

We prove and explain the 5d anomaly polynomials from two complimentary perspectives:
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1. From the mathematical perspective, we compare Eq. (2.11) with the bordism group data given in [8]
and [9]. Since the global symmetries of 4d SU(2)g—, YM theory that we concern include only ZI

0-form time-reversal and Z;,U] 1-form center symmetry, we apply the cobordism classification of

5dSPTs/4d anomaly via the 5d bordism group
09 (B?Z,) = Z3. (2.12)

Hence there are four independent generators of the bordism group Q (B2Z5) of degree two, which
we enumerate below

BSq!'B,

Sq2Sq' B = (wo(TM) 4 w1 (TM)*)Sq' B = (w3(TM) +wi (TM)*)B,
w1 (TM)?*Sq' B = w1 (TM)?B,

wo(TM)ws(T'M).

(2.13)

Clearly, our proposal Eq. (2.11) is a bordism invariant based on an appropriate linear combination
of Eq. (2.13), which specifies a 5d higher-SPT and 4d anomaly by a 5d topological term:

exp [m/ <BsqlB + (1 + K32)Sq*Sq' B + (K1 + Kg)wl(TM)SB> (2.14)
M5

2. From the quantum field theoretical perspective, we match the anomaly of the 4d SU(2)g—, YM
theory Eq. (2.8) with the anomaly inflow from the 5d SPTs Eq. (2.11) (or equivalently Eq. (2.14)).
This will be demonstrated explicitly below.

To show that Eq. (2.11) is the correct 5d anomaly polynomial, we consider the gauge transformation
Eq. (2.7) and examine, when M® has a boundary OM® = M* whether the variation of Eq. (2.11) is
cancelled by the higher 't Hooft anomaly of the SU(2)g—, YM theory. Under Eq. (2.7), the variation of
Eq. (2.11) is

T / <5/\Sq1B2 + B2Sq 0\ + 0ASq SN + Sq?Sqt oA + Kyw (TM)36X + ngg(TM)é/\> . (2.15)
M5
Let us simplify the first four terms in Eq. (2.15).

T / <5AsqlB + BSq'0\ + 6ASqloN + sq28q15A> =7 / (Sql(éAB) + %Sql((”\&)\) + Sq2Sq15/\>
M5 M5
=7 / <Sq1(5)\B) + 1Sq1(5)\5/\)> =7 / Lsau <B + Sql)\>,
M5 2 M4 2

where in the second equality we used § = 2Sq! or %5 = Sq', and discarded the last term on the first line
since Sq'Sq' = 0. Therefore, we have shown the first two terms in Eq. (2.15) cancel the first two terms
in Eq. (2.8).

(2.16)

To show that the last two terms in Eq. (2.15) cancel the corresponding last two terms in Eq. (2.8), we
perform integration by parts which allows us to write the 5d terms as 4d terms:

7'('/ <K1w1(TM)35)\ + KQ’LUg(TM)(SA) = 71'/ AU (Klwl(TM)3 + KQ'IU3(TM)) . (2.17)
M5 M4
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To show Eq. (2.17) matches the anomaly in Eq. (2.8), we manipulate the 4d terms as follows

™

5 / SAU <K1w1(TM)2 + thUg(TM)) =7 [ Sq'auU <K1w1(TM)2 + ngQ(TM)>
M4 M4

= 7'(‘/ Sql ()\ U (Klwl(TM)2 + KQ’(UQ(TM))) + 7T/ AU (ngl(TM)wg(TM) + KQ’LUg(TM))
M4 M4

m /M4 AU (Klwl(TM)3 + 2Kyw, (T M)wy(TM) + ngg(TM)>

=7 /M4 AU (Klwl(TM)3 + Kng(TM)> .
(2.18)

The last line precisely cancels Eq. (2.17). This demonstrates the matching of the anomaly. Namely, we
have shown all four terms in Eq. (2.15) from the 5d higher-anomaly polynomial (or 5d higher-SPTs),
matches the 4d higher-anomaly in Eq. (2.8) of the SU(2)p—, YM theory.

2.3 5d SPTs/Bordism Invariants whose Boundary allows 4d SU(2)y_, YM

Using the bordism group data and the identities given in Ref. [8] and [9], we can rewrite the 4d higher-
anomalies and 5d higher-SPTs/bordism invariants/anomaly polynomials Eq. (2.11) and Eq. (2.14) in
various equivalent ways

ZH1 e, 1M

= exp ( / %wl(TM) UP(B) + Kyw (TM)*B + ngg(TM)B> (2.19)
= exp ( M5 15 (P2(By)) + Kywi (TM)?Sq' B + ngg(TM)SqlB>

= exp ( BSq B +8q¢?Sq' B + Kywi (TM)?Sq' B + ngz(TM)SqlB>

= exp ( BSq B + (wo(TM) 4 w1 (TM)*)Sq' B + Kywi (TM)*Sq' B + szg(TM)SqlB>

= exp ( BSq B+ (1+ K)w (TM)?Sq'B + (1 + Kg)wg(TM)Sq1B> (2.20)
= exp ( BSq B+ (w3(TM) 4+ wi(TM)*)B + Kyjw (TM)?B + szg(TM)B>

= exp( BSq B+ (14 Ki)w (TM) B+(1+K2)w3(TM)B>.
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3 Classification of 4d SU(2)y—, Yang-Mills theories: Bosonic UV com-
pletions

In this section we aim to better digest the constraints between the Eq. (2.6), the gauge connection
wa(Vso(3)) and the spacetime connection w;(T'M), i.e.,

wz(Vso(3)) =B+ Kiuy (TM)2 + KQ’LUQ(TM) mod 2, KLQ € Zs.

and discuss their physical consequences.

3.1 Kramers Time Reversal Even/Odd and Bosonic/Fermionic Wilson line

Below we provide some physical interpretations of the “Fantastic Four Siblings” of 4d SU(2) YM theories
based on its 1d Wilson line properties.

First, we introduce the standard 4d SU(2) Yang-Mills path integral Zé%(Q)YM [B] with background
2-form B field coupling. Here Zg%(Q)YM [B] is the combination of Eq. (1.1)’s Z34,, with the field strength

coupling F' — B following in Eq. (2.2). The Stiefel-Whitney (SW) class of the associated vector bundle of
the gauge bundle E for the SU(2) gauge theory is constrained as the SW class of the associated vector
bundle of SO(3):

wa(E) = w2 (Vo)) (3.1)

Conventionally we have the 4d YM coupling to a background 2-form B as [6] (our notation follows [8] )

108 28 i (Blexo (i [ AU (a(E) - B))

e Electric 2-surface U.: Mathematically, integrating out the Lagrange multiplier A, set (ws(E) — B) =0
mod 2. Physically, exp(im [ A) plays the role of an electric 2-surface U, = exp(im [ A), which measures
1-form e-symmetry ng. The magnetic 't Hooft line lives on the boundary of an electric 2-surface
Ue = exp(im[A). Since U, is dynamical, 't Hooft line is not genuine thus not in the line spectrum for the

SU(2) gauge theory [6].

e Magnetic 2-surface U,, is given by exp(im [wz(E)). We can show from the fact that the 2-surface wy(E)
defined by a 2-surface defect (where each small 1-loop of 't Hooft line linked with this we(E) getting a
nontrivial 7-phase e'™). Thus, the wy(E) has its boundary with Wilson loop W, = Tr(Pexp(i § a)) such
that U.U,, ~ exp(im[A U ws(E)) specifies that when a 2-surface U, links with (i.e. wraps around) a
1-Wilson loop W,, it yields a nontrivial statistical w-phase e'™ = —1.

Now we propose to modify YM partition function following a different bundle/connection constraint
Eq. (2.6), so we arrive at a new partition function:

230050V 1y 1ey) [ B] = /[DA] Zoyyn[ Bl exp (iW/A U (wa(E) — <B + Ky (TM)? + Kng(TM))))(?).Q)

As we just deduce that the magnetic 2-surface Uy, ~ exp(im [ws(E)) has its boundary as 1-Wilson
loop W, = Tr(Pexp(i ¢ a)), together with the modified YM partition function Eq. (3.2) and its constraint
Eq. (2.6), now we can show that

1YWe can also introduce an additional Pontryagin square B term exp (igpP(B)) with p € Z4 into the path integral, as
the pioneer works Ref. [55] and [6] do. However, this weight factor term only will result in shifting (thus relabeling) of the
classification of 4d SU(2)¢=- theories that we are going to reveal.
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1. (K1,K3) = (0,0): The gauge bundle constraint is wa(F) = B mod 2. The magnetic 2-surface
Un ~ exp(im[wz(E)) has no decoration other than the 2-form background B field. Thus the
magnetic 2-surface U,,’s boundary 1-Wilson line W, is Kramer singlet (7 = 41) and bosonic.

2. (K1, K3) = (1,0): The gauge bundle constraint becomes wy(FE) = B + w1(TM)? mod 2. The mag-
netic 2-surface U, ~ exp(im [we(E)) has a decoration [wi(TM)? other than the 2-form B field.
But [w;(TM)? is a topological term in a cohomology group H?(Z¥,U(1)) also in bordism group
Qg(pt), which is effectively a 2d Haldane’s anti-ferromagnetic quantum spin-1 chain protected by
time-reversal symmetry. It is well-known that the 2d Haldane’s spin-1 chain’s each open 1d bound-
ary has two-fold degeneracy due to Kramer doublet (1% = —1). Thus due to [ w;(T'M)? decoration,
the magnetic 2-surface Uy,’s boundary 1-Wilson line W, is Kramer doublet (72 = —1) and bosonic.

3. (K1,K2) = (0,1): The gauge bundle constraint becomes ws(E) = B + wa(TM) mod 2. The mag-
netic 2-surface Uy, ~ exp(im[wz(E)) has a decoration [wo(TM) other than the 2-form B field.
But [we(T'M) is associated to a spin structure. The 2d [ws(TM)’s each open 1d boundary as
a worldline of particle has fermionic statistics. Thus due to [wy(T'M) decoration, the magnetic
2-surface U,,’s boundary 1-Wilson line W, is Kramer singlet (72 = 41) and fermionic.

4. (K1, K3) = (1,1): The gauge bundle constraint is we(E) = B + w1 (TM)? + we(TM) mod 2. The
combined effects mean that the magnetic 2-surface U,,’s boundary 1-Wilson line W, is Kramer
doublet (72 = —1) and fermionic.

In fact, our above discussions are universal applicable to more general SU(N) YM theories!'? This way
of enumerating gauge theories (based on new gauge bundle constraints) guides us to obtain new classes
of gauge theories beyond the frame work of Ref. [55]. The implications are not restricted to merely 4d
SU(2)p=r YM.

3.2 Enumeration of Gauge Theories from Dynamically Gauging 4d SPTs

We have discussed the “Fantastic Four Siblings” of SU(2)g—, YM theories given by Zé%(Z)YM(K . )[B] in
Eq. (3.2), with four distinct sets of new anomalies derived in Sec. 2, and with Kramer singlelf/ éoublet
(I? = +1/ — 1) or bosonic/fermionic Wilson lines in Sec. 3.1. With these properties shown, we are
confident that they are really four distinct classes of SU(2)p—r YM theories (at least at the UV high
energy). The distinct 't Hooft anomalies of (K7, K2) also shows that the four classes of SU(2)g—, YM
theories are distinct.

In this subsection, we like to construct and enumerate these “Fantastic Four Siblings” of SU(2)p—
YM theories by dynamically gauging the SU(2) symmetry from 4d time-reversal symmetric SU(2)-SPTs.
To this end, we follow Freed-Hopkins [39] to consider a suitable group extension from the time-reversal
symmetry (where the spacetime d-manifold requires the O(d)-structure) via a SU(2) extension:

1—SU@2) - G — 0(d) — 1. (3.3)
These 4d SPTs can be regarded as 4d co/bordism invariants of
O sors (3.4)

and the 4d SPTs are classified by this torsion subgroup Qg;or of the bordism group Q" for all the possible

G’ under the above group extension. The extension is classified by H?(BO(d),Zs) = Zs x Zy for d > 1,
generated by w?(T'M) and wy(TM).

12 Related studies along this line of analysis have also appeared in [58] and [59].
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The solution G’ of this extension problem 1 — SU(2) = G’ — O — 1, is given in [39] with indeed four
choices of G’ = O x SU(2) or E xz, SU(2) or Pin™ xz, SU(2) or Pin~ xz, SU(2).

Follow the similar study in Ref. [36], there is a correspondence between the element b = Kjwq (T M)?+
Kowy(TM) and H?(BO(d), Z3) = (Z2)?. Tt will soon become clear that b is related to wa(Vso(s)) — B
(i.e., the difference of the gauge bundle E = Vso(3) connection and the background gauge connection B).
Then the 4 central extension choices labeled by b are:

1. b=0= G = O(d) x SU(2) = After gauging SU(2), we gain the gauge bundle constraint with
Ky =Ky =0,
wa(Vso(s)) — B =0.

One can compute the co/bordism group in Table 3 (also given in [36]), we obtain in 4d:

O(d)xSU(2
QP SVe) = Z3 | (3.5)
whose bordism invariants are generated by three generators of mod 2 classes:
wi(TM),
wj(T M), (3.6)
¢y  mod 2.

2. b=w(TM)? = G' = E(d) xz, SU(2) = After gauging SU(2), we gain the gauge bundle constraint
with K1 =1 and Ky = 0,
w2 (Vo)) — B =wi(TM)>.

We compute the co/bordism group in Table 4, we obtain in 4d:

E(d)xz,SU(2)

Q4,t0r =2y, (37)
whose bordism invariant is generated by one generator of mod 2 class:
{ bwa(Vso(s))- (3.8)

The E(d) is defined in [39] where E(d) is a subgroup of O(d) x Z4, described by two data (M, j) €
(O(d),Z4) where such that the det M = j2. We define b = b mod 2 where b is the generator of
H%(BZ4,Z,4).

3. b=wy(TM) = G’ = Pint xz, SU(2) = After gauging SU(2), we gain the gauge bundle constraint
with K1 =0 and K2 = 1,
w2(Vso(s)) — B = wa(TM).

The co/bordism group is computed in [36,39] and in Table 5, we obtain in 4d:

int
Qitor *2:500) =2y X 2y, (39)

whose bordism invariants are generated by generators of mod 4 and mod 2 classes:

{ VnSU(Q),With av e ”Zy class (3.10)

w3 (TM).

This is related to the interacting version of CI class topological superconductor in condensed matter
physics ( [60], [39], and [36]). Details of these topological terms are discussed in [36].

4. b= we(TM)+w(TM)? = G’ = Pin~ xz, SU(2) = After gauging SU(2), we gain the gauge bundle
constraint with K1 = Ko =1,

wQ(VSo(g)) — B = wg(TM) + wl(TM)2.
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The co/bordism group is computed in [36,39] and in Table 6, we obtain in 4d:

Pin™ SU(2
Q4,tor "2 . = (22)37 (311)

whose bordism invariants are generated by three generators of mod 2 classes:
N} mod 2,
w(TM), (3.12)
w3 (TM).

This is related to the interacting version of CII class topological insulator in condensed matter
physics ( [60], [39], and [36]). Details of these topological terms are discussed in [36].

More information about these (co)bordism group calculations can be read from [36,39]. See Appendix
of [36] for a quick background review. In particular, since the computation involve no odd torsion, we can
use Adams spectral sequence to compute Q5 = 7, (MTG'):

Ext’ (H'(MTG', Z5),Z5) = ms(MTG')3. (3.13)

Here m_s(MTG'), is the 2-completion of the group m_s(MTG'). For example, MT(O x SU(2)) =
MO ABSU(2)4, MT(E xz, SU(2)) = MSO AS"2MZ, A X-3MSO(3), MT(Pin* xz, SU(2)) = MSpin A
$-3MO(3), MT(Pin~ xz, SU(2)) = MSpin A S3MTO(3). BSU(2), is the disjoint union of BSU(2) and
a point, X is the suspension.

Let M be an n-manifold, Vgo(s) be the associated vector bundle of the SO(3) gauge bundle. Below

we compute the Stiefel-Whitney classes of (T'M — n) ® Vgo(3). They are used to express the cobordism

Pin*xz,SU(2 . . . .
invariants of 2 dm X2, SU( ). Below w; means the i-th Stiefel-Whitney class, w means the total Stiefel-

Whitney class, namely, we have w = 14wy + w2 + w3+ - - -. Denote w), = wi(Vso)), wi = wi((TM —n)®
Vso(3))- In addition, the w;(T'M) means specifically the i-th Stiefel-Whitney class of spacetime tangent
bundle T'M.

w((TM —n) @ Vsos))
w(TM ® VSO(3))
w(Vsos))"
1+ wi (TM) + wi(TM)? + wo(TM) + nwh + wi (TM)? + nwy (TM)wh + ws(TM) + nwj + - -
(1+wh+wh+---)"
= 14w (TM) +wi (TM)? + wo(TM) + wy (TM)? + w3(TM) + - -- (3.14)

So w1 = wi(TM), we = w1 (TM)? + we(TM), wg = w1 (TM)3 + ws(TM), etc.
We also use the notation “TP” for the classification of topological phases defined in [39], such that
TP 41ar(@) = U (3.15)
Here are the list of tables summarizing the results in 4d and in 5d:
We conclude this section with some comments. The “Fantastic Four Siblings” of 4d SU(2)g—, YM

theories are obtained, specifically, from summing over the SU(2) gauge connections of following four
topological terms (i.e., gauging the SU(2) symmetry four distinct SPTs):

1. (=1) in Eq. (3.6).
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d TPg10:(0(d) x SU(2)) co/bordism invariants
4 z3 wi(TM), w5(TM),ca mod 2
5 Z, wa(TM)ws(TM)

Table 3: Cobordism groups TP;(O(d) x SU(2)) and co/bordism invariants. Here w;(T'M) is the i-th
Stiefel-Whitney class of the spacetime tangent bundle, ¢y is the second Chern class of the SU(2) gauge
bundle.

d TPgior(E(d) Xz, SU(2)) cobordism invariants
4 ZQ bwé
5 Z3x 22 wo (T M )ws(TM), whw}, abwl, ab?, aPa(we(TM))

Table 4: Cobordism groups TP,;(E(d) xz, SU(2)) and cobordism invariants. Here a = a mod 2 where
a is the generator of H'(BZ4,Z4), and b = b mod 2 where b is the generator of H%(BZy4,Z4), wi(TM) is
the i-th Stiefel-Whitney class of the spacetime tangent bundle, w; is the i-th Stiefel-Whitney class of the
SO(3) gauge bundle. Note that there is a short exact sequence of groups: 1 — SO(d) — E(d) = Z4 — 1,
and MT(E(d) xz, SU(2)) = MTE(d) A X3MSO(3) = MSO(d) A X2MZ4 A X3 MSO(3).

d  TPgtor(Pin'(d) xz, SU(2)) cobordism invariants
4 Zy x 2y w3, 75U(2)
5 22 wows

Table 5: Cobordism groups TP4(Pin™ (d) xz, SU(2)) and cobordism invariants. Here wj is the i-th Stiefel-
Whitney class of (T'M — n) ® Vso(3) where Vgo(s) is the associated vector bundle of the SO(3) gauge
bundle. The w; is computed in Eq. (3.14). The 7gy 2y is an eta invariant of Dirac operator defined in [36].
More details of computation can be read from [36,39].

d TPgior(Pin™(d) xz, SU(2)) cobordism invariants
4 z3 w2, wh, (N? mod 2) ~ wsfi
5 z2 wows, (N6(5) mod 2) ~ wsArf

Table 6: Cobordism groups TP;(Pin™ (d) xz, SU(2)) and cobordism invariants. Here w; is the i-th Stiefel-
Whitney class of (TM — n) ® Vo) where Vgo(s) is the associated vector bundle of the SO(3) gauge

bundle. The w; is computed in Eq. (3.14). The N6(4) is the number of the zero modes of the Dirac
operator in 4d. Its value mod 2 is a spin-topological invariant known as the mod 2 index defined as NN

mod 2 in [36]. More details of computation can be read from [36,39]. We find that the bordism invariant
of N(/)(4) mod 2 read from Adams chart has the similar form related to w37, where 7 is the eta invariant
for 2d Dirac operator, given by the generator of the 2d spin bordism group Qg‘;lonr (pt) = Z3. The Né(S) is
the number of the zero modes of the Dirac operator in 5d. Its value mod 2 is a spin-topological invariant
known as the mod 2 index defined in [53,54]. We find that the bordism invariant of N6(5) mod 2 read

from Adams chart has the similar form related to wsArf, where Arf is an Arf invariant.

2. (—1)bw2(Vso) in Bq. (3.8).
3. exp(2mivngy(2)) with an odd class of v = 1,3 € Z4 in Eq. (3.10).
4. (=)™ in Eq. (3.12).
These four theories exactly map to the enumeration of four gauge theories in Sec. 3.1. Adding other

SPTs/bordism invariants such as (—l)w%(TM ) and (—1)“’g (TM) (and then dynamically gauging them), do
not alter or gain new classes of gauge theories. They only affect a gauge theory to the same gauge theory
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tensor product with 4d SPTs, namely (4d SU(2)p—r YM) ® (4d SPTs).'?

4 Time-Reversal Symmetry-Enriched 5d Higher-Gauge TQFTs

4.1 Partition Function of 5d Higher-Gauge TQFTSs

Following the discussions of four classes of 5d time-reversal and 1-form (center) symmetry Z2 x Zs o higher-
SPTs ZES’%T(K . )[M °] in Sec. 2.3 with their partition functions in Eq. (2.19), we proceed to dynamically
1.2

gauge the 1-form (center) symmetry Z ik Then we obtain the 5d time-reversal symmetric SET with

2-form Zs-valued B gauge field. We can define the four classes of 5d partition functions Zg%T(K « )[ %]
1,582
as:
5d 5y _ |H (M, Zy))| iT L (TM)UP(B)+K1wi (TM)3B+Kows(TM)B
ZSET(K1,K2)[M ] = |HY (M, Z5)| Z 0! s Z @ (AU HK e (1A 2ws(TM) (4.1)

: Z ol fars BSq!B+(14+K1)w1 (TM)?Sq! B4+ (1+K2)w2(TM)Sq' B (4.2)

: Z exp(iﬂ dwi(TM)Uc+ dwa(TM)Uh+bUdB

M5
B,b,heC2(M5,Z3)

ceC3(M5,Z,)
¥ BSq'B + (1 + Ky )w (TM)?Sq' B + (1 + KQ)wQ(TM)SqlB) (4.3)
~ / (DB)[DH[DH|[Delesy (i /M5 (dwi (TM))e + (dwa(TM))h + bdB
+B%dB +(1+ Kl)wl(TM)Z%dB +(1+ KQ)wQ(TM)%dB). (4.4)

In the last step, we have convert the 5d higher-cochain TQFT to 5d higher-form gauge field continuum
TQFT for Zg%T(K . )[M5]. Moreover, we can insert extended operators (say U, X,Y,...) into the path
1,582

integral:
zg%T(Kl’Kﬁ[Mf’; U,X,Y,. . . |= /[DB][Db][Dh][Dc] U-X-Y...
exp (i / (dwi (TM))e + (dws(TM))h + bdB
M5
1 1 1
+BdB + (1+ Kl)wl(TM)zidB +(1+ Kg)wg(TM)idB). (4.5)

for the 5d higher-form continuum TQFT.

13 For the classification of gauge theory, we identify the following phases
(gauge theory) ® (SPTs) ~ (gauge theory).
For the classification of 4d SU(2)¢—~ YM, we identify the following phases
(4d SU(2)o—r YM) ® (4d SPTs) ~ (4d SU(2)g—r YM).

See more physically motivated discussions in [36] and References therein.
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4.2 Partition Function and Topological Degeneracy

Below we compute the partition function Z(M?) on closed manifolds M = M5, When M° = M* x S!,
we can interpret it as topological ground state degeneracy (GSD) of TQFT. Our computations follow the
strategy in [12,14], while we directly summarize the results in Tables 7, 8, and 9.

4.2.1 5d SPTs as Short-Range Entangled Invertible TQFTs

Z(MP®) with M®:  (W,0) (S'xRP? xRP% ya;) (ST xRP* () (RP? x RP3 ap)

ZENMR (M) 1 1 1 1
ZspT g 1, (M) 1 1 1 —-1
Zsprg ag,, (MP) 1 1 -1 1
ZSPT,, (rary2sai s (M?P) 1 -1 —-1 1
zSpTwQ(TM)SqlB (M) 1 -1 1 1

Table 7: Partition Function Z(M?) and Topological Degeneracy (GSD) of 5d higher-SPTs, for example,

ZSPTBSqlB(M5) = (_1)st BSa'B_ The notations a, 3,7, are explained in the computation below.

4.2.2 5d SETs, as Long-Range Entangled TQFTs

Z(M?) with M?®: > St xSt S'xRPT T?2x 83 S'xS8?x5% S'xRP?xRP? RP?xRP? S°

Zsgr o 4 (M°) 64 1 1 1 4 2 2 2
Zspr,, ) (MP) 64 1 1 1 4 2 2 2
Zsgr o, (M°) 64 1 1 1 4 2 2 2
Zspr,, ) (M°) 64 1 1 1 4 2 2 2

Table 8: Partition Function Z(M?®) and Topological Degeneracy (GSD) of 5d higher-SETs,

5y . [HO(M5,Z,)| 5 BSq!B+(1+ K1 )wi (TM)2Sqt B+(1+K2)wa (TM)Sq' B
ZSET(Kl,KQ) (M ) — m ZBEHQ(ME’,ZQ)(_]‘)IAIE) )
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Z(MP°) with M°: W ST xRP? xRP? ST xRP? RP? x RP?

Zyst, (M) 4 8 2 4
ZSET g0 (MP) 0 2 1 2
ZsTg o 1, (MP) 0 8 0 4
ZSET, ay2sqis (M°) 4 0 0 4
ZSET, . aysal s (M%) 0 0 2 4

Table 9: Partition Function Z(M?®) and Topological Degeneracy (GSD) of 5d higher-SETS, for example,

0 5
(M5) — |H°(M?°,Z Jus BSqlB'

Zgpr = m > Benz(ms,z,)(—1)

BSqlB

Now we illustrate our computation:

1. For M = S'xRP*, let v be the generator of H'(S', Zy) = Z5 and ¢ be the generator of H'(RP*, Z5)
Z,. Note that w1 (T M) = ¢. The HY(S' xRP*,Zy) = Z,, HL(S' xRP*,Zy) = Z3, H3(S' xRP*, Z,) =
Z3 whose two generators are y¢ and (2. If B = A\v¢ + A2(?, then Sq'B = A\17¢2%. Hence

/ BSq'B = Ao, (4.6)
S1xRP4

/1 \ BSq'B +wi(TM)?Sq'B = MAa+ AL (4.7)
STxRP

On the other hand, since wy(T'M) = 0 for S' x RP%, we have

ZseT ) (S X RPY) = Zggr,, (S' x RPY), (4.8)
ZsuT, o) (S" % RPY) = ZSET(M)(Sl x RP%). (4.9)
We have
1
1 4 A1 (Ag+1
Zspr () (ST X RPY) = B} Z (-1t (4.10)
A1,A2€2Z2
1
1 4 A
ZseT(,,) (5" X RPY) = (e (4.11)
A1,\2€Z2

Since the number of (A1, A\2) satisfying the constraint A; Ay = 1 is only one:
#{(A1,X2) € Z5| Mg =1} =1, (4.12)
also note that changing As to Ay + 1 doesn’t affect the sum, so
ZsET ) (S' X RPY) = Zgpr, ,, (5" x RPY)
= Zsur,, (8" X RPY) = Zspr,, , (5" x RPY) = %(3 -1) =1 (4.13)

2. For M = RP? xRP3, let a be the generator of H!(RP?,Zy) = Zs, 8 be the generator of H!(RP3,Z5) =
Zy. Note that wi(TM) = a. HY(RP? x RP3,Zy) = Z,, HY(RP? x RP3,Z,) = Z%, H?(RP? x
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RP3,Z,) = Z3 whose three generators are o2, 3% and af. If B = M\a? + X282 + A\3a83, then

Sq'B = A\3a%B + A\3a3%. Hence
/ BSq'B = X2+ M\)s,
RPZxRP3
/ BSq'B 4+ wi(TM)*Sq'B = X2+ \o)s.
RPZxRP?

On the other hand, since wy(TM) + wi(TM)? = 0 for RP? x RP3, so

ZSETM)(RPQ x RP?) = ZSETM)(RPQ x RP?3),
Zsur,,, (RP? xRP?) = Zgpr, , (RP? x RP?).

We have
1 2
2 3 A2+ Ao\
ZSET(QU)(RP x RP ) = 5 Z (_1) e %
A1,A2,A3EZ2
1 2
2 3 A24 A2
Zspr,, (RP? X RPY) = o > (mpletRds,
A1,A2,A3€Z2
Since
#{(\1, A2, \3) € Z3|\3 + Mod3 = 1} = 2,
SO

Zser, ) (RP? x RP?) = Zggr , , (RP? x RP?)

1
= Zgspr,,,, (RP? x RP?) = Zgpr, , (RP? x RP?) = 5(6-2)=2

(4.14)

(4.15)

(4.20)

(4.21)

. For M = S' x RP? x RP?, let v be the generator of H!(S',Z5) = Z, and «; be the generator
of HY(RP?,Zy) = Z5 of the i-th factor RP? (i = 1,2). Note that wi(TM) = a1 + ag. H(S' x
RP? x RP%,Zy) = Zy, HY(S' x RP? x RP%,Z,) = z3, H2(S! x RP? x RP?,Z,) = Z5 whose five
generators are a%, a%, yai, yas and ajao. If B = /\104% + /\Qa% + A3yar + Agyas + Asaias, then

Sq'B = )\;woz% + )\4704% + )\5a%a2 + /\5a1a§. Hence

/51 i QBSqlB = Mg+ A3+ M35 + A,
xRP“xRP

/ BSqlB + wq (TM)2SqlB = A+ A3+ Azhs + Aghs + Az + Mg
S1xRP2xRP2

On the other hand, since wo(TM) + w1 (TM)? = 0 for S x RP% x RP?, s0

ZSET(OV())(SI X RP2 X RPQ) = ZSETO,U (Sl X RP2 % RPQ)7

Zser,, (S' x RP? xRP?) = Zggr, , (S' x RP? x RP?).
We have
1
Ziwr,, (5" RP? x RP?) = (LA,
A1,A2,A3,A4,A5E€2Z2
1
ZSET(OJ)(SI « RP2 x RPQ) _ i (_1)>\1/\4+>\2>\3+>\3(>\5+1)+>\4(>\5+1)‘
A1,A2,A3, 4, A5 €22
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(4.23)
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Since
(M, A2, A3, Aty As) € Z3 Mg + Aods + Agds + Agds = 1} = 12, (4.28)
also note that changing A5 to A5 + 1 doesn’t affect the sum, so
ZSETmYO)(Sl x RP? x RP?) = ZSETW)(Sl x RP? x RP?)
= Zsur,, (S X RP? X RP?) = Zgpr, ,, (S' x RP? x RP?) = i(zo —12)=2. (4.29)

4. We remark that, for a 5d Wu manifold W = SU(3)/SO(3), with H*(W,Zy) = Zy, HY(W,Z,) = 0,
note that w1 (T'"W) = 0, so we can actually distinguish some of the four classes of 5d SETs:

ZsEr ) (W) = Zspr, (W),
Zsur,) (W) = Zser, ;) (W) (4.30)

H?(W, Zy) = Z5 which is generated by wa(TW). Sqlws(TW) = ws(TW).

Zspro, (W) = 2 Y (~1)PSaBruaWsas _ (4.31)
B=0,ws(TW)

Zspr,, (W) = 2 Y (-1)PsaF =y, (4.32)
B=0,ws(TW)

In the next section, we will use the anyonic string/brane braiding statistics and the link invariants of 5d
TQFTs to characterize and distinguish these 5d SETs.

5 Anyonic String/Brane Braiding Statistics and Link Invariants of 5d
TQFTs

Now we compute the path integral Eq. (4.5) with extended operator insertions. To recall the general
definitions, we have
e Partition or path integral w/out insertion is

Z (eiS)'

BeC2(M,Zy5)

e Physics vacuum expectation value (v.e.v) of a theory S is defined as

<O> (v.ev) Z BeC2(M,Z5) (eiSO) Z BeC?(M,Zy) (eiSO)

@ v.ev) — = : =
(O)vew) (D v.ew) > Bec2(m,zy (€1°) Z

_ path integral with insertions O

= . 5.1
path integral without insertions (5-1)
For example, this includes the link invariant that we will focus on in this section:
zg%TK A MOULX Y
(exp(i ... (Link invariants of U, X,Y,...)))(y.ev) = L) - (5.2)
Z3gr [MP]
(K1,K2)
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For conventions of our notations, we label the 1d Wilson line as W, the 2d surface operator as U, U’, etc.
We label the 3d membrane operator as X and the 4d operator as Y, etc. We label the “dd-hyper-surface”

of general operators that we inserted as X¢, while we label this ©%’s “(d + 1)d-Seifert-hyper-volume” as
vt

In this section 5, we focus on deriving the general link invariants for these 5d TQFTs/SETs.!* In the
next Sec. 6, we will provide explicit examples of the spacetime braiding process as the link configurations
that can be detected by these link invariants derived here Sec. 5. The techniques for computing all these
link invariants below are based on Ref. [11]. Below we simply apply the methods and notations introduced
in Ref. [11].

Caveat: Note that while in the first section 5.1, we explicitly study the discrete cochain version of
TQFT, the later sections instead we implement the continuum formulation of TQFT. The reason is related
to a fact that the graded non-commutativity of cochain fields is much more complicated to be dealt with
than the continuum differential form fields. The subtle fact will be commented further in footnotes 16 and
17. We also note that when we deal with the continuum differential form fields later in Sec. 5.2 to Sec. 5.4,
we choose a normalization of differential form fields as § B € Z with the periodicity § B ~ § B + 2 (thus
more similar to the convention of discrete cochain fields), instead of the more conventional § B € 7Z with
the periodicity § B ~ ¢ B + 2.

5.1 1w (TM)P(B) and a Triple Link Invariant leffl)BB(Ei, Z?Jm, Z?](m)

We start with a 5d TQFT obtained from summing over 2-form field B of @1 (TM)P(B) (gauging 1-form
Zj of this 5d SPTs). This is equivalent to the Zgpr example in Eq. (4.5).

1=0,K2=0)
7 = / [DB][Dé)[Db] exp(iS). (5.3)
1 1
7 = > exp(iw/ SO0 (TM) UE+bU0B + Jin(TM) UP(B)). (5.4)
B,beC2(M5,Z,) M>
geC3(M5,zy)

The action is (see footnote 10)

S — W/MS(;&Dl(TM) U+ bUOB + %wl(TM) UP(B)). (5.5)
We consider the gauge transformation:!?
w1 (TM) — wi(TM)+ da,
B — B+443,
C = CH+OV+A
b — b+6C+ p. (5.6)

The gauge variation shows:

1
S — 77/ 5 (@1(TM) +60)(BU B + BU B+ 35U B+08U36 + BUIB +35U6B)
M5

58I (TM)(E+ ) + b+ u)B. (5.7)

For more guidance on the physical interpretations of link invariants, please see [11] and its Introduction.

5One may consider add additional terms on the gauge transformations, such as w1 (TM) — w1 (TM) + Sa(t, x) + a1 (t, x)
and B — B+ 8(t,x) + az(t, z), etc. However, terms such as a1 (¢, ) = a1 and az(t, z) = a2 will need to be constant, which
act as the higher-form “global symmetry” transformation, instead of “gauge transformation.”
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Note that 623 = 0. The gauge variance of the action is:
AS = x /MS %ﬁ;l(TM)((Sﬁ UdB+208U B + 655U B))
—l—%éa(BUB+BL1J<5B+6BU56+266UB+5(56L1JB))
+%6u}1(TM))\ + u6B (5.8)

— /MS %(5@1(TM)(/3(5,8) 4 (80 (TM)(BB) + @ (TM)BSB) + %(51{11(TM)(55 D)

1

1 1
—(aBéB + 5auQéB) — adB6B + 55@1(TM)A + udB. (5.9)

In Eq. (5.8), we have used the formula!® and again §23 = 0:

Buéﬂ—éﬁUBerﬁLlJ&BJrézﬂLlJB:5(5ﬁL1JB). (5.11)

In Eq. (5.9), we have used integration by part: for a closed 5-manifold without boundary, after integration
by part we can drop the boundary term §(...) where ... only has effects on a 4-manifold (the 4d boundary
of an open 5-manifold). Since 6B = 628 = 6%a = 0 , we drop da(53U 83 +(5(65L1JB)) which has no effect
on a closed 5-manifold without boundary. Here us is the second Wu class, we have also used the formula
in footnote 16 as

BU5B—5BUB—|—5BL1J§B+BL1J§2B = §(BUSB), (5.12)

0BUOB = Sq?0B = wu2dB. (5.13)

So the above Eq. (5.9), we use 6(a(BUB+BUJB)) = da(BUB+BUB)+a(6 BUB+BU{B+0(BUIB)) =
1 1 1

da(BUB+ BUGMB) + a(2BUJIB + u2dB) and we drop the total derivative term on a closed 5-manifold.
1

The solution of gauge invariance imposes: AS =0 =
A= —ﬁ(?ﬁ—QBB—(SBLIJB mod 4,
1
w = —w(TM)B+aB+ 502 +adéf mod 2, (5.14)

where we have imposed the gauge transformation for the sake of gauge invariance:'”

16 This is based on Steenrod’s work “Products of Cocycles and Extensions of Mappings [61],” which derives

S(uUv) = (=1)PT "% U v+ (=P U w4 duUv + (—1)Pu U dv (5.10)
" i— i—1 i i

i i

where u € C?, v € C1.

'"In general, when we study the action Eq. (5.5), we have made a convenient choice with a term &, (T M) U ¢ instead of
¢Udw1(T'M). For a generic 3-cochain z, dwi (T M)z = xdwi (T M) is not true, by Steenrod’s formula in footnote 16 Eq. (5.10),
0w (TM)x = zéwi(TM)+0x Y 0w (TM)—6(x L1J<5u71 (T'M)), we can only drop the total derivative terms (i.e. the coboundary

terms). In our present case, we consider z = %,B(m + BB+ %65 U B. So if §z U dw1 (T M) is a coboundary, then we can also
1 1

drop it, which results in
A= 2= —ﬁ§ﬁ—2ﬁB—5ﬂLlJB mod 4.

If 0z U dw:i (T M) is not a coboundary, we need the extra term
1

0w (TM)x = zédw1 (T M) + ox y dw1 (T M) + a total derivative/coboundary term.

When dz U §w1 (T M) is not a coboundary, this results in a modified gauge transformation to A. By writing the action as
1

in Eq. (5.5), we can avoid additional complications, thus we end up with a simpler gauge transformation Eq. (5.14). The
graded non-commutativity of cochain fields is much more complicated than the case for continuum differential form fields.
(JW thanks Pierre Deligne for a discussion on the related issues.)
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We derive the 3-submanifold operator, using P(B + §3) = P(B) + 5 U5+ 258U B + 6(003 LlJ B),

X = exp(?k(/zgé—{— V477(B)))
= exp(gk([ 5+ 6HVOP(B) (5.15)

is gauge invariant when we set B = 0 on the 4-submanifold Seifert volume V4. Where k is a Z4 integer
mod 4.

We derive the 2-submanifold (2-surface) operator

U = exp(iﬁf(/mb—/vg) @1 (TM)B — ;/VS By (TM)us))
= exp(inl( /MS b+ (2?) — (0 (TM)B + %wl(TM)uQ)ai(V?’)))
= exp(iwf(/Ms b (2?) — (0 (TM)B + %wl(TM)(wg(TM) +wy (TM)?)6+(V3))  (5.16)

which is gauge invariant when §B = d1 (T M) = 0 on the 3-submanifold Seifert volume V3. Where £ is a
Z, integer mod 2. Note Wu class us = wo(TM) + w1 (TM)? is a cocycle thus dus = 0 everywhere in the
5-manifold.

We insert X, U;) and Uy into the path integral Z, and write the correlation function either in the
continuum field theory formulation, or in the discrete cochain field theory formulation, interchangeably
as

(XU Ugsy) = / (DBI[DE|[DY XUy Ugyy exp(iS). (5.17)
1 1
<XU(1)U(H)> = Z XU(I)U(H) exp(iﬂ/ 55’1111(TM)UE+bU5B+§1I)1(TM)UP(B))
B,beC2(M5,Z5) Mo
ceCc3(M5,zy)

Step 1, we integrate out ¢ in [[D¢], we get
S (TM) = kéH(Z%),
w1 (TM) = kéH(Vy), (5.18)

while we also have 62w (TM) = §(ké+(Z3,)) = 0. So with the above configuration constraint, we get the
double-counting mod 2 cancellation in the exponent of exp(iZk( [} ,5 61 (VE)P(B))) exp(im [y5 301 (TM)
P(B)) = 1. This boils down to

(XUsUpuy) = /[DBHDb] U Ugin) eXP(iW/

M5bU6B)|u~11(TM):k:(5i(V§)' (519)

Step 2, we integrate out b in [[Db], we get the constraint
Liy2 Liy2
6B = Lo~ (3g,) + Land™ (5, ),
B = e(i)al(vg(i)) + z(ii)&(vg(ﬁ)). (5.20)
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Step 3, finally we integrate out B in [[DB], from Eq. (5.19):

(XUUgpiy)

(=15 (@1 (TM) Bt §a (T (wa(TIM)-+01 (TM)2) ()5 (Va3 (VD) | vy = o v,
g [DB}G Bze(i)éL(Vg(i))

35y 8 (vg(“) ).

@1 (TM) = k6 (V),

B = e(i)(sL(vg(i) )+ Landt (Ve ).

_ / (D Bel= 7375 (1 (TM) B+ s (TM) (wa (TM) 201 (TM)?)) )
)

_ [ (DBl 17U (@ (0M) BB+ (3 (2ADB) ) s ran) = ks v, (5.21)
B =3t (Vi) +landt (Vi )- |

—i b1 (TM)BB+1 (TM)BB+1 (16w (TM)) (6B @1 (TM) = k6 (V), 801 (TM) = ks (% );
_ / (DB~ 17U (51 TM) BB+ 51 (TA) BB+ (3601 (M) (355)))) BT S 1R (5 )
53:2(05#(2%“))+z(ii)5i(2?](“)),
(—in<ke olan #VENVE NVE )+26L(E8) (6423 )+t (% ) )) . .
=e o OOV 1V 430 (50 7o Ya ) - (Self-intersecting # terms) (5.23)
—im| Kl Ly TIkO) (83 532 32 )
~ ( 17T< (i) ¥ (i) ( Ug) U(ﬁ)) ) (524)

In Eq. (5.21), we use the fact by Wu formula on a 5-manifold that w1 (TM)(w2(TM) + w1 (TM)?))B =
W1 (TM)uz B = Sq* (01 (T'M)B).
In Eq. (5.22), to derive the link invariant of L@ (TM)P(B), we use'®

%ﬁ)l(TM)uQB = qu(%uil(TM)B) = %u?l(TM)BB - Sql(%ﬁ)l(TM))SqlB
1 1.1 1

We plug in all the constraints into the path integral Eq. (5.22) to obtain Eq. (5.23).! We propose a
set-up to remove or renormalize the (Self-intersecting # terms) appeared in Eq. (5.24), described in the
footnote 19. Also the second exponent in Eq. (5.23) shows that [ 5L(E%V)(5L(E(2J(i>) + 5L(E(2J(m)) =

8We use the Steenrod product formula: Sq?(uv) = (Sq?u)v + (Sq'u)(Sq'v) + uSq?(v) when u,v € H*(M, Z>).
19 Here are some more explanations to derive Eq. (5.23).

i D T = L 4 . . .
e For f[DB]eﬂ"<~fM5 (@1(TM)BE)) | o1 (TM)=ké" (Vig), , we get a mutual-quadratic crossing term V@ N V{3 with
B=t;)6 (VU(i))+Z(ii)6 (VU(ii))' (i) (ii)
: 4 3 3
i2n#(VxNV mVU(ii))

a multiple 27 exponent in e Ya) which does not contribute to the expectation value. There are also two

self-quadratic terms Vf;’(n) n V[;’(n) for (n) = (i) or (ii). These self-quadratic terms contribute, in principle, infinite many
intersecting numbers in # (Vi N V[}?’(n) N V(}?’(n)) for (n) = (i) or (ii). Since a multiple 27 exponent have zero contribution to
the expectation value, therefore either we can design an even but infinite number of points on each of #(V)% N Vg(m N Vg(n))

for (n) = (i) or (ii), or we can absorb them into the (Self-intersecting # terms) in Eq. (5.23). In either cases, this term does
not have any net contribution in the end at Eq. (5.24).

—in([fy;5(3@1(TM)BB)) | w1 (TM)=ks-(VE), B . . 3 3 .
e For [[DBle M52 B:emo‘L(V[?}(i)ﬁl(ii)o‘L(vg(ii)>. , we get a mutual-quadratic crossing term VU(i) N VU(“) with
iT#(VENVE NV
a multiple 7 exponent in em#( 0w T Ya >, which does contribute to the expectation value when this intersecting number
# is odd, in a 1 mod 2 effect. There are also two self-quadratic terms Vg(n) N Vg(n) for (n) = (i) or (ii). Again either we can

design an quadruple/four-multiplet but infinite number of points for each of # (Vi N V[;’(n) N Vg(n)), or we can absorb them
into the (Self-intersecting # terms) in Eq. (5.23).

sw1(TM) = ks+(=%);
SB=L(;) 5L (:%’}(i) )+ (i) 5L (22U(“> )

find the exponent depends on the intersecting number #(Z% N E%,(n)) for (n) = (i) or (ii), between 3-surface and 2-surface in

a 5 manifold — although generically this number # (X% NXF (n)) is finite but can be nonzero, we design by default that there is

. 3 €L 3 1 2 € 2
o For [[DBle(~ "5 (§501(TM)55)) o T (5 =30 (f07* (5 ) @U(ﬁﬂ)’, we

no intersection between any of our insertions of 3-surface and 2-surface into the path integral. Thus we set #(Eg( nx (n)) =0
by default.
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#(Z3 N Z%](n) + #(3% N Z2U(ii))7 which counts the number of intersections between our insertions of 3-
surface and 2-surface. However, we choose by default that our insertions of 3-surface and 2-surface have no
intersections (to avoid unnecessary singularities) into the path integral. Namely, we set #(E%VHE%,(“)) =0
for (n) = (i) or (ii), and #(E%](i) N E%](ii)) = 0 by default. Overall, under the default assumption and
the footnote 19 clarification, we obtain a final relation between Eq. (5.23) and our final effective answer

Eq. (5.24). We use the congruence symbol (2¢) to express that other unwanted terms can be removed by
default design.

We derive the link invariant for the 5d TQFT Zgpr,, 0 [M?] in Eq. (5.24):

=0,Ko=

5
#(Vx N Vig NViy,) = leiul)BB(Eg S St | (5.25)

The path integral with appropriate extended operators insertions become Eq. (5.24) which provides the
above link invariant.

5.2 w (TM)3B = w,(TM)?Sq'B

5.2.1 Version I: wi(TM)?B and a Quartic Link Invariant Qlk(5)(2§<(i), E%(ii), E?;((iii),z%])

As a test example, now we consider a 5d TQFT obtained from summing over 2-form field B of w1 (T M)3B
(gauging 1-form Zy of this 5d SPTs), below we convert the cochain TQFT to differential form continuum
TQFT. Whose partition function and action (see footnote 10) are:
Z = /[DB] [Db|[Dc| exp(iS). (5.26)
S = w/ cdwy (TM) 4+ bdB + wi (TM)*B. (5.27)
M5

This 5d TQFT is distinct from any of four classes of ZSET< Ky Ky)? but it still serves as a useful toy model.

Gauge transformations are (see footnote 15):

wi(TM) — wi(TM)+ da,
B — B+ dg,
c = c+dy+ A
— b+ d{+p. (5.28)

The gauge variation shows:

S — S—I—7r/ dydw (TM) + Adw,(TM) + d(dB + pdB
M5

+(dadaw (TM) + wi (TM)*da + dadada)B
+(w1 (TM)? + dadaw (TM) + wi (TM)?da + dadada)dB (5.29)

= S+ 7r/ Adwi(TM) + pdB + (edaBdw (TM) — adaw, (TM)dB)
M5
—aw (TM)?dB — adadadB + wy (TM)?8dw (TM) + adadBdw; (T M) (5.30)

where we have used integration by part: for a closed 5-manifold without boundary, after integration by
part then we can drop the boundary term d(...) where ... only has effects on a 4-manifold (the 4d
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boundary of an open 5-manifold) and we drop the total derivative terms which have no effect on a closed
5-manifold without boundary. The gauge variance of the action is: AS =0 =

—adaB — w (TM)?B — adads,
= adaw (TM) + aw (TM)? + adada. (5.31)

We derive the 3-submanifold operator:

X = exp(iwk:(/23c+/‘/4 w1 (TM)?B))
— explink( /Ms(ai(z3)c+ 5L (VY (TMY2B))) (5.32)

and 2-surface operator:

= exp(im — w 3
v = elint([ b= [ wnran®)
= exp(iﬂ'f(/ME)((sL(EZ)b — 0L (VHw (TM)?))) (5.33)

are gauge invariant when dw;(TM) = dB = 0 on the 2-surface and 3-submanifolds. Where k, ¢ are Zs
integers mod 2.

Insert X ), X(ii), X(iii), U into the path integral Z, so we can write the continuum field theory formu-
lation as

(X XanXanU) = /[DB] [De][Db] X 3y X i) Xy U exp(iS (5.34)

).
<X(1)X(H)X(HI)U> = /[DB] [DC] [Db]X(I)X(II)X(III)U exp(iﬂ cdw (TM) + bdB + w; (TM)?)B)
M5
Step 1, we integrate out ¢ in [[Dc], we get
dw (TM) = k:(i)(SL(E%((i)) + k(ii)&(zﬁ((ﬁ)) + k(iii)(sL(E%((ﬁi))a
wi(TM) = ko (Vi) + ks (VX ) + Faind ™ (Vi gy, )- (5.35)

So with the above configuration constraint, we get the double-counting mod 2 cancellation in the expo-
nent of exp(im( [y s w1 (TM)zB(k(i)(SJ—(V)%(i))+k(ii)5L(V§(ﬁ))+k(iii)5L(V§( ) exp(im [y,5 w1 (TM)3B) =
1. This boils down to

iii)

(X XanXanl) = / [DBJ[Db] U exp(im / de)\wl(TM):k<i)5l(v§<i))+k(ii)5¢(v§(ﬁ))+k(m)5L(v§ ):

A (i)
(5.36)
Step 2, we integrate out b in [[Db], we get the constraint
dB = 05+(%3),
B = (5H(v3). (5.37)
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Step 3, finally we integrate out B in [[DB], from Eq. (5.36):

(X)X X U)

wi(TM) = k(i)‘;L(Vf((i)) + k(ii)‘;L(Vﬁ(“)) + k(iii)fsl(vﬁ(m) )s
B =5(V3).

_ /[DB]e—m(fMg, wy (TM)36+(V3))

wi(TM) = k8 (VR )+ Ran 0™t (VR ) + ka6 (VR )
B = £5L(V3).

— /[DB]e(_i”(fl\ﬁ w1 (TM)*B))

VAV | OV Ve mvg))))

#(Vg NV mvﬁ(ii)mvg)Jr#(V)% nVg . NVy oWV VR

(i) (iii) Gii) (i) (

-(+++) - (Self-intersecting # terms)

-~ (_i7r(k(i)k(ii)k(iii)é'ﬁ#(v)%. nvg . Nvg ﬁVg)))
&~ ©  Xay X ()

(fi7r<k(i)k(ii)k(m)fﬁQlk(s)(E3X. DA 3 A ,E%])))
e @7 X @) T X (i) ()|

I

(5.38)

_j KT 4 4 4 3 4 4 4 3 4 4 4 3
e( 17r(k:(l)k(u)k(m)é(#(vx(i)ﬁVX(ii)ﬁVX(iii)OVU)-i—#(VX(ii)OVX(imﬂVX(i)ﬁVU)—i-#(VX(iii)ﬁVX(i>ﬁVX(ii)ﬁVU)

(5.39)

(5.40)

(5.41)

We propose a set-up to remove or renormalize the (Self-intersecting # terms) appeared in Eq. (5.39),

following the same strategy as footnote 19.

For S =7 [ ;5 cdwi (T M)+bdB+w(TM)3B, we derive the link invariant for the 5d TQFT Zgpr[M°]

in Eq. (5.39) and Eq. (5.40):

#(Vityy N Vi N Vi NV = QIO (5% 5%, S Z0) |

(5.42)

The path integral with appropriate extended operators insertions become Eq. (5.40) which provides the
above link invariant. Note however the factorial 3! = 6 causes the complex e!™ phase becoming e'6™
thus undetectable. It may be possible to take into account (see footnote 17) from the subtle graded non-
commutativity of cochain field effect. Thus one may need to go beyond the continuum differential form

TQFT formulation by using the cochain TQFT formulation in order to see the subleading effect.

5.2.2 Version II: w(TM)?Sq' B and a Triple Link Invariant T1k1(u51)w1 dB(Eg((i), Eg((m,EQU)

As another test example, we consider a 5d TQFT obtained from summing over 2-form field B of wy (T M)?Sq' B

(gauging 1-form Zy of this 5d SPTs), below we convert the cochain TQFT to differential form continuum
TQFT.?° Whose partition function and action (see footnote 10) are: Below we convert the cochain TQFT

to a differential form continuum TQFT. Its partition function and action are (see footnote 10):
7 - / 'DBI[DH|[De] exp(iS),
S = w/ cdwy (T M) 4 bdB + wi (T M)*Sq' B,
M5

1
S = 71'/ cdwl(TM)+de+w1(TM)2§dB.
M5

(5.43)
(5.44)

(5.45)

2%Even though wi (T M)?*Sq' B is a rewriting of w; (TM)?B, it turns out that we still gain new insights about an additional

link invariant.
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Gauge transformations are:

wi(TM) — wi(TM)+ da,
B — B+4dg,
c — c+dy+ A,
b — b+ d¢+ p. (5.46)

The gauge variation shows:
S —» S+ W/Ms dydw(TM) + Adw,(TM) + d¢dB + pndB
+(w1(TM)da + daw (TM) + dada)%dB
+(w (TM)? + wy (TM)da + dow (T M) + dada)%d% (5.47)
= S+« /M5 Adwi(T'M) + pdB + %(wl(TM) da + daw(T'M) + dada)dB (5.48)

where we have used integration by part: for a closed 5-manifold without boundary, after integration by
part then we can drop the boundary term d(...) where ... only has effects on a 4-manifold (the 4d
boundary of an open 5-manifold) and we drop the total derivative terms which have no effect on a closed
5-manifold without boundary. The gauge variance of the action is: AS =0 =

A = 0,

1
po= —5(wi(TM)da+ daw (TM) + dada), (5.49)

We derive that the 3-submanifold operator:
X = exp(iﬂk(/ c))
»3
— explink( / (L(5%)e)) (5.50)
M5
and 2-surface operator:
1
U = exp(iﬂﬁ(/ (b4 ~wi (TM)?)))
2 2
1
= exp(iﬂﬁ(/ (=D b+ iwl(TM)Q))) (5.51)
M5
are gauge invariant. Where k, £ are Zs integers mod 2.

Insert X(j), X(jj), U into the path integral Z, so we can write the continuum field theory formulation
as

M5
Step 1, we integrate out ¢ in [[Dc|, we get
dwi(TM) = ke (ZX,) + kad (S,
wi(TM) = kad (Vi) + ket (Vi )- (5.53)
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So

1
5 AB T (TM )25dB)Vm(TM):k(i)éL(V)%(.))+k<ﬁ>al(V§ )

(i)
(5.54)
Step 2, we integrate out b in [[Db], we get the constraint
dB = 5+(x%),
B = (5H(VD). (5.55)

Step 3, finally we integrate out B in [[DB], from Eq. (5.54):

(Xo)XaU)

_ /[DB]e‘i“(fm Loy (TM)205* (S3,) w1 (TM)? L dB) | w1 (TA) = ks (VE ) + kst (VE O,

B =15 (V3)

wy(TM) = k(i)tsJ'(V)%(i)) + k(ii)‘sl(v)%(ii) )s

= /[DB]e(iﬂ(st swi(TM)*dB+wi (TM)? 5 dB))

B = £5-(V3).
(5.56)
_ i (k(i)k(ii)é(#(v)%m Vi g MERH#VE OV ns?)) > )
+(+-+) - (Self-intersecting # terms) (5.57)
o e(_ im <k<1)k(ll)e(le1(51)w1 dB (E?))((l) 72%(00 722U)+T1k1(u51>w1 dB(Eg((ii) 72}(‘) ’E%J))> ) . ( . ) ) (558)

We propose a set-up to remove or renormalize the (Self-intersecting # terms) appeared in Eq. (5.57),
following the same strategy as footnote 19.

For S = 7 [,;5 cdwi(TM) + bdB + wi(T'M)?*1dB, we derive the link invariant for the 5d TQFT
Zser|M®] in Eq. (5.57) and Eq. (5.58):

#(vi nvionsd) =T ek sk zh)| (5.59)
(i) (ii) (i) (ii)

The path integral with appropriate extended operators insertions become Eq. (5.58) which provides the
above link invariant. Note however the two terms on the exponent of Eq. (5.58) are the same, which
causes the complex e!™ phase becoming e!?™ thus undetectable. It may be possible to take into account
(see footnote 17) from the subtle graded non-commutativity of cochain field effect. Thus one may need to
go beyond the continuum differential form TQFT formulation by using the cochain TQFT formulation in
order to see the subleading effect.

5.3 wy(TM)B = wy(TM)Sq'B and a Quadratic Link Invariant Lk" (32, 5?%)

As another interesting test example, now we consider a 5d TQFT obtained from summing over 2-form
field B of w3(TM)B = wo(TM)Sq' B (gauging 1-form Z; of this 5d SPTs), below we convert the cochain
TQFT to differential form continuum TQFT. Whose partition function and action (see footnote 10) are:

7 - / (D B)[Db|[Dh] exp(iS), (5.60)

S - / hdws(TM) + bdB + wa(TM)Sq' B, (5.61)
M5

S = / hdw2(TM)+de+w2(TM)%dB. (5.62)
M5
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Gauge transformations are:

wo(TM) wa(TM) + da,
B+ dg,
h+dy+ A,

b+ dC + p. (5.63)

>
41l

The gauge variation shows:
S —» S+ 7T/M5 dydwy(TM) + Adwy(TM) 4+ d¢dB + udB
+da%dB+wQ(TM)%d2/3+ da%dzﬁ (5.64)
~ Sin /M5 Adws(TM) + pdB + (%da) dB + (—%dﬁ)dwz(TM). (5.65)

The gauge variance of the action is: AS =0 =

A= (§d/3)7
po= ~(3da) (5.66)

We derive 2-surface operator:

U= exp(iwk(/22h—/‘/3;dB))
= exp(iﬂk(/ (5L(22)h—5L(V3)3dB))) (5.67)
M5 2

— explimk([ () 3B) (5.68)

and 2-surface operator:

U = exp(iﬂ'ﬁ(/EQb—i-/Vg;dwg(TM)))
_ exp(iwﬁ(/EQ b+ /2 %wg(TM)))
— exp(inl( 5L(22)(b+%w2(TM)))) (5.69)

M5

are gauge invariant. Where k, £ are Zs integers mod 2.

Insert U’, U into the path integral Z, so we can write the continuum field theory formulation as

'Y = / DB|[DhDHU'U exp(in / haws(TM) + bAB + ws(TM) £ dB).

M5
Step 1, we integrate out h in [[Dh], we get
dwy(TM) = ké+(2%),
wo(TM) = ké-(VE). (5.70)

We get the double-counting mod 2 cancellation in the exponent of exp(i7( [, 5 0+ (Vg;)gdB—sz (TM)3dB)) =
1. This boils down to

'y = /[DB][Db]Uexp(iTr/

- bAB) |y (710 =5 (V3))-

(5.71)
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Step 2, we integrate out b in [[Db], we get the constraint

dB = 5+ (x}),
B = 65H(VR). (5.72)

Step 3, finally we integrate out B in [[DB], from Eq. (5.71):

({U'U)

— [ pBleim(ys 3w2(TM)EEH (7))
[DBle

wa (TM) = k- (VE),
B =51 (V)

wa (TM) = kdH(VE,),

= /[DB]e(_i”(fo? Swa(TM)dB))

B =5L(V3)
(5.73)
—inl kL. 3 2
. (2020 (5.74)
—im( Bk (22, 32
x| o (rmo U)>)_ (5.75)

We derive the link invariant for the 5d TQFT Zggr[M?®] for S = 7 fM5 hdws(T M) +bdB +wy(TM)Sq' B
(Version 2) in Eq. (5.75):

#(Vin=p) =Lk (52, 58)| (5.76)

The path integral with appropriate extended operators insertions become Eq. (5.75) which provides the
above link invariant.

5.4 BSq'B+ (14 K)w (TM)?Sq'B + (1 + Ky)ws(TM)Sq' B and More Link Invariants:
5 5 5
le’Eul)wl dB(E_S)(O)’ 2_3)(0,)7 22U)’ Lk(BB:lB(E2U(,>7 2%7(")) and Lk’EUQ)dB(E%]” E2U<u>)
Finally we consider the generic form including any of the four classes of Zg%T(K ) in Eq. (4.5) obtained
1,52
from gauging Zg%T(K ) in Eq. (2.20), with (Kj,K2) € (Z2,Z2) labeling the four siblings. Denote
1,52
K| := 1+ K; mod 2 and K} := 1+ K5 mod 2. 2! The partition function and action (see footnote 10) are:

7Z = / [DB][Db][Dh][Dc] exp(iS). (5.77)
S = 7 [ Kledw (TM)+ Kyhdwy(TM) +bdB + BSq'B + Kjwi(TM)*Sq' B + Kjywy(TM)Sq'B. (5.78)
M5
1 1 1
S = 7| Kjcdw (TM)+ Kjhdws(TM) +bdB + B dB + K{wl(TM)2§dB + K§w2(TM)§dB. (5.79)
M5

As we will see, the ordering of the path integral measures [[DB][Db|[Dh|[Dc] is based on the ordering of
integrating out later. Later we will integrate out the first ¢, then the second A, then the third b, then the
fourth B.

2L Although in the partition function, K] and K| + 2 are equivalent, we only consider K/ € {0, 1}.
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5.4.1 Gauge Invariance

Gauge transformations are:

wi(TM) — w(TM)+ day,
wa(TM) — wo(TM)+ day,
B — B+dp,
c — c+dy+ Mg,
h — h+dvy+ Ao,
b — b+ d¢+ p. (5.80)

The gauge variation shows:
S —» S+ 77/ K| dy dwy (TM) + Ki A dwi (TM) + Kydyadws(TM) + Ki o dws(TM) + d¢dB + udB
M5
1 N 1 5
+d6§dB + Bgd B+ dﬁgd B
1
—i—Ki (w1 (TM) doq + daqwy (TM) + dog qu)i dB
1
+ K (wi (TM)? + wi (TM)dey + dayw (TM) + dalda1)§d26
1 1 1
+ K} day; dB + KéwQ(TM)§d25 + K} da2§d26 (5.81)
1 1
= S+ KM\ dwi (TM) + K\ odwo(TM) + pdB + K§(§da2)dB + Ké(—gdﬂ)dwg(TM)
M5
1
+Ki§(w1(TM)d041 + dalfwl(TM) + dag dal)dB (582)
where we have used integration by part: for a closed 5-manifold without boundary, after integration by
part then we can drop the boundary term d(...) where ... only has effects on a 4-manifold (the 4d
boundary of an open 5-manifold) and we drop the total derivative terms which have no effect on a closed

5-manifold without boundary.

The gauge variance of the action is: AS =0 =
Kix = 0,
1
K\ = Kéidﬂ,

1 1
n = —Kii(’wl (TM) dog + dalwl(TM) + doy dOél) — K£§da2. (5.83)

5.4.2 Extended 2-Surface/3-Brane Operators and Link Invariants

We derive 3-manifold operator:
X = exp(iﬂ'k:Ki(/ c))
»3
= exp(imk(1l + Kl)(/ (6+(Z%)e))). (5.84)
M5

Note that when K] =1+ K; = 0 mod 2, the X operator vanishes.
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We derive 2-surface operators:
! . / !/ 1
U = exp(ink KQ(/ h —/ —dB))
n2 Vs 2

= exp(iwk'Ké(/

M5
= exp(ink'Ki( /M5<6i<22><h —3B)) (5.85)
1

= exp(irk’(1+ Kg)(/M5(5l(Z2)(h — §B))))

(F-(22)h — 5-(V?) 5 dB)))

Note that when K/ =1+ Ky = 0 mod 2, the U’ operator vanishes.
. /! 1 2 / 1
U = exp(iml( (b+K1§w1(TM) +K2§w2(TM))))
»2
1 1
= exp(im( / (6 (=) (b + 1(1511)1(7’1\4)2 + Ky 5wa(TM)))) (5.86)
M5
1 1
= exp(iﬂé(/ =)+ (1 + K1)§u11(TM)2 +(1+ K2)§’LU2(TM)))).
M5
All above extended operators are gauge invariant. Where k, &, ¢ are Zy integers mod 2.

Insert X5y, X, U, Ui, Ugiy into the path integral Z, so we can write the continuum field theory
formulation as

(Xeoy Xy U'UnyUgasy) = /[DB][Db][Dh] [De] X)Xy U'Ugi)Ugisy exp(iS). (5.87)
<X(1)X(11)U/U(1)U(u)> = /[DB] [Db] [Dh] [DC]X(I)X(H)U/U(I)U(H) eXp(lﬂ'/M5 Kicdwl (TM)
+K5hdwe(TM) + bdB + B%dB + K{wl(TM)Z%dB + Kéwg(TM)%dB).

Step 1, we integrate out ¢ in [[Dc|, we get

Kjdw (TM) = K (k(i)5L(E§<<i)) + k(ii)dL(E.%((ﬁ))),
Kjw(TM) = K (koo (Vi) +kad (Vi ,))- (5.88)
We keep K on both sides, because when K| = 1 mod 2, we have this constraint; when K{ = 0 mod 2,
there is no such constraint. So
1
Kyhdws(TM) +bdB + B3 dB

(XoyXayU'UnyUiy) = /[DBHDbHDh] U'UsUgiy exp(im s

K{wi (TM) = K] (k6" (VR ) + b8 (Vi ) (5.89)

1 1
+Kjw (TM)25 dB + Kjywo(TM) 54B)

Step 2, we integrate out h in [[Dh], we get

Kydwy(TM) = KjKéH(2%,),
Khwy(TM) = K, K§H(V3). (5.90)

We keep K on both sides, because when K, = 1 mod 2, we have this constraint; when K} = 0
mod 2, there is no such constraint. We get the double-counting mod 2 cancellation in the exponent
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of exp(im([y;s K50H(VE)E dB 4+ Kjwo(TM)LdB)) = 1. This boils down to

1
M5

Kiwi (TM) = K} (k()aL(vX()Hk( 3ot (VX( )))

I wy (TM)? dB)

Khwy(TM) = Khk/sL (v*,)

(5.91)
Step 3, we integrate out b in [[Db], we get the constraint
L(y2 L(y2
dB = {30~ (X)) + Land™ (X)),
B = z(i)ai(vg@) + z(ﬁ)&(vg(m). (5.92)

Step 4, finally we integrate out B in [[DB], from Eq. (5.89):

(Xoy X U'UsnyUgasy)

— [PBlexpl-in([ S(Rjwn(TMP + Kyua(TM)) (05 () + s (2,,)
M5

Kiwl(TM):Ki(k(i)ai-(vf((i))+k(“)ai-(v§((“))),
Khwy (TM)= K’k’si-(v3,)
B = £330+ (V3 A )+e(,,)5 (v,

1 1
+B5dB + K{wl(TM)2§dB)) )

Van
1 1
= /[DB} exp(—iﬂ'(/ §(K{w1(TM) + Khwo(TM))dB +B§dB
M5

Kjwy (TM)=K{ (k(i)‘sL(Vf((i) )+k(ii)6L(V§((“) )
Kéwz(TM):Kék'a’L(vg/),
B= e(i)(si(vg(_)) + e(m(si(vg(_.))

1
+K{w1(TM)2§dB))

(5.93)
= eXp(—iﬂ<K{/€(i)k’(ii) 2V, N VR N Ead™ (B,) + Land™ (SE,))

o Ml 5 K . lola) s 3y
PRV N TR ) + (Vo ) + O @, 05+ #0, N55,))

+(+++) - (Self-intersecting # terms) (5.94)
=~ eXp(—iTI' (Ki(k(l)k(u)ﬁ(l) 2le(5) (ZX( . EX( o Z%](i)) + k(l) k(ii)g(l ) 2T1k(5) (ZX( iy ZX(H) R E%](ii) ))

K0 Kl
Ry (52 kO (Sh, 58 ) + LK, T ) + e - LRO(SE L SE ) - () (5.95)

We propose a set-up to remove or renormalize the (Self-intersecting # terms) appeared in Eq. (5.94),
following the same strategy as footnote 19.

For S =7 [,;5 Kj{cdwi(TM) + Kjhdwy(TM) +bdB + B3dB + K{jwi(TM)?3dB + Kjws(TM)%dB,
we derive the link invariant for the 5d TQFT Zgpr[M?®] in Eq. (5.94) and Eq. (5.95):

Kk - 28 (Vx ) N VX N Eayd (SF,) + Land™ (S5,,)))

k’f()
2

oK)
2

Kl
VB NSE )+ (VNS ) +

K ;

(5) (5) 2
(1 + K1) (kb L) - 2T, a5 (S x> St) + kokan £ - 2T, a5 (S X S0 )

Koy —6) o Kliy ©0 () w2 w2 )
+(1+K2)( 2 Lk’wgdB(E 7y EU()) 2 Lk’wgdB(E /,EU(")))‘FE(I)K( ) LdeB(EU(),EU(u)) .

(5.96)
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The path integral with appropriate extended operators insertions become Eq. (5.95) which provides the
above link invariant.

5.4.3 (K1, Ks)=(0,0): 1st Sibling

5d . . . . . . .
The ZSET(K1=O,K2=O) gives rise to a bd triple link invariant:

. leg’l) pp in Sec. 5.1’s Eq. (5.25). We present an exemplary link configuration later in (Sec. 6.2) that can

be detected by this link invariant. On another expression, Z%%T(K 0.Ky—0) in Eq. (4.5) gives rise to other
1=V, 82=

0

link invariants in Eq. (5.96) including
o TIK®

wiwi dB
an exponent factor 27 in the expectation value). We present an exemplary link configuration later in
(Sec. 6.3) that can be detected by this link invariant.
° LkSQ) d B(ZQU,, ZQU), another quadratic link of 2-surfaces in 5d. We present an exemplary link configuration

later in (Sec. 6.6) that can be detected by this link invariant.
° Lk(gzl B(Z‘%](i), E%J(m)’ a quadratic link of 2-surfaces in 5d. We present an exemplary link configuration
later in (Sec. 6.5) that can be detected by this link invariant.

(Z%c(i),Zi(ﬁ),Z%]), a second type of triple link in 5d (although seemly undetectable due to

Physically, these link invariants may be related to each other by re-arranging the spacetime braiding
process of strings/branes. It will be interesting to find a precise mathematical equality to relate these link
invariants.

5.4.4 (K, K2)=(1,0): 2nd Sibling

ES)%T(KI:LKQ:O) in Eq. (4.5) gives rise to link invariants in Eq. (5.96) including
) LkSQ) d B(E2U” EQU), another quadratic link of 2-surfaces in 5d. We present an exemplary link configuration

later in (Sec. 6.6) that can be detected by this link invariant.
. Lkg’ll B(E2U(i), EQU(m), a quadratic link of 2-surfaces in 5d. We present an exemplary link configuration
later in (Sec. 6.5) that can be detected by this link invariant.

Similarly to our comments above in Sec. 5.4.3, it will be interesting to find a precise mathematical equality
to relate these link invariants.

5.4.5 (Ki,K3)=(0,1): 3rd Sibling

Zg%T(KI:O,KQ:I) in Eq. (4.5) gives rise to link invariants in Eq. (5.96) including
o TIKY

wiwy dB
an exponent factor 27 in the expectation value). We present an exemplary link configuration later in

(Sec. 6.3) that can be detected by this link invariant.

. Lk(gz1 B(E%ﬁ), 2[2](“)), a quadratic link of 2-surfaces in 5d. We present an exemplary link configuration
later in (Sec. 6.5) that can be detected by this link invariant.

Similarly to our comments above in Sec. 5.4.3, it will be interesting to find a precise mathematical equality
to relate these link invariants.

(Eg((i),Zg((ii),EQU), a second type of triple link in 5d (although seemly undetectable due to
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5.4.6 (K1, K3) = (1,1): 4th Sibling

5d
SET )y =1,K5=1

(5) 2 2
° LdeB(EU(i>, EU(H)).
Similarly to our comments above in Sec. 5.4.3, it will be interesting to find a precise mathematical equality
to relate these link invariants.

) in Eq. (4.5) gives rise to link invariants in Eq. (5.96) including
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6 Anyonic String/Brane Spacetime Braiding Process and Link Con-
figurations of Extended Operators

Now we provide the exemplary spacetime braiding process of anyonic string/brane (in 5d and in other
dimensions), and the link configurations of extended operators, which can be detected by the link invariants
that we derived in Sec. 5.

6.1 Quadratic Link (Aharanov-Bohm) Configuration in Any Dimension

To warm up, first let us recall the quadratic link, by the Aharanov-Bohm statistics in dd due to the linking
of charged particle’s 1-worldline and the fractional flux’s (d — 2)d-worldsheet. In 3d spacetime, we have
the following presentation

st st

where gluing two solid tori D? x S! gives rise to a 3-sphere: (Df x S§)U(S{ x D) = S3. We can represent
the two solid tori gluing as a blue solid tori and a red solid tori gluing: (D? x SE)U(SL x D) = S3. Tt is
well-known that the link invariant (quadratic link) detecting this Aharanov-Bohm configuration is given
by ( [11] and References therein): Lk((Opt)r, X Sk, St X (Opt)r), which we also express as

Lk((0pt)r, X Sk, S % (0p0)R) (6.1)

based on the color labeling of the inclusion of two S* circles in which of two solid tori. This link invariant
can be computed from the intersection number,

St St

as #((0pt)L X Sg) N (DZ x (Opt)r,—)) = 1, which becomes

#((0pe)L x Sg) N (DF % (0pe-)r)) = 1. (6.2)

again based on the color labeling of the inclusion of S' and D? in which of two solid tori. Importantly,
(Opt—) means the point (Op) now is attached with a line due to this particular way we represent the S®
into two D? x S1. We see the intersection number #((0p¢)r, x Sg) N (Df x (0p—)r)) = 1 is right at the
black dot e.
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In dd spacetime, we have the following presentation for the gluing to S? sphere by (Dﬁ_1 x Sk) U
(8972 x D) = S¢ or

(D= % SR U (S2 x D) = S4. (6.3)

While the link configuration is

given by Lk((Opt)r, X Sk, SE2 x (Opt)r), or

Lk((Opt )L, x Sg, 577 % (Opt)r) (6.4)
with the coloring presentation explained earlier. This link invariant can be computed from the intersection
number,
given by #((0p)1, S Dd L (Opt)r =1, or

#((Opt)r X 5%1) n (Df_l % (Opi—)r)) = 1. (6.5)

with the coloring presentation explained earlier. Importantly, (0p—) means the point (0p) now is attached
with a line due to this particular way we represent the S¢. We see the intersection number #((0p¢ )1, x S&)N
(D1 % (0p—)r)) = 1. is right at the black dot e.
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6.2 The 1st Triple Link #(Vin V3, NV, ) =TIk ,,(5%, 53,53, ) Configuration in
5d

We move on to discuss the triple link configuration for leEEBB (2%, EgU(i)’lej(ii)) derived in Sec. 5.1.22
We propose that this link invariant derived in Sec. 5.1 can detect Fig. 2.

Sl

Figure 2: S° = 9D% = 9(D* x D?) = §3 x D?UD* x S' = §3 x D2U D? x D? x S!, the intersection of the
two copies of D? x St in the second piece (D? x Opt x St and 0pt x D? x S1) is 0pg X Opg X ST = 0y x S1, this
Opt X St and S3 x 0y in the first piece are linked. In this figure, X3 = S3 x Opt, E%J(i) = 9(D? x 0y x S,
z%](m = 9(0p x D? x S1).

Sl

Figure 3: Following the last figure, V)% = D*x Opt which bounds 3, Vl?(i) =D?x Opt X S 1 which bounds
2 3 2 1 : 2 : : 3 3 1
ZU(i), VU(“) = Opt x D* x S* which bounds EU(“). The intersection of VU(i) and VU(H) is Opy x 57, the

intersection of V)‘é and this Op; x § 1is a point which is the point in black in this figure.

To explain, we start by gluing into a 5-sphere via S° = 9D® = 9(D* x D?) = 83 x D2 U D* x S! =
53 x D?UD? x D* x S'. We write S° = (S} x DZ)U (Df x S§) = (S{ x D) U (D} x S§). We also have
S5 = (S} x DE) U (D? x D} x SL) = (S§ x D&) U (D} x D} x SL).

Consider the link invariant defined by #(Vi N V3 N V3 ) = Tk (5%, 3, 57 ), we see that
the link configuration in Fig. 2 gives the intersection number 1 in Fig. 3. Again in the #(Vy N VU?’(i) N Vg(ii))

presentation in Fig. 3, (Opt—) means the point (0p) now is attached with a line due to this particular way
we represent the S¢. We see the intersection number #(V)% N Vg(i) N Vg{ﬁ)) = 1 is right at the black dot e.

22Effectively, lei?fBB(Ei,E?J“),E,QJ(m) can be also regarded as lef}gB (Ez},E?](i),E%m)) where A is other Z, 1-form
gauge field.
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6.3 The 2nd Triple Link #(V{ NV N¥}) = Tik)

wnwn d5(SX )0 2x o St7) Configuration
in 5d

We now discuss leSl)wl dB(Egcm , ng(ii) ,3%) (or lef@ldB(Z%{(i), E}(m ,32%)). This link invariant is derived
in Sec. 5.2.2.

D 52
X » 4
2

S2)

Figure 4: S° = 9D% = 9(D3 x D3) = S x D3 U D3 x S2. Put a 2-torus (denoted by (1)) in D3 x Oy,
and put a Hopf link (the two circles are denoted by (2) and (3) respectively) in the solid 2-torus. Put
two circles (denoted by S(ll) and 5(13) respectively) which intersect in only one point in Op x S? (denoted
by 8(22)). In this figure, Eﬁ(m is the cartesian product of the 2-torus (1) and S(ll), Eg((ii) is the cartesian

product of the circle (2) and 5(22), Y7 is the cartesian product of the circle (3) and 5(13).

<

2
S)

Figure 5: Following the last figure, if we fill in 2?))(0) and E%Qii), we get V)%(i) = D? x S' x S! and

V)‘ém) = D? x §?, V)%(i), V)%(ii) and EIQJ will intersect in only one point which is the point in black in this
figure.
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Consider the link invariant defined by #(Ve NVe NX%) = Tk ¥3, .83 32 we see
Xa X U Xy T Xay TU

wiwi dB
that the link configuration in Fig. 4 gives the intersection number 1 in Fig. 5.

6.4 Quadruple Link #(V{{, nVi nVi nvd)=QIky), ., 5(5%, %%, Sk O5) Con-
figuration in 5d

We now discuss Qlk(5) (Eg((i), Eg((m,i&(m)) (or Qlkg))

aaab 1wiw B

derived in Sec. 5.2.1.

(zg((i), zg((m : 2}@)) ).This link invariant is

52

Figure 6: S° = 0D® = 9(D? x D3) = S% x D3 U D3 x S2. Put Borromean rings in D3 x Op, If we fill in

each of the three circles of the Borromean rings, then we get an intersection point, we can think of this

point as Op¢ in D3, then the cartesian product of each of the three circles and S? (denoted by Ef;}(,), Ef’;((,_)

and Eg’f(m) respectively) will intersect in Opg X 52, this Opt X S2 and S? x Opt (E%] in this figure) are linked.

S2

Figure 7: Following the last figure, we denote the three D? x S? which bound the cartesian product of
the three circles and S? as V)%(i), V)%(m’ V)%(m) respectively. The intersection of V)%(i), V)%(m and V)%(m) is
Opt X S2. The intersection of Vg = D3 x 0pt which bounds ZzU and Op¢ X S? is a point which is the point
in black in this figure.

Consider the link invariant defined by #(Vi, NV Vi nVE) = Q™) (% T Sk =0

wiwiwi B
we see that the link configuration in Fig. 6 gives the intersection number 1 in Fig. 7.
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6.5 Quadratic Link #(V; i EU< >) = Lkg’éB(Z%,m,Z?](m)

Now we discuss Lksg?ll B(E%,ﬁ), EQU(m). This link invariant is derived in the special case (K7, K2) = (1,1) in

Sec. 5.4.

2 S2 2 S2

Figure 8: S° = 9D® = 9(D? x D3) = 5% x D3U D3 x S%. The S? x Oy in the first piece and the O, x S?
in the second piece are linked. In this figure, Z%]( =52 x Opt, E = Opt X S2.

Ut

Figure 9: Following the last figure, if we fill in S? x Opt, we get VU3<i> = D3 x Opt, the intersection of D3 x Opt
and Opy X S? is a point which is the point in black in this figure.

. o . _ 5
Consider the link invariant defined by #(V)%(i) N V)%(ﬁ) N V)%(im NVE) = QlkfufwlwlB(Z%((i) , Ei(ﬁ) , E%Qim, %),
we see that the link configuration in Fig. 8 gives the intersection number 1 in Fig. 9.

6.6 Quadratic Link #(V, N¥3) = Lk (23,52,

Now we discuss kai)dB(E[Q],, ¥%) or Lkg)dB(EQU'v ¥%). This link invariant is derived in Sec. 5.3.

Figure 10: S® = 9D = D3 X D3 x D3U D3 x S2. The 52 x Opt in the first piece and the Op; X 52
in the second piece are hnked. In this ﬁgure Y2, =5%x Opt, EU = Opt X S2.

3 52 ) 52

Figure 11: Following the last figure, if we fill in S? x Opt, we get VUS, = D3 x Opt, the intersection of D3 x Opt
and Op¢ X S? is a point which is the point in black in this figure.
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Consider the link invariant defined by #(V;3, N %) = Lk,f?) ap(Z#,E3,), we see that the link configu-
ration in Fig. 10 gives the intersection number 1 in Fig. 11.

. . . 5 .
6.7 ’.I‘h§d3rd Triple Link #(Vii, N¥%  NV3) = Tk, 4 5(5%, . 5%, . 57) Configuration
mn

. . . . . . . 4 3 3\ (5) 3 3 2
Finally, we discuss a third triple link invariant #(VX(i) N EX(“) nNVy) = le(AdA)B(ZX(i)’ ZX(ﬁ)v ). We
have not derived these from 4d YM-5d SET coupled systems. However, to get this, we need a topological
term (wy(T'M)dw,(T'M))B. This is possible however from (A;dA;)B type of TQFTs. We indeed can

extend the dimensions to 5d from some 4d theories studied in [11] and [62].

Figure 12: S5 = 9D® = 9(D? x D3) = §% x D3 U D3 x S%, put a Hopf link in D3 x Op. In this figure,
Zé{(i) and E_%((i) are the cartesian product of the two circles in the Hopf link and S? respectively, namely,
they are both S! x S2, Z‘?J = 52 x Opt.

Figure 13: Following the last figure, if we fill in Eﬁ((i), we get V)%(i) = D? x S?, the intersection of V)%(i)
and ng(ii) is the cartesian product of a point (we can think of the point as Op) and S%. If we fill in X%

further, we get Vg = D3 x Opt, the intersection of D3 x Opt and Opy X 52 is a point which is the point in
black in this figure.

) ks : 4 3 3y = 115 3 3 2
Consider the link invariant defined by #(VX(i) N ZX(“) nVg) = le(AdA)B(EX(i)’ EX(vaU)’ we see
that the link configuration in Fig. 12 gives the intersection number 1 in Fig. 13.
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7 4d SO(3)y—, Yang-Mills Gauge Theories coupled to the Boundary of
5d SETs/Long-Range Entangled TQFTSs

In Sec. 2, we have shown that that the SU(2) Yang-Mills theory with # = 7, with the gauge bundle
constraint wy(Vpsy()) = B + Kywi1(TM)? 4+ Kowy(T M), has four distinct t” Hooft anomalies Eq. (2.11).
In this section, we further comment on gauging the 1-form ng center symmetry of the four siblings of
SU(2)p—r YM to obtain SO(3)p—r YM theories. Since the 't Hooft anomalies involve the 1-form center
symmetry and the spacetime symmetries (whose background is the Stiefel-Whitney classes w;(T'M)),
depending on which manifold we formulate the SU(2) Yang Mills, one obtains different theories.

7.1 From SU(2) to SO(3) Gauge Theory

To illustrate, we start with gauging the 1-form symmetry [6, 63] of the time reversal symmetric and
anomaly free SU(2)p—o YM theories. There are still four choices of gauge bundle constraints labeled by
(K1, K»), i.e. Eq. (3.2) except the 2-form Zy gauge field is promoted to a dynamical field. Denoting
Zé%(Q)YM [B] as the path integral without specifying the gauge bundle constraint, the partition function
with the gauge bundle constraint wa(E) = (B + Kywi(TM)? + Kows(TM)) mod 2 is

Zé%@)YM(KI,KQ)[B] = /[DA} Zs30yym[Blexp (imA U (w2(E) — (B + Kywy (TM)? + K2w2(TM)>))7

More generally, we can add Pontryagin square term EZXP(B) labeled by an integer p, and define a partition
function:

Z8 o, ey B] = / [DA] Z&5 o yn[ Bl exp (im(AU(ws (E)— <B+K1w1(TM)2+K2w2(TM)))+§P(B))),

(7.1)
Below we like to obtain SO(3) YM by gauging 1-form Zga[l] center symmetry. The theta angle of the
resulting theory is 27p. If we(TM) is nontrivial, the resulting SO(3) theory is time reversal symmetric
only when p € 2Z and p ~ p + 4. When wo(TM) is trivial, the resulting SO(3) theory is time reversal
symmetric for p € Z and p ~ p+2. In the following, we always restrict to the time reversal symmetric case.
Gauging 1-form center symmetry amounts to summing over the background gauge field B (promoting B
to a dynamical gauge field),

74d _
SO(B)YM (k)

/ DAIDB] 28 oyl Blexp (in(A U (ws(B) — (B + Kvn(TM)? + Koun(TAD))) + EP(B))), (72)

By integrating out A enforces the relation between SO(3)-gauge bundles/connections and 2-form dynamical

gauge field B. This outputs the SO(3)-gauge theory ZédO(i%)YM(KI,@) with 6 = 27p.

7.2 Comment on Gauging 1-form Z;v[l] of SU(2) Gauge Theory with § =7

We proceed to discuss gauging the 1-form symmetry of SU(2) Yang Mills with 6 = 7.
If one formulates the SU(2) Yang Mills on an orientable and spin manifold, i.e., w; = wa = 0 (hence

ws = 0 as well), then one has the freedom to ignore the time reversal as a symmetry of the theory. The
only symmetry of interest is the 1-form symmetry, which does not have anomaly with itself. Hence one

49



can gauge the 1-form symmetry and the resulting theory is PSU(2) = SO(3) Yang-Mills with 6 = .
Indeed, SO(3) Yang-Mills with § = m does not respect time reversal, which maps # = 7 to = 37 due to
the identification 6 ~ 0 + 4.

If one formulates the SU(2) Yang Mills on an orientable and non-spin manifold, one still has the
freedom to ignore the time reversal as a symmetry of the theory. However, in this case, there is still
nontrivial anomaly

Komwy(TM)USq'B = / Korws(TM)U B (7.3)
M5 M5

which does not vanish on an orientable manifold if Ko = 1. Denoting the partition function of the
SU(2)p=r Yang-Mills coupled to B as ZSU(Q)YM(O %) [M*, B], after promoting B to a dynamical field, the
partition function of the entire 4d-5d system is

> Zsu(2)yM(q i, [M ", Bl exp (m Kows(TM) U B) . (7.4)
B

M5

If Ko = 0, the 4d-5d system reduces to a intrinsic 4d system. Physically, this corresponds to the case
where the gauge charge is a boson. It makes sense to gauge the 1-form symmetry which again gives raise
to the SO(3) Yang-Mills theory. If K5 = 1, only the entire 4d-5d system is well defined, and it does not
make sense to discuss the 4d theory alone, in contrast with the case where w; = ws = 0. Physically, this
corresponds to the case where the gauge charge is a fermion.

If one formulates the SU(2) Yang Mills on an unorientable manifold, time reversal symmetry is bulit
in and too late to give it up. Promoting B to a dynamical gauge field, the partition function for the total
system is

ZZSU(Q)YMWLKQ)[M‘*,B] exp [m /Ms (BsqlB+sq25qlB+Klw1(TM)3UB+K2w3(TM)uB> . (7.5)
B

Since M? is unorientable, for all four choices of (K1, K3), the 5d terms do not vanish (because 7BSq'B +
7Sq?Sq! B is always non-vanishing on unorientable manifold). Hence one can only discuss the 4d-5d system
rather than discussing the 4d system alone. We summarize all the above scenarios in Table 10.

(wn, wa)\(K1, K2) | (0,0) [ (1,0) [ (0,1) | (1,1)
(0,0) v v v v
(1,0) X X X X
0,1) v v X X
(1,1) X X X X

Table 10: Possibilities of gauging the SU(2)g—, Yang-Mills theory with gauge bundle constraint (K7, K2)
on a manifold with Stiefel-Whitney class (wy,w2). The v/ means that there is a way to make sense of the
resulting gauged theory as a purely 4d theory. The theories labeled by x means that it only makes sense
to discuss the combined 4d-5d systems.
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8 Lattice Regularization and UV completion

In this section, we formulate the background-probed-field 5d partition function of the higher SPT

g%T(KFO’KQ:O) [M?; B] of a background 2-cochain B field on a simplicial complex spacetime. This provides
a lattice regularization of the 5d SPT. We also provide lattice realization of (i) 4d higher-symmetry-
extended boundary theory or (ii) 4d higher-symmetry-enriched anomalous topologically ordered boundary
theory. We will generalize the approach in [52] and follow the Section IX of [64]. In condensed matter
physics, this (ii) phenomenon is known as the anomalous surface topological order firstly noticed in [65]

(typically the 241D boundary of 341D SPTs, see a review [28]).

8.1 Lattice Realization of 4d Higher-SPTs and Higher-Gauge TQFT: 4d Simplicial
Complex and 3+1D Condensed Matter Realization

We warm up by considering a lattice realization of 4d Higher-SPTs given by

72, [M*; B] = exp (ﬁ;/ P(B)) = exp <172T/ BUB+BU5B>. (8.1)
M4 M4 !

The path integral can be regularized on a triangulated 4-manifold M*. The building blocks of M* are
4-simplices. Without loss of generality, we consider an arbitrary 4-simplical which we denote as (01234)
where each number labels one vertex. See Fig. 14 for a graphical representation of a 4-simplex. We
denote Bjjj as restricting the 2-cochain B on the 2-simplex (ijk). We label the path integral amplitude
on (01234) as w4(01234), i.e.,

1 1
w4(01234) = exp [iﬂ' (23 UB+ §B U 5B>
1

01234

= exp

LT
15 <B()123234 + Boza(Bi23 — Bozs + Bois — Bo12) + Bo14(Ba3a — Biga + Biaa — BlQS))] .
2

(8.2)

It is straightforward to verify that w4(01234) satisfies the cocycle condition:
wg(12345) - w4 (01345) - wy(01235)

(0001) (012345) = 2(02345) - (01245) - wy (01234) (8.3)

8.2 Lattice Realization of 5d Higher-SPTs and Higher-Gauge SETs: 5d Simplicial
Complex and 441D Condensed Matter Realization

The 5d partition function with (K; = 0, Ko = 0) is

v/ 1 —0ky0) [M5] = exp (m /MS BSq'B + SqQSqlB> : (8.4)

We start by triangulating the 5d closed spacetime manifold (without boundary) into 5-simplicial complex.
We denote B;jj, as restricting the 2-cochain B on the 2-simplex (ijk). Using the identities

1
Sq!B=BUB = 553,
1

) (8.5)
Sq*Sq'B = (Sq'B) Y (Sq'B) = 1(0B)U (6B).

o1



Figure 14: Graphical representation of a 4-simplex (01234).

Note that the second equality in both lines hold only when B is a cocycle, i.e., §B = 0. Since B is the
classical background gauge field of Zs discrete symmetry, B should obey the flat condition, hence for
simplicity, one can use all the equalities in Eq. (8.5). One can express the SPT action Eq. (8.4) in terms
of the sum of cup-products of B cochains over 5-simplices

5d 51 _ T LT
ZEr e, 1,0y [M°] = exp <12 Z; BUOB +i7 Z; 0B U 5B> . (8.6)
M M

Figure 15: Graphical representation of a 5-simplex (012345).

Without loss of generality, we consider an arbitrary 5-simplex which we denote as (012345) where each
number labels one vertex. See Fig. 15 for a graphical representation of a 5-simplex. We will label the path
integral amplitude on the simplex (012345) as w5(012345), i.e.,

w5(012345) = exp [iﬂ' (;B UdB + %53 U 5B) (8.7)

012345]
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g%T(Klzo,KQ:O) [M°] = H(ijklmn)eM5 w(ijklmn). Using

the definition of the cup products on simplices and the identities Eq. (8.5), we have

so that the partition function can be simplified as Z

1
(SqlB)0123 =3 <B123 — Bo2s + Bo13 — 3012)

1
(Sa*Sa' B) 19945 = <(5B)0345(5B)0123 + (6B)o0145(6B) 1234 + (53)0125(53)2345>,
((—3045 — Boss + Boss + Bsas) (—Bo2s — Boi2 + Bois + Bi2s)

4
_1
4

+ (= Boas — Bo14 + Bois + Bias) (—Bi3a — Bi23 + Bi24 + Ba3a)

+ (—Boz2s — Bo12 + Bois + Bi2s) (—Baas — Basa + Bass + Bsas) >

Hence the path integral amplitude on the simplex (012345) is

im
ws5(012345) = exp 73012(—3245 — Ba34 + Bass + Bays)

i
+ T (—Boas — Boza + Boss + Bsas) (—Bo2s — Boi2 + Boiz + Bi23)
) (8.9)
17
+ T (—Boas — Boia + Bois + Bias) (—Biga — Bi123 + Bi24a + Basa)
i

+ T (—Bo2s — Boi2 + Bois + Bi2s) (—Baas — Basa + Bass + Baas) |-

It is straightforward to verify that ws(012345) satisfies the cocycle condition:

ws(123456) - w5(013456) - ws(012356) - ws (012345)
Sws)(0123456) = =1. 8.10
(0ws)( ) ws(023456) - w5 (012456) - w5 (012346) (8.10)

We emphasize that w(012345) is a cocycle only when B is a cocycle, i.e., 6B = 0. If B is a cochain rather
than a cocycle, Eq. (8.4) is not a cocycle, hence can not be a partition function of a topological field
theory. 23

We further comment on the lattice regularization of theory with various choices of (K1, K2).

1. When (K1, K3) = (0,0), as we derived above, there is a lattice regularization of the 5d SPT partition
function.

2. When (K, K2) = (1,0), the path integral amplitude depends on the first Stiefel-Whitney class
w1(TM). Using the method of [27], one can write down the simplicial form of w1 (T M)? using the
twisted cocycle, with the coefficient in U(1)7 due to anti-unitary symmetry nature of time-reversal
(in the Hamiltonian formalism of [27]). We will not write down the explicit expression for the
cocycle.

3. When (K7, K3) = (0,1), we can use the expression
zg%T(KI:MFU [M®] = exp (m /Ms BSq'B + (wl(TM)2)Sq1B> : (8.11)

We will see that both BSq' B can be written on the lattice (see the next (K; = 1, Ky = 1)), while
the (w1 (TM)?)Sq'B can be written on the lattice using the method of [27].

23The cocycle condition is crucial in proving the partition function to be invariant under re-triangulating the spacetime
manifold M°®.
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4. When (K3, K2) = (1,1), there is also a lattice regularization of the 5d SPT partition function. To
see this, we rewrite the partition function,

yAS: [M5] = exp (m / BSq'B 4 Sq*Sq' B + (wi (T M)?* + wg(TM))SqlB)
M5

SPT (k) =1,K5=1)
= exp (iﬂ'/ BSqlB>.
M5

where we have used Sq?Sq* B+ (w1 (T M)?4+w(TM))Sq' B = 0. Using Eq. (8.5), we obtain a cochain

(8.12)

expression
Zg%T(KFLKFl) [M°] = H ws (ijklmn),
(ijklmn)eM>
. (8.13)
. i
ws(ijklmn) = exp ?Bz’jk‘(_Bkmn — Bim + Bimn + Brin) | -

Other than the probed field partition function Z‘ES’%T(K . )[M %], we can also sum over B to get the the
1,582
: 5d 5
topologically ordered 5d SET ZSET<K1’K2) [M°].

Given that the 5d SPT and 5d SET path integral can be regularized on a lattice, following [27],
one can write down the quantum wavefunction via the spacetime path integral. It is also possible to
construct a lattice quantum Hamiltonian on the 4D space (on a constant time slice), for both SPTs and
SETs, similar to the formulations of [27,66-68]. For the topologically ordered 5d SET, we implement the
method of [67,68]:

I:I = Z AZ - Z B3—simp1ex (814)

1-link ¢ 3-simplex

where Ag is an operator acting on the plaquettes (2-simplex) adjacent to the 1-link ¢, and E3_simplex is
an operator acting on the boundary of a given 3-simplex which again are plaquettes (2-simplex). The A,
has its effect on imposing the time evolution constraint as the same as the path integral formulation: A,
lifting the state vector to a next time slice locally around the 1-link £. The Bg_simplex imposes the zero flux
condition enclosed by the 3-simplex (which is a 2-sphere S? in topology). We will not give the explicit
expression of the quantum Hamiltonian H in this paper.

8.3 Lattice Regularization of Higher-Symmetry-Extended and Higher-Symmetry-
Preserving Anomalous 3+1D Topologically Ordered Gapped Boundaries

One option to saturate the anomaly inflow from the bulk 5d (4+1D) SPT is to extend the global symmetry
on the 4d (34+1D) boundary. We consider the four siblings of 5d higher-SPTs labeled by (K7, K2), whose
partition functions are

Z3ht . 1y [M°] = exp [m/ <B + (14 Ky)wy (TM)? + (1 + KQ)wz(TM)> USq'B|.  (8.15)
, s

Using the schematic way in [52], we find that the boundary of 5d SPT can support a 4d TQFT via

symmetry extension from Zs to Z4. Schematically, let wéKl’KQ) be the 5-cocycle whose product over
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the 5d manifold M? gives the 5d SPT partition function Eq. (8.15). Let ﬂiKI’KQ) be a 4-cochain which
trivializes the 5d cocycle, i.e.,

WK _ §alKLKD) (8.16)

We find that the following B4K1’K2) satisfies Eq. (8.16):
BEE2) — oy [m/ (B+ (1 + K1)wi (TM)? + (1 + K2)wo(TM)) U~y(C)|. (8.17)
M4

where C' is a Z4 valued 2-cochain satisfying B = C mod 2, and v : Zy — Z is a function which maps the
Z4 2-cochain to a Zy 2-cochain:

N2 ..
() = G =i (5.18)

We comment on the lattice realization of the boundary partition function BZ(lKl’Kﬁ

1. When (K3, K3) = (1,1), the 4d partition function has a simple cocycle form, hence it shows that
the partition function can be regularized on the lattice

= H exp

(ijklm)e M4

54&1’1) — exp [i’]‘(‘ BuU~(C) 17 Bk (7(C)) kim | - (8.19)

M4

2. When (K1, K2) = (1,0), iKl’Kz) depends explicitly on we(T'M). One can use the identity wws(TM)U

~¥(C) = 7P(~(C)) mod 27 to rewrite the path integral amplitude as

(10 — exp |im = Wit .
B = exp [ | Buso)+ P<v<c>>] (ijk};[ew (") (8:20)
where
(1,0) —
<w41 : )01234 B
exp |im <3012(V(C))234 + (1 (ENosal(V(CD2s = (1(CDozs + (1(CDoss = (V(CDor2) (g 99

+ (7(C))o14((7(C))23a — (7(C))134 + (7(C))124 — (7(@)123))

3. When (K3, K2) = (0,1) and (0,0), BiKI’KQ) explicitly depends on wy(T'M). Following [27], it is
possible to write down a cocycle expression of the path integral amplitude via the time reversal
twisted cochains. We will not write it down in the present paper.

In summary, we find that for all choices of (K7, K3), there exist lattice realizations of the symmetry
extended theory on the boundary of higher SPTs Eq. (2.19).
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9 Conclusions and Discussions

1. Summary: In this work, we show and prove (physically from quantum field theory) that new higher
't Hooft anomalies, given by a 5d topological term Eq. (2.11) and Eq. (2.19):

7r/ (B USq'B + Sq’Sq' B + Kiw (TM)3 U B + Kyws(TM) U B> ,
M5

of 4d time-reversal symmetric pure YM of an SU(2) gauge group with a second-Chern-class topo-
logical term at 6 = 7 (i.e., SU(2)p=r YM). We find that there are at least four siblings of SU(2)g—,
YM with bosonic UV completion, labeled by (Kj, K2) € (Z2,Z2). Their higher 't Hooft anoma-
lies of generalized global symmetries indicate that 4d SU(2)p—r YM, in order to realize all global
symmetries locally, necessarily couple to 5d higher symmetry-protected topological states (SPTs,
as invertible TQFTs [iTQFTs|, as 5d 1-form-center-symmetry-protected interacting “topological
superconductors” in condensed matter).

We explore various 4d Yang-Mills gauge theories (YM) living as boundary conditions of 5d gapped
short/long-range entangled (SRE/LRE) topological states. We revisit 4d SU(2)p—, YM-5d SRE-
higher-SPTs coupled systems [5, 8] and find these “Fantastic Four Siblings” with four sets of new
higher anomalies Eq. (2.19). Follow Weyl’s gauge principle, by dynamically gauging the 1-form
center symmetry, we transform a 5d bulk SRE SPTs into an LRE symmetry-enriched topologically
ordered state (SETSs); thus we obtain the 4d SO(3)p=r YM-5d LRE-higher-SETs coupled system
with dynamical higher-form gauge fields. We illustrate such 4d-5d systems schematically in Fig. 1
and Fig. 16.

5d time-reversal 5d time-reversal 4d

and 1-form Zg,[ll 2-form gauge

(3)g=r YM
higher-SPT's

tible TQFT)

higher-SET's
(TQFT)

Figure 16: An alternative illustration of Fig. 1.

The 4d SO(3) YM has a 6 periodicity 6 ~ 6 4+ 47 on a spin manifold, and 6 ~ 6 4+ 87 on a non-spin
manifold. Since time-reversal symmetry is preserved if and only if § — —6 is identified, thus SO(3)
YM has explicitly broken the time-reversal symmetry. In the right-hand side (b) of Fig. 1 and
Fig. 16, we actually have a 5d SETs whose 4d boundary has an explicitly time-reversal symmetry
breaking.

Apply the tool introduced in [11], we derive new exotic anyonic statistics of extended objects such
as 2-worldsheet of strings and 3-worldvolume of branes, which physically characterize the 5d SETs.
We discover new triple and quadruple link invariants associated with the underlying 5d higher-gauge
TQFT, hinting a new intrinsic relation between non-supersymmetric 4d pure YM and topological
links in 5d.

2. Appearances of mod 2 anomalies: We note that the anomaly associated to the 5d term exp(im [ws(TM)B)
has also appeared in the context of an adjoint QCDy theory [64,69,70]. The exp (i [ wa(TM)ws(TM))
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has also appeared as a new SU(2) anomaly in the SU(2) gauge theory [54]. All these anomalies and
all our anomalies in Eq. (2.19) are mod 2 non-perturbative global anomalies, like the SU(2) anoma-
lies [53, 54].

. Mathematical relation between 5d and 4d bordism groups: Mathematically there seems to be an
amusing relation between (1) gauging the SU(2) gauge bundle/connection under the coupling of 4d
YM with 4d SPTs (4d bordism invariants of Q") with G’ derived from a group extension:

1—SU2) = G — 0(d) — 1.

and (2) some of the 5d bordism invariants given by QF (B2Z5) = Z3. It will be illuminating to explore
this relation in the future.

. Classes of 4d SU(2)p—r YM: In Ref. [36], it was noted that the Pin™ and Pin~ version of the
above group extensions G’ = Pin' xz, SU(2) and G’ = Pin~ xz, SU(2) provide two different SPTs
vacua after dynamically gauging the SU(2) symmetry give rise to two distinct 4d SU(2)p—r YM
theories. Although Ref. [36] suggested that the Pint and Pin~ of 4d SU(2)p—, YM are secretly
indistinguishable by correlators of local operators on orientable spacetimes nor by gapped SPT
states, can be distinguished on non-orientable spacetimes or potentially by correlators of extended
operators.

In this work, we haven shown that Pin™ and Pin~ of 4d SU(2)y—, YM indeed have distinct new higher
't Hooft anomalies, given by Eq. (2.11) and Eq. (2.19), with (K3, K2) = (0,1) and (K3, K3) = (1,1)
respectively. Thus we confirm that Pin™ and Pin~ of 4d SU(2)y—, YM are indeed distinct vacua.

. Quantum spin liquids in condensed matter: Strong coupled gauge theories have condensed matter
implications as quantum spin liquids. Time-reversal symmetric U(1) gauge theories as quantum spin
liquids [28] are explored and classified based on the quantum numbers of gapped electric and magnetic
excitations (Wilson and 't Hooft line operators) in Ref. [56,57]. We will leave the interpretation of
our results of non-abelian SU(2) gauge theories in the context of quantum spin liquids for a future
work.

. Relations of link invariants and braiding statistics in various dimensions: We have applied the tools
developed in [11] to compute link invariants of 5d TQFTs. We remark that several link invariants
that we find here in 5d have dimensionally reduction analogy to 4d and 3d, such that the “dimensional
reduced” links in 4d and 3d are related to what had been studied in [10], [11] and References therein.

. Fate of IR dynamics of gauge theories, UV completion and lattice regularizations: For the 4d-b5d
systems that we explore (schematically in Fig. 1 and Fig. 16), we mainly focus on their “Fantastic
Four Siblings” as the UV theories. We do not yet know the IR fate of their dynamics of these strongly
coupled gauge theories. However, given the potentially complete 't Hooft anomalies in Eq. (2.11) and
Eq. (2.19) (at zero temperature), we can constrain the IR dynamics by UV-IR anomaly matching.
The consequence of anomaly matching implies that the IR theories must be at least one of the
following:

e Time-reversal Z1' symmetry broken (spontaneously or explicitly).

e 1-form center Z5 ,; symmetry broken (spontaneously or explicitly).

2,[1]
e Full symmetry-preserving anomalous TQFT. (Or a symmetry-extended anomaly-free TQFT
discussed in [52], but in a more artificial setup).

e Full symmetry-preserving gapless theory (CFT).
In fact, in Sec. 8, we construct the 4d boundary based of the third type above as a boundary TQFT
with a lattice spacetime path integral or a lattice Hamiltonian regularization; in this case, the full

spacetime partition function Z[M] of 4d-5d system can be explicitly computed as a number (by
following Sec. 9 of [52]). We will revisit the issue of dynamics in the future.
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