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Abstract

To understand the new physics and richness of quantum many-body system phenomena is
one of the stimuli driving the condensed matter community forward. Importantly, the new
insights and solutions for condensed matter theory sometimes come from the developed and
developing knowledge of high energy theory, mathematical and particle physics, which is
also true the other way around: Condensed matter physics has been providing crucial hints
and playgrounds for the fundamental laws of high energy physics. In this thesis, we explore
the aspects of symmetry, topology and anomalies in quantum matter with entanglement
from both condensed matter and high energy theory viewpoints. The focus of our research
is on the gapped many-body quantum systems including symmetry-protected topological
states (SPTs) and topologically ordered states (TOs). We first explore the ground state
structures of SPTs and TOs: the former can be symmetry twisted and the latter has ro-
bust degeneracy. The Berry phases generated by transporting and overlapping ground state
sectors potentially provide universal topological invariants that fully characterize the SPTs
and TOs. This framework provides us the aspects of symmetry and topology. We establish
a field theory representation of SPT invariants in any dimension to uncover group cohomol-
ogy classification and beyond — the former for SPTs with gapless boundary gauge anoma-
lies, the latter for SPTs with mixed gauge-gravity anomalies. We study topological orders
in 34+1 dimensions such as Dijkgraaf-Witten models, which support multi-string braiding
statistics; the resulting patterns may be analyzed by the mathematical theory of knots and
links. We explore the aspects of surface anomalies of bulk gapped states from the bulk-edge
correspondence: The gauge anomalies of SPTs shed light on the construction of bosonic
anomalies including Goldstone-Wilczek type, and also guide us to design a non-perturbative
lattice model regularizing the low-energy chiral fermion/gauge theory towards the Standard
Model while overcoming the Nielsen-Ninomiya fermion-doubling problem without relying
on Ginsparg-Wilson fermions. We conclude by utilizing aspects of both quantum mechan-
ical topology and spacetime topology to derive new formulas analogous to Verlinde’s via
geometric-topology surgery. This provides new insights for higher dimensional topological
states of matter.

Thesis Supervisor: Xiao-Gang Wen
Title: Cecil and Ida Green Professor of Physics
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for 2D, Fig.(d) for 3D). However if the symmetry twist ends, its ends are
monodromy defects with dA # 0, effectively with a gauge flux insertion. Mon-
odromy defects in Fig.(b) of 2D act like 0D point particles carrying flux, in
Fig.(e) of 3D act like 1D line strings carrying flux. The non-flat monodromy
defects with dA # 0 are essential to realize [ A,dA, and [ A,A,dA,, for
2D and 3D, while the flat connections (dA = 0) are enough to realize the
top Type [ A1Ay... Agr1 whose partition function on a spacetime T torus

with (d+ 1) codimension-1 sheets intersection (shown in Fig.(c),(f) in 2+1D,

3+1D) renders a nontrivial element for Eq.(3.2). . .. ... ... ... ...
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Topologically ordered states on a 2D manifold with 1D boundaries: (a) Illus-
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tations (blue arrows), on a manifold with five boundaries. (b) A higher genus

compact surface with boundaries (thus with punctures): a genus-3 manifold

with five boundaries. . . . . . . . ...
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cycles [eg], [cz] of a qubit, thus GSD = 2. Different boundary conditions do

not, thus GSD = 1. (b) The same boundary conditions allow z- or x-strings

connect two boundaries. Different boundary conditions do not. . . . . .. ..
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segments with: (a) a cylinder with d4, (b) a domain wall with its tunneling
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014. Finally, contract all the tensors. . . . . . . . .. ... ... ... .....
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4-6  (a)The 3D topological order C3P can be regarded as the direct sum of 2D topo-
logical orders CgD in different sectors b, as C3P = @bCED, when we compactify
a spatial direction z into a circle. This idea is general and applicable
to C3P without a gauge theory description. However, when C3P allows
a gauge group G description, the b stands for a group element (or the con-
jugacy class for the non-Abelian group) of G. Thus b acts as a gauge flux
along the dashed arrow - - -> in the compact direction z. Thus, C3P becomes
the direct sum of different C?P under distinct gauge fluxes b. (b)Combine
the reasoning in Eq.(4.37) and Fig.4-6, we obtain the physical meaning of
dimensional reduction from a 3-+1D twisted gauge theory as a 3D topological
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stands for the gauge flux (Wilson line operator) of gauge group G. Here w3
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a zero flux b = 0 sector with C
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Mutual braiding statistics following the path 1 — 2 — 3 — 4 along time evo-
lution (see Sec.4.2.4.3.2): (a) From a 2D viewpoint of dimensional reduced
CgD, the 27 braiding of two particles is shown. (b) The compact z direction
extends two particles to two closed (red, blue) strings. (c) An equivalent 3D
view, the b flux (along the arrow - - ->) is regarded as the monodromy caused
by a third (black) string. We identify the coordinates x,y and a compact z to
see that the full-braiding process is one (red) string going inside to the loop of
another (blue) string, and then going back from the outside. For Abelian topo-
logical orders, the mutual braiding process between two excitations (A and
B) in Fig.4-7(a) yields a statistical Abelian phase e ®) Sﬁ)(B) propor-
tional to the 2D’s S*™ matrix. The dimensional-extended equivalent picture
Fig.4-7(c) implies that the loop-braiding yields a phase efm®1p Sbw?f A)B)
of Eq.(4.47) (up to a choice of canonical basis), where b is the flux of the
black string. We clarify that in both (b) and (c¢) our strings may carry both
flux and charge. If a string carries only a pure charge, then it is effectively a
point particle in 3D. If a string carries a pure flux, then it is effectively a loop
of a pure string in 3D. If a string carries both charge and flux (as a dyon in
2D), then it is a loop with string fluxes attached with some charged particles
in 3D. Therefore our Fig.4-7(c)’s string-string braiding actually represents
several braiding processes: the particle-particle, particle-loop and loop-loop

braidings, all processes are threaded with a background (black) string.

Both process (a) and process (b) start from the creation of a pair of particle
g and anti-particle g, but the wordlines evolve along time to the bottom
differently. Process (a) produces a phase e?™ due to 27 rotation of ¢, with

spin s. Process (b) produces a phase e'© due to the exchange statistics. The
(C)

homotopic equivalence by deformation implies €27
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Topological spin of (a) a particle by 27-self rotation in 2D, (b) a framed closed-
string by 2m-self rotation in 3D with a compact z, (¢) a closed-string (blue) by
27-self flipping, threaded by a background (black) string creating monodromy
b flux (along the arrow - - -I>), under a single Hopf link 22 configuration. All
above equivalent pictures describe the physics of topological spin in terms of
Tfy. For Abelian topological orders, the spin of an excitation (say A) in Fig.4-
9(a) yields an Abelian phase ¢'©*) = T(xg) (a) Proportional to the diagonal of
the 2D’s T*Y matrix. The dimensional-extended equivalent picture Fig.4-9(c)
implies that the loop-flipping yields a phase ¢©@.b = TZ% A of Eq.(4.44)

(up to a choice of canonical basis), where b is the flux of the black string.

Exchange statistics of (a) two identical particles at positions 1 and 2 by a 7
winding (half-winding), (b) two identical strings by a 7 winding in 3D with
a compact z, (c¢) two identical closed-strings (blue) with a m-winding around,
both threaded by a background (black) string creating monodromy b flux,
under the Hopf links 22422 configuration. Here figures (a)(b)(c) describe the
equivalent physics in 3D with a compact z direction. The physics of exchange

statistics of a closed string turns out to be related to the topological spin in

Fig.4-9, discussed in Sec.4.2.4.3.3. . . . . . ...

Number of particle types = GSD on S4tx St . . . . ... .. .. ... ..

For 3+1D Type IV wy1v twisted gauge theory C2P . (a) Two-string

Guwav’

statistics in unlink 0} configuration is Abelian. (The b = 0 sector
as CZP.) (b) Three-string statistics in two Hopf links 2#2? configu-
ration is non-Abelian. (The b # 0 sector in C2P = C2P ) The b # 0

Gws 11’

flux sector creates a monodromy effectively acting as the third (black) string

threading the two (red,blue) strings. . . . . . ... ... .. ... ... ....
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5-2
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(a) For topological phases, the anomalous current J;, of the boundary theory
along z direction leaks to J, along y direction in the extended bulk system.
¢ p-flux insertion d® g /dt = — f FE-dL induces the electric E, field along the
direction. The effective Hall effect dictates that J, = 0,y F, = 04ye"” 0, A,
with the effective Hall conductance o4, probed by an external U(1) gauge
field A. (b) In the fermionic language, the 141D chiral fermions (represented
by the solid line) and the external U(1) gauge field (represented by the wavy
curve) contribute to a 1-loop Feynman diagram correction to the axial current

jff‘. This leads to the non-conservation of jﬁ as the anomalous current J,, jji =

M (qKTq/2m) Fupe o oo

The intuitive way to view the bulk-boundary correspondence for edge modes
of SPTs (or intrinsic topological order) under the flux insertion, or equivalently
the monodromy defect / branch cut (blue dashed line) modifying the bulk and
the edge Hamiltonians. SPTs locate on a large sphere with two holes with
flux-in and flux-out, is analogous to, a Laughlin type flux insertion through

a cylinder, inducing anomalous edge modes(red arrows) moving along the

opposite directions on two edges. . . . . . . . .. ...

(a) We expect some fractional charge trapped near a single kink around x = 0
(ie. x =0+¢€) and z = L (i.e. x =0 — ¢) in the domain walls. For Zy,-
symmetry breaking domain wall with a kink jump A¢; = QW%, we predict
that the fractionalized (n12/Ni2)p21 units of Zy, charge are induced. (b) A
nontrivial winding fOL dx Oyp(x) = 2m. This is like a soliton a soliton (or
particle) insertion. For Nja number of Zy,-symmetry breaking domain walls,
we predict that the integer ps; units of total induced Zy, charge on a 1D
ring. In average, each kink captures a po; /Ni2 fractional units of Zy, charge.
(c) A profile of several domain walls, each with kinks and anti-kinks(in blue
color). For Zy, symmetry-breaking domain wall, each single kink can trap
fractionalized Zp, charge. However, overall there is no nontrivial winding,
fOL dx 0,¢1(x) = 0 (i.e. no net soliton insertion), so there is no net induced

charge on the whole 1D ring. . . . . . . . . . ... ... .. .. .......



5-4

5-5

9-6

5-7

In the fermionized language, one can capture the anomaly effect on induced
(fractional) charge/current under soliton background by the 1-loop diagram.|64]
With the solid line — represents fermions, the wavy line ~~ represents the
external (gauge) field coupling to the induced current J* (or charge J°), and
the dashed line - - represents the scalar soliton (domain walls) background.

Here in Sec.5.2.1.2, instead of fermionizing the theory, we directly address in

the bosonized language to capture the bosonic anomaly. . . . . . .. ... ..

(a) The induced 2-cocycle from a 2+1D M3 = M? x I' topology with a
symmetry-preserving Zy, flux A insertion (b) Here M? = S! x I' is a 2D
spatial cylinder, composed by A and B, with another extra time dimension
I'. Along the B-line we insert a monodromy defect of Zy;,, such that A has
a nontrivial group element value A = gy/g; L= gy 9oy L= gy g3 lez N, The
induced 2-cocycle B4(B,C) is a nontrivial element in H?(Zy, x Zn,,,U(1))
= Zp,, (here u,v,w cyclic as €’ = 1), thus which carries a projective
representation. (c) A monodromy defect can viewed as a branch cut induced
by a ®p flux insertion (both modifying the Hamiltonians). (d) This means
that when we do dimensional reduction on the compact ring S' and view the

reduced system as a 1D line segment, there are Njo3 degenerate zero energy

modes (due to the nontrivial projective representation). . . . . ... ... ..

The triangulation of a M3 = M? x I' topology (here M? is a spatial cylinder
composed by the A and B direction, with a I' time) into three tetrahedra

with branched structures. . . . . . . . . ... .

The Zy, symmetry breaking domain wall along the red x mark and/or
orange + mark, which induces Njo3-fold degenerate zero energy modes. The
situation is very similar to Fig.5-5 (however, there was Zy, symmetry-
preserving flux insertion). We show that both cases the induced 2-cochain
from calculating path integral Zspr renders a nontrivial 2-cocycle of H2(Zy, x

ZNy, U(1)) = Zny,, thus carrying nontrivial projective representation of sym-



9-8

5-9

5-10

5-11

(a) Thread a gauge flux ®p through a 1D ring (the boundary of 2D SPT). (b)
The gauge flux is effectively captured by a branch cut (the dashed line in the
blue color). Twisted boundary condition is applied on the branch cut. The
(a) and (b) are equivalent in the sense that both cases capture the equivalent
physical observables, such as the energy spectrum. The illustration of an
effective 1D lattice model with M-sites on a compact ring under a discrete
Zn flux insertion. Effectively the gauge flux insertion is captured by a branch
cut located between the site-M and the site-1. This results in a Zy variable

w insertion as a twist effect modifying the lattice Hamiltonian around the

site-M and the site-1. . . . . . ..o

3-5-4-0 chiral fermion model: (a) The fermions carry U(1) charge 3,5,4,0
for ¥r.3,%Rr 5,014, R0 on the edge A, and also for its mirrored partners
1/3373,1;&5,1;3,4,1[@70 on the edge B. We focus on the model with a periodic
boundary condition along x, and a finite-size length along y, effectively as,
(b) on a cylinder. (c) The ladder model on a cylinder with the ¢ hopping
term along black links, the ¢ hopping term along brown links. The shadow

on the edge B indicates the gapping terms with G, G2 couplings in Eq.(5.38)

are imposed. . . . . ... L

Chiral 7-flux square lattice: (a) A unit cell is indicated as the shaded darker
region, containing two sublattice as a black dot a and a white dot b. The
lattice Hamiltonian has hopping constants, ¢1e/™/* along the black arrow di-
rection, to along dashed brown links, —t9 along dotted brown links. (b) Put
the lattice on a cylinder. (c) The ladder: the lattice on a cylinder with a

square lattice width. The chirality of edge state is along the direction of blue

AITOWS. . . . . . o o 0 v v e e e e e e e e e e e e e e e e e e e e e e e e e e e

Two nearly-flat energy bands E+ in Brillouin zone for the kinetic hopping

terms of our model Eq.(5.38). . . . . . . ...
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5-12

5-13

The energy spectrum E(k;) and the density matrix (fTf) of the chiral 7-flux
model on a cylinder: (a) On a 10-sites width (9a,-width) cylinder: The blue
curves are edge states spectrum. The black curves are for states extending in
the bulk. The chemical potential at zero energy fills eigenstates in solid curves,
and leaves eigenstates in dashed curves unfilled. (b) On the ladder, a 2-sites
width (1la,-width) cylinder: the same as the (a)’s convention. (c) The density
(fTf) of the edge eigenstates (the solid blue curve in (b)) on the ladder lattice.
The dotted blue curve shows the total density sums to 1, the darker purple
curve shows ( f); fa) on the left edge A, and the lighter purple curve shows
( ff;) fB) on the right edge B. The dotted darker(or lighter) purple curve shows
density ( fka fa,a) (or ( f];a /B,a)) on sublattice a, while the dashed darker(or
lighter) purple curve shows density ( f};’b fap) (or ( f]];,b fBp)) on sublattice
b. This edge eigenstate has the left edge A density with majority quantum
number k; < 0, and has the right edge B density with majority quantum
number k, > 0. Densities on two sublattice a, b are equally distributed as we

desire. . .o

Feynman diagrams with solid lines representing chiral fermions and wavy lines

representing U(1) gauge bosons: (a) 3+1D chiral fermionic anomaly shows

A=3, (¢3 — %) (b) 1+1D chiral fermionic anomaly shows A = Zq(q% —q%) 200

An illustration of (D% x S1)Ugi g1 (ST x D?) = S3 and (D? x S1)Ug2, g1 (52 x
D?) = S% (a) Note that S' of (S' x D?) bounds the boundary of D? within
(D? x 81), and S' of (D? x S') bounds the boundary of D? within (S x D?).
The blue part illustrates (D? x S'). The red part illustrates (S' x D?). (b)
Note that S? of (S? x D?) bounds the boundary of D? within (D3 x S!), and
St of (D3 x S') bounds the boundary of D? within (5% x D?). The blue part
illustrates (D3 x S'). The red part illustrates (S? x D?). . ... ... ...

The tunneling processes W2, and W3,. The dash lines are the framing of the

world-line of the tunneling processes. . . . . .. . ... ... ... .....
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6-3

6-4

6-5

6-6

7-1

(a): The ground state |0 = 0) on a torus that corresponds to the trivial
topological excitation can be represented by an empty solid torus S. x Dgt.
(b): The other ground state ®, that corresponds to a type o quasiparticle
can be represented by an solid torus with a loop of type o at the center.

(a) A general local tunneling process. (b) The amplitude of two linked local

loops is a complex number SR L

0102°

Gluing two solid tori D2, x S; without twist forms a S$2 x S'. The gluing is
done by identifing the (z,y) point on the surface of the first torus with the
(z, —y) point on the surface of the second torus. If we add an additional S
twist, i.e. if we identify (x,%y) with (—y, —z), the gluing will produce a S3. If
we add an additional T twist, i.e. if we identify (x,y) with (z + y, —y), the

gluing will produce a S x S1. . . . ...

Gluing two solid tori D2, x S; with an additional 7T twist, 7.e. identifying
(z,5y) with (z +y, —y), will produce a S? x S'. The loop of o9 in y-direction
in the second solid torus at right can be deformed into a loop of o9 in the first
solid torus at left. We see that the loop is twisted by 27 in the anti-clockwise
direction. . . . . . .. L
(a): Two tunneling processes: W7 and W7 . (b): The tunneling path of the
above two tunneling processes can be deformed using the fusion of o109 — 03.
(c): The two tunneling processes, W and W7 , can be represented by a single

1 x
tunneling processes, Wgz,. . . . ... ... o

The flow chart overviews the main ideas and subjects emerged from the devel-
opment of the thesis. The numbers shown above represent the arXiv numbers

(vear and month) for my journal publication preprints. . . . ... ... ..
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Chapter 1

Introduction

1.1 Background: Emergence, Reductionism and Many-Body

Quantum Physics

Emergence and reductionism respectively represent the hearts of condensed matter physics
(CMP) and high energy physics (HEP). Emergence describes remarkable collective phe-
nomena. For example, given a set of elastic springs, initial conditions and their laws of
interactions, intriguing properties such as resonances occur in a mattress formed by springs
at the macroscopic level. Emergence emphasizes that certain many-body collective modes
cannot be easily extrapolated from a few-body behavior. CMP, with emergence at its heart,
asserts that to discover the collective laws of many-body quantum matters from the given
individual basic components (such as qubits, quantum rotors, spins, bosons or fermions)
requires as much creative effort as discovering the fundamental laws of a single component.
In short, it is about P.W. Anderson’s “more is different[1].” Reductionism, on the other
hand, posits that we can “see the world in a grain of sand,” as proclaimed by William Blake.
For example, reductionism assumes that colliding massive objects like nuclei and then ob-
serving what-and-how fragments result from that collision determine the fundamental laws
among the basic elements. The core distinction of CMP and HEP leads to differing working

concepts and values.

However, past physics history suggests that the combined knowledge can enrich our
understanding. For example, the Anderson-Higgs mechanism describing the origin of all

particles’ mass in HEP is rooted in Anderson’s CMP theory on plasma oscillation and
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superconductivity. The macro-scale inflation theory of the universe of HEP cosmology is
inspired by the micro-scale supercooling phase transition of CMP. There are many more
successful and remarkable examples, such as those examples concerning the interplay of
fractionalization, quantum anomalies and topological non-perturbative aspects of quantum
systems such as quantum Hall states (see [2, 3, 4, 5, 6] for an overview), which we will
gradually explore later. In this thesis, we explore the aspects of symmetry, topology and
anomalies in quantum matter from the intertwining viewpoints of CMP and HEP.

Why do we study quantum matter? Because the quantum matter not only resides in an
outer space (the spacetime we are familiar with at the classical level), but also resides in an
inner but gigantic larger space, the Hilbert space of quantum systems. The Hilbert space H
of a many-body quantum system is enormously huge. For a number of N spin—% particles, the
dimension of H grows exponentially as dim(#) = 2. Yet we have not taken into account
other degrees of freedom, like orbitals, charges and interactions, etc. So for a merely 1-
mole of atoms with a tiny weight of a few grams, its dimension is dim(H) > 26-02x10%)
Hence, studying the structure of Hilbert space may potentially guide us to systematically
explore many mathematical structures both ones we have imagined and ones we have not yet
imagined, and explore the possible old and new emergent principles hidden in all branches
of physics, including CMP, HEP and even astro- or cosmology physics.

In particular, we will take a modest step, focusing on the many-body quantum systems
at zero temperature where there are unique or degenerated bulk ground states well-separated
from energetic excitation with finite energy gaps, while the surfaces of these states exhibit

quantum anomalies. These phases of matter are termed symmetry-protected topological

states (SPTs) and topologically ordered states (TOs).

1.1.1 Landau symmetry-breaking orders, quantum orders, SPTs and topo-

logical orders: Classification and characterization

What are the phases of matter (or the states of matter)? Phases of matter are the collective
behaviors of many-body systems described by some macroscopic scale of parameters. The
important concepts to characterize the “phases” notions are universality, phase transitions,
and fized points [7]. The universality class means that a large class of systems can exhibit
the same or similar behavior even though their microscopic degrees of freedom can be very

different. By tuning macroscopic scale of parameters such as temperature, doping or pres-
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sure, the phase can encounter phase transitions. Particularly at the low energy and long
wave length limit, the universal behavior can be controlled by the fixed points of the phase
diagram. Some fixed points sit inside the mid of a phase region, some fixed points are critical
points at the phase transition boundaries. A powerful theory of universality class should

describe the behavior of phases and phase transitions of matter.

Lev Landau established one such a powerful framework in 1930s known as Landau
symmetry-breaking theory [8]. It can describe many phases and phase transitions with
symmetry-breaking orders, including crystal or periodic charge ordering (breaking the con-
tinuous translational symmetry), ferromagnets (breaking the spin rotational symmetry) and
superfluids (breaking the U(1) symmetry of bosonic phase rotation). Landau symmetry-

breaking theory still can be captured by the semi-classical Ginzburg-Landau theory [9, 10].

However, it is now known that there are certain orders at zero temperature beyond
the semi-classical Landau’s symmetry-breaking orders. The new kind of order is referred
as quantum order [11]|, where the quantum-many body behavior exhibits new phenomena
without the necessity of classical analogy. The full scope of quantum order containing gapless
or gapped excitations is too rich to be properly examined in my thesis. I will focus on the
gapped quantum order: including SPTs [12, 13| and topological orders (TOs) [14, 15]. The
first few examples of TOs are integer quantum Hall states (IQHs) discovered in 1980 [16] and
fractional quantum Hall states (FQHs) in 1982 [17, 18]. Quantum Hall states and TOs are
exotic because they are not distinguished by symmetry-breaking, local order parameters, or
the long-range correlation. These new kinds of orders require a new paradigm going beyond

the old paradigm of Landau’s theory.

Classification and characterization of quantum phases of matter: So what ex-
actly are SPTs and TOs? SPTs and TOs are quantum phases of matter with bulk insulating
gaps while the surfaces are anomalous (such as gapless edge modes) which cannot exist
in its own dimensions. One important strategy to guide us understand or even define the
phases of matter is doing the classification and characterization. By doing classification, we
are counting the number of distinct states (of SPTs and TOs) and giving them a proper
label and a name. For example, giving the spacetime dimension and the symmetry group,
etc; can we determined how many phases there are? By doing characterization, we are list-
ing their properties by physical observables. How can we potentially measure them in the

experiments?
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Below we organize the key features of SPTs and TOs first, in Table 1.1. There are a
few important concepts for physical measurement we need to introduce: (i) ground state
degeneracy, (ii) entanglement and (topological) entanglement entropy, (iii) fractionalized

charge and fractional statistics.

Symmetry-Protected Topological states (SPTs) & Topological Orders (TOs):

Short /Long ranged entangled states at zero temperature.

+ Yes/No deformed to trivial product states by local unitary transformations.
No/Likely nontrivial topological entanglement entropy.

No/Likely bulk fractionalized charge — edge may have fractionalized charges.
No/Likely bulk anyonic statistics — edge may have degeneracy.

No/Yes (Likely) spatial topology-dependent GSD.

No/Yes (Likely) non-Abelian Berry’s phases on coupling const moduli space

Table 1.1: Some properties of SPTs and TOs.

The ground state degeneracy (GSD) counts the number of linear independent ground
states |1) on a topology-dependent manifold (such as a d-sphere S or a d-torus T¢) by
solving the Schrodinger equation: H|[¢) = Eyqlt1) with the ground state energy Eyq. The
possibility of the energy spectrum is shown in Fig.1-1. In the infinite volume limit (thermo-
dynamic limit at zero temperature limit), the gapless phase has continuous energy spectrum
from the ground states. The gapped phase has finite Ag in the energy spectrum E. Topo-
logical order has robust GSD where the number usually depends on the system-topology
(the exception can be chiral topological orders such as the integer quantum Hall state with
v = 1 filling-fraction or the Eg bosonic quantum Hall state [19], they have GSD=1). For
example, a filling-fraction %—FQH state of Laughlin type, has a 3 or 39 fold degeneracy on a
2-torus or a genus g-Riemman surface respectively. On the other hand, SPTs has a unique
ground state independent of the spatial topology. In this sense, by measuring GSDs, TOs
are potentially easier to be “distinguished and detected” than SPTs.

Entanglement describes how a system of (quantum) states are correlated between
subsystems, say A and B; and describes how the system cannot be described indepen-
dently in the form of a pure product state |¥U) = |1)4) ® [p) @ .... Even though the
full Hilbert space Hap is the tensor product form Hap = Ha ® Hp, and the full ba-

sis of Hap can be spanned by product states {|u)a ® |v)p}, but the generic state would
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Energy spectrum

>
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gapless gapped gapped & gapped
topology-dept  non-
degenerate: degenerate:
Topological SPT?
Order

Figure 1-1: Quantum matter: The energy spectra of gapless states, topological orders and
symmetry-protected topological states (SPTs).

be: [¢h) = D1,y Cuplu)a @ |v)p more general than a pure product state. Entangle-
ment entropy quantifies the entanglement by measuring how the subsystems are entangled
with each other (see an introduction in [20, 21]). Von Neumann entropy is defined by:
S(pa) = —Tr[palogpa] = S(pp) where pa = Trp(pap) and pp = Tra(pap), here pap is
the density matrix, and pap = |¥)(¥| with the eigenstate sector |¥). More generally, one
can define Renyi entropy Su(pa) = ﬁlogTr(po‘) = Sa(pp), where @ — 1 then the Renyi
entropy becomes the Von Neumann entropy. For the gapped 2-+1D topological orders, ' the
von Neumann entropy S4 = a|0A| —~+.... The 0A part is due to the area law, where the
possible contribution to the entanglement between two regions A and B should come from
the regions near the boundary of A, namely 0A. The ... term tend to be infinitesimal as
|0A| — oo. Topological entanglement entropy (TEE)[22, 23| is the universal part captured
by v = log D = log(1/>_; d?) where D is the total quantum dimension and d; is the quantum
dimension for each particle labeled by i. Basically the quantum dimension d; dictates the
physical observables GSD of topological orders. The quantum dimension characterizes the
dimension growth of the Hilbert space when an additional particle ¢ is inserted. This Hilbert
space is named as the fusion Hilbert space V(M) with a spatial manifold M. For example,

by putting n anyons on a sphere, GSD = dim(V(M)) x (d;)™. We shall explain more the

!The spacetime dimensionality definition used throughout the thesis is that d + 1D means d-spatial and
1 temporal dimensions, and dD means d-spatial dimensions.
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meaning of D and d; later in the chapters.

Fractionalized charge and fractional statistics are introduced in a review of selected
papers in [6], [5]. Due to interactions, the emergent quasi-excitations of the system can
have fractionalized charge and fractional statistics respect to the original unit charge. To
define fractional statistics as a meaningful measurable quantities in many-body systems, it
requires the adiabatic braiding process between quasi-excitations in a gapped phase at zero
temperature. The wavefunction of the whole system will obtain a e'? phase with a fractional
of 27 value of 6. The excitation with fractional statistics is called anyon.

The first known experimental example exhibits all exotic phenomena of (i) spatial topology-
dependent GSD, (ii) entanglement and TEE, (iii) fractionalized charge and fractional statis-
tics, is the FQHs with v = 1/3-filling fraction discovered in 1982 [17, 18]. FQHs is a truly
topologically ordered state. Some of other topological orders and SPTs may not have all
these nontrivial properties. We should summarize them below.

For SPTs:

e Gapped-bulk short ranged entangled states (SREs).

No topological entanglement entropy.

No bulk fractionalized charge — edge may carry fractionalized charge

No bulk anyonic statistics (GSD = 1) — gapped edge may have degeneracy.

The bulk realizes the symmetry with a global symmetry group G onsite (here we
exclude the non-onsite space symmetry such as spatial translation or point group
symmetry, etc; the time reveal symmetry can still be defined as an anti-unitary on-site
symmetry). The symmetry-operator is onsite, if it has the form: U(g) = ®;U;(g), g €
G. It can be written as the tensor product structure of Uj(g) acting on each site j.
The boundary realizes the symmetry G non-onsite, exhibiting one of the following:
(1) gapless edge modes, or (2) GSD from symmetry breaking gapped boundary, or (3)
GSD from the gapped surface topological order on the boundary.

For intrinsic topological orders:
e Gapped-bulk long ranged entangled states (LREs).
e Robust gapless edge states without the symmetry protection.
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(usually) with topological entanglement entropy.

(usually) Bulk fractionalized charge.

(usually) Bulk fractionalized statistics.

(1) Spatial topology-dependent GSD.

(2) Non-Abelian (Berry) geometric structure on the Hamiltonian’s coupling

constant moduli space.

Some remarks follow: The “usually” quoted above is to exclude some exceptional cases such
as IQHs and Eg QH states. The short ranged entangled (SREs) and long ranged entangled
states (LREs) are distinguished by the local unitary (LU) transformation. SREs can be
deformed to a trivial direct product state in the real space under the LU transformation;
SREs is distinguished from a trivial product state on each site only if there is some symmetry-
protection so that along the path connecting the state to a trivial product state breaks the
symmetry. LREs on the other hand cannot be connected to a trivial product state via
LU transformation even if we remove all the symmetries. Thus the LU transformation is
an important concept which guide us to classify the distinct states in SPTs and TOs by
determining whether two states are connected via LU transformations.

The essences of orders: Apart from the summary on physical comparison of Table 1.1,
we comment that for there are microscopic or field theories, trying to capture the essences of
Landau’s symmetry-breaking order, TOs and SPTs. For example, Landau’s theory and
Bardeen-Cooper-Schrieffer (BCS) theory is powerful for understanding symmetry-
breaking orders, but the essence of symmetry-breaking order is indeed emphasized later
as the long range correlation, symmetry-breaking local order parameters and the long-range
order [see C.N.Yang’s review on the (off-diagonal) long range order|24||. Then, there are
Laughlin’s theory for FQHs of topological orders, and there are topological quantum field
theory (TQFT) [25, 26] approach of topological phases. But what is the physical essence
of topological orders? After all, Laughlin’s approach focus mainly on the wavefunction,
and TQFT only capture the low energy long-wavelength physics and TQFT may not full
classify or describe topological phases of matter in any dimension. The essence of topological
orders is not the quantized Hall conductance (which will be broken down to non-quantized

if the particle number conservation is broken). The essence of topological orders should
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not depend on the notion of symmetry. The essence of topological orders is actually the
topological GSD, the non-Abelian geometric phases and the long-range entanglement. For
topological orders, there are degenerate ground states depending on the spatial-topology,
and we can characterize the topological order by adiabatically transporting the ground state
sectors. However, for SPTs, unfortunately we do not have the concept of non-Abelian
geometric phases. How do we capture the essence of SPTs? There are indeed such a tool we
can develop, named symmetry-twist [27, 28, 29|. The essence of SPTs can be captured by
twisting the symmetry, namely we can modify the boundary conditions on some branch cut
acting on the Hamiltonian by modifying the Hamiltonian along the cut. This will transport
the original state to another unique ground state different by a U(1) phase. We can obtain
the U(1) phase by overlapping the the two states. Importantly, this U(1) phase will be
a universal SPT invariant only if we close the orbit in the symmetry-twist phase space by
transporting the states to the original state. Moreover, regarding the low energy field theory
of SPT, the quantum field theory (QFT) formulation of SPT is not transparent as the usual
TQFT for topological orders without symmetry (only gauge redundancy). We will present
these issues in Chap.3.

Further illumination on SPTs and topological orders can be found in review articles listed

in Sec.1.4 under [30, 31, 32, 33, 15].
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1.1.2 Evidence of SPTs and topological orders: Experimental progress

Other than the previous mentioned IQHs and FQHs, there are further rapidly-developing
experiments realizing both TOs and SPTs experimentally (exp.) and theoretically (theo.).
Examples of SPTs are Haldane spin-1 chain protected by spin rotational symmetry[34, 35|
and the topological insulators [30, 31, 36, 37, 38| protected by fermion number conservation
U(1) and time reversal symmetry ZJ. See Table 1.2 for a short summary. The full review
on the theory or experimental progress is beyond the focus and the scope of my intention.

The readers can look for the cited references for more details.

e Symmetry breaking phases:

-500 (bc) Ferromagnet (exp.)

e Topologically ordered states (TOs)

1904 Superconductor (exp.) [Onnes 04] (Z2 topo. order)

1980 IQH states (exp.) [von Klitzing 80 [16]] (with no topo. excitations, free fermion)
1982 FQH states (exp. theo.) [Tsui-Stormer-Gossard 82, Laughlin 83 [17, 18]|

1987 Chiral spin liquids (theo.) [Kalmeyer-Laughlin 87, Wen-Wilczek-Zee 89|

1991 Non-Abelian FQH states, (theo.) [Moore-Read 91, Wen 91| (CFT, slave particle)
1991 Z2-spin liquids (theo.) [Read-Sachdev 91, Wen 91, Kitaev 97]

1992 All Abelian FQH states (theo.) [Wen-Zee 92| (K-matrix)

2000 p, + ipy-superconductor (theo.) [Read-Green 00]

2002 Hundreds symmetry enriched topological orders (theo.) [Wen 02] (PSG)

2005 All 2+1D topo. orders with gapped edge (theo.) [Levin-Wen 05] (UFC)

2009 v = 5/2 non-Abelian FQH states (exp. 7) [Willett et al 09|

e SPTs (no topological order and no symmetry-breaking, also called topological states despite
having no topological order)

1983 Haldane phase (theo.) [Haldane 83]

1988 Haldane phase (exp. CsNiCl3) [Morra-Buyers-Armstrong-Hirakawa 88|

2005 Topological insulators (TI)

2005 TI 2D (theo.) [Kane-Mele 05 [39], Bernevig-Hughes-Zhang 06 [40]]

2006 TI 3D (theo.) [Moore-Balents, Fu-Kane-Mele, Roy [36, 37, 38|

2007 Topological insulators (TI: exp.) [Molenkamp etal 07 [41]]

2010 Topological crystalline insulators (TCI: theo. Fu et al 10, 12 |42, 43])

2012 Topological crystalline insulators (TCI: exp. 12 [44, 45, 46])

2011 SPT states in any dim. for any symm. (theo.) [Chen-Gu-Liu-Wen 11 [12, 13]]

Table 1.2: Theory and experiment progress for TOs and SPTs in a simplified timeline.
Here topological insulator in 2D means the Quantum Spin Hall effect (QSH). Here “exp.”
abbreviates the experiment and “theo.” abbreviates the theory.
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1.2 Motivations and Problems

1.2.1 Symmetry, Topology and Anomalies of Quantum Matter

With the background knowledge on quantum matter, let us now motivate in a colloquial style
of colloquium on how the symmetry, topology and anomalies can be involved in quantum
matter. This overview can guide us to pose new questions and the statement of the problems

in the next in Sec.1.2.2.

Symmetry, in everyday terms, means the system stays invariant under certain transfor-
mation. To describes the states of matter governed by symmetry, Ginzburg-Landau (G-L)
theory [8] semi-classically dictates the global symmetry realized onsite and locally. How-
ever, quantum wavefunctions become fuzzy due to Heisenberg’s uncertainty principle and
spread non-onsite. The symmetry operation can also act non-onsite — the symmetry con-
cept is enriched when understood at a fully quantum level. This new concept of non-onsite
symmetry can be realized on the boundary of some bulk gapped insulating phases, it un-
earths many missing states buried beneath G-L theory. States are identified via local-unitary

transformations, distinct new states are termed SPTs [12, 13].

Anomalies are phenomena that cannot be realized in their own spacetime dimensions.
A classical analogy is that two-dimensional (2D) waves propagate on the surface of the ocean
require some extended dimension, the 3D volume of bulk water. Similarly, quantum anoma-
lies describe the anomalous boundary physics at the quantum level [4] — the obstruction
to regularizing classical symmetries on the boundary quantized lattice without an extended
bulk. One of the earlier attempts on connecting quantum anomalies and topological defects
are done by Jackiw [6] and Callan-Harvey [47]. In their work, the use of field theory is
implicitly assumed to represent many-body quantum system. In my work, I will directly
establish the quantum anomalies realized on a discretized regularized lattice of many-body

quantum system.

The field theory regularization at high energy in HEP corresponds to the short distance
lattice cutoff in CMP. Using the lattice cutoff as a mean of regularization, we have the
advantage of distinguishing different types of global symmetry operations, namely onsite and
non-onsite. We learn that the quantum variables of onsite symmetry can be promoted to

dynamical ones and thus can be easily “gauged.” In contrast, non-onsite symmetry manifests
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“short-range or long-range entangle” properties, hence hard to be gauged: it is an anomalous
symmetry. By realizing that such an obstruction to gauging a global symmetry coincides

with the 't Hooft anomalies [48], we are led to the first lesson:

“The correspondence between non-onsite global symmetries and gauge anomalies.”

The correspondence is explicit at the weak gauge coupling. Ironically, we find that gauge
anomalies need only to be global symmetry anomalies. Gauge symmetries are not sym-
metries but redundancies; only global symmetries are real symmetries. Meanwhile, the
non-onsite symmetry is rooted in the SPT boundary property. Thus we realize the second

lesson:

“The correspondence between gauge anomalies and SPT boundary modes [49, 50].”

Topology, in colloquial terms, people may mistakenly associate the use of topology
with the twisting or the winding of electronic bands. More accurately, the topology should
be defined as a global property instead of local geometry, robust against any local pertur-
bations even those breaking all symmetries. Thus topological insulators and SPTs are not
really topological, due to their lack of robustness against short-range perturbations break-
ing their symmetry (see also Table 1.4). Our key observation is that since the boundary
gapless modes and anomalous global symmetries of SPTs are tied to gauge anomalies, the
further robust boundary gapless modes of intrinsic topological orders must be associated to
some anomalies requiring no global symmetry. We realize these anomalies violate space-
time diffeomorphism covariance on their own dimensions. This hints at our third lesson:
“The correspondence between gravitational anomalies and TO’s boundary modes [49, 51].”

Prior to our recent work [52], the previous two-decades-long study of topological orders in
the CMP community primarily focuses on 2D topological orders using modular SL(2,Z) data
[15]. Imagine a bulk topological phase of matter placed on a donut as a 2-torus; we deform
its space and then reglue it back to maintain the same topology. This procedure derives the
mapping class group MCG of a 2-torus T2, which is the modular group MCG(7?)=SL(2,2)
generated by an § matrix via 90° rotation and a 7 matrix via the Dehn twist. Modular
SL(2,Z) data capture the non-Abeliang geometric phases of ground states [53] and describe

the braiding statistics of quasiparticle excitations. Clearly topological orders can exist in

37



higher dimensional spacetime, such as 3+1D, what are their excitations and how to charac-
terize their braiding statistics? This is an ongoing open research direction.

Regularizing chiral fermion or chiral gauge theory on the lattice non-perturbatively is a
long-standing challenge, due to Nielsen-Ninomiya’s no-go theorem on the fermion-doubling
problem [54]. Mysteriously our particle physics Standard model is a chiral gauge theory, thus
the no-go theorem is a big challenge for us to bypass for understanding non-perturbative
strong interacting regime of particle physics. Fermion-doubling problem in the free fermion
language is basically saying that the energy band cross the zero energy even times in the
momentum k-space of Brillouin zone due to topological reason, thus with equal number
of left-right moving chiral modes — the fermions are doubled. It suggests that the HEP
no-go theorem is rooted in the CMP thinking. Providing that our enhanced understanding
through topological states of matter, can we tackle this challenge?

Moreover, the nontrivial bulk braiding statistics of excitations and the boundary quan-
tum anomalies have certain correspondence. Will the study of the bulk-edge correspondence
of TOs/SPTs not only guide us to understand exotic phases in CMP, but also resolve the
non-perturbative understanding of particle physics contents, the Standard Model and be-

yond in HEP problems?

1.2.2 Statement of the problems

The above discussion in Sec.1.2.1 had outlined our thinking and the strategy to solve certain
physics issues. But what exactly are the physics issues and problems? Here let us be more
specific and pin down them straightforwardly and clearly. In my thesis, I attempt to address
the six questions Q.I-VI below and analytically formulate an answer to them:

(Q.I). SPT invariant and its field-theory representation [29, 55]: Topological or-
ders (TOs) and SPTs are very different. For TOs, there are topology-dependent degenerate
ground states on a topology-nontrivial manifold (such as d-torus 7¢). We can transport the
ground states and determine the non-Abelian geometric phases generated in the coupling
constant moduli-space. More conveniently, we can overlap the wavefunctions to obtain the
amplitude data. These are the universal topological invariant of TOs. How about SPTs?
The challenge is that, with symmetry-protection and without symmetry-breaking, there is
only a unique ground state. Can we obtain the universal SPT invariants? If it is obtainable

from a lattice model, then, is there a field-theory representation of SPT invariants? Can
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we recover the group-cohomology classification of SPT and more beyond than that using

continuous field theory approach?

(Q.II). Bosonic anomalies [56, 57]: Quantum anomalies occur in our real-world physics,
such as pion decaying to two photons via Adler-Bell-Jackiw chiral anomaly [58, 59]. Anoma-
lies also constrain beautifully on the Standard Model of particle physics, in particular to
the Glashow-Weinberg-Salam theory, via anomaly-cancellations of gauge and gravitational
couplings. The above two familiar examples of anomalies concern chiral fermions and con-
tinuous symmetry (e.g. U(1), SU(2), SU(3) in the weak coupling limit). Out of curiosity, we
ask: “Are there concrete examples of quantum anomalies for bosons instead? And anomalies
for discrete symmetries? Can they be formulated by a continuous field theory and a reg-
ularized lattice model? Are they potentially testable experimentally in the lab in the near

future?”

(Q.III). Topological gapping criteria. Topological degeneracy on a manifold with
gapped domain walls and boundaries [60, 61]: By now 2D topological orders are well-
studied. We understand the proper label of a single 2D topological order by a set of “topo-
logical invariants” or “topological order parameters”— the aforementioned modular SL(2, Z)
S, 7T matrices and the chiral central charge ¢_. The 8,7 matrices can be derived from
geometric phases and encode the quasiparticle (or anyon) statistics. Non-zero chiral cen-
tral charge c_ implies the topological gapless edge modes. However, it is less known how
separate topological orders are related. To this end, it is essential to study the following
circumstance: there are several domains in the system and each domain contains a topolog-
ical order, while the whole system is gapped. In this case, different topological orders are
connected by gapped domain walls. Under what criteria can two topological orders be con-
nected by a gapped domain wall, and how many different types of gapped domain walls are
there? Since a gapped boundary is a gapped domain wall between a nontrivial topological
order and the vacuum, we can meanwhile address that under what criteria can topological
orders allow gapped boundaries? When a topologically ordered system has a gapped bulk,
gapped domain walls and gapped boundaries, how to calculate its GSD on any orientable

manifold?

(Q.IV). Define lattice chiral fermion/gauge theory non-perturbatively [50]: The

Standard Model is a chiral gauge theory with chiral fermions — where the weak-interaction
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gauge fields couple to the right-hand and the left-hand fermions differently. We know the
perturbative Lagrangian definition of the Standard Model since 1970. However, we do
not know whether the Standard Model can be regularized on the lattice, due to the Nielsen-
Ninomiya fermion-doubling no go theorem. And we do not have a non-perturbative definition
of Standard Model as a Hamiltonian quantum mechanical theory. We ask: “Whether there is
a local short-range finite quantum Hamiltonian system realizing onsite symmetry G defined
on a spatial lattice with a continuous time, such that its low energy physics produces a

anomaly-free chiral matter theory of symmetry G?7”

(Q.V). String and particle exotic braiding statistics [52, 62]: Higher dimensional
topological orders are the new research frontier and are mostly not yet systematically ex-
plored. In 341D, the excitations can involve not only particle excitations but also string
excitations. We can ask: How to (at least partially) classify and characterize 341D topo-
logical orders? How to characterize the braiding statistics of strings and particles? How to
formulate or construct certain 3+1D topological orders on the lattice? What is the physical

interpretation of braiding statistics data?

(Q.VI). Topological invariants, as quantum statistics derived from spacetime
surgery |Chap.6|: We have mentioned that the mapping class group data from overlap-
ping the wavefunction from a spatial manifold mapped back to another wavefunction on
the same spatial manifold, such as the modular SL(2,Z) data S and 7 matrices on T2-
torus, provide the universal topological invariants for topological orders (TOs). Now, we
can digest that, the (projective) representations of these modular transformation and the
mapping class group encode the information of TOs, thus encode the information of quan-
tum topology. However, it seems that the mapping class group, or more generally the spatial
topology dictates certain hidden rules governing the quantum topology. We can ask: How
the spacetime topology and the quantum topology are related or associated with each other?
Can the spacetime topology constrains the existence of certain quantum phases? Reversely,
or more profoundly and philosophically, can the quantum topology constrains the existence

of specific spacetime topology?
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1.3 Summary of the key results

Now we shall summarize the key results and answers to the above questions, in a less-formal
but physical intuitive manner. The general perspective on topological states in terms of

symmetry, topology and anomalies is simple, organized in Table 1.3.

’ Aspects of: H Realization in the topological states

Symmetry || SPTs with global symmetry, classical topology and gauge or mixed
gauge-gravity anomalies
Topology || Topological orders with quantum topology and gravitational anomalies

Anomalies || Phenomena happens on the boundary of topological states. The
properties are connected to the quantum nature of the bulk, such as
the symmetry-protection in SPTs or exotic braiding statistics in TOs.

Table 1.3: Perspective on topological states in terms of symmetry, topology and anomalies.

Classical topology: homotopy, mapping and winding numbers, K-theory.
Topology — Quantum topology: algebraic topology, (co-)homology, tensor category.
Spacetime topology: fiber bundles, geometric-topology, surgery theory.

Table 1.4: The interplay of classical, quantum and spacetime topology.

The topology issues studied in SPTs and topological orders are rather different. For SPTs,
it is kind of classical topology, concerning the continuous mapping, in terms of homotopy,
mapping and winding numbers, or K-theory. Classical topology is less robust, and SPTs are
not stable against local perturbation which breaks the symmetry. For topological orders, it
concerns quantum topology, which is more algebraic and more robust. Topological order is
robust against any local perturbation. See Table 1.4 for a summary.

We summarize the answers in A.I-VI corresponding to the previous questions Q.I-VI.
(A.I). SPT invariant and its field-theory representation |29, 55]: Even though SPT
has a unique ground state on a closed manifold without symmetry-braking, we achieve to
simulate analogous geometric phase of SPTs. The key idea is to do the symmetry twist,
due to the existence of a global symmetry group G. To define the symmetry twist, we note

that the Hamiltonian H = ) H, is invariant under the global symmetry transformation
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U = [ 1.y sites Uz, namely H = UH U~L. If we perform the symmetry transformation U’ =
[I.cor Uz only near the boundary of a region R (say on one side of OR), the local term H,
of H in the Hamiltonian near the boundary of R will be modified: H, — H_|; near or- It is
important to remark that the original symmetry U(g) is local, unitary and onsite and has
a tensor product structure, but the symmetry-twist transformation is not unitary and not
a symmetry transformation. Instead, the symmetry-twist operation is a modification to the

original Hamiltonian. In short,

U(g) = ®,Uj(g), Ulg)HU(9)"' =H, g€@G.

H— ZHQU syrn.twst_a%ong OR Z H, + Z H;,g|x near OR (11)
T cZOR r€O0R

Suppose the branch cut JR is between the sites indices zg; and x;; varying j while
moving along the OR, and suppose the interacting Hamiltonian are nearest neighbored

interacting with the local term H, We stress that the symmetry twist can be per-

iLj "

— H! =

. . /
formed as part of symmetry transformation to modify H; as Hy, g

Uy j(9)Hag ;21 Uzy (9)~!, however the symmetry twist maintains Hyy any = Hay oy
Thus overall the symmetry twist is not a symmetry transformation but a modification on

H to H'.

The above is a lattice Hamiltonian approach. Can we interpret in terms of a continuous
field theory perspective? For systems that realize topological orders, we can adiabatically

deform the ground state |¥, (g)) of parameters g via:

(W (9+09) Wy (9)) ~ ... Zo ... (1.2)

to detect the volume-independent universal piece of spacetime partition function, Zg, which
reveals non-Abelian geometric phase of ground states. We can use Zgy with the symmetry
twist to probe the SPTs. A symmetry twist implies a change along a codimension-1 surface,
which modifies the SPT partition function from Zg to Zo(sym.twist). Just like the geometric
phases of the degenerate ground states characterize topological orders [51], we believe that
Zo(sym.twist), on different spacetime manifolds and for different symmetry twists, fully
characterizes SP'Ts. The symmetry twist is similar to gauging the on-site symmetry except

that the symmetry twist is non-dynamical. We can use the gauge connection 1-form A to
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describe the corresponding symmetry twists, with probe-fields A coupling to the matter

fields of the system. So we can write
Zo(sym.twist) = elSo(symtwist) _ ¢iSo(4), (1.3)

Here Sg(A) is the SPT invariant that we search for. This is a partition function of classical
probe fields, or a topological response theory, obtained by integrating out the matter fields
of SPTs path integral [29, 55].

(A.II). Bosonic anomalies [56, 57]: We classify and characterize several types of bosonic
anomalies found on the boundary of bosonic SPTs, as an example on 141D edge. One has
induced fractional quantum numbers via symmetry-breaking (similar to Jackiw-Rebbi [63]
and Goldstone-Wilczek [64] effects); one has degenerate zero modes (carrying the projective
representation protected by the unbroken part of the symmetry) either near the 0D kink of
a symmetry-breaking domain wall, or on a symmetry-preserving 1D system dimensionally
reduced from a thin 2D tube with a monodromy defect 1D line embedded. More generally,
the energy spectrum and conformal dimensions of gapless edge modes under an external
gauge flux insertion (or twisted by a branch cut, i.e., a monodromy defect line) through the
1D ring can distinguish many SPT classes. The last one exhibits the many-body Aharonov-
Bohm (A-B) effect [57]. The aforementioned edge properties are explicitly formulated in
terms of (i) a long wavelength continuum field theory involving scalar chiral bosons [65,
66, 67, 56|, for a generic finite Abelian symmetry group G =[], Zn,. We can express the
multiplet (non-)chiral boson action Scgge = i %dtd:c O0r¢p10:¢5 with a K-matrix: K =
((1) (1))69((1) (1))69((1) (1))69 ..., and a multiplet of scalar bosons: ¢; = (¢1, P}, P2, ¢h,...) with
chiral-anti-chiral pair of scalar modes (¢, @.,). One of our key formulas is the symmetry

operator S completing the group cohomology classification,

: L
_ Loy Pt
S = 11 exp[Nu/O Az (5 -0a0), + 5 _Oxbu
u,v,we{1,2,3}

piitViNa N3

+ e Po g, + €U (2) - Dpdy(2))], (1.4)

27 (27)2 Ny23

where pr, pi1, prir are nontrivial SPT class indices. Here our discrete formulations: (ii) Matrix
Product Operators and (iii) discrete quantum lattice models provide crucial insights to derive

(i) the field theory formulation. The symmetry transformation can be readily checked by
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calculating S¢;S~! with the commutation relations given above. Our lattice approach yields
a regqularization with anomalous non-onsite symmetry for the field theory description.
(A.IIT). Topological gapping criteria. Topological degeneracy on a manifold with
gapped domain walls and boundaries [60, 61]. The observation in the third lesson
guides us to study, under what mechanisms, would edge modes protected to be gapless: (i)
the chirality, associated with perturbative gravitational anomalies and gauge anomalies; (ii)
the global symmetry protection; (iii) the bulk nontrivial statistics [60, 68]: even for non-
chiral states, global gravitational anomalies can protect gapless edge modes [61]. Conversely,
to determine the edge mode gapping criteria of TOs, we use both TQFT [60] as well as using
SL(2,Z) modular data and category theory [61]. Once the boundary modes are gapped, we
can introduce the new concept of boundary degeneracy for ground states on a generic (open
or closed) manifold of gapped boundaries and domain walls |60, 68], which provides richer
information than the old concept of bulk degeneracy on a closed manifold. Intuitively a
gapped boundary is labeled by a set of anyons where they share trivial self and mutual
braiding statistics. We can call this set of particles as condensible particles. In the Abelian
TOs, this set of anyons, with the fusion as operator, form a mathematical group structure
like a lattice.? We derive the GSD for TOs on a manifold with gapped boundaries, here in
an intuitive simplified level, as the order of a quotient group between two lattices of Hilbert
space,

lattice of condensible anyons

GSD =

 |lattice of condensible non-fractionalized particles |’

(1.5)

subject to the implicit constraint on neutrality condition of anyon transporting between all
gapped boundaries. Our generic result of boundary GSD recovers the known result of bulk
GSD for a level k or K-matrix Chern-Simons theory (k = 3 for a filling-fraction %—FQH

state discussed in Sec.1.1.1) with
GSD = k7, or |det K|7.

on a genus g-Riemman surface. We predict that the Z; toric code [69] and Zs double-semion
model (more generally, the Zj gauge theory and the U(1), x U(1)_j non-chiral fractional
quantum Hall state at even integer k) can be numerically and experimentally distinguished,

by measuring their boundary degeneracy on an annulus or a cylinder. For a more generic

2For experts in Chern-Simons TQFT, it is the Chern-Simons quantized lattice Hilbert space.
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non-Abelian TOs, we formulate gapped domain walls and GSD in terms of modular data
S and 7 in Chap.4. Since gapped domain walls talk to each other through long-range
entanglement, the GSD with domain walls reveals more physics than that without domain
walls. We foresee its practicality in experiments, since we can read even more physics by

putting the system on open surfaces with gapped domain walls.

(A.IV). Define lattice chiral fermion/gauge theory non-perturbatively is a long-
standing challenge, due to Nielsen-Ninomiya’s no-go theorem on the fermion-doubling prob-
lem [54]. However, based on our framework, we carefully examine this theorem to discover
at least two approaches to bypass the challenge (see Fig.1-2 (a)): One approach is known
to be Ginsparg-Wilson (G-W) fermions |70, 71, 72, 73, 74| fulfilling the chiral symmetry
non-onsite, where we find G-W fermions are the boundary modes of some SPTs. The second
approach [50] is a bulk trivial insulator placed on a cylinder with gappable boundary modes
of onsite symmetry. We introduce proper interactions within the mirror sector to have one
gapped boundary and leave the light sector gapless with chirality on the other boundary
— this approach belongs to the mirror-decoupling framework independently studied since

Eichten-Preskill [75]. This observation guides us to our topological non-perturbative proof

Ginsparg-Wilson’s Our approach
(a) (b)
ql qL ,g
Y G o
Nontrivial SPT Trivial SPT - 0
(Topological insulator) (Trivial insulator) I
_ t=K 'L
LT K1 L=0"—"tT.K-t=0
qR qR L:Kt

Figure 1-2: (a) Gilzparg-Wilson fermions can be viewed as putting gapless states on the
edge of a nontrivial SPT state (e.g. topological insulator). Our approach can be viewed as
putting gapless states on the edge of a trivial SPT state (trivial insulator) and introduce
proper strong interactions to gapped out the mirror sector (in the shaded region). (b) The
equivalence of the boundary gapping criteria and the 't Hooft anomaly matching conditions.
Our proof is based on a bulk theory of Abelian SPT described by a K-matrix Chern-Simons
action % [ ar A day. A set of anyons, labeled by a matrix L, with trivial mutual and
self statistics is formulated as LT - K~1 . L = 0. This condition is equivalent to a 1-loop
anomaly-matching condition for fermions, or more generally as t” Kt = 0 for both bosons
and fermions, where t is a matrix formed by the charger coupling between matter fields and
external gauge fields (as solid lines and wavy lines respectively in the Feynman diagram).

[50], the fourth lesson on anomalies, on
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“the equivalence of 't Hooft anomaly matching conditions and the boundary gapping criteria.

See Fig.1-2 (b) for the equivalence relation in a picture. What we discover reinforces Niels
Bohr’s insight: “the hallmark of a deep truth |here the fermion-doubling theorem| is that its
negation is a further deep truth.”

(A.V). String and particle exotic braiding statistics and higher dimensional TO
lattice models [52, 62]: We initiate the characterization of higher dimensional topological
orders and their braiding statistics of string/particle excitations [76, 77, 52]. For example, we
place a bulk topological phase in a 3D Rubik’s cube with parallel faces identified as a 3-torus,
and deform the space but end up maintaining the same topology — this yields SL(3,Z) data.
The SL(d,Z) matrix data can be viewed from two perspectives: first, using the spacetime
path integral, the initial and final wavefunction-overlapping yields those data by the above
deformation process on d-torus. Second, using the mathematical Representation Theory,
the modular data are encoded by gauge groups and cohomology twist inputs. We have
derived both approaches and depicted vivid physics connections to multi-string braiding. In
addition, we systematically construct a lattice Hamiltonian realization of Dijkgraaf-Witten
twisted gauge theory [78| for 3+ 1D [62], which achieves an extension of Kitaev quantum
double models in 2+1D [69] to the generalized twisted cases and to higher dimensions.
(A.VI). Topological invariants, as quantum statistics derived from spacetime
surgery [Chap.6|: The interplay between quantum topology and spacetime topology is ex-
amined, in a few simple examples. By performing the surgery theory of geometric-topology
on the spacetime, we show that the quantum fusion rule and quantum statistics are con-
strained by the intrinsic properties of spacetime topology. The exotic quantum statistics
is defined in the adiabatic braiding process in the gapped phases of matter with topologi-
cal orders, therefore the spacetime topology strictly constrains the quantum topology thus

dictates the possible gapped phases of matter.

1.4 Outline of thesis and a list of journal publications

The thesis is organized to address the questions in Sec.1.2.2 and illuminate more in depth
in the Sec.1.3.
In Chapter 2, we warm up by discussing the concepts of geometric phase, wavefunction

overlapping and topological invariants.
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In Chapter 3, on Aspects of Symmetry, we address the issue in Q.I and A.I on the
procedure to do the symmetry-twist, on the SPT invariant derived from the lattice model or
and its field-theory representation. We also address part of the issues in Q.IT and A.II on
bosonic anomalies and their SPT invariants and SPT observables. The reason we discuss part
of anomaly issue here is that remarkably the anomalous edge global symmetry corresponds
to the (gauge) anomalies. The global symmetry can be coupled to a weakly-coupling gauge
fields or external probe fields. So anomalous symmetries manifest quantum anomalies. The
issues of anomalous symmetry and anomalies are intertwined.

In Chapter 4, on Aspects of Topology, we work out Q.III and A.III, topological gapping
criteria, topological degeneracy on a manifold with gapped domain walls and boundaries.
We tackle the challenge of Q.V and A.V on string and particle exotic braiding statistics and
TO lattice models in 3+1D.

In Chapter 5, on Aspects of Anomalies, we address Q.IV and A.IV on a non-perturbative
definition of lattice chiral fermion/gauge theory. Other part of discussions are extension of
previous topics from Q.I and A.I on SPT field-theory representation with mixed gauge-
gravity anomalies, and Q.IT and A.IT on bosonic anomalies.

In Chapter 6, we address the issue in Q.VI and A.VI on quantum statistics data as
topological invariants derived from spacetime surgery. We formulate the constraints of
braiding statistics and fusion analogous to Verlinde’s formula in 2+1D and 3+41D. This
approach should be applicable to any spacetime dimension. A more complete study will be
reported elsewhere in the future publication.

Review articles: For a colloquium overview of topological insulators and supercon-
ductors can be found in [30, 31]. An earlier version of overview on topological phases is
in [32]. An intuitive but less-formal guide to topological insulators and SPTs can be found
in [33]. A more recent review on topological order is in [15]. Obviously I must thank S.
Coleman’s wonderful book [2] and its inspiration on my thesis and its title. Two impor-
tant reviews on quantum field theory and anomalies: Treiman-Witten-Jackiw-Zumino[4]
and Farhi-Jackiw|3].

Part of the thesis is the overview and the summary for part of the work published

elsewhere.
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Chapter 2

(Geometric phase, wavefunction
overlap, spacetime path integral and

topological invariants

2.1 Overview

In this chapter, we work through the familiar concept of geometric phase, firstly emphasized
by Berry. The hint and the similar idea have been noticed by Pancharatnam, Aharonov-
Bohm and others that there is an extra geometric phase in addition to the familiar dynam-
ical phase when we perform the adiabatic evolution on the physical system governed by
Hamiltonian. What Berry emphasized is that when the adiabatic evolution trajectory in
the Hamiltonian coupling constant space is closed, then this trajectory-dependent geometric
phase is a physical measurable invariant quantity— this particular geometric phase is invari-
ant in a sense of gauge invariance. Wilczek-Zee noticed the non-Abelian geometric matrix
for adiabatically evolving degenerate states. Wen had the insights to discover topological
orders (TOs) and its GSD for quantum Hall fluids and apply the non-Abelian geometric
matrix together with Chern-Simons theory of Witten’s TQFT to characterize and classify
TOs. Here we digest the development of these ideas in a coherent physical way, and will
develop this approach further to study TOs and SPTs in any dimensions in Chap.3, 4 and
6.
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2.2 Geometric (Berry’s) phase and the non-Abelian structure

2.2.1 Geometric (Berry’s) phase

Start with the study of wavefunction ¥ (7(¢)) evolving under the time-dependent Hamilto-
nian H = H(7(t)) of some time-dependent coupling constant 7. In general, for a series of 7¢
parameters, we will simply denote them as the parameter 7. Our goal is determine W(7(t))
by solving

HW(r(8))) = ih W0 (r(1))).

Let us assume U(7(¢)) starts at ¢ = 0 from an energy-eigenstate ¥(7(0)) = ¢(7(0)) =
¢, (7(t)) with an eigen-energy Ep. At every moment we can still find a set of eigenstate
¢(7(t)) as bases following H(7(t))p(7(t)) = E(7(t))o(7(1)).

We consider the adiabatic evolution (without sudden exchange energy with external
environment), here in the sense that the time scale dt of changing the energy dE are bounded
between two other scales. One scale is the energy gap of higher/lower excitations, defined
as A ~ Aj = |Ej — Ey|. The other scale is the energy splitting 6 between nearly degenerate

ground states around the energy scale Ey.! The adiabatic evolution requires that the energy

changes at the unit time: % X unit time = € and the rate of change for a unit energy:
dE — .
It energy = 1/T are bounded by:
A>T '~e  orequivalently A7'<T~el. (2.1)

How the scale § is set in depends on the physics we look for. If we like to focus on a single
eigenstate without being interfered by other nearly degenerate states, then we will have to
set a finer condition: A > § > T7! ~ ¢, or equivalently, A™! < §71 « T ~ ¢!, Indeed,
this is difficult, and it will be easier if we start with an isolated eigenstate instead of the
troublesome nearly degenerate states! However, one interesting piece of physics emerges
when we consider the nearly degenerate states together. We will explore in Sec.2.2.2, the

geometric phase becomes non-Abelian if we are in the time scale where all nearly degenerate

L A deep side remark: For some miraculous situation, say, ground states of certain many-body systems
such as topological orders, the degenerate states are topologically robust to stay together as nearly degenerate
in the energy spectrum. However, to hold the nearly degenerate into an exact degeneracy requires some
extra symmetry. This extra symmetry may not be robust against local perturbation, and this symmetry is
not required for topological orders. In other words, the topological ground state degeneracy is not an exact
degeneracy, but only an approximate degeneracy!
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states are important:
A>T e, or equivalently A l'<«<T~elt< sl (2.2)

Now let us stick to the simplest condition Eq.(2.1) for a moment with an isolated eigen-
state. We will generalize it to degenerate states in Sec.2.2.2. In this adiabatic evolution,
it is reasonable to write a generic wavefunction ¥ (7(t)) = e~ Jo dsBo(s) . giv . d(7(t)). The
first piece is dynamical phase which exists even for a time-independent Hamiltonian. The

second piece e!7 can be solved, and one finds the geometric phase:

T(t) N .
7:/7(0) dr(e(r (1)1 55 1e(7(2))) (2.3)

Several properties of v are derived:

(i) v is a pure phase, v € R because <gz5|d%_|¢> is an imaginary number. The wavefunction
maintains unitary in the same eigenstate.

(ii) It has no explicit h-dependence. So we may say the geometric phase remains even at
the classical limit A — 0.

(iii) It is geometric and trajectory-dependent. But it has no explicit time-dependent and it
is parametrization independent to 7, thus v does not change no matter how fast or slow
the process is as long as the process stays adiabatic. In contrast, the dynamical phase is
explicitly time-dependent.

(iv) It can be written in terms of gauge potential as A = A, d7r* = (¢(7(t))]i % lo(7(t)))ydre,
S0y = f:(([f)) A= f:((ot)) dr® A(7),. In the most general case, A is a connection on a U(1)-
bundle with a base-manifold in the 7-parameter space. If the U(1)-bundle is trivial, the
connection A becomes a Lie-algebra valued 1-form, more specifically a 1-form gauge field.
(v) A choice of eigenbasis up to U(1) phase becomes the gauge transformation, if we change
the eigenstate by a unitary transformation ¢'(7) = Q(7)¢(7) where Q71Q = QTQ = 1, then
the gauge field A’ = A+ i(dQ)Q~! = A, = A, + i(%Q)Q_l. For a single energy level,
Q(1) = /(M) 50 the gauge field is transformed as A’ = A — df.

(vi) A universal feature of the geometric phase v arises, if the trajectory is closed with an
enclosed region R. Namely, because § df = 0, the v does not depend on the choices
of eigenbasis and the basis (“gauge”) transformation. If there are multiple parameters

of 7@ = (r1,72,...), we further define the field strength as: F,g = 0aAdg — 0sAs =
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“Yenclosed :j{ A= A(T)adTa = / F = / Faﬂd’ra A\ dTB (24)
OR OR R R

However, we stress and clarify that the 1-form “gauge field” A and the 2-form “field-strength
curvature” F' here are mot those in the usual dynamical gauge theory, since it lives in the
probed coupling constant 7 with values determined by semi-classical external probes.

(vii) We can rewrite the geometric phase « in terms of Kubo formula or the linear response
theory form. Insert a complete eigenbasis identity matrix [ =) B |05, )(¢E;| into the Fyps-
term (be aware, not just for the single eigenstate or nearly degenerate states with energy
Ey(7(t)), but the whole energy spectrum ;) and then use the analogous Hellmann-Feynman

. 0 . .
relation <¢Ej|g%|¢Eo> + (B — E0)<¢Ej|%>, plug in Eq.(2.4), we obtain:

0 0 0 0
onctoa = 1 [ (G| 552 = (G20 G22))dr™ e 2.5
i [ enlden e ¢n)- ORI OBIBEIOR) 0 s, 3

We will comment more on the deeper meanings of Eq.(2.5) and Eq.(2.6) after introducing
the more general non-Abelian geometric matrix structure (also called non-Abelian Berry

phase or non-Abelian gauge structure) emerged in degenerate energy states.

2.2.2 Non-Abelian Geometric (Berry’s) Structure

We can generalize the approach above to the case with N-fold degenerate energy states of
energy Fp, firstly performed by Wilczek and Zee [53]. For degenerate states |¢g,,) = |¢a)
with a = 1,..., N, we define the 1-form gauge field as

A= Ao dr = (Gu()]i o () dr” .1)
T

We can prove that Ay, is Hermitian: Ay, = Aj,. If the coupling 7 is defined to be real,
we have A = A, The gauge transformation becomes an Q(7) transformation between
degenerate states: |¢)) = Qqp|dp). We find Agaﬂ = QpqAge(Q Yo + '(87‘1 Q) (Y a,
namely,

A =QAQ T +i(dQ)(Q 7). (2.8)
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(viii) v as a rank-N matriz: The geometric meaning of Eq.(2.4) still holds for non-Abelian
geometric structure, where v now becomes a rank-N matriz v, for N-degenerate states
at Ep. The geometric phase factor e'” for Schrédinger equation becomes a non-Abelian
rank-N matrix:

[ = Ple! /A= 97"],, (2.9)

with the path ordering P. For N-degenerate states, we can generalize Eq.(2.5) and Eq.(2.6)
by replacing |¢g,) by [¢£,,) = |#E,,). The modification of Eq.(2.6) requires a higher order
perturbation theory to fix the singular O((E; — Ey) ~2) piece, but the term written in Eq.(2.6)
still exists for E; # Ep.

(ix) We remark that the meanings of Eq.(2.5) and Eq.(2.6) are rather different. First,

Eq.(2.5) only evaluates the single eigenstate |¢p,) or nearly degenerate states |¢p, ;) with

the same energy Fjy, and study its-trajectory enclosed region R’s local curvature F' in the

Hamiltonian coupling constant space. Second, the form in Eq.(2.6) with a second-order

perturbation form O((E; — Ey)~2) is associated to the fact that the curvature F has a

second-order derivative. However, Eq.(2.6) also gather extra information about the nearby
0H

higher/lower energy excitations |¢g;), the variation of the full Hamiltonian 5%, and how

dense these excitations with energy E; are around Ej in the spectrum.

We stress that, from Eq.(2.5) and Eq.(2.6) and the remark (ix),

Geometric phase captures important properties encoded in the target eigenstates, (such
as degenerate ground states, say |¢p,,)) as in Eq.(2.4) and (2.5). Moreover, geometric
phase also encodes information about the nearby excitation states, as in Eq.(2.6). In
Chap.4 we will utilize this fact to compute the Abelian or non-Abelian braiding statistics
of energetic excitations of strings and particles by studying the geometric phase or
non-Abelian geometric structure of degenerate ground states. Non-Abelian geometric
structure only means that v is a matrix, the braiding statistics can still be Abelian or

non-Abelian statistics.

We remark on the parametrization of the parameter space:
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The usual gauge theory has a form A = A, (x)dz* with explicit spacetime dependence
z#, for a gauge group G, then the A is a connection of a G-bundle. The “gauge field”
A = A(T)qdr® we study depends on the Hamiltonian coupling constant 7 space. The
“gauge group’ depends on the accidental global symmetry of degenerate ground states.
such as U(N) = U(1) x SU(N) for N-fold degeneracy. The state |¥) lives in the Hilbert

space.

2.3 Quantum Hall Liquids: From one electron to many elec-

trons on the torus to the effective Chern-Simons theory

Here we like to introduce an additional idea, to use the Berry phase and geometric matrix
structure to characterize and classify 2D quantum Hall liquids. For an interacting system
with IV electrons described by the toy-model Hamiltonian [80]:
1h? &
H = Tom. 2 (07, — 1A(77)* + ZVK(ﬁ‘ = 75); (2.10)
7 1<)

with a higher order derivative interacting potential Vi (7) = Y25 | v, (—=1)"025(2)87. The
coordinates of i-th electron is z; = x; + iy;. On the other hand, Laughlin wavefunction was

proposed to be an ansatz for the FQHs with a filling fraction v = 1/K:

ie(z)) = [T - )% e 7 (211)

with {p = \/W and 27r£2BB = hc/e = @y as a unit flux. It is an only approximate
ansatz for the real system, because it does not take into account a finite size system with
a finite radius confining potential and the Coulomb interactions. However, the Laughlin
wavefunction turns out to be an exact ground state of the above Hamiltonian on a 2D
plane for an appropriate vector potential A = %(—By, Bz) in a symmetric gauge and the
background magnetic field B. More generally, we can consider a single or multilayer many-

body electronic systems as a FQHs described by a wavefunction with a Kj; K-matrix data,

(1) ONEK] S Sl P
Vi, ({zi}) = [H(Z — 2z )t e 1B : (2.12)
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It is believed that the generic system with this type of wavefunction and their phases at long
wavelength / low energy can be encoded into an effective action of Abelian Chern-Simons

theory:

K
S = 4;]/@[/\ day. (2.13)

For example, one can check physics observables such as the Hall conductance:

2 2 -1, .2
axy:y%:(%)%:%:#% (2.14)
Here g is the charge coupling to the external electromagnetic field. Below we would like to
study the Berry’s geometric phase and matrix by putting the TO systems on a 2-torus T°2.
We will discuss both the many electron Hamiltonian pictures and the effective Chern-Simons
theory picture to capture the geometric matrix. One crucial remark we will come back to
justify is that, in order to characterize and classify topological states of matter:
It is important to study the geometric matrix v of a wavefunction on a spatial manifold
with nontrivial topology, such as a T¢ torus. We will see that while the U(1) geometric
phase arises for a contractible closed trajectory of 7(¢), the geometric matrix may only
arise for a non-contractible closed trajectory. A non-contractible closed trajectory in
the Hamiltonian coupling constant 7 space occurs when the different coupling constants

are identified as the same family of Hamiltonian, due to the spatial nontrivial-topology

manifold.

2.3.1 One electron to many electrons of FQHs on a 2-torus

Haldane-Rezayi [81] gave an explicit one-electron wavefunction under magnetic field on 72,
which can be generalized to many electrons wavefunction. Let us say the T2 identifies the
coordinate z =x + iy to z ~ 2+ 1and z ~ z + 7. Consider H = —%%(f)p— i1 A(7))?, with
the uniform external magnetic field in the Landau gauge A = (A,, Ay) = (—By,0). At the

lowest Landau level, the degenerate ground states have the following form:

B, 2

U(z)=V(z,y) = f(z)e” 2¥, (2.15)

where f(z) includes an odd elliptic theta function 64(z | 7) = Y, czexplinT(n + )? +

i2m(n + a)z] on a 2-torus geometry. The wavefunction boundary conditions constrained by
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z~z+1and z ~ z 4 7 gives rise to a relation B = 277%‘15 between the external B field and
an integer Ny which counts the total number of flux quanta penetrating through the torus.

For many electrons on a 2-torus, we can generalize the wavefunction to:

U({zi}) = V({zi, 4i}) = J"({Zi})e_%¢Zyi2 (2.16)

The detailed studies of wavefunction of many electrons can be found in in Ref.[80]. To
induce non-contractible loop in the Hamiltonian coupling constant space, we can imagine
the periodicity of the spatial T? torus also gives the identification of different Hamiltonian
coupling constants, for example, by threading the B flux with some periodic values through
the torus. To study the Berry phase of non-Abelian geometric matrix for many-body wave-
function seems more difficult [80]. Instead, we can define the modified translation operator,
called magnetic translation operator, to incorporate the flux effect into translation. The non-
commutative features of magnetic translation operators capture similar physics like Berry
phase. However, in the next we will study the geometric matrix directly, by implementing
an effective low energy field theory to capture the essential degrees of freedom at ground

states.

2.3.2 The effective Chern-Simons theory and its geometric matrix

In the beginning of this section, we mention that TOs and topological states of matter of
many electrons can be captured by a Chern-Simons (CS) theory Eq.(2.13), one can add an
additional kinetic Maxwell term i fr A xfr where f; = day to introduce dynamics. Such an
approach is firstly used in [14] for a level-k CS theory to study chiral spin liquids, then later
it is generalized to study a generic Abelian FQHs by a Kjj-matrix CS theory [82]. For a
T? torus of the size L1 x Lo, we can express ay;(z) = O“L—(f) + ayi(x) with global and local
degrees of freedom respectively. Here x = (zg,z1,22), 9 =t and i = 0,1, 2 for spacetime
coordinates. The gauge invariant physical observable el $aride — 6101 g from the global
part, and 6y; is compact. We can choose a temporal gauge ajg = 0, then the action becomes:
S=1 dt%(é[lejg — 9129J1) + %mijéh-én + S(a), where the first part concerns the global
01, the S(a) concerns the local @;. The kinetic term with m¥ = m%(r) = ¢%(7)g% (1)

depends on the coupling constant 7 from microscopic interactions of many-body systems or
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lattice models. The Hamiltonian in the effective 6;; degrees of freedom is:
H = 2]1 Z 891 1AIz 691 iA?j)v (2.17)

where A?i depends on 6, 7 and the K matrix, and we intentionally omit the local excitation
H(a). We can do a coordinate transformation (671, 6r2) — (X7, Y7), so that the Hamiltonian
can be rewritten as: H = _71 > (0x, — iArx)? + (Oy, — iA7y)2 We can view 7 = Rer +

ilmr = 7x + i1y, the compact periodicity is adjusted and identified as

(011,072) ~ (011 + 27,012) ~ (071,012 + 27) ~ (011 + 2n7, 010 + 2m7);  n,m € Z.

(X, Y) ~(Xr+1,Y) ~(Xr+7x,Yr +7v) ~ (X1 +7x, Y7 + 7v). (2.18)

And we know the ground state wavefunction for this field theory Hamiltonian is in the same

form as Haldane-Rezayi’s one-electron Hamiltonian in Sec.2.3.1, we learn:

One-electron ground state wavefunction under an external magnetic field B on T? has

the equivalent form as the ground state wavefunction of the effective level-K Chern-

B Imt
2 )

precisely for the general K-matrix: (Arx, Ary) = %K[J(—YJ, 0),so By =(Vx A) =

Simons field theory by adding the kinetic Maxwell term, where K =

or more

%K 17- The kinetic Maxwell term gives dynamics to the Hamiltonian field theory, while

its mass matrix m(7) depends on the coupling constant 7.

Because of the periodicity of 67;, we can identify a set of Hamiltonian of the different

coupling constants (7x,7y) as the same family. Namely,

(01,62) — (0],65) = (61 — 02,05), then (m/(7))™t = (m(r 4+ 1))7* (2.19)

(61,62) — (87,65) = (B2, —61), then (m/(7))"! = (m(1/7))! (2.20)

More generally 7 — ‘C’:jr'g with a,b,c,d € Z and det( b) = 1, so 7 is generated by the
SL(2,Z) group. The full ground state |®,,(a | 7)) can be solved from Eq.(2.17) H 4+ H(a) in
a good basis with a GSD = | det K|-number of independent states (n = 1,...,|det K|), so

|®,,(a | 7)) can be expressed in terms of global part |1,,(f | 7)) and local part |®,,(a | 7)), so
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|, (a| 7)) = [¢n(0 | 7))|®n(@ | 7)). One can compute the geometric matrix 7,; and obtain:

7(t)="1'

TN = (@) Pleoli [ d7(@,()] @)

7(0)=7
F(t)=7'

= <¢n(7)‘¢l<7’)>-P[exp[i[(o): A7 (1 (7) ;’wl(%)”]ei@gobal

= (@n(7)|thi(7")) - 1. (2.21)

The first line is generic true by definition. Remarkably the second line is true if 7 and

2

7/ couplings are identified as the same family of Hamiltonian,” namely, identified by the

SL(2,Z) group; the end of the computation shows that,

When 7 — 7’ is generated and identified by SL(2,Z) group, then the geometric matrix
eimi(™.7) contains the universal piece contributed by a matrix (i, (7)|¢;(7')) (the non-
Abelian geometric matrix). On the other hand, the remained contribution is simply a

path-dependent non-universal U(1) factor: e'®°.

Moreover,

We can use the generators of SL(2,Z) group to extract the geometric matrix data:
Tt = (Vn(T)|01(7 + 1)) and Sy = (¢ (7)1 (=771)), which takes the inner product of
two wavefunctions from two different Hamiltonian identified in the same family and in

the same Hilbert space.
In [82], it is checked that

“The braiding statistics of anyon excitations (computed by using Chern-Simons theory by

adding source terms: a,j* with j* contains the anyonic charge vector ¢)” coincides with

“the non-Abelian Berry’s geometric phase / matrix calculation for the degenerate ground

states using a non-contractible loop trajectory in the coupling constant space 7. At least
o L 1 g S 177

for Abelian CS theory, both results agrees on S_; Jlae®l expli2nniK~'l| up to a total

U(1) phase.”
This result shows that ground states indeed encode information of higher energy quasi-

excitations such as their braiding statistics, and this also agrees with the observation made

in the remark after (ix) in Sec.2.2.2.

?And if the parallel transport of (@, (7)|-2|®:(7)) adjusts its basis to absorb the non-Abelian matrix.
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2.4 Intermission: Summary of different related approaches,

mapping class group and modular SL(d, Z) representation

From the study of geometric phase insights above, we are able to take several routes to
extend this geometric phase/matrix idea further. First route, is to, instead of taking (i)
inner product of two wavefunctions of two different Hamiltonians, we can directly take (ii)
wavefunction overlap between two different ground states of the same Hamiltonians. This
is proposed as the wavefunction overlap approach [51, 83].
Wavefunction overlap: Given two independent states of degenerate ground states |14
and |¢g), with any element O as the transformation of the wavefunction which is induced by
the automorphism group AMG of the spatial manifold M (a way of mapping the manifold
to itself while preserving all of its structure): AMG(M). We can compute the projective
representation of O, g by:

($alOlg) = eV - O - .. (2.22)

The first term e #" is the volume-dependent term due to the overlapping factor depends
on the number of lattice sites Niattice by: #Mattice oc #V where all these # are non-universal

O(/V) approaches to 1 as

numbers. The ... terms are non-universal subleading terms e
V' — o0o0. More specifically, for topological orders with gappable boundaries, it is possible
to use the 0-th homotopy group of the AMG(M): the mapping class group MCG(M) =
mo[AMG(M)] to fully characterize topological orders [51, 83]. We will give one explicit

analytic example using toric code, in Sec.2.5.

Spacetime path integral or partition function: Second route, instead of taking
an adiabatic evolution by tuning the Hamiltonian coupling constants, we can compute the
spacetime path integral between two wavefunctions under time evolution. In this case,
the Hamiltonian coupling constants need not to be tuned. Actually we need not to know
the Hamiltonian, but just know the spacetime path integral. Indeed this will be the main

approach of my thesis, outlined in Sec.2.6.

Symmetry-twist and wavefunction overlap for SPT: Just like Berry phase ap-
proach which tunes and modifies the Hamiltonian, the modification of Hamiltonian is also
a useful tool if there is only a unique ground state, such as SPTs. We will combine the

wavefunction overlap for different SPT Hamiltonians related by symmetry-twist in Sec.2.7.

61



The discussion here follows Ref.[28, 29, 55].

MCG: Let us summarize the particular MCG of T torus which we will focus on exten-

sively [52].
MCG(TY) = SL(d, Z). (2.23)

For 3D, the mapping class group SL(3,Z) is generated by the modular transformation Seyz

and T2Y:

0 01 1 1 0
Swz—=1|1 0 0|, T%=|010]. (2.24)
010 0 0 1

For 2D, the mapping class group SL(2,Z) is generated by the modular transformation
§*¥ and T*:

cope [0 1 (11
Sevz — . T = : (2.25)

In the case of the unimodular group, there are the unimodular matrices of rank N forms
GL(N,Z). Sy and Ty have determinant det(Sy) = —1 and determinant det(Ty) = 1 for

any general N:

00 0 (-1)N 110 ...0
10 0 0 010 ...0

Suy=1(0 1 0 0 , Tu=1]0 0 1 ... 0f. (2.26)
00 0 0 000 1

Note that det(Sy) = —1 in order to generate both determinant 1 and —1 matrices. For the

SL(N, Z) modular transformation, we denote their generators as S and T for a general N
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with det(S) = det(T) = 1:

00 0 (—1)N-t
10 0 0

S=10 1 o0 0 , T=Tu. (2.27)
00 0 0

Here for simplicity, let us denote S*¥* as Sgp, S*™ as Sop, T™¥ = T3p = Top. Recall that

SL(3,2) is fully generated by generators Ssp and Tsp. Some relations of S and T are:
Sop = (T35530)*(SapTap)*S3p Tap.- (2.28)

By dimensional reduction (note Top = Tsp), we expect that,

27i 27i

S3p = (S2nTsp)® =1, (SepT3p)® =es “S2y =e's “C. (2.29)

c_ carries the information of central charges. The complex U(1) factor % e implies that

the representation is projective. We can express

0 10
R=]1-110]= (T3D53D)QTgésgDTgésgDTgDSggD. (230)
0 0 1
One can check that
SapShp = Sip = R% = (S3pR)* = (RS3p)? = 1, (2.31)
(SspR?)* = (R%S3p)* = (S3pR?)3 = (R3S3p)® =1, (2.32)
(S3pR?S3p)?R? = R*(S3pR?S3p)? (mod 3). (2.33)

Such expressions are known in the mathematic literature, part of them are listed in Ref.[84].

For the sake of clarity on the notation, we will use O (S', S,TorT, etc) for the real-
space operation on the wavefunction. We will use the mathcal notation O (S, T, etc) for

its projective representation in the ground state basis.
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2.5 Wavefunction overlap on the Kitaev’s toric code lattice

model

Now I follow the wavefunction overlap statement described in Sec.2.4 to exact analytically
extract the geometric matriz. We will consider an exact solvable model: Kitaev’s toric code
in 2D, which is a Z5 gauge theory. Consider this toric code on a 2-torus 72 system with a

Hamiltonian composed by Pauli matrices:

H=-Y,4,-Y,B, (2.34)

— xr __ T xr x x — A z z z 4
Ay =1l 0" = 00,19v,290,3%0 .45 B, = HpU =0p19p20p30p.4 (2.35)

A, is the vertex operator, B, is a plaquette operator; both operators act on the nearest

T ’_....
® [
- o—
Y

5 ? m) o
L] ®
— —

Figure 2-1: (a) The square lattice toric code model with A, and B, operators. (b) The
e-string operator with end point e-charge (Z; charge) excitations on the vertices, created by
a product of [] o,. The m-string operator with end point m-charge (Zs flux) excitations in
the plaquette, created by a product of [] o,. See an introduction to toric code in [69, 21].

four neighbored links. Note that A2 = Bg = 1, so the eigenvalues of A,, B, are £1. Notice

[Ay, Al] = [Ay, Bp] = [Bp, By] = 0 for all choices of vertices and plaquette v,v’, p,p’.

Let us denote |0) = | 1) and |1) = | |), which satisfies 0,|0) = 0| 1) = +| 1). There
are many ground states and many possible bases. The candidate ground states we will start

with are the equal-weight superpositions of m-loop (corresponds to the |£) state) or e-loop
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(corresponds to the [1) state) configurations:

1 1
1€) = H(ﬁu + A4,))[0000...) = 1:[(%(1 +A)) ) (2.36)
) = 1;[(\}5(1 +B,) = ..) (2.37)

Note that: Bpl&) = +]€), Ay|¢) = [£). Due to that A% = 1, we have

Ay TT(1+ 4u)[0000. .. ) = JJ(1 + A,)[0000. ), (2.38)

v

Since the right hand side A, will simply shift those operators without A, to with one A,
(another operator [[, (1 + A,)); and shift those operators with A,/ to the operator without
A, (another operator [], (1 + Ay)). So

> Ay JJ(1+ A40)[0000...) = N, J](1 + 4,)]0000...) (2.39)

> B[]+ A40)[0000...) = JJ(1 + Ay) > B,[0000...) = N, [](1 + A,)[0000...)
p v v p v
(2.40)

here N, is the number of plaquette. On the torus, we have N, = N,, hence H|{) = —N,[§).
So [€) is one of the lowest energy states, the ground states. The initial state we like to
consider can be a fluctuation of the m loops (|£) state) or e loops (|1) state). We will focus
on [£) creates m string loop, where m is the flux on the plaquette.

Now we like to generate other linear independent states from |¢). We define T2 torus
with two non-contractible directions X and Y. The definitions are the following:
(1) The operator WX (or denoted as W, see also Chap.6) connecting the non-contractible
directions X with a series of o,: [[ 02, the e string operator (the end points create two e),
which flips the operator A, = [[, 0,. The WX is the e-string along the X direction.
(2) The operator WX (or denoted as I'y, see also Chap.6) connecting the non-contractible
directions X with a series of 0,: [ 04, the m string operator (the end points create two m),
which flips the operator B, = Hp o,. The WX is the m-string along the X direction.
(3) The operator WY (or denoted as Wy, see also Chap.6) connecting the non-contractible
directions Y with a series of o,: [] o, the e string operator (the end points create two e),

which flips the operator A, = [[, 0,. The WY is the e-string along the Y direction.
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(4) The operator WY (or denoted as 'y in Chap.6) connecting the non-contractible direc-
tions Y with a series of o,: [[ oz, the m string operator (the end points create two m),

which flips the operator B, = Hp o,. The WY is the m-string along the Y direction.

Note that [W,X, WY] = WX, WY =0 WAWY = - WYWX and Wy wX = —-wXw}.

Let us start from the superposition of fluctuating m-loop state of |¢) = [, (== (1+A4,))[0000...).

V2

It is important to note that
WEre) =16), Wlle) =1¢) (2.41)

adding a non-contractible e-loop WéX along x direction on superposed fluctuating m-loop
state gives the same state |¢). However, adding a non-contractible m-loop WX on [£)

gives different state. We require an even number of o, o, overlapping on the W.X|¢) =

[To-T1,(1 + 1, 02)]0000...) = [T, (1 + 1, =) [T -/0000...) = |€).

Let us choose WEX , an( operator as the chosen measurements from all the Hilbert space
operators; we wish to simultaneously diagonalize the two operators in the eigenstate basis.
Meanwhile we wish to define the trivial vacuum ground state |I) as the state where there is
only trivial measurement observed by the W:X’s e loop and W, ’s m loop along the z direc-
tion. Namely, there is no e or m-string non-contractible loop along the y direction. The goal
is to find a relation between [I) and [£): [I) = 3 c(n1, no,n3, ng) (W)™ (WY )m2(WX)ms
(WY)n4|¢) which satisfies WX [I) = |1) and W, X|I) = |I). Tt turns out that our |¢) as the su-
perposition of the fluctuating m loop states is important to determine |l). We will find that
|I) simply be the superposition of the |{) and the state with a non-contractible

m-~loop winding around the z-direction:

1

) = —=(1&) + W 16)). (2.42)

S

2

66



To prove this, define |(a, b)) = (W, X)4 (WY )?|¢):

Wirl(a, b)) = (W) (W)’l€) = |(a +1,0)) (2.43)
WYl(a,b)) = |(a,b+ 1)) (2.44)
W[(a,b)) = (=1)° (W) M (Wy)"(WH)[E) = (=1)°|(a, b)) (2.45)
W, |(a,b)) = (=1)%|(a, b)) (2.46)

Here WX |€) = |€) is a nontrivial step. We have contractible loop states |¢) = I'(0,)]00...),
and WX (0,)T(0,)|00...) oc I'(64)]00...). This should imply that W.X|¢) = WY |¢) = |€)
if we have the m-loop superposed state being acted by e-non-contractible loop along any

direction on an even lattice site system.

Define: |(£,0)) = 7(|(0 b))+[(1,b))) we see that WX| (&, b)) = (—=1)°|(£, b)), W.X|(%, b))

= £[(,0)) so WX[(+,0)) = W |(+,0)) = |(+,0)).

1) = |(+,0)) = %“9 + W) (2.47)

Now, |I) has no non-contractible e, m along y direction detectible by WX, W.X. So all we

need to do is creating e and m along y direction by W) for e and W)Y for m.

1 1
) = E(KO ,0)) +1(1,0))) = ﬁ(\@ + Wi [€)) (2.48)
le) = W) = 7(\( ,0)) —1(1,0))) = \7(|€> W l€)) (2.49)
Y L Y XY
Im) = W, [1) = \f(\( 1) +1(1,1))) = \f(W m &) + Wi Wn|6) (2.50)
lem) = W W) (Winl&) = Wi W 16)). (2.51)

_ E(|(0, 1) —1(1,1))) = ﬁ

Now we can do the modular SL(2, Z) transformation S which sends (z,y) — (—y, z).

1 1
SI) = (100,00 + 1(0.1))) = 1) +1¢) + fm) +[em) (252)
1 1
Sle) = —=(1(0.0)) = (0. 1) = 51 +Ie) = m) fem) (2.53)
1 1
Sim) = Z=((=1.0) + (1)) = 50 = fe) +m) —fem))  (254)
Slem) = —=((=1.0) = [(=1.1)) = 50 = |e) = m) + |em)). (255

67



Clearly, we have now obtained the ideal & matrix in the ideal quasi-particle basis using the

wave function overlap approach:

sy (1stey  1|Sim)y - (1[Slem)
(elS|)  (elSle)  (elS|m)  (e[Slem) | 1
(mIS[1)y  (mISle)  (m[S|m)  (m|Slem) | 2
(em|S|l) (em|S|e) (em|S|m) (em|S|em)

I = T = T
I m =
—_
— | —
—
| I —t
_ =

-1 -1 1

This can also be obtained as minimal entangled states (MES), through another approach

by entanglement entropy [85].

Comparison: The final comment is that the adiabatic Berry phase / geometric
matrix calculation has the drawbacks of requiring tuning Hamiltonian coupling constants
thus demanding to access a large class of systems; but it has the advantages of dealing
with non-translational-symmetry, non-periodic and non-lattice system. On the other hand,
the wavefunction overlap has advantages of fixing a single Hamiltonian with different
degenerate ground states; but it has the drawbacks of restricting to translational-symmetry,
periodic and equal-size-lattice system and to the given symmetry of lattice systems (usually
easier to extract S but harder to extract 7) [85]. There is also a drawback that in general
there is a volume-dependent factor (wa|O|¢5) = e #V. Oqp - - .., although in our square-
lattice toric code example, we did not observe the volume-dependent term in &, but it indeed

occurs in 7, at least for square and triangle lattice studied in [83].

2.6 Spacetime path integral approach for the modular S and
7T in 241D and 3-+1D: group cohomology cocycle

Below we will describe the spacetime path integral approach with discretized lattice trian-
gulation of spacetime. There are two versions, one is for topological order where degrees
of freedom live on the links (Sec.2.6.1) while gauge theory summing over all possible gauge
configurations, the other is SPTs where degrees of freedom live on the sites (Sec.2.6.2). In

short, on any closed manifold, the former has |Ztg| > 1, but the former is restricted to

|Zspr| = 1.
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2.6.1 For topological orders

Some kinds of (but not all of) topological orders can be described by twisted gauge theory,
those are gauge theories with cocycle topological terms. See Appendix of Ref.[52] for a review
of cocycles and group cohomology. For a pretty generic twisted gauge theory, there is indeed
another way using the spacetime lattice formalism to construct them by the Dijkgraaf-Witten
topological gauge theory.|78] We can formulate the path integral Z (or partition function)
of a (d + 1)D gauge theory (dD space, 1D time) of a gauge group G as,

i i2m({w i))(mod2m G 1 €
7= 37 0l = 3 etreana e i) = B S T o) e
-

v {gab} 1
(2.57)

where we sum over all mappings v : M — BG, from the spacetime manifold M to BG,
the classifying space of G. In the second equality, we triangulate M to My, with the edge
[vqUp] connecting the vertex v, to the vertex vp. The action (wgy1,7(Myi)) evaluates the
cocycles wgy1 on the spacetime (d+1)-complex My,;. By the relation between the topological
cohomology class of BG and the cohomology group of G: H™?(BG,Z) = HTY(G,R/Z),[78]
we can simply regard wq; as the d 4 1-cocycles of the cohomology group H4T!(G,R/Z). The
group elements gy are assigned at the edge [v,vp]. The |G|/|G|"* factor is to mod out the
redundant gauge equivalence configuration, with the number of vertices V,. Another extra
|G|~! factor mods out the group elements evolving in the time dimension. The cocycle wq1
is evaluated on all the d + 1-simplex 7; (namely a d + 2-cell) triangulation of the spacetime
complex. In the case of our 3+1D, we have the 4-cocycle wy evaluated at the 4-simplex (or

5-cell) as

o = wi1(go1, 912, 923, 934)- (2.58)

Here the cocycle wy satisfies cocycle condition: dws4 = 1, which ensures the path integral Z on
the 4-sphere S* (the surface of the 5-ball) will be trivial as 1. This is a feature of topological

gauge theory. The € is the & sign of the orientation of the 4-simplex, which is determined by
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the sign of the volume determinant of the 4-simplex evaluated by € = sgn(det(01, 02, 03, 04)).

-— = - —

Figure 2-2: The illustration for Oa)p) = (¥ A|O|Ug). Evolution from an initial state con-
figuration |W¥;,) on the spatial manifold (from the top) along the time direction (the dashed
line - - -) to the final state |¥,,;) (at the bottom). For the spatial T¢ torus, the mapping
class group MCG(T?) is the modular SL(d, Z) transformation. We show schematically the
time evolution on the spatial T2, and T3. The T3 is shown as a T? attached an S' circle at
each point.

We utilize Eq.(2.57) to calculate the path integral amplitude from an initial state con-
figuration |¥;,) on the spatial manifold evolving along the time direction to the final state
|Wout), see Fig.2-2. In general, the calcuation can be done for the mapping class group
MCG on any spatial manifold Mpece as MCG(Mgpaee). Here we focus on Mpace = T3 and
MCG(T3) = SL(3,Z), as the modular transformation. We first note that |¥;,) = O|¥p),
such a generic SL(3,Z) transformation O under SL(3,Z) representation can be absolutely
generated by 5% and T of Eq.(2.24),[84] thus 0= O(Sxyz, 'i'“y) as a function of §¥¥7, T2¥,
The calculation of the modular SL(3, Z) transformation from |W;;,) to |Weyu) = [Wa) by fill-
ing the 4-cocycles wy into the spacetime-complex-triangulation renders the amplitude of the

matrix element Oa)):

O(S™2, T™) (aym) = (Wa|O(S™2, T™)|Up) |, (2.59)

both space and time are discretely triangulated, so this is a spacetime lattice formalism.

The modular transformations $*¥, T#¥, §¥% of Eq.(2.24),(2.25) act on the 3D real space
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as

S (x,y,2) = (—y,x,2), (2.60)
T . (,y,2) = (z+y,y,2), (2.61)
Sryz . (z,y,2) = (z,2,y). (2.62)

More explicitly, we present triangulations of them:

SR NG t - , (2.63)

Yy
. 2% ..3 4,
Ty —
T R u‘gvy‘ oy b , (2.64)
g2
7.8 o
CTYZ 5 /y 3 ’f’ /y
S © gz 3‘ (S ?, 27‘ 1 , . (265)
1 g; (JU €T 1 > 57 €T

The modular transformation SL(2, Z) is generated by S%¥ and T*Y, while the SL(3,Z) is gen-
erated by $7%% and T*¥. The dashed arrow - -» represents the time evolution (as in Fig.2-2)
from |W;;,) to |¥yye) under g’”y, sz, Szyz respectively. The S®Y and T%Y transformations on
a T3 torus’s -y plane with the z direction untouched are equivalent to its transformations

on a T2 torus.

2.6.2 For SPTs

For convenience we can interchange the non-homogeneous cocycles (the lattice gauge theory
cocycles) and the homogeneous cocycles (SPT cocycles). The definition of the lattice gauge

theory n-cocycles are indeed related to SPT n-cocycles.

wn(Al,AQ, N ,An) = Vn(A1A2 .. .An,AQ e An, ey An, 1) = I/n(zzh,zig, ceey An, 1) (266)
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here flj = A;Aj41... Ay Let us focus on 241D SPTs with 3-cocycles,

LL)3(A, B7 C) = Vg(ABC, BC, C, 1) = W3(g()1,9127923) (267)

= ws(gog1 9195 "+ 9295 1) = v3(g095 15 0195, 9295 1, 1) = v3(g0, 91, 92, 93)-

Here A = go1, B = g12, C = go3, with gu = gagb_l. We use the fact that SPT n-
cocycle v, belongs to the G-module, such that for r are group elements of G, it obeys
r - Un(ro, 71y Tn—1,1) = v(rro,rri,...,rrp—1,7) (here we consider only Abelian group
G =11, Zn,). In the case without time reversal symmetry, so group action g on the G-
module is trivial.

In short, there is no obstacle so that we can simply use the lattice gauge theory 3-cocycle
w(A4, B,C) to study the SPT 3-cocycle v(ABC, BC,C,1). All we need to do is computing

the 2-+1D SPT path integral Zgpr (i.e. partition function) using 3-cocycles ws,[56]

Zspr = |G Y T [(ws* ({90.95,') (2.68)

{gv} @
Here |G| is the order of the symmetry group, N, is the number of vertices, ws is 3-cocycle,
and s; is the exponent 1 or —1 (i.e. the complex conjugate 1) depending on the orientation of
each tetrahedron(3-simplex). The summing over group elements g, on the vertex produces
a symmetry-perserving ground state. We consider a specific M3, a 3-complex, which can
be decomposed into tetrahedra (each as a 3-simplex). There the 3-dimensional spacetime

manifold is under triangulation (or cellularization) into many tetrahedra.

2.7 Symmetry-twist, wavefunction overlap and SPT invari-

ants

Let us consider a 2D many-body lattice system as an example, we can write a generic
wavefunction as [ig) = Z{giz!iy}wﬁ({gizﬂ:y}”{giz»izj})’ here [{gi,i,}) is a tensor product
(®) states for each site {iz,i,} assigned with a group element g;, ;,. Now we would like to
modify the Hamiltonian along a branch cut described in the Chap.1, say along the x and y

- twst along IR
axes shown in Fig.2-3. H =Y H, > =52 s

xZOR Hy + eraR Hglc’x near OR-
In order for the ordering sequence of applying h; and hy (which is applied first: A, or
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(a) (b)

Figure 2-3: S-move is 90° rotation. We apply the symmetry-twist along x and y axis,
where h; and h, are the twisted boundary condition assigned respect to its codimension
directions. (a) A system on T2 with h, and hy symmetry twists. Here T? has the same size
in « and y directions in order to have meaningful wavefunction overlap. (b) The resulting
symmetry twists after the S-move.

(a) (b) (©

Figure 2-4: T-move is the Dehn twist followed by a symmetry transformation h, in the
shaded area. (a) A system on 7° with h, and h, symmetry twists. (b) The resulting
symmetry twists after the T-move. (c) After a local symmetry transformation h, in the
shaded region with a counterclockwise orientation h, acting on the boundary of the shaded
region, the symmetry twists previously shown in (b) become the the new symmetry twists
in z- and y-directions.

hy ) makes no difference for their energy costs (near the branch cut there is still some tiny

energy cost?), we have [hy, hy] = 0.

For the sake of simplicity, we will consider a perfect square lattice with equal periodicity
L, = L,. Write ¥y, 1, ({9i,4,}) as the wave function of [Vy ) where hy,h, are the

parameter labels of symmetry-twist and g;, ;, are the variables:

Ly

Choby) = Y Chyhy ({Giniy {0y })- (2.69)

{glz,ly}
It is conjectured that the two symmetry-twists hy, h, are good enough, at least for Abelian
SPT of group G since there are |G|?-states, in a sense that its gauged theory is TOs with

exactly the same number of degeneracy on the T?: |G/|%.

3 For a T2 torus, we have a non-contractible closed loop. In general, if the symmetry twist is on a branch
cut of a non-contractible closed loop, the spectra will be modified. if it is on a branch cut of a contractible
closed loop, the spectra will not be modified.
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Naively, we may guess the wavefunction overlap for SL(2,Z) transformation are:

? ?

WalSls) = Y al{gii, NsHgs1 1) WalTlg) = Y ¥al{9ii, D Giatiyei, -

{9iz,iy} {9} i iy
(2.70)

However, this form is close to the answer, but not entirely correct. Here o and 8 should
specify the data of symmetry twists. Moreover, because of the SL(2,Z) transformation on
the spatial T2 torus, the symmetry twists o and /3 should also be constrained and related.
The symmetry twists a and 8 should be the same symmetry twists after taking into account
the SL(2, Z) transformation. This means that we will overlap two wavefunctions in the same

family of Hamiltonian, both twisted by the same symmetry-twist.

The state |Uy, 5,) changes under the modular transformation. Let us define

Ui = D Chon, ({9-i i DG, ) = D Whon, ({95, 5) DIHGi0i, D)

{Gig.iy} {Giz iy}
O n) = D Cnn, Gty DR ) = D Uiy iy {951, 5,) D Gin iy 3)- (2.71)
{gia,iy} {9ia iy}

We note that the state |‘1Jﬁz,hy> and the state |Wpy 5, ) have the same symmetry twists if
(W, hly) = (hyt, hy). Thus we can define a matrix

4 s s
St ) () = 5h;,h;16h§,7hx<lphéah/y‘\11h;c,hy> - 5(h;,h;),é-(hz,hy)<‘I’h;7h;"I’hx,hy>- (2.72)

However, |\ili,fz hy) and [Wp, 5 ) always have different branch cuts of the symmetry twists (see
Fig. 2-4(b)). To make their symmetry twists comparable, we perform an additional local
symmetry transformation h, in the shaded region Fig. 2-4(b), which changes “i’ﬂhg) to
|\I'¥z;,hy>' Now |\I]%;,hy> and [Wp, py ) have the same symmetry twists if (hg,, by) = (ha, hyha)

(see Fig. 2-4(c)). Thus we define a matrix

T T
T(h, b)) = Ont by Onty e (Wt b, (W ) = 6(h’z,h;)j‘-(hz,hy)<\Ilh§mh§;’\I’hx,hy>' (2.73)

There is an additional operation called group actions U (g), which sends group ele-

1

ments to other elements in conjugacy class: h — ghg~*. In general, U(Q)“I’(hz,hyﬂ =

Ulghag=,ghyg=1),(hashy) | Y ghog—1,ghyg—1)- The factor U, pn,(g) is a U(1) phase occurs when
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evolving [¥(p, n,)) t0 [Yyn,g-1 gn,qg-1) state. The nontrivial geometric matrix element is:

~

U(g)(h;vh;),(hxﬁhy) = 5h&79hzg‘15hg7ghyg‘1<\I'(ghzg‘17ghyg‘1)|U(g)’\1'(hx,hy)>

= Ony,ghag=20n! ghyg—1 Unahy (9)- (2.74)

More generally, for any combination of SL(2, Z) transformation, we find that *

~

o)
O(h;,h;),(hz,hy) = 5(hgc,h;l),gx.ét.ax.(hx,hy)(‘I’h;,h’y"I’hz,hy> ) (2.75)

here |9 h,) 1S obtained from 2o i ‘I’hz,hy({g(),( )})]{g,“y}> subject to an additional
Ty ix,iy

Gy
change on a shaded area in order to have the same branch-cut configuration as |¥y, 5, ).
In general, there are an area dependent factor with non-universal constants cg, cp:

Sf _CSL2+0(1/L)6

(o), (s hy) = © (hy 1), () Sy )

7 —cTL2+o(1/L)5

Ty, b (ho hy) = © (b ) (i ) T sy )

U(9) (ki h,),(hahy) = Oty ghag=10n1 ghyg=1 Uy b, (9)- (2.76)

Importantly the U move has no additional volume-dependent factor because it is a group
action which does not deform through any diffeomorphism or MCG elements. Our goal
Is to extract the geometric matrix: S, n,)s Tiha,hy)s Una by (g9). However, such geometric
matrices are not yet universal enough. When (h},h;y) # (hs,hy), the complex phases
Shahys Thy by Ung, by, (he) are not well defined, since they depend on the choices of the phases
of |W(n,n,)) and [¥, 7%)). To obtain the universal geometric matrix, we need to send
| (h,,hy)) Dack to [, 3 ) — the product of Sp, n,, Th, h,s Ung,n, (ht) around a closed orbit
(hayhy) — (K, hy) — -+ = (hg, hy) is universal (see Fig. 2-5). We believe that those
products for various closed orbits completely characterize the 241D SPTs. The same idea

applies to SPTs in any dimension.

“Here aw~OAt~az-~(hz,hy) is defined as ((1) é)ét(? (1))(2: ) In particular, 0,5t 0, = Sand 05 1% 05 =T

It is checked by considering the invariant inner product form (hy, he) - (&,9) = (hiy, hf) - (2/,y")
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Figure 2-5: The geometric matrix computed from a closed orbit (here in the (hy, hy) space)
gives rise to a universal SPT invariants.

76



Chapter 3

Aspects of Symmetry

In Sec.3.1, we extend the idea of symmetry-twist as a similar way of gauging and a way
to couple to external probed field, therefore we can develop an effective probed field action
and partition functions for SPT. In Sec.3.2, we express SPT invariants in terms of physical

observables such as fractional quantum numbers and degenerate zero modes.

3.1 Field theory representation of gauge-gravity SPT invari-
ants, group cohomology and beyond: Probed fields

Gapped systems without symmetry breaking|9, 86| can have intrinsic topological order.
However, even without symmetry breaking and without topological order, gapped systems
can still be nontrivial if there is certain global symmetry protection, known as Symmetry-
Protected Topological states (SPTs). Their non-trivialness can be found in the gapless /
topological boundary modes protected by a global symmetry, which shows gauge or grav-
itational anomalies.[49, 87, 56, 88, 89, 90, 50, 91, 92, 51] More precisely, they are short-
range entangled states which can be deformed to a trivial product state by local unitary
transformation[93, 94] if the deformation breaks the global symmetry. Examples of SPTs
are Haldane spin-1 chain protected by spin rotational symmetry[34, 35] and the topological
insulators protected by fermion number conservation and time reversal symmetry.

While some classes of topological orders can be described by topological quantum field
theories (TQFT),[26, 25] it is less clear how to systematically construct field theory with a

global symmetry to classify or characterize SPTs for any dimension. This challenge origi-
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nates from the fact that SPTs is naturally defined on a discretized spatial lattice or on a
discretized spacetime path integral by a group cohomology construction[12, 78| instead of
continuous fields. Group cohomology construction of SPTs also reveals a duality between
some SPTs and the Dijkgraaf-Witten topological gauge theory.|78, 95|

Some important progresses have been recently made to tackle the above question. For
example, there are 2+1D Chern-Simons theory, non-linear sigma models, and an orbifolding
approach implementing modular invariance on 1D edge modes. The above approaches have
their own benefits, but they may be either limited to certain dimensions, or be limited to
some special cases. Thus, the previous works may not fulfill all SPTs predicted from group
cohomology classifications.

In this work, we will provide a more systematic way to tackle this problem, by construct-
ing topological response field theory and topological invariants for SPTs (SPT invariants) in
any dimension protected by a symmetry group G. The new ingredient of our work suggests a
one-to-one correspondence between the continuous semi-classical probe-field partition func-
tion and the discretized cocycle of cohomology group, H4T!(G,R/Z), predicted to classify
d + 1D SPTs with a symmetry group G. Moreover, our formalism can even attain SPTs

beyond group cohomology classifications.[91, 92]

3.1.1 Partition function and SPT invariants

For systems that realize topological orders, we can adiabatically deform the ground state

U, of parameters ¢ via:
[Wg.5.(9)) of p g

(Wys (9+09) Wy (9)) ~ ... Zo ... (3.1)

to detect the volume-independent universal piece of partition function, Zg, which reveals
non-Abelian geometric phase of ground states. For systems that realize SPTs, however,
their fixed-point partition functions Zgy always equal to 1 due to its unique ground state on
any closed topology. We cannot distinguish SPTs via Zy. However, due to the existence of
a global symmetry, we can use Zg with the symmetry twist To define the symmetry twist,
we note that the Hamiltonian H = ) H, is invariant under the global symmetry transfor-

mation U = [] U, namely H = UHU !, If we perform the symmetry transformation

all sites

U’ = I1,cor Uz only near the boundary of a region R (say on one side of OR), the local term
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H, of H will be modified: H, — H_|; near 9r- Such a change along a codimension-1 surface
is called a symmetry twist, see Fig.3-1(a)(d), which modifies Zo to Zo(sym.twist). Just
like the geometric phases of the degenerate ground states characterize topological orders,
we believe that Zg(sym.twist), on different spacetime manifolds and for different symmetry

twists, fully characterizes SPTs.

The symmetry twist is similar to gauging the on-site symmetry[95] except that the
symmetry twist is non-dynamical. We can use the gauge connection 1-form A to describe
the corresponding symmetry twists, with probe-fields A coupling to the matter fields of the

system. So we can write

Zo(sym.twist) = elSo(sym-twist) _ oiSo(4) (3.2)
Here Sp(A) is the SPT invariant that we search for. Eq.(3.2) is a partition function of
classical probe fields, or a topological response theory, obtained by integrating out the
matter fields of SPTs path integral. Below we would like to construct possible forms of
So(A) based on the following principles: (1) So(A) is independent of spacetime metrics (i.e.
topological), (2) Sp(A) is gauge invariant (for both large and small gauge transformations),

and (3) “Almost flat” connection for probe fields.

U(1) SPTs— Let us start with a simple example of a single global U(1) symmetry. We
can probe the system by coupling the charge fields to an external probe 1-form field A
(with a U(1) gauge symmetry), and integrate out the matter fields. In 141D, we can
write down a partition function by dimensional counting: Zg(sym.twist) = exp]1i % J F]
with ' = dA, this is the only term allowed by U(1) gauge symmetry UT(A — id)U =~
A+ df with U = €/, More generally, for an even (d 4+ 1)D spacetime, Zg(sym.twist) =

exp| i 0 Gza! JFANFA..]. Note that 6 in such an action has no level-quantization

(Hh)e)
(0 can be an arbitrary real number). Thus this theory does not really correspond to any
nontrivial class, because any 6 is smoothly connected to § = 0 which represents a trivial

SPTs.

In an odd dimensional spacetime, such as 2+1D, we have Chern-Simons coupling for
the probe field action Zo(sym.twist) = exp[i - [ AA dA]. More generally, for an odd
(d+1)D, Zp(sym.twist) = exp[ i ((1%2)!(22% J ANF A...], which is known to have level-

quantization k = 2p with p € Z for bosons, since U(1) is compact. We see that only quantized
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Figure 3-1: On a spacetime manifold, the 1-form probe-field A can be implemented on a
codimension-1 symmetry-twist (with flat dA = 0) modifying the Hamiltonian H, but the
global symmetry G is preserved as a whole. The symmetry-twist is analogous to a branch
cut, going along the arrow - - -I> would obtain an Aharonov-Bohm phase ¥ with ¢ € G
by crossing the branch cut (Fig.(a) for 2D, Fig.(d) for 3D). However if the symmetry twist
ends, its ends are monodromy defects with dA # 0, effectively with a gauge flux insertion.
Monodromy defects in Fig.(b) of 2D act like 0D point particles carrying flux, in Fig.(e) of
3D act like 1D line strings carrying flux. The non-flat monodromy defects with dA # 0
are essential to realize f A,dA, and f A A, dA,, for 2D and 3D, while the flat connections
(dA = 0) are enough to realize the top Type [ A1 Ay ... Agyq whose partition function on a
spacetime T?+! torus with (d + 1) codimension-1 sheets intersection (shown in Fig.(c),(f) in
2+1D, 3+1D) renders a nontrivial element for Eq.(3.2).

topological terms correspond to non-trivial SPTs, the allowed responses So(A) reproduces
the group cohomology description of the U(1) SPTs: an even dimensional spacetime has no
nontrivial class, while an odd dimension has a Z class.

I1, Zn, SPTs— Previously the evaluation of U(1) field on a closed loop (Wilson-loop) § A,
can be arbitrary values, whether the loop is contractable or not, since U(1) has continuous
value. For finite Abelian group symmetry G = [[, Zn, SPTs, (1) the large gauge trans-
formation 0A, is identified by 27 (this also applies to U(1) SPTs). (2) probe fields have

discrete Zn gauge symmetry,

u

?{ 54y =0 (mod 27), ]{ A, = 2]7;”“ (mod 2r). (3.3)

For a non-contractable loop (such as a S' circle of a torus), n, can be a quantized integer
which thus allows large gauge transformation. For a contractable loop, due to the fact

that small loop has small § A, but n, is discrete, § A, = 0 and n,, = 0, which imply the
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curvature dA = 0, thus A is flat connection locally.

(i). For 141D, the only quantized topological term is: Zo(sym.twist) = exp[i ki1 [ A1 As].
Here and below we omit the wedge product A between gauge fields as a conventional notation.
Such a term is gauge invariant under transformation if we impose flat connection dA; =
dAy = 0, since §(A142) = (0A41)As+A1(0A2) = (df1)As+A1(df2) = —f1(dAz)—(dA1) fo =
0. Here we have abandoned the surface term by considering a 141D closed bulk spacetime
M? without boundaries.

e Large gauge transformation: The invariance of Zg under the allowed large gauge trans-

formation via Eq.(3.3) implies that the volume-integration of [ (A;As) must be invariant

2n)%knr _ (2m)%k;p 0
N T Ny

e Flux identification: On the other hand, when the Zy, flux from A, Zy, flux from As

are inserted as nq, ng multiple units of 27 /Ny, 27 /N2, we have ki [ A1 Ay = kn ](\?172722 nine.

mod 27, namely (mod 27). This rule implies the level-quantization.

We see that kry and kf; = ki + NéiVQ give rise to the same partition function Zg. Thus they

must be identified (27)krr ~ (27)ky + N1 Na, as the rule of flux identification. These two

rules impose

N1N,

Zo(sym.twist) = exp] i ]711(27r)7]\[12 . A1 A9, (3.4)
M
with kg = PII@]\%%’ pn € Zn,,- We abbreviate the greatest common divisor (ged)

Nia. ., = ged(Ny, No, ..., Ny, ). Amazingly we have independently recovered the formal group
cohomology classification predicted as H*([], Zn,,R/Z) = [Ty ZNuo-

(ii). For 2++1D, we can propose a naive Zg(sym.twist) by dimensional counting, exp[ i k1 | A1 A2As],
which is gauge invariant under the flat connection condition. By the large gauge transfor-

mation and the flux identification, we find that the level kpyp is quantized,thus

. . NiN3N.
Zy(sym.twist) = exp[ i pm(2;)27jvlj3 /M3 A1 AxAs], (3.5)

named as Type III SPTs with a quantized level pii1 € Zn,,;. The terminology “Type”
is introduced and used in Ref.[96] and [52]. As shown in Fig.3-1, the geometric way to
understand the 1-form probe field can be regarded as (the Poincare-dual of) codimension-1
sheet assigning a group element g € G by crossing the sheet as a branch cut. These sheets
can be regarded as the symmetry twists|?, 7| in the SPT Hamiltonian formulation. When

three sheets (yt, xt, vy planes in Fig.3-1(c)) with nontrivial elements g; € Zy, intersect
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at a single point of a spacetime T2 torus, it produces a nontrivial topological invariant in

Eq.(3.2) for Type IIT SPTs.

There are also other types of partition functions, which require to use the insert flux
dA # 0 only at the monodromy defect (i.e. at the end of branch cut, see Fig.3-1(b)) to

probe them:

™

Zo(sym.twist) = exp] i p/ Ay dA,], (3.6)
21 s

where u,v can be either the same or different gauge fields. They are Type I, II actions:
P11 fAl dAq, pri2 fAl dAs, etc. In order to have e P50 s ArdAs invariant under the large
gauge transformation, p;; must be integer. In order to have e! 55 Lz Ard Ay well-defined,
we separate 4] = A; + Af to the non-flat part A; and the flat part Af . Its partition

Faa . . 1
8 A1 d41 The invariance under the large gauge transformation of

function becomes e 2r Jm
AF requires py to be quantized as integers. We can further derive their level-classification

via Eq.(3.3) and two more conditions:

# dA, =0 (mod 2r), # 5dA, = 0. (3.7)

The first means that the net sum of all monodromy-defect fluxes on the spacetime manifold
must have integer units of 2. Physically, a 27 flux configuration is trivial for a discrete
symmetry group Zy,. Therefore two SPT invariants differ by a 27 flux configuration on their
monodromy-defect should be regarded as the same one. The second condition means that
the variation of the total flux is zero. From the above two conditions for flux identification,
we find the SPT invariant Eq.(3.6) describes the Zy, SPTs p; € Zy, = H3(Zn,,R/Z) and
the Zn, X Zn, SPTs pr1 € Zn,, C H3(Zn, X Zn,,R/Z).

(iii). For 3+1D, we derive the top Type IV partition function that is independent of

spacetime metrics:

.prvIN1No N3 Ny

ZO(Sym.tWISt) = eXp[lW—Nlm i A1A2A3A4], (38)

where dA; = 0 to ensure gauge invariance. The large gauge transformation 0 A; of Eq.(3.3),
and flux identification recover pry € Znyys, C H*([Ti—; Zn:,R/Z). Here the 3D SPT in-

variant is analogous to 2D, when the four codimension-1 sheets (yzt, xzt, yzt, ryz-branes
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in Fig.3-1(f)) with flat A; of nontrivial element g; € Zy, intersect at a single point on
spacetime T* torus, it renders a nontrivial partition function for the Type IV SPTs.

Another response is for Type III 3+1D SPTs:

N1 N:
Z(sym.twist) :eXp[i/ PriiVi iV

oo A1AdA 3.9
M4 (27()2N12 12 3]7 ( )

which is gauge invariant only if dA; = dAs = 0. Based on Eq.(3.3),(3.7), the invariance
under the large gauge transformations requires prr € Zy,,,. Eq.(3.9) describes Type III
SPTs: prr € Zayes € HAIT5-, Zn,,R/2Z).

Yet another response is for Type II 3+1D SPTs:

Z(sym.twist) = exp[i/ PuVi Ny A1 AydAs). (3.10)

The above is gauge invariant only if we choose A; and As such that dA; = dAsdAs = 0.
We denote As = Ay + AL where AydAy =0, dAL =0, § Ay = 0 mod 27/Ns, and § AL =0

pi1N1 N2 A1A2Fd;12

mod 27/Ny. Note that in general dAs # 0, and Eq.(3.10) becomes eifM4 (2m)?N1p

The invariance under the large gauge transformations of A; and A" and flux identification
requires pr; € Zn,, = HY[I2_, Zx,,R/Z) of Type IT SPTs. For Eq.(3.9),(3.10), we have
assumed the monodromy line defect at dA # 0 is gapped; for gapless defects, one will need

to introduce extra anomalous gapless boundary theories.

3.1.2 SPT invariants and physical probes

Top types: The SPT invariants can help us to design physical probes for their SPTs, as

observables of numerical simulations or real experiments. Let us consider:
d+1 a7

. . N .
Zo(sym.twist)= exp[lpmf A1Ay ... Agy1], a generic top type H;lill Zn, SPT

invariant in (d + 1)D, and its observables.

e (1). Induced charges: If we design the space to have a topology (S')?, and add the unit

symmetry twist of the Zn,, Zn,, ..., Zn, to the S in d directions respectively: fsl Aj =

2m/N;j. The SPT invariant implies that such a configuration will carry a Zy,,, charge
Ngi1

pN123...(d+1)'

e (2).Degenerate zero energy modes: We can also apply dimensional reduction to probe

SPTs. We can design the dD space as (S1)4~! x I, and add the unit ZN; symmetry twists
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along the j-th S! circles for j = 3,...,d + 1. This induces a 1+1D Zy, x Zy, SPT
invariant exp| i pﬁlfdﬂ) gﬁi | A1As] on the 1D spatial interval I. The 0D boundary of
the reduced 141D SPTs has degenerate zero modes that form a projective representation
of Zn, x Zy, symmetry.|56] For example, dimensionally reducing 3+1D SPTs Eq.(3.8) to
this 1+1D SPTs, if we break the Zy, symmetry on the Zy, monodromy defect line, gapless
excitations on the defect line will be gapped. A Zpy, symmetry-breaking domain wall on
the gapped monodromy defect line will carry degenerate zero modes that form a projective
representation of Zy, x Zy, symmetry.

e (3).Gapless boundary excitations: For Eq.(3.8), we design the 3D space as S' x M?, and
add the unit Zy, symmetry twists along the S! circle. Then Eq.(3.8) reduces to the 2-+1D

Ni23 N1NaN3

ZNy, X ZN, X ZN; SPT invariant exp[ i prv g2 bR [ A1 A3 A3] labeled by pry iz

Ni234

S
ZNyys C H3(ZN, X Zny X Z Ny, R/Z). Namely, the Zy, monodromy line defect carries gapless
excitations identical to the edge modes of the 2+1D Zy, x Zn, X Zn, SPTs if the symmetry
is not broken.
Lower types: Take 3+1D SPTs of Eq.(3.9) as an example, there are at least two ways to design
physical probes. First, we can design the 3D space as M? x I, where M? is punctured with
N3 identical monodromy defects each carrying ng unit Zy, flux, namely # dAs = 2mns
of Eq.(3.7). Eq.(3.9) reduces to exp] ipmng 27r)N12 | A1As], which again describes a 1+1D
Zn, X Zn, SPTs, labeled by pyns of Eq.(3.4) in H3(Zn, X Zn,,R/Z) = Zn,,. This again
has 0D boundary-degenerate-zero-modes.

Second, we can design the 3D space as S x M? and add a symmetry twist of Zy, along
the S1: $s1 A1 = 2mn1 /Ny, then the SPT invariant Eq.(3.9) reduces to exp] i pg;"]{,]l\f J Az dAs],
a 2+1D Zn, x Zn, SPTs labeled by % of Eq.(3.6).

e (4).Defect braiding statistics and fractional charges: These [ AdA types in Eq.(3.6), can
be detected by the nontrivial braiding statistics of monodromy defects, such as the parti-
cle/string defects in 2D /3D. Moreover, a Zy, monodromy defect line carries gapless exci-
tations identical to the edge of the 2+1D Zy, x Zy, SPTs. If the gapless excitations are
gapped by Zy,-symmetry-breaking, its domain wall will induce fractional quantum numbers
of Zn, charge,[56] similar to Jackiw-Rebbi|63]| or Goldstone-Wilczek|64] effect.

U(1)™ SPTs— It is straightforward to apply the above results to U(1)” symmetry. Again,
we find only trivial classes for even (d+ 1)D. For odd (d+ 1)D, we can define the lower type

action: Zo(sym.twist) = exp[1i ()é%ffl A Fy A ...]. Meanwhile we emphasize
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that the top type action with k [ AjAs... A4+ form will be trivial for U(1)™ case since
its coefficient k is no longer well-defined, at N — oo of (Zn)™ SPTs states. For physically
relevant 241D, k € 2Z for bosonic SPTs. Thus, we will have a Z™ x Z™(m=1/2 ¢lassification
for U(1)™ symmetry.

We have formulated the spacetime partition functions of probe fields (e.g. Zy(A(x)),
etc), which fields A(x) take values at any coordinates = on a continuous spacetime manifold
M with no dynamics. On the other hand, it is known that, (d + 1)D bosonic SPTs of sym-
metry group G can be classified by the (d+1)-th cohomology group He+1(G,R/Z)(predicted
to be complete at least for finite symmetry group G without time reversal symmetry). From
this prediction that bosonic SPTs can be classified by group cohomology, our path integral
on the discretized space lattice (or spacetime complex) shall be mapped to the partition
functions of the cohomology group - the cocycles. In this section, we ask “whether
we can attain this correspondence from “partition functions of fields” to “cocycles of group
cohomology?” Our answer is “yes,” we will bridge this beautiful correspondence between con-
tinuum field theoretic partition functions and discrete cocycles for any (d + 1)D spacetime

dimension for finite Abelian G =[], Zn, -

3.1.3 Correspondence

The partition functions have been treated with careful proper level-quantizations via large
gauge transformations and flux identifications. For G = [], Zn,, the field Ay, By, C,, etc,

take values in Zy, variables, thus we can express them as

N 27Tgu7 B, ~ 27rguhu7 O, ~ 2w guhuly
Ny N, Ny

Ay (3.11)

with gy, hy,ly € Zpn,. Here 1-form A, takes g, value on one link of a (d+ 1)-simplex, 2-form

B, takes gy, h,, values on two different links and 3-form C, takes gy, hy,l, values on three

different links of a (d + 1)-simplex. These correspondence suffices for the flat probe fields.
In other cases, we also need to interpret the non-flat dA # 0 at the monodromy defect

as the external inserted fluxes, thus we identify

27T(gu + hu - [gu + hu])

dAu ~ )
Ny

(3.12)

85



H partition function Z [ (d + 1)-cocycle wgy1 ‘

0+1 H exp(iprAl) ‘ exp( ipr al) ‘
1+1 H exp(i(é\%i%;panlAg) ‘ exp (271'11711 a b2) ‘
2-+1 exp(i (2 ) fAl d4;) exp ( i" ai(by +c1 —[b1 + cﬂ))
exp(ipr [ C1) exp (QW P alblcl)
211 exp(i pn fAl dAs) exp (?VT?/IQI ay(ba +co — [b2 + 02])>
GXP(IPII(QW)iN12 J A1Bo) exp (Qmpn aleCQ)
2+1 eXp(lpHI(JQV;)IX% [ A1A2A3g) exp (27r1p111 a1b263)
2miple?
3+1 exp(i fpuslt%)(g%%fhz‘lz dAg) exp (7, nag (arb2)(c2 + da2 — [c2 + da]))
exp(ipn (2]\;1)%%12 J A1C) exp (zmz’” a1b202d2)
(2nd) omipT D
3+1 exp(i fpnnlz) (217\7[)12‘1\1% A2A1dAr) exp (7w (azb1)(e1 + di — [e1 + da]))
exp(i pr1 o (QW)N12 J A2Ch) exp (22 agbyc1dy )
o p(lsr)
341 exp(lp%ll(l)zd)@%f%n J(A1A42)dA3) exp (ﬁ%i;’)(albg)(@, +d3 — [c3 + d3]))
exp(lpnl@ﬂ_]gi]\,123 f Ay A2 Bs) exp (27r ipri a1b203d3)
p mipT )
3+1 eXp(lng’zl;g) (;j)ff}’vﬂ [(A3A;1)dAs) exp (ﬁ(agbl)(cz +da — [c2 + da)))
exp(lplnm fA3AlBQ) exp (27r1P111 agblcgdg)
3+1 [EXP(IPIV% j.A1A2A3A4)} exp ( Nl‘:;j: a1b203d4)
4+1 exp(i 271,)2 fAl dA;dAy) exp ((Zﬁl)é 1(b1+c1—[b1+ci])(di+e1—[d1 + 61]))
4+1
4+1 eXp(lpviliEﬁfg\ig;;V f A1A A3 A4 As) exp (N12345 a1b203d4e5)

Table 3.1: Some derived results on the correspondence between the spacetime partition
function of probe fields (the second column) and the cocycles of the cohomology
group (the third column) for any finite Abelian group G = [[, Zn,. The first column
provides the spacetime dimension: (d+ 1)D. The even/odd effect means that whether their
corresponding cocycles are nontrivial or trivial(as coboundary) depends on the level p and
N (of the symmetry group Zy) is even/odd. Details are explained in Sec 3.1.4.

here [gy + hy] = gy + hy (mod N,). Such identification ensures dA, is a multiple of 27
flux, therefore it is consistent with the constraint at the continuum limit. Based on the
Eq.(3.11)(3.12), we derive the correspondence in Table 3.1, from the continuum path integral
Zy(sym.twist) of fields to a U(1) function as the discrete partition function. In the next
subsection, we will verify the U(1) functions in the last column in Table 3.1 indeed are the
cocycles wgr1 of cohomology group. Such a correspondence has been explicitly pointed out

in our previous work Ref.[52] and applied to derive the cocycles.
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H Partition function Z ‘ HIFT ‘ Kiinneth formula in #%1(G,R/Z) ‘

0+1 | elir-J A1) I H(Zn,,R/Z) |
L] el T A ] zy, | H'(Zn,.R/Z) Mz H'(Zn,.R/Z) |
2+1 olip- J ArdAy) Zn, #H3(Zn,,R/Z)

241 o(ip-- [ A1dAz) ZN,, HY(Zn,,R/Z) @7 H (ZN,,R/Z)

2+1 e(ip..fA1A2A3) Z Ny 53 [Hl(ZNNR/Z) Xz Hl(ZszR/Z)] Xz Hl(ZNs’R/Z)

3+1 olir- [ A1A2dA) ZN,, #HY(Zn,,R/Z) Kz H*(Zn,,R/Z)

3+1 olip- [ A2A1dAy) Zn,, H'(Zn,,R/Z) Kz H?(Zy,,R/Z)

341 || elp J(A)dds) 17, M (Zn,,R/Z) Rz H' (ZN,,R/Z)] @7 H'(ZN,,R/Z)

341 || elp-J(ArdA)As) 1 7 MY (Zn,,R/Z) @7 H'(Zn,,R/Z)| Kz HY (Zn,,R/Z))
341 || elip-JAAAd) T 7, [ (Zn,) Rz 1 (Zn,)]| Bz HE (Zn,) | Bz 1Y (Z,)

441 || elip-JArdArdaAy Zn, H%(Zn,,R/Z)

411 || elp-JArdArdAy) ZN,, H3(ZN,R/Z) @7 H! (Zn,,R/Z)

441 o(ip-- [ A2dA2dAy) Zn., H3(Zn,,R/Z) 7z H'(ZN,,R/Z)

441 || elp JAvdMAAs) 1 7 (7 (Zn,,R/Z) Bz H'(Zn,,R/Z)]| Kz H'(Zn,,R/Z)]
ar1 || olip TRdbids) | zy UH%ZM \R/Z) Bz H'(Zn,,R/2)| ¥z H' (Zn,,R/2)]
a1 || olp T AdAdA) ] 7y (" (le R/Z) 97 H' (Zn,,R/Z)| @2 H'(Zn,,R/Z)

441 || elp- T AAAsdds) 7 H'(Zn,,R/Z) Bz H' (Zn,,R/Z)| Kz H?(Zn,,R/Z)]

4+1 e(ip“ JArdAzAsda) ZN1234 [[Hl ZN1 ®z H (ZNQ)] IEZ H (ZN )] ‘XZ H ( 4)

4+1 elip. [ A1A2dA3Ay) ZN1aos [[’Hl (Zn,) &ZH (Zn,)] ®2 1 (Zn,) ] )] Ry 7-[ Zn,)

a1 || el S hdadsdda) |7y [(H'(Zn,) ¥z H' (Zn,)| Kz H (ZN,)] @2 H' (Zw,)

441 || eOp T AAAsdads) 1z Tyl (zy YRy HY (Zn,) Rz HY (Zn,) Bz HY(ZN,) Bz HY(Zy,)

Table 3.2: From partition functions of fields to Kiinneth formula. Here we consider a
finite Abelian group G = [[,, Zn,,. The field theory result can map to the derived facts about
the cohomology group and its cocycles. The first column provides the spacetime dimension:
(d + 1)D. Here the level-quantization is shown in a shorthand way with only p.. written,
the explicit coefficients can be found. In some row, we abbreviate H'(Z,;,R/Z) = H'(Z,,,).
The torsion product Tor% = Kz evokes a wedge product A structure in the corresponding
field theory, while the tensor product ®z evokes appending an extra exterior derivative Ad
structure in the corresponding field theory. This simple observation maps the field theoretic
path integral to its correspondence in Kiinneth formula.

We remark that the field theoretic path integral’s level p quantization and its mod rela-
tion also provide an independent way (apart from group cohomology) to count the number of
types of partition functions for a given symmetry group G and a given spacetime dimension.
In addition, one can further deduce the Kiinneth formula from a field theoretic partition
function viewpoint. Overall, this correspondence from field theory can be an independent

powerful tool to derive the group cohomology and extract the classification data.
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Type I Type 11 Type IIT | Type IV o
ZN@ ZNij ZNijl ZNiij s chd®'§”(Nz‘) chd@fN(i)

HY(G,R/Z) 1
H2(G,R/Z) 0 1
H3(G,R/Z) 1 1 1
H*(G,R/Z) 0 2 2 1
H?(G,R/Z) 1 2 4 3
H(G,R/2Z) 0 3 6 7 .
W(G,R/Z) | ELID [4_0COom | |

Table 3.3: The table shows the exponent of the chd®;n( ;) class in the cohomology group

HY(G,R/Z) for a finite Abelian group. Here we define a shorthand of Zoca(N;,N;) = LNy =
chd®f(N¢)7 etc also for other higher ged. Our definition of the Type m is from its number
(m) of cyclic gauge groups in the ged class chd@ﬁ( ~;)- The number of exponents can be
systematically obtained by adding all the numbers of the previous column from the top row
to a row before the wish-to-determine number. This table in principle can be independently
derived by gathering the data of Table 3.2 from field theory approach. Thus, we can use
field theory to derive the group cohomology result.

3.1.4 Cohomology group and cocycle conditions

To verify that the last column of Table 3.1 (bridged from the field theoretic partition func-
tion) are indeed cocycles of a cohomology group, here we briefly review the cohomology
group H1 (G, R/Z) (equivalently as He*1 (G, U(1)) by R/Z = U(1)), which is the (d + 1)th-
cohomology group of G over G module U(1). Each class in H4"!'(G,R/Z) corresponds to
a distinct (d + 1)-cocycles. The n-cocycles is a n-cochain, in addition they satisfy the n-
cocycle-conditions dw = 1. The n-cochain is a mapping of w(ay,az,...,a,): G" — U(1)
(which inputs a; € G, i = 1,...,n, and outputs a U(1) value). The n-cochain satisfies the

group multiplication rule:
(w1 -wa2)(at,...,an) =wi(a,...,an) - wy(ay,...,an), (3.13)

thus form a group. The coboundary operator §

n
_1\n+1 _ j
5C(.gl’ <o ,gn+1) = C(Q% s 7gn+1)c(.gl7 s ,gn)( 2 ’ ’ H C(glv <o 9595415 - - 7gn+1)( 1)]7
j=1
(3.14)
which defines the n-cocycle-condition dw = 1. The n-cochain forms a group C", while the n-

cocycle forms its subgroup Z". The distinct n-cocycles are not equivalent via n-coboundaries,

where Eq.(3.14) also defines the n-coboundary relation: if n-cocycle w, can be written as
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wp = 08y,_1, for any (n — 1)-cochain 2,41, then we say this w, is a n-coboundary. Due
to 62 = 1, thus we know that the n-coboundary further forms a subgroup B" . In short,
B™ C Z™ C C" The n-cohomology group is precisely a kernel Z" (the group of n-cocycles)

mod out image B" (the group of n-coboundary) relation:

H"(G,R/Z) = Z"/B". (3.15)

For other details about group cohomology (especially Borel group cohomology here), we

suggest to read Ref.[52, 96] and Reference therein.

To be more specific cocycle conditions, for finite Abelian group G, the 3-cocycle condition

for 241D is (a pentagon relation),

w(b, ¢, d)w(a,be, d)w(a,b,c)

dw(a,b,c,d) =
W(CL, , Cy ) w(a(% c, d)w(a/7 ba Cd)

=1. (3.16)

The 4-cocycle condition for 3+1D is

w(b,c,d, e)w(a,be,d, e)w(a,b, c, de)
w(ab, c,d, e)w(a, b, cd, e)w(a, b, c,d)

ow(a,b,c,d,e) = =1. (3.17)

The 5-cocycle condition for 4+1D is

w(b,c,d,e, flw(a,be,d,e, f)  w(a,b,c, de, flw(a,b,c, d,e)
1) b,c,d = . =1. (3.18
A bedef) wlab.c.d.e, f) wlasbycdse, fafabedef) 1Y

We verify that the U(1) functions (mapped from a field theory derivation) in the last column
of Table 3.1 indeed satisfy cocycle conditions. Moreover, those partition functions purely
involve with 1-form A or its field-strength (curvature) dA are strictly cocycles
but not coboundaries. These imply that those terms with only A or dA are the precisely

nontrivial cocycles in the cohomology group for classification.

However, we find that partition functions involve with 2-form B, 3-form C or
higher forms, although are cocycles but sometimes may also be coboundaries at

certain quantized level p value. For instance, for those cocycles correspond to the partition

functions of p [ Cl,pi(grl)%iz fAlBg,pi(é\Q)%Qn fAng,pi(é\Q)%QD ngCl,pié\;l)JX%Y; [ A1 A3Bs,

p% | AsA1Bs, etc (which involve with higher forms B, C'), we find that for G = (Z3)"

symmetry, p = 1 are in the nontrivial class (namely not a coboundary), G = (Z4)" symme-
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try, p =1, 3 are in the nontrivial class (namely not a coboundary). However, for G = (Z3)"

n

symmetry of all p and G = (Z4)" symmetry at p = 2, are in the trivial class (namely a
coboundary), etc. This indicates an even-odd effect, sometimes these cocycles are non-
trivial, but sometimes are trivial as coboundary, depending on the level p is even/odd and
the symmetry group (Zy)™ whether N is even/odd. Such an even/odd effect also bring
complication into the validity of nontrivial cocycles, thus this is another reason
that we study only field theory involves with only 1-form A or its field strength

dA. The cocycles composed from A and dA in Table 3.1 are always nontrivial

and are not coboundaries.

We finally point out that the concept of boundary term in field theory (the surface
or total derivative term) is connected to the concept of coboundary in the cohomol-
ogy group. For example, [(dA;1)AsAs are identified as the coboundary of the linear
combination of [ AjAy(dAs) and [ Ay(dAz)As. Thus, by counting the number of distinct
field theoretic actions (not identified by boundary term) is precisely counting the num-
ber of distinct field theoretic actions (not identified by coboundary). Such an observation
matches the field theory classification to the group cohomology classification. Furthermore,

we can map the field theory result to the Kiinneth formula listed via the correspondence:

/A1 ~ HY(2Zn,,R/Z) (3.19)

/ AydA; ~ H3(Zn,,R/Z) (3.20)
/AldAldAl ~ H3(Zn,,R/Z) (3.21)
Torf =Rz ~ A (3.22)
®z ~ Ad (3.23)

/A1 ANAy ~ HYZn,,R/Z)Rz H'(ZN,,R/Z) (3.24)
/A1 Addy ~ HYZn,,R/Z) @z H'(ZN,,R/Z) (3.25)

To summarize, in this section, we show that, at lease for finite Abelian symmetry group
G = Hle Zn;,, field theory can be systematically formulated, via the level-quantization

developed earlier, we can count the number of classes of SPTs. Explicit examples are or-
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ganized in Table 3.1 where we show that our field theory approach can exhaust all bosonic

SPT classes (at least as complete as) in group cohomology:

G,R/Z) = H Zn,; (3.26)
1<i<j<k
MG R/Z)= [ Zw x2Zn, x2Zn, (3.27)
1<i<j<i<k
H4(G7 R/Z) - H (ZNij)2 X (ZN@ ) X ZN]lm (3'28)

1<i<j<l<m<k

and we also had addressed the correspondence between field theory and Kiinneth formula.

3.1.5 Summary

— The recently-found SPTs, described by group cohomology, have SPT invariants in terms
of pure gauge actions (whose boundaries have pure gauge anomalies|49, 50, 56, 88, 89]).
We have derived the formal group cohomology results from an easily-accessible field theory
set-up. For beyond-group-cohomology SPT invariants, while ours of bulk-onsite-unitary
symmetry are mized gauge-gravity actions, those of other symmetries (e.g. anti-unitary-
symmetry time-reversal Z1) may be pure gravity actions.[92] SPT invariants can also be
obtained via cobordism theory,|91, 92, 90| or via gauge-gravity actions whose boundaries
realizing gauge-gravitational anomalies. We have incorporated this idea into a field theoretic
framework, which should be applicable for both bosonic and fermionic SPTs and for more

exotic states awaiting future explorations.

3.2 Induced Fractional Quantum Numbers and Degenerate
Zero Modes: the anomalous edge physics of Symmetry-

Protected Topological States

We will now focus on 241D bulk/1+1D edge and go further to consider the edge modes of

lattice Hamiltonian with G = Zy, X Zy, X Zy, symmetry on a compact ring with M sites
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M-1

Figure 3-2: The illustration of 1D lattice model with M-sites on a compact ring.

(Fig.3-2). For any finite Abelian group G, we can derive the distinct 3-cocycles:

i 27ip;
w(A,B,C) = exp (%f ai(b; + c; — by + cl-])) (3.29)
Oripi;
wI(IJ)(A, B, C) = exp <]Vz]]\)/5 ai(bj +c;— [bj + Cj])) (3.30)
27Tipz'jl

A 4.8.0) = e aibya). (331

Ni, Nj, N)

so-called Type I, Type II, Type III 3-cocycles|96] respectively. Since there are at most three
finite Abelian subgroup indices shown in Eq.(3.29),(3.30),(3.31), such a finite group with
three Abelian discrete subgroups is the minimal example containing necessary and sufficient
information to explore finite Abelian SPTs. Such a symmetry-group G may have nontrivial
SPT class of Type I, Type II and Type III SPTs. Apparently the Type I SPTs studied in our
previous work happen,[57] which are the class of p, € Zy, in H3(Zn, x Zn, X Zn,, U(1)).
Here and below we denote u, v, w € {1,2,3} and u, v, w are distinct. We will also introduce
is the new class where Zy, and Zy, rotor models “talk to each other.” This will be the
mixed Type II class py, € Zn,,, where symmetry transformation of Zy, global symmetry
will affect the Zp, rotor models, while similarly Zy, global symmetry will affect the Zy,
rotor models. There is a new class where three Zy,, Zn,, Zn, rotor models directly talk
to each other. This will be the exotic Type III class pija3 € Zp,,,, Where the symmetry
transformation of Zy, global symmetry will affect the mixed Zy,, Zn, rotor models in a

mutual way.

To verify that our model construction corresponding to the Type I, Type II, Type III
3-cocycle in Eq.(3.29),(3.30),(3.31), we will implement a technique called “Matrix Product
Operators” in Sec.3.2.1. We would like to realize a discrete lattice model in Sec.3.2.2 and a

continuum field theory in Sec.3.2.3, to capture the essence of these classes of SPTs.
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3.2.1 Matrix Product Operators and Cocycles

There are various advantages to put a quantum system on a discretize lattice, better than
viewing it as a continuum field theory. For example, one advantage is that the sym-
metry transformation can be regularized so to understand its property such as onsite or
non-onsite. Another advantage is that we can simulate our model by considering a dis-
cretized finite system with a finite dimensional Hilbert space. For our purpose, to regu-
larize a quantum system on a discrete lattice, we will firstly use the matrix product op-
erators (MPO) formalism (see Ref.[97] and Reference therein) to formulate our symmetry
transformations corresponding to non-trivial 3-cocycles in the third cohomology group in

H3(Zny X ZNy, U(1)) = Zny X Zny X ZNys-

First we formulate the unitary operator S as the MPO:

S =3 [T TRE TN, ) G, (3.32)
{5.4}

with the its coefficient taking the trace (tr) of a series of onsite tensor T'(g) on a lattice,
and input a state |ji,...,jam) and output another state |j1,...,73,). T = T(g) is a ten-
sor with multi-indices and with dependency on a group element g € G for a symmetry
group. This is the operator formalism of matrix product states (MPS). Here physical indices
J1:J2,---,dm and ji, 75, ..., jy, are labeled by input/output physical eigenvalues (here Zy
rotor angle), the subindices 1,2,..., M are the physical site indices. There are also virtual
indices a,ao,...,ap which are traced in the end. Summing over all the operation from
{4,7'} indices, we shall reproduce the symmetry transformation operator S. What MPO
really helps us is that
by contracting MPO tensors T(g) of G-symmetry transformation S (here g € G) in differ-
ent sequence on the effective 1D lattice of SPT edge modes, it can reveal the nontrivial

projective phase corresponds to the nontrivial 3-cocycles of the cohomology group.

To find out the projective phase €?(9a:90:9¢)  helow we use the facts of tensors T(ga),
T(gp), T(g.) acting on the same site with group elements g4, g5, g.. We know a generic

projective relation:

T(ga- 9) = P 5. T(9a)T(96) Pyo.gs- (3.33)
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Here Py, 4, is the projection operator. We contract three tensors in two different orders,

(Pga’gb®‘[3)Pgagb:gc = eie(gmgb’gC) (I]- ® Pgbvgc)Pgavgbgc’ (334)

The left-hand-side contracts the a, b first then with the ¢, while the right-hand-side contracts
the b, ¢ first then with the a. Here ~ means the equivalence is up to a projection out of
un-parallel states. We can derive Py, 4, by observing that P, 4, inputs one state and outputs

two states.

For Type I SPT class, this MPO formalism has been done quite carefully in Ref.[97],[57].
Here we generalize it to other SPTs, below we input a group element with g = (kq, ko, k3)
and k1 € Zn,, ke € Zn,, k3 € Zn,. Without losing generality, we focus on the symmetry
Type I index p; € Zy,, Type Il index p12 € Zn,,, Type III index pi23 € Zn,,,. By index

relabeling, we can fulfill all SPT symmetries within the classification.

We propose our T'(g) tensor for Type I, [97, 57| II symmetry with p; € Zy,, p12 € Zn,

as

M) 40 5@ L) () b0 2mky O Q) 27Tk1 @ (2
(T(z)m Pout in’ Pout ) 13(1”1,7;2;31)7 ((x) (2>,N1< N1 ) 6(¢out ¢in ) ((bout (b )
(1) _ (1)
[ aeacP o) eletel ¢§}3> e
/ng(Q 95,2’2)|¢(ﬁ2)>< (2)‘5( &gi))eipmh(@g)—égi))r/N1. (3_35)

We propose the Type III T'(g) tensor with p1a3 € Zp,,, as

(T8 00002 026 80 Br2) 2mky 2mky 2mks
SD<1)7SOE;‘1>7()0(&2)7S0;!2>790 7(19[1)7N17N27N3 N]_ ’ N2 ’ N3

(v) (w)
(u) u) ; VW (Soa ¢m ) N1NoNj
uvl wle/ds% |Pin | exp[ipioze™ky N, 27TN123] \¢0ut>( ] (3.36)
{123}

Here we consider a lattice with both ¢, () as Z N, rotor angles. The tilde notation o
gb(“), for example on gZ;(Q , means that the variables are in units of , but not in ]2\,—7; unit
(The reason will become explicit later when we regularize the Hamiltonian on a lattice in

Sec.3.2.2).
Take Eq.(3.35), by computing the projection operator Py, 4, via Eq.(3.33), we derive the
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projective phase from Eq.(3.34):

ma+my—[matmyln (4)
N

i0(9a:9b.9¢) _ oip1 Ffme = w (me, ma, ™) (3.37)

which the complex projective phase indeed induces the Type I 3-cocycle wl(i) (me, Mg, myp) of
Eq.(3.29) in the third cohomology group H3(Zy,U(1)) = Zx. (Up to the index redefinition
p1 — —p1.) We further derive the projective phase as Type II 3-cocycle of Eq.(3.30),

2mme

(1)
. : @), @) @) @) ) g
10(9a:95.9¢) — elplz( N1 )(( a ) =[ma” 4y ]N2)/ 2 = (A)I(;J)(mgjml,mg) (3.38)

up to the index redefinition p1o — —pi2. Here [m, + myp|n with subindex N means taking

the value module N.

Take Eq.(3.36), we can also derive the projective phase ei?(9a:9::9¢) of Type III1 T'(g) tensor

as

u v) . (w)
m{ m ) my" )N1N2N3

619(ga79b,gc) — eiQﬂ'p123€uvw( N Ny NG (uvw)

N2z~ wppp (Me, Mg, myp). (3.39)

(1, (2) (3)

Adjust pio3 index (i.e. setting only the pio3 index in me’'mg m,~ to be nonzero, while
others pa13 = p3i12 = 0), and compute Eq.(3.34) with only pje3 index, we can recover the

projective phase reveals Type III 3-cocycle in Eq.(3.31).

By Eq.(3.32), we verify that T(g) of Type I, II in Eq.(3.35) renders the symmetry

transformation operator 51(\1;11 P12).

M
s 27 (.1) .p .p 7 7
s =TI epling (0 = 6] el (67 — 657 (3.40)

here j are the site indices, from 1 to M shown in Fig.3-2.

By Eq.(3.32), we verify that T'(g) of Type III in Eq.(3.36) renders the symmetry trans-

3 (p123) .
formation operator S Ny .Na,Ns-

M M

. (u)
i, =IO I e Wiy, (341
.]:1 u7v7w€{17273}
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with

- H (11\2’11]\\’]21\’3 uva123( (_121¢(w)))
wil, = e\ FMizs bt (3.42)
5+l = )
u,w,we{1,2,3}

. (u)
For both Eq.(3.40) and Eq.(3.41), there is an onsite piece <¢)(-u)| 2Ly /N \¢5§-u)) and also ex-

J
7(2)

tra non-onsite symmetry transformation parts: namely, exp[i{- ((bj e ¢j ) ], explikp? (qﬁj ok

¢§-2 )r], and I/VHJI+1 We introduce an angular momentum operator L§- )

127rLj /Nu

conjugate to ¢§-u),
unit, from |¢>§-u)> to |¢§-u) + %) The

™

such that the e shifts the rotor angle by ZU

subindex r means that we further regularize the variable to a discrete compact rotor angle.

Meanwhile p; = p; mod Ny, p12 = pi2 mod N2 and pieg3 = piog mod Niog, these
demonstrate that our MPO construction fulfills all classes. So far we have achieved the
SPT symmetry transformation operators Eq.(3.40),(3.41) via MPO. Other technical deriva-

tions on MPO formalism are preserved in Supplemental Materials.

3.2.2 Lattice model

To construct a lattice model, we require the minimal ingredients: (i) Zy, operators (with

ZN,

u

variables). (ii) Hilbert space (the state-space where Zy, operators act on) consists
with Zp, variables-state. Again we denote u = 1,2,3 for Zn,,Zn,,Zn, symmetry. We can
naturally choose the Zy, variable w, = €27/Nv such that wM* = 1. Here and below we will
redefine the quantum state and operators from the MPO basis in Sec.3.2.1 to a lattice basis
via:

o) = dug, L = Ly, (3.43)

The natural physical states on a single site are the Zy, rotor angle state |¢, = 0),|¢, =

27 /Nu), .- |pu = 27 (Ny — 1) /Ny).

One can find a dual state of rotor angle state |¢,), the angular momentum |L,), such
that the basis from |¢,) can transform to |L,) via the Fourier transformation, |¢,) =
Zi\[i—é A lL“¢“|Lu>. One can find two proper operators o), 7(*) which make |¢,) and
|L.,) thelr own eigenstates respectively. With a site index j (j = 1,..., M), we can project

(w) _(u) (u) _(u)

o; ', T; * operators into the rotor angle |¢, ;) basis, so we can derive o; ',7; ' operators as
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N, x N, matrices. Their forms are :

A= = ol )
0 0 0
00 0 wht]
J
00 0 0 1
100 0 0
=101 0 0 0| = (Gugle™™" N guy). (3.44)
00 1 0 0
00 ...10

J
Operators and variables satisfy the analogue property mentioned in Ref.|57], such as (T(“))év“ =
(0(“));\[“ =1, T;U)T a§u) T](u) = Wy aj(.u). It also enforces the canonical conjugation relation on
qg(“) and L®) operators, i.e. [¢E§u), f/l(v)] = 10(;1)0(u,p) With the symmetry group index u,v
and the site indices j,1. Here |¢) and |L) are eigenstates of é and L operators respectively.
The linear combination of all |¢1) |p2) |¢3) states form a complete N x Ny x N3-

dimensional Hilbert space on a single site.

3.2.2.1 symmetry transformations

Type I, I Zn, X Zn, symmetry transformations

Firstly we warm up with a generic Zy lattice model realizing the SPT edge modes on
a 1D ring with M sites (Fig.3-2). The SPT edge modes have a special non-onsite symme-
try transformation, which means that its symmetry transformation cannot be written as a
tensor product form on each site, thus U(g)non-onsite # ®:;U;i(g). In general, the symmetry
transformation contain a onsite part and another non-onsite part. The trivial class of SPT
(trivial bulk insulator) with unprotected gapped edge modes can be achieved by a simple
Hamiltonian as —A\ Zjﬂil(Tj + 7';). (Notice that for the simplest Zo symmetry, the 7; op-
erator reduces to a spin operator (o,);.) The simple way to find an onsite operator which

this Hamiltonian respects and which acts at each site is the HM

j=1Tj, & series of 7;. On

the other hand, to capture the non-onsite symmetry transformation, we can use a domain
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wall variable in Ref.[57], where the symmetry transformation contains information stored
non-locally between different sites (here we will use the minimum construction: symmetry
stored non-locally between two nearest neighbored sites). We propose this non-onsite sym-
metry transformation Uj j1 with a domain wall (Ngyw); j+1 operator acting non-locally on

site j and j + 1 as,

B .p 2w . . D
Ujj+1 = exp (INW@Ndw)j,jﬂ) = eXP[IN(¢1,j+1 — O1,5)r), (3.45)

The justification of non-onsite symmetry operator Eq.(3.45) realizing SPT edge symme-
try is based on MPO formalism already done in Sec.3.2.1.  The domain wall operator
(0Ngw)j,j+1 counts the number of units of Zy angle between sites j and j + 1, so indeed
(27 /N)(6Naw)jj+1= (¢1,j+1 — ¢1,5)r. The subindex r means that we need to further regu-
larize the variable to a discrete Zn angle. Here we insert a p index, which is just an available
free index with p = p mod N. From Sec.3.2.1, p is indeed the classification index for the
p-th of Zy class in the third cohomology group H3(Zy, U(1)) = Zy.

Now the question is how should we fully regularize this U; ;11 operator into terms of Zn

operators a} and o;11. We see the fact that the N-th power of Uj j;1 renders a constraint

UM = (explion ]t explion ja])” = (o]oj1)P. (3.46)

(Since exp[i 1 ;]ap = (Pale'?|¢p) = oapj.) More explicitly, we can write it as a polynomial
ansatz Ujj1 = exp[+ Zflv:_ol da (UJT-UjH)“]. The non-onsite symmetry operator Uj j;1 re-
duces to a problem of solving polynomial coefficients g, by the constraint Eq.(3.46). Indeed
we can solve the constraint explicitly, thus the non-onsite symmetry transformation operator
acting on a M-site ring from j =1,..., M is derived:

o _ _ (0T0‘+1)a
e Rl B} .4)

For a lattice SPTs model with G = Zn, x Zy,, we can convert MPO’s symmetry trans-

formation Eq.(3.40) to a lattice variable via Eq.(3.47). We obtain the Zy, symmetry trans-
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formation (here and below u,v € {1,2},u # v):

M
usPuv) i . w ~p -p 7 7
. 1(5 Po) = | ’eXp[lﬁu(ﬁb%j-H — Guj)r] - eXP[lfNuv (bv,j+2 — Dvj)r]
j:1 u u

M om Nu N (U(U)T §1)1)a
H (Nu,pu) Nuypuv H 5 . - ﬁpu ( )H_Z (w'u)a 1) )

]+1 J+2

S
Sk o il {g=tyesy 7( i) 3

wyp—1

(3.48)

(pu 7puv)'i'

The operator is unitary, i.e. S(p uPuv) SN = 1. Here oy = 0. The intervals of rotor

angles are

o1, € {n \n €Z}, ¢o; € {n—\n €Z}, b1, 02 € {n—\n €Z}. (3.49)

where ¢1 ; is Zn, angle, ¢2 ; is Z, angle, dN’l,j and QEQJ are Zy,, angles (recall ged (N1, Ny) =
Nj3). There are some remarks on our above formalism:

(i) First, the Zn, , Zn, symmetry transformation Eq.(3.48) including both the Type I indices
p1, p2 and also Type II indices p12 and ps;. Though p1, po are distinct indices, but pi2 and
po1 indices are the same index, p1s + p21 — p12. The invariance p1s + po1 describes the same
SPT symmetry class.

(ii) The second remark, for Type I non-onsite symmetry transformation (with p; and p9)
are chosen to act on the nearest-neighbor sites (NN: site-j and site-j + 1); but the Type II
non-onsite symmetry transformation (with pi2 and po1) are chosen to be the next nearest-
neighbor sites (NNN: site-j and site-j+2). The reason is that we have to avoid the nontrivial
Type I and Type II symmetry transformations cancel or interfere with each other. Though
in the Sec.3.2.3, we will reveal that the low energy field theory description of non-onsite
symmetry transformations for both NN and NNN having the same form in the continuum
limit. In the absence of Type I index, we can have Type II non-onsite symmetry transfor-
mation act on nearest-neighbor sites.

(iii) The third remark, the domain wall picture mentioned in Eq.(3.45) for Type II p;2 class
still hold. But here the lattice regularization is different for terms with pis, po1 indices. In
order to have distinct Zgeq (v, n,) class with the identification p12 = p12 mod Niz. We will

expect that, performing the N, times Zpy, symmetry transformation on the Type II py,
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non-onsite piece, renders a constraint

N"“ uy w _ (Z\U)T =V uv
(U yNu = (50150 ypus (3.50)

To impose the identification p1o = p12 mod Nig and ps; = po; mod Nig so that we

have distinct Zyeq (n;,n,) classes for the Type II symmetry class (which leads to impose the

constraint (&](.1))N12 = (65.2))]\’12 = 1), we can regularize the ~j(-1), &](-2) operators in terms
;27T
of Zgeq (ny,N,) variables. With wip = wg = e' M2 we have w{\;” = 1. The 6j(.u) matrix

has N, x N, components, for v = 1,2. It is block diagonalizable with ]]\,V—l”; subblocks, and
each subblock with Ni5 X Nio components. Our regularization provides the nice property:
T}l)T 6J(-1) T;l) = w19 O'j(l) and T]@)T 5;2) 7'](2) = w19 Uj(?). Use the above procedure to regularize
Eq.(3.40) on a discretized lattice and solve the constraint Eq.(3.50), we obtain an explicit
form of lattice-regularized symmetry transformations Eq.(3.48). For more details on our

lattice regularization, see Supplemental Materials.

Type III symmetry transformations

To construct a Type III SPT with a Type III 3-cocycle Eq.(3.31), the key observation
is that the 3-cocycle inputs, for example, a; € Zn,, b € Zy,, ¢3 € Zy, and outputs a U(1)
phase. This implies that the Zy, symmetry transformation will affect the mixed Zy,, Zn,
rotor models, etc. This observation guides us to write down the tensor 7'(g) in Eq.(3.36)

and we obtain the symmetry transformation S](\Z;) = S](\I,Jlll’]f,l N, 38 Eq.(3.41):

M M

b 31(51172]3/)2,N3 = H( H TJ(U) ) WJ{I]'I-"-l)' (3'51)
j=1 wp,we{l,2,3}

. . . ior (™ .
There is an onsite piece 7; = <¢j|el%Lﬂ' / N|¢j> and also an extra non-onsite symmetry
transformation part W1 This non-onsite symmetry transformation W1 acting on
p g+l Y Y 31

the site j and j+1, is defined by the following, and can be further regularized on the lattice:

log(aj(.w))NUNw

euva123T
TR | L) R )
u,v,we{1,2,3}

: : 111 111
here we separate Zy, ,Zn,,Zn, non-onsite symmetry transformation to G+ 1N s V541N
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VVJHJIJrl N, Tespectively. Eq.(3.51),(3.52) are fully regularized in terms of Zy variables on a

lattice, although they contain anomalous non-onsite symmetry operators.

3.2.2.2 lattice Hamiltonians

We had mentioned the trivial class of SPT Hamiltonian (the class of p = 0) for 1D gapped

edge:

M
A (7] (3.53)
7j=1

(0)

Apparently, the Hamiltonian is symmetry preserving respect to Sy’ = HM

0) 7,(0
M ( HN)

7, i.e. Sy
(51(\9))_1 = H](\?). In addition, this Hamiltonian has a symmetry-preserving gapped ground
state.

To extend our lattice Hamiltonian construction to p # 0 class, intuitively we can view the
nontrivial SPT Hamiltonians as close relatives of the trivial Hamiltonian (which preserves
the onsite part of the symmetry transformation with p = 0), which satisfies the symmetry-

preserving constraint, i.e.

SPHP (5P = HY, (3.54)

More explicitly, to construct a SPT Hamiltonian of Zy, X Zy, X Zn, symmetry obeying
translation and symmetry transformation invariant (here and below u,v,w € {1,2,3} and

u,v,w are distinct):
° [H(pu:pumpuvw) T] =0. e [H(pu:puv,puvw) S(p)] -0 (3 55)
N1,N2,N3 ) ’ N1,N2,N3 y M N .

Here T is a translation operator by one lattice site, satisfying T'f X;T=X;p1, j=1,..,M,
for any operator X; on the ring such that Xp;41 = X;. Also T satisfies TM = 1. We can

immediately derive the following SPT Hamiltonian satisfying the rules,

M N-1
. Hgluﬁgfjvz;m :—AZZ(S%’)) - +T)(5<p>) o (3.56)
j=14=0

: . (p) — (pu»pumpuvw)
where we define our notations: Sy’ = Hu,v,we{l,Q,S} SNu

(2 ®3)
IN3><N3+IN1><N1®T]‘ ®IN3XN3+IN1XN1®IN2XN2®Tj

and 7; = 7'](1) @ INyx Ny @
. Here 7; is a matrix of (N1 x Ny x N3)
X (N1 x Na x N3)-components. The tower series of sum over power of (S(p)) over (7j + TT)

will be shifted upon Sy ( )H ) (Sy ( )) 1 but the overall sum of this Hamiltonian is a symmetry-
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preserving invariant.

3.2.3 Field Theory

From a full-refualrized lattice model in the previous section, we attempt to take the low
energy limit to realize its corresponding field theory, by identifying the commutation relation
[<§§u),f}l(v)] = 16(;1)0(u,w) (here j, I are the site indices, u,v € {1,2,3} are the Zn,, Zn,, Zn,

rotor model indices) in the continuum as

Bul1). 5 -0u8,(02)] = 16(e1 — 22)6(00) (357)

which means the Zy,, Zn,, Zn, lattice operators (b (1), ¢(2 (2) A§3),ﬁl(3) and field

operators ¢1, ¢, @2, ¢, ¢3, P4 are identified by

B S dulay), L0 S %@;qﬁ;(xl). (3.58)

We view ¢, and ¢!, as the dual rotor angles as before, the relation follows as Sec.3.2.3. We
have no difficulty to formulate a K matrix multiplet chiral boson field theory (non-chiral

‘doubled’ version of Ref.|?]’s action) as

1
Ssprom2 = 477/dt dz (K150:010:¢5 — Vij0sh10:01) + - . .. (3.59)

requiring a rank-6 symmetric K-matrix,
Kser = (15)@(Yo)e(16): (3.60)

with a chiral boson multiplet ¢r(x) = (¢1(x), ¢} (z), P2(x), dh(x), Pp3(x), ¢4(x)). The
commutation relation Eq.(3.57) becomes: [¢7(z1), KO (x2)] = 2midrpd(x1 — x2). The

continuum limit of Eq.(3.48) becomes

* SE\I;: Puv)

L L L L 3
(/ dxaz(ﬁ;_}'pu/ dxam¢u+0/ dmax‘ls;"'puv/ dmaz¢v)]
0 0 0 0
(3.61)

1
= el
u

Notice that we carefully input a tilde on some (51, fields. We stress the lattice regularization

of ¢, is different from ¢,, see Eq.(3.49), which is analogous to 51, 6@ and ¢, 6@ in
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Sec.3.2.2.1. We should mention two remarks: First, there are higher order terms beyond
Sspr.om2’s quadratic terms when taking continuum limit of lattice. At the low energy limit,
it shall be reasonable to drop higher order terms. Second, in the nontrivial SPT class (some
topological terms p; # 0, p;; # 0), the det(V) # 0 and all eigenvalues are non-zeros, so
the edge modes are gapless. In the trivial insulating class (all topological terms p = 0), the

det(V) = 0, so the edge modes may be gapped (consistent with Sec.3.2.2.2). Use Eq.(3.57),

(pu,puv) (pl,plz)

we derive the 1D edge global symmetry transformation Sy ; for example, Sy and
S}(\]f?;,pm)’
¢1(x) ¢1(z) 1
'z "z 2
S](\thm) Qfl( ) (Sg\i;ll:pIQ))*l — Qfl( ) 4 Fﬂ- b1 . (362)
p2(x) ¢2(x) o
h() b () P12

No N2 1

(z) (z)

G(P2,p21) qgll(x) (S](\;;;,pm))_l o qg’l(x) + 27 | P21
(z) (z)
() (z) p2

We can see how pi2, pa1 identify the same index by doing a M matrix with M € SL(4,2Z)
transformation on the K matrix Chern-Simons theory, which redefines the ¢ field, but still
describe the same theory. That means: K — K’ = MTKM and ¢ — ¢ = M~'¢, and so

the symmetry charge vector ¢ — ¢ = M ~'q. By choosing

1 000
M = < n épfl 8), then the basis is changed to
pi2 0 p2 1

2p1 1 pia+p21 0 1 0

I _ 1 0 0 0 /o 0 /o 0
K _(p12+p210 2p2 1),(]1—(()),(]2—(1).

0 0 1 0 0 0

The theory labeled by Kgspr,qi1,q2 is equivalent to the one labeled by K’ ¢}, ¢,. Thus we
show that pio + p21 — pi12 identifies the same index. There are other ways using the gauged
or probed-field version of topological gauge theory (either on the edge or in the bulk) to
identify the gauge theory’s symmetry transformation,[67] or the bulk braiding statistics to

determine this Type II classification pj2 mod(ged(Ny, Na)).

The nontrivial fact that when p15 = Nyg is a trivial class, the symmetry transformation
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in Eq.(3.62) may not go back to the trivial symmetry under the condition fOL dz Oyd1 =

fOL dx anBQ = 27, implying a soliton can induce fractional charge (for details see Sec.5.2.1).

Our next goal is deriving Type III symmetry transformation Eq.(3.41). By taking the

continuum limit of

12BN IO L) (0,00 (@)0l) (2) - 2.0l ()6l (2))  (3.63)

we can massage the continuum limit of Type III symmetry transformation Eq.(3.41) to

(ged(N1, N, N3) = Nia3)

L
g(p123) . N1 No N3 pia3
st = I1 el [ o] o BN [T g g, 216, 0]

{1,2,3}

(3.64)
Here u, v, w € {1, 2,3} are the label of the symmetry group Zn,, Zn,, Zn,’s indices. Though
this Type III class is already known in the group cohomology sense, this Type III field
theory symmetry transformation result is entirely new and not yet been well-explored in the
literature, especially not yet studied in the field theory in the SPT context. Our result is an
extension along the work of Ref.[66],[67].

The commutation relation leads to
[(Z)[(l’i), K[/J(ZSJ(.TJ')] = —27i 5]]/%(.%‘ — IL’]‘). (365)

Here h(z; — ;) = h(x; — ;) — 1/2, where h(z) is the Heaviside step function, with h(z) = 1
for > 0 and h(z) = 0 for < 0. And h(z) is h(z) shifted by 1/2, i.e. h(z) = 1/2
for x > 0 and h(z) = —1/2 for x < 0. The shifted 1/2 value is for consistency condition
for the integration-by-part and the commutation relation. Use these relations, we derive
the global symmetry transformation 51(\7;112]‘\5,)2 «, acting on the rotor fields ¢, (), ¢/,(x) (here
u € {1,2,3}) on the 1D edge by

- 2
( ]\1/711,2]:\3/2,N3)¢"( )( ]\1;11,2]%)2,N3) 1 :¢u(x>+ﬁz (3.66)
- 2 L 0
(S8R SR ) = dle) = QA (26, a) — Lol E el g )



where one can define a Type III symmetry charge Q = pi23 ]\27;]]\\[,21]223 Here the 1D edge is on
a compact circle with the length L, here ¢,,(L) are ¢,,(0) taking value at the position z = 0
(also z = L). (In the case of infinite 1D line, we shall replace ¢, (L) by ¢,,(c0) and replace
¢,,(0) by ¢,,(—00). ) But ¢,,(L) may differ from ¢,,(0) by 27n with some number n if there

is a nontrivial winding, i.e.

(L) = ¢, (0) + 270 = 271'% + 2mn, (3.68)

w

where we apply the fact that ¢,,(0) is a Zy,, rotor angle. So Eq.(3.67) effectively results in a

shift +€“"“py93 ]\J,\lfg?’ (2mny + mNyn) and a rotation e“”wQZQ\,—:(Qqﬁw(x)). Since J\J,\lfgg is neces-

-1
sarily an integer, the symmetry transformation (5’1(5112]%; N3)¢;(x)(5](\1;112ﬁ,)2 N,) Wil shift by

a 27 multiple if pyo3 ]\],\17;5 wT 1s an even integer.
By realizing the field theory symmetry transformation, we have obtained all classes

of SPT edge field theory within the group cohomology H*(Zn, x Zn, X Zn,, U(1)) with

Pu € LNy Puv € ZNy,» P123 € ZNys-
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Chapter 4

Aspects of Topology

In Sec.4.1, we study the topological boundary gapping criteria (or boundary fully gapping
rules). For Abelian TOs, we apply Chern-Simons theory approach shown in Sec.4.1.1. For
non-Abelian TOs, we apply modular S,7T data and introduce a new mathematical object
called, the tunneling matrix approach shown in Sec.4.1.2. In Sec.4.2, we study the string and
particle braiding statistics in topological order, based on the modular SL(3,Z) Representation

and 3+1D twisted gauge theory.

4.1 Gapped Domain Walls, Gapped Boundaries and Topolog-
ical (Bulk and Boundary) Degeneracy

4.1.1 For Abelian TOs: Chern-Simons theory approach
4.1.1.1 Physical Concepts

We start by considering a topologically ordered system on a compact spatial manifold with
boundaries, where each boundary have N branches of gapless edge modes. Suppose the
manifold has total 7 boundaries, we label each boundary as d,, with 1 < a <. Let us
focus on the case that the manifold is homeomorphic to a sphere with n punctures (Fig. 4-
1(a)), we will comment on cases with genus or handles (Fig.4-1(b)) later.

If particles condense on the boundary due to the interactions of edge modes, it can intro-
duce mass gap to the edge modes. (Note that throughout our study, we regard particles as
non-fractionalized particles such as electrons, and we regard quasiparticles as fractionalized

particles such as anyons. From now on, we will use electron as the synonym of particle for
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Q=) QO

Figure 4-1: Topologically ordered states on a 2D manifold with 1D boundaries: (a) Illus-
tration of fusion rules and total neutrality, where anyons are transported from one boundary
to another (red arrows), or when they fuse into physical excitations (blue arrows), on a
manifold with five boundaries. (b) A higher genus compact surface with boundaries (thus
with punctures): a genus-3 manifold with five boundaries.

the condensed matter systems.) A set of particles can condense on the same boundary if
they do not have relative quantum fluctuation phases with each other, thus all condensed
particles are stabilized in the classical sense. It requires that condensed particles have rela-
tive zero braiding statistical phase (such as Aharonov-Bohm charge-flux braiding phase and
flux-flux braiding phase), we call these particles with trivial braiding statistics satisfying
Haldane’s null and mutual null conditions. Since electrons or particles have discrete elemen-
tary charge unit, we label them as a dimension-N (dim-N) lattice I'. (here the subindex e
implies non-fractionalized particles such as electrons), and label condensed particles as dis-
crete lattice vectors 9« (with ¢%« € T',) assigned to the boundary 8,. We define a complete
set of condensed particles, labeled as a lattice % to include all particles which have null

and mutual null statistics to each other: T9« = {9},

Notably there are different complete sets of condensed particles. Assigning a complete set
of condensed (non-fractionalized bosonic) particles to a boundary corresponds to assigning
certain type of boundary gapping conditions. The number of types of complete sets of
condensed particles constrains the number of types of boundary gapping conditions, however,

the two numbers may differ from each other.

In principle, each boundary can assign its own boundary condition independently, this
assignment is not determined from the bulk information. This is why the boundary gapping
condition is beyond the bulk-edge correspondence. Below we focus on the non-chiral orders,

assuming all branches of edge modes can be fully gapped out. Later we will derive the criteria
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when the edge modes can be fully gapped out, at least for Abelian topological orders.

Remarkably there exists a set of compatible anyons having trivial braiding statistics
respect to the complete set of condensed particles. In other words, compatible anyons have
mutually trivial braiding statistics to any elements in the complete set of condensed particles.
For a boundary d,, we label compatible anyons as discrete lattice vectors Eqag and find all
such anyons to form a complete set labeled as ang with Fgg = {Eqag}. Here I'% and I‘qag
both have the discrete Hilbert space structure as lattice. Note that I'%« C ang. And I
and ang have the same dimension of Hilbert space. If compatible anyons can transport
between different boundaries of the compact manifold, they must follow total neutrality: the
net transport of compatible anyons between boundaries must be balanced by the fusion of
physical particles in the system (Fig.4-1(a)), so )_, E?g € I'.. Transporting anyons from
boundaries to boundaries in a fractionalized manner (i.e. not in integral electron or particle
units), will result in switching the topological sectors (i.e. switching the ground states) of
the system. Given data: T',,T'% anf;, we thus derive a generic GSD formula counting the

number of elements in a quotient group:

. 8 - .
{(€35, ... Lqp) | VA0s €T, 57 495 € T} (1)

GSD = :
(60, (9n) | Ve9 € DO}

We derive the form of GSD = |L| with a group of discrete lattice L. Here |L| means the

number of elements in L, namely the order of L.

4.1.1.2 Ground state degeneracy of Abelian topological order

To demonstrate our above physical concepts in a mathematically rigorous setting, let us
take Abelian topological order as an example. It is believed that Abelian topological order
can be fully classified by the K matrix Abelian Chern-Simons theory.For a system lives on
a 2D compact manifold M with 1D boundaries OM, edge modes of each closed boundary
(homeomorphic to S') are described by a multiplet-chiral boson theory, with the bulk action

Spuik and the boundary action Sy:

K
Spulk = 47[://\4 dt d*x Guypal,uavalpa (42)
1
Sy = e dt doe K1;0;910,9 5 — V770, 910,P 5 + Zga COS(fa’[ - ®dr). (4.3)
oM a
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Here K;; and Vjj are symmetric integer N X N matrices, ay,, is the 1-form emergent gauge
field’s I-th component in the multiplet. In terms of edge modes ®; with I = 1,2,..., N,
this means that there are N branches of edge modes. The sine-Gordon term cos(¢ ar® ) is
derived from a local Hermitian gapping term, lar®r 4 o7 a P o cos({, - ®r), where £,
has N components under index I with integer coefficients.

In this work, we investigate the question how generic g cos(¢ ol ® 1) terms can fully gap
edge modes, by turning on large g coupling interactions. We emphasize that the pertur-
bative relevancy/irrelevancy of cos(fa’ ; - ®7) in the renormalization group (RG) language
is immaterial to our large g coupling limit, since there can have energy gap induced by
non-perturbative effects at the strong interaction. Therefore in this work we will include all

possible £, terms regardless their RG relevancy.

4.1.1.3 Canonical quantization of K matrix Abelian Chern-Simons theory edge

modes

In order to understand the energy spectrum or GSD of the edge theory, we study the
‘quantum’ theory, by canonical quantizing the boson field ®;. Since ®; is the compact
phase of a matter field, its bosonization has zero mode ¢g; and winding momentum Py, in

addition to non-zero modes:

27

2w . 1 —inz2r
D) = oy + Kfjlp%fx +iy —arpe "L (4.4)
n#0

The periodic boundary size is L. The conjugate momentum field of ®;(z) is II;(z) =
% = iK}J@x¢J. This yields the conjugation relation for zero modes: [¢o;, Py,] =101,
and a generalized Kac-Moody algebra for non-zero modes: [af pn, @ jm]| = nKI_Jlénv_m. We

thus have canonical quantized fields: [®;(x1),I1;(z2)] = 1d750(x1 — x2).

4.1.1.4 Braiding Statistics and Boundary Fully Gapping Rules

Let us first intuitively argue the properties of ¢, as condensed particles on the edge from
cos(f, ;- ®r) of Eq.(4.3). Let us also determine the set of lattice spanned by the discrete
integer ¢, vectors: I'? = {€,}. We shall name I'? as the boundary gapping lattice. Here

a labels the a-th vector in T?. From the bulk-edge correspondence, the edge condensed
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particles labeled by the ¢, vector can be mapped to some bulk non-fractionalized particle
excitations £,. It is well-known that the braiding process between two bulk excitations ¢,

and ¢, of Eq.(4.2) causes a mutual-braiding statistical phase term to the whole wavefunction:
explify] = expli2m €, 1 K774, 5. (4.5)

We will also denote £ a, IKI_Jléb = EgK ~1¢,. On the other hand, the self-exchange process
between two identical excitations ¢, of Eq.(4.2) causes a self-braiding statistical phase term

to the whole wavefunction:
explibaa/2] = exp[iﬂﬁa’IK;JlfaJ]. (4.6)

Without any global symmetry constraint, then any gapping term is allowed. Below we argue

what are the list of properties that the gapping term satisfies to fully gap the edge modes:

(i) Bosonic self-statistics: V¢, € T'?, KaJKI_JlEaJ € 2Z even integers. This means that the
self-statistics of ¢, is bosonic, with a multiple 27 phase.

(ii) Local: V4, £, € T'?, Ea,IKl_JleJ € Z integers. Winding one ¢, around another /¢, yields a
bosonic phase, namely a multiple 27 statistical phase. The bosonic statistics can be viewed
as the local condition.

(iii) Localizing condensate at the classical value without being eliminated by self or mutual
quantum fluctuation: V¢, ¢, € 9, KGJKI_JIEbJ =0, so that Zgatistics ~ €xp[ifap] = 1, the
condensation is stabilized and survives in the classical sense.

(iv) For the cos(¢, ;- ®r) term, £, must be excitations of non-fractionalized particle degrees

of freedom, since it lives on the ‘physical’ boundary, so ¢, € I, lattice, where

Fe:{ZC]K]]’C]GZ}. (47)
J

This rule imposes an integer charge qIKI_JlEm ; in the bulk, and an integer charge Q)7 =

OL %&fbjdx = K[_JIP% = KI_JIKQJ for each branch of edge mode I on the boundary. Here
qr is the charge vector coupling to an external field A, of gauge or global symmetry, by
adding AquJ}‘ to the Spu, which corresponds to g A*9,®; in the Sy.

(v) Completeness: we define I'? is a complete set, by including every possible term ¢, that

has the self null braiding statistics and has the mutually null braiding statistics respect to
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all the elements ¢, € T'9. Namely, mathematically we have V¢, € T, if £/ K=, = 0 and
(TK=1, =0 for V¢, € T?, then £, € T9 must be true. Otherwise I'? is not complete.

(vi) The system is non-chiral. We require the same number of left moving modes and right
moving modes to fully gap out the edge modes.

In Sec.4.1.1.5 we will use the bulk braiding statistics property of £, to determine the
gapped edge stability caused by cos(¢, ; - ®1) of Eq.(4.3). We leave a derivation that these
properties above are sufficient conditions in Sec.4.1.1.5.

Indeed the above rules (i)(ii)(iii)(iv)(v)(vi) can be simplified to a set of rules which we

call Boundary Fully Gapping Rules.

4.1.1.4.1 Boundary Fully Gapping Rules For an Abelian topological order described
by a bulk Chern-Simons theory of Eq.(4.2) and a boundary theory of Eq.(4.3), we can add
a set of proper interaction terms cos(fa’l - @) on the boundary to gap out the edge modes.
We will term that the Boundary Fully Gapping Rules, which summarize all the above rules
(1) (i) (iii) (iv) (v)(vi) to determine the gapping term £, € T'9. Here £, is some integer vector,

namely for every component ¢, ; € Z. The I'9 satisfies:

(1) Null and mutual null conditions: V¢,, ¢, € T'?, L, IKI_Jléb 7 = 0. This implies self statis-
tics and mutual statistics are bosonic, and the excitation is local. Localized fields are not
eliminated by self or mutual quantum fluctuations, so the condensation survives in the clas-

sical sense.

(2) The dimensions of the lattice I%is N /2, where N must be an even integer. Namely, the
Chern-Simons lattice T'? assigned to a boundary 0 is spanned by N/2 linear independent
vectors £,. Mathematically, we write 17 = { 3 I, ;] 1, €Z}.

a=1,2,...,N/2
(3) The system is non-chiral. The signature of K matrix (defined as the number of pos-
itive eigenvalues — the number of negative eigenvalues, as n; — ng) must be zero. The
non-chiral edge modes implies a measurable observable, the thermal Hall conductance, to

22 . .
be zero kgy = (ng — nR)Tr?)—hBT =0. Again, N = ny, + ng is even.

There is an extra rule, which will be important later when we try to reproduce the bulk
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GSD from the boundary GSD:

(4) ‘Physical’ excitation: ¢, € I'c = {>_;csKy | ¢j € Z}. Namely, /, is an excitation of

a

non-fractionalized particle degree of freedom, since it lives on the ‘physical’ boundary.

4.1.1.4.2 Comments Here are some comments for the above rules.Since any linear com-
binations of £, € T, still satisfy (1)(2)(3), we can regard I'? as an infinite discrete lattice
group generated by some basis vectors 4, .

Physically, the rule (3) excludes some violating examples such as odd rank (denoted as
rk) K matrix with the chiral central charge c_ = ¢, —cp # 0 or the thermal Hall conductance
Kzy 7 0, which universally has gapless chiral edge modes. For instance, the dim-1 boundary
gapping lattice: {n(A, B,C) | n € Z} of K3yx3 = diag(1,1,—1), with A2 + B? — C? = 0,

satisfies the rules (1)(2), but cannot fully gap out chiral edge modes.

4.1.1.5 Hamiltonian and Energy Gap

Here we will justify the Boundary Fully Gapping Rules in Sec.4.1.1.4 is sufficient to fully
gap the edge modes. Our approach is to explicitly calculate the mass gap for the zero energy
mode and its higher excitations. We will show that if the Boundary Fully Gapping Rules
hold, there are stable mass gaps for all edge modes.

We consider the even-rank symmetric K matrix, satisfying the rule (3), so the non-chiral
system with even number of edge modes can potentially be gappable.

To determine the mass gap of the boundary modes, and to examine the gap in the
large system size limit L — oo, we will take the large ¢ coupling limit of the Hamilto-
nian: —g, fOL dx cos(l, ;- ®r) — %ga(ﬁaJ - ®;)2L. By exactly diagonalizing the quadratic

Hamiltonian,
L 1
H ~ (/ dzx VIJé?x@Iax(I)J)Jerga(éal-<I>1)2L+..., (4.8)
0 2~ ’

with a ® mode expansion Eq.(4.4), we obtain the energy spectra from its eigenvalues. We
realize that:

e Remark 1: If we include all the interaction terms allowed by Boundary Full Gapping
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Rules, we can turn on the energy gap of zero modes (n = 0) as well as the Fourier modes

(non-zero modes n # 0). The energy spectrum is in the form of

2mn
)

Ep=(\/A2+#(=—)2+...), (4.9)

where A is the mass gap. Here # means some numerical factor. We emphasize the energy
of Fourier modes (n # 0) behaves towards zero modes at long wave-length low energy limit
(L — o0). Such spectra become continuous at L — oo limit, which is the expected energy

behavior.

e Remark 2: If we include the incompatible interaction term, e.g. ¢, and ¢ where
(TK=1' +£ 0, while the interaction terms contain ", g, cos({y - ) + ¢’ cos(¢' - ), we obtain

the unstable energy spectrum:

E, (\/A2 +# +Z#gag ) (4.10)

The energy spectra exhibits an instability of the system, because at low energy limit (L —
00), the spectra become discontinuous (from n = 0 to n # 0) and jump to infinity as long
as there are incompatible cosine terms (i.e. g, - ¢’ # 0). The dangerous behavior of (L/n)?
implies the quadratic expansion analysis may not describe the full physics. In that case,
the dangerous behavior invalidates localizing of ® field at a minimum. This invalidates the

energy gap, and the unstable system potentially seeks to become gapless phases.

e Remark 3: We provide an alternative way to study the energy gap stability. We include
the full cosine interaction term for the lowest energy states, namely the zero and winding
modes:

2T
CoS((, 1+ ®1) = cos(€y1 (Gor + K1} Poy =) (411)

The stability of the energy gap can be understood from under what criteria we can safely
expand the cosine term to extract the leading quadratic terms by only keeping the zero
modes, namely cos({, ;- @) ~ 1 — %(éa,l - ¢or)? + .... The naive reason is the following:
if one does not decouple the winding mode P, term, there is a complicated x dependence
in Py szm along the z integration. The non-commuting algebra [¢por, Py,] = 167 results in

the challenge for this cosine expansion. This challenge can be resolved by requiring £, ;¢o;
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and EGJ/KI_/},P% commute in Eq.(4.11),
[fanboI, ZQ,IIK;}]P(bJ] — EG’IK;}]EQJ/ (15[J) — (K(Z,JK;Llfga,I/)(i) — 0 (412)

In fact this is the Boundary Full Gapping Rule (1) for the self null statistics — the triv-
ial self statistics rule among the interaction gapping terms. We can interpret that there
is mo quantum fluctuation destabilize the semi-classical particle condensation. With this

commuting criterion, we can safely expand Eq.(4.11) by the trigonometric identity as

- 2m . . _ 2m

cos(ly 1%01) COS(gaJKIJlP(z)Jf:B) —sin({, rdor) sm(éaJKI}me:p). (4.13)

Then we integrate over the circumference L. First, we notice that £, IKI_JIP¢ , takes integer
values due to £, ; € I'c and Py, € Z. Further we notice that due to the periodicity of
both cos(...x) and sin(...z) in the region [0, L), so both z-integrations over [0, L) vanish.

However, the exception is KGJ . K;}Pm =0, then cos(ﬁaJKI_}Pq;J%”x) = 1. We derive:

L
ga/o dzx Eq.(4.11) = g, L cos(, s - ¢01)6(€a,1-K;}P¢J,0)' (4.14)

The Kronecker-delta function 5(5 0 = 1 indicates that there is a nonzero contribu-

a1 KiJPos
tion if and only if £, ; - K[_lequ =0.

So far we have shown that when the self-null braiding statistics /7 K~/ = 0 is true, we
have the desired cosine potential expansion via the zero mode quadratic expansion at the
large g, coupling, g, fOL dx cos((a’I Py ~ —gaL%(ﬁaJ ~¢or)? +.... If we include not enough
gapping terms (less than N/2 terms), we cannot fully gap all edge modes. On the other
hand, if we include more than the Boundary Full Gapping Rules (more than N/2 terms with
incompatible terms), there is a disastrous behavior in the spectrum (see Remark 2). We
need to include the mutual-null braiding statistics £1 K~1¢, = 0 so that the energy gap is

stable.

The quadratic Hamiltonian includes both the kinetic and the leading-order of the po-

tential terms:
(27)?
47 L

R 1
VIJKIlllKJéP@lP¢z2 + ZgaLg(ﬂa,I - dor)? (4.15)
a
By solving the quadratic simple harmonic oscillators, we can show the nonzero energy gaps
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of zero modes. The mass matrix can be properly diagonalized, since there are only conjugate
variables ¢or, Py s in the quadratic order. The energy gap is of the order one finite gap,

independent of the system size L,

A = O(\/27 guba s, Lot Vis K K 7). (4.16)

In the diagonalized basis of the Hamiltonian Eq.(4.15), the energy gap A has the component
I-dependence.

More precisely, we find the dimension of independent gapping terms I'? = {€,} must
be N/2, namely satisfying Boundary Full Gapping Rules (2). The number of left and right
moving modes must be the same, namely satisfying the non-chiral criterion in Boundary
Full Gapping Rules (3). To summarize, by calculating the stability of energy gap, we have
thus demonstrated that the Boundary Full Gapping Rules (1)(2)(3) are sufficient to ensure
that the energy gap is stable at large g coupling.

Due to the periodicity of ¢, its conjugate variable P, forms a discrete quantized lat-
tice. This is consistent with the discrete Hilbert space of the ground states, forming the
Chern-Simons quantized lattice detailed in Sec.4.1.1.6. We will apply this idea to count the
ground state degeneracy of the Chern-Simons theory on a closed manifold or a compact
manifold with gapped boundaries. The Boundary Full Gapping Rules (4) will be required
for computing the boundary GSD and the bulk GSD.

4.1.1.6 Hilbert Space

Since ¢y is periodic, so P, forms a discrete lattice. We now impose the rule (4), so cos(¢, -
¢o;) are hopping terms along condensed particle vector ¢ a7 0 sublattice of I'® in the P,
lattice. We can show that rule (4) is essential to derive the bulk GSD by computing the
boundary GSD under gluing the boundaries.

Let ng represents some compatible anyon £y, which is mutual null to condensed particles
¢ by ETK_IP(gp = (TK~14,, = 0. By the rule (1), thus it means that the compatible anyon
{4y parallels along some ¢ vector. However, £, lives on the quasiparticle lattice, i.e. the unit
integer lattice of the Py lattice. So /g4, is parametrized by \ng(éaﬂga, 7, with the greatest
v [lan )

Now let us consider the Hilbert space of ground states in terms of Py lattice. For the

common divisor defined as | ged(4,)| = ged(|€a,1], [4a,2
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Hilbert space of ground states, we will neglect the kinetic term Hy;, = %V[ K mK J12P¢u
Py,, of the order O(1/L) as L — oco. Recall we label the a-th boundary of a compact spatial
manifold with n punctures as d,, where a = 1,...,n. Note that a is the index for a-th ¢
vector: Eaaa € I'% . If we choose the proper basis ¢ vector, based on the rule (2), we have
a=1,...,N/2. For the a-th boundary 0, a complete set of condensed particles forms the

boundary gapping lattice:

[ ={ > 1940 | 1 €z}, (4.17)
a=1,...,N/2

Recall I is the I-th branch of Kyxn matrix, I =1,..., V.

A complete set of compatible anyon vectors {4, forms the Hilbert space of the winding
mode Py lattice:

00
aa — j— a (e
qu qp,I} { Z Ja" W ’ ]a Z}7 (418)
LN/2
or simply the anyon hopping lattice. Note 'O Fgg are infinite Abelian discrete lattice group.
Anyon fusion rules and the total neutrality condition essentially means the bulk physical
charge excitation can fuse from or split to multiple anyon charges. The rules constrain the

set of j%= values to be limited on the T', lattice.

To be more precise mathematically, the anyon fusion rules and the total neutrality con-
dition constrain the direct sum of the anyon hopping lattice Fgg, witha=1,...,nover all
boundaries, must be on the I', lattice. We define such a constrained anyon hopping lattice

as L

ape
n N/2 aa
Lypne= | @Z]aa Eaa)\ | Vj% ez, Jeyez,
anlj\f/; gaa
;;Jaa| ) 66 ZCJKIJ} (4.19)

4.1.1.6.1 Number of types of boundary gapping conditions As we exactly solve
the number of types of boundary gapping lattices, we find that for rk(K) = 2, we obtain

two boundary gapping lattices. However, when we consider boundary gapping conditions,
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we apply the identification and the trivial statistical rules. We obtain a list of number of

types of boundary gapping conditions N, ga in Table 4.1, where N, 9‘9 # 2 in general.

Bosonic TOs N? Boundary Conditions GSD72 = |det K| | GSDgiyn
g
0 2
K22: 2 0) 2 {((1)7(1))5((2)7(2))7}7 4 1.2
Z9 toric code {(0,1),(0,2),...}
2 0
Kaag2 =0 —2 1 {(1,1),(2,2),...} 4 2
Z5 double-semion
0 3
KZ3 = 3 0 2 EE%}’??ES’S%’E%’%’%’ 9 1’ 3
Z3 gauge theory PN AT R
(0 4 {(1,0),(2,0),(3,0),...},
Kz, = (4 0) 3 | {(0,1).(0.2),(0.3).... . 16 1,2, 4
Z,4 gauge theory {(2,0),(0,2),(2,2),...}
4 0
el O T T EREER Y v | -
U(l)y xU(1)_4 FQH PR LA R
Fermionic TOs Nga Boundary Conditions GSDp2 = |det K| | GSDgiy 1
3 0
Kdiag,Bz 0 -3 2 {(}7%)7(33?)7(373)3}7 9 1,3
U(l)gXU(l)_3 FQH {( ) )7( ) )7( ’ )a }

Table 4.1: In the first column, we list down some bosonic and fermionic topological orders
and their K-matrices in Chern-Simons theory. Non-fractionalized particles of bosonic topo-
logical orders can have only bosonic statistics, but non-fractionalized particles of fermionic
topological orders can have fermionic statistics. In the second column, we list down their
number of types of boundary gapping conditions Nga . In the third column, we list down
their boundary gapping conditions in terms of a set of compatible and condensable anyons
with trivial braiding statistics. In the fourth column, we list down their bulk GSD= | det K|
on a closed manifold 2-torus. In the fifth column, we list down their boundary GSD on an
annulus (or a cylinder) with all various types of boundary gapping conditions on two edges.
The U(1) x U(1)_r FQH means the doubled layer chiral and anti-chiral fractional quantum
hall (FQH) states combine to be a non-chiral topological order.

4.1.1.7 Examples of boundary GSD: Mutual Chern-Simons theory, Z; topolog-

ical order, toric code and string-net model

We now take the Zj gauge theory example with a Kz -matrix Chern-Simons theory to
demonstrate our understanding of two types of GSD on a cylinder with gapped boundaries
in physical pictures. By checking all the fusion and braiding properties of quasiparticle

excitations, we know that the Z;, gauge theory and the Kz, = (2 ’8) Chern-Simons theory
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are indeed equivalent to the mutual Chern-Simons theory: % f dt >z et Pay . 0yaz . All

these describe the so-called Zj topological order.

String-net

[Ca]

[Cx]

e
z-string

x—striﬁg

Figure 4-2: (a) The same boundary conditions on two ends of a cylinder allow a pair of cycles
[cz], [cz] of a qubit, thus GSD = 2. Different boundary conditions do not, thus GSD = 1.
(b) The same boundary conditions allow z- or x-strings connect two boundaries. Different
boundary conditions do not.

When k = 2, it realizes Zy toric code with a Hamiltonian Hy = — > A, — Zp B,
on a square lattice.[69] Here the convention is that the vertex operator A, = [[o® goes
around four neighbor links of a vertex and the plaquette operator B, = [[ 0% goes around
four neighbor links of a plaquette, with Pauli matrices ¢* and ¢*. Since the Kitaev’s toric
code is well-known, the reader can consult other details defined in Ref.[69]. There are two
types of gapped boundaries on a cylinder (Fig.4-2(a)): First, the 2 boundary (or the rough
boundary, denoted as R in FIG.4-2) where z-string charge e-charge condenses. Second, the
z boundary (or the smooth boundary, denoted as S in FIG.4-2) where z-string “charge”
m-flux condenses.[69] We can determine the GSD by counting the degree of freedom of the
code subspace: the number of the qubits — the number of the independent stabilizers. For
't = I'%2 we have the same number of qubits and stabilizers, with one extra constraint

[Lan sites Bp = 1 for two z-boundaries (similarly, [ | A, = 1 for two z-boundaries). This

all sites
leaves 1 free qubit, thus GSD = 2! = 2. For T # I'%_ still the same number of qubits and
stabilizers, but has no extra constraint. This leaves no free qubits, thus GSD = 20 = 1.

We can also count the number of independent logical operators (Fig. 4-2(a)) in the homol-
ogy class, with the string-net picture (Fig.4-2(b)) in mind. There are two cycles [cz, ], [¢2]
winding around the compact direction of a cylinder. If both gapped boundaries of a cylin-
der are z-boundaries, we only have z-string connecting two edges: the cycle [c,,]. If both

gapped boundaries of a cylinder are z-boundaries, we only have z-string (dual string) con-

necting two edges: the cycle [c,,]. We can define the qubit algebra by using the generators
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of ¢z ], [cz,] in the first case and by using the generators of [cy,], [c2,] in the second case.
Cycles of either case can define the algebra ¢%, 0¥ 0% of a qubit, so GSD = 2. If gapped
boundaries of a cylinder are different (one is z-boundary, the other is z-boundary), we have
no string connecting two edges: there is no nontrivial cycle, which yields no nontrivial Lie
algebra, and GSD = 1.

Let us use the string-net picture to view the ground state sectors and the GSD. For both
x-boundaries (z-boundaries), one ground state has an even number of strings (dual strings),
the other ground state has an odd number of strings (dual strings), connecting two edges;
so again we obtain GSD = 2. On the other hand, if the boundaries are different on two
sides of the cylinder, no cycle is allowed in the non-compact direction, no string and no dual
string can connect two edges, so GSD = 1.

Generally, for a Zj gauge theory (as a level k& doubled model) on the compact orientable
spatial manifold M without boundaries or with gapped boundaries, without symmetry and
without symmetry-breaking, we obtain its GSD is bounded by the order of the first homology
group Hy(M, Zy) of M with Zj, coefficient,or equivalently the k to the power of the first
Betti number by (M).

4.1.2 For (non-)Abelian TOs: Modular S,7 data and the tunneling ma-

trix

By now we understand how to label a 2D topological order by a set of “topological order
parameters” (S, T, c_), analogous to “symmetry-breaking order parameters” for spontaneous
symmetry breaking systems. However, it is less known how different topological orders are
related. To this end, it is important to investigate the following circumstance: there are
several domains in the system and each domain contains a topological order, while the
whole system is gapped. In this case, different topological orders are connected by gapped
domain walls. We now addresses two primary questions: (Q1) “ Under what criteria can two
topological orders be comnected by a gapped domain wall, and how many different types of
gapped domain walls are there?” Since a gapped boundary is a gapped domain wall between
a nontrivial topological order and the vacuum, we also address that “under what criteria
can topological orders allow gapped boundaries?’

(Q2) “When a topologically ordered system has a gapped bulk, gapped domain walls and

gapped boundaries, how to calculate its ground state degeneracy (GSD) on any orientable
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manifold?”
We have partially achieved results from Abelian TOs and GSD with gapped boundaries.
Here we will take another approach to generalize our theory to non-Abelian TOs and GSD

with gapped domain walls.

4.1.2.1 Main result

Consider two topological orders, Phases A and B, described by (S4, 74, ¢4) and (SB, T5, cB).
Suppose there are N and M types of anyons in Phase A and Phase B, then the ranks of
their modular matrices are N and M respectively. If A and B are connected by a gapped
domain wall, firstly their central charges must be the same ¢ = ¢B. Next we find that the
domain wall can be labeled by a M x N tunneling matriz VW whose entries are fusion-space

dimensions Wi, satisfying the commuting condition (4.21), and the stable condition (4.22):

Wiq € Z, (4.20)
SPw =ws4,  TBw =wT4, (4.21)
WiaWip < S VB Wi (WA, (4.22)
ke
Z denotes the set of non-negative integers. a,b,c,... and i,j,k,... are anyon indices for

Phases A, B. (N4)¢, and (NB)F; are fusion tensors of Phases A, B.

(4.20)(4.21)(4.22) is a set of necessary conditions a gapped domain wall must satisfy, i.e.,
if there is no non-zero solution of W, the domain wall must be gapless. We conjecture that
they are also sufficient for a gapped domain wall to exist. In the examples studied, W are
in one-to-one correspondence with gapped domain walls. However, for some complicated
examples, a VYW matrix may correspond to more than one type of gapped domain wall. This

indicates that some additional data are needed to completely classify gapped domain walls.

As a first application of our result, we give a general method to compute the GSD in
the presence of gapped domain walls on any orientable 2D surface. A simple case is the
GSD on a disk drilled with two holes (equivalently a sphere with 3 circular boundaries, see
Fig. 4-5(c)). The gapped boundaries are labeled by three vectors (one-row or one-column
matrices) W, W@ WG The GSD is 3 !

2 3
ijkWi(l )W§1)MI}W1(k)'

For gapped boundaries, our criteria can be understood via dimension reduction, i.e.,

121



shrinking a 1D gapped boundary W to a (composite ) anyon gy = ®,Wi,a. If the system is
on a 2D surface M? drilled with n gapped boundaries W), ... W) then the GSD is the di-
mension of the fusion space with anyons gy, - - . , @y, GSD = dim[V(M?, qyy)s - - -, @y )]-
Since gapped domain walls talk to each other through long-range entanglement, the
GSD with domain walls reveals more physics than that without domain walls. We foresee
its practicality in experiments, since we can read even more physics by putting the system
on open surfaces with gapped domain walls. Below we shall properly introduce S,7 and W

matrices.

4.1.2.2 Modular S,7 matrices

S and 7 are unitary matrices indexed by anyon types {1,a,b,c,...}. 1 labels the trivial
anyon type. The anti-quasiparticle of a is denoted by a*.

T describes the self statistics. It is diagonal 7o = e'%@8yy, where el?

@ is the phase
factor when exchanging two anyons a. For the trivial type, 711 = e'? = 1. S describes the
mutual statistics. Syp is the amplitude of the following process with proper normalization
factors: first create a pair of aa* and a pair of bb*, then braid a around b, and finally
annihilate the two pairs. S is symmetric, S, = Spe. If b = 1, the process is just creation
and annihilation, and S;; > 0. S and 7 form a projective representation of the modular
group: S* = I,(ST)3 = e*1¢-/882 where I denotes the identity matrix.

The anti-quasiparticle can be read from S?, (§2),, = 64+5. The fusion tensor N, can be

calculated via the Verlinde formula:

c Samemg
ab — Z T S Z (423)

m

Gapped domain walls— Below we demonstrate the physical meanings of the gapped do-
main wall conditions (4.20)(4.21)(4.22). First we put Phase A and Phase B on a sphere
5?2, separated by a gapped domain wall. Note that there can be many types of domain
walls separating the same pair of phases A and B. What data characterize those dif-
ferent types of domain walls? We fix the domain wall type, labeled by W, and trap
an anyon a* in Phase A, an anyon ¢ in Phase B and. This configuration is denoted by

(82,4, W,a*). The states with such a configuration may be degenerate and the degenerate

!The concepts of trapping anyons, composite anyon types and fusion spaces are discussed in [98]
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subspace is the fusion space V(S2,i, W, a*). Here we propose using the fusion-space dimen-
sions Wi = dim[V(S2,i, W, a*)] € Z to characterize the gapped domain wall W. Below we
will replace the abstract label W by the concrete data W.

There are non-local operators Oy ;q+ that create a pair aa® in Phase A, and then tunnel
a through the domain wall to an anyon i in Phase B, Ow e [tVs2 w) € V(S2%,i, W, a*),
where [t)g2 1) is the ground state. Since we care about the fusion states rather than
the operators themselves, we would take the equivalent class [Ow,iqx] = {Uw.ia*|(Owia* —
Uw,ia*)|¥s2 w) = 0}. We call [Ow,iq] as tunneling channels, which correspond to fusion
states in V(S2,4, W,a*). Therefore, the fusion space dimension Wj, is the number of lin-
early independent tunneling channels. So we also refer to W as the “tunneling matrix.”

We can compute the dimension of the fusion space V(S2,i, W,a*) by first creating a
pair aa® in Phase A, then tunneling a through the domain wall. In the channel where the
tunneling does not leave any topological quasiparticle on the domain wall, @ in Phase A will
become a composite anyon qyy , = ©;W;q% in Phase B. Thus the fusion-space dimension
Wi, is also the number of tunneling channels from, a of Phase A, to, i of Phase B. So we
also refer to W as the “tunneling matrix.”

The commuting condition (4.21) dictates the consistency of anyon statistics in presence
of gapped domain walls. Since modular S, 7 matrices encode the anyon statistics, we require
that W should commute with them as (4.21): SBW = WS4, TBwW = w74,

We may as well create a pair 4* in Phase B and tunnel i* to a*. W' describes such
tunneling in the opposite direction (i.e., W: A — B, W' : B — A). W' and W contains
the same physical data. To be consistent, tunneling i* to a* should give the same fusion-
space dimension, (W) g++ = Wisgr = Wi,. This is guaranteed by W(S4)? = (SP)?W and
(8%)ap = darp-

The fusion spaces with four anyons further provide us consistence conditions of W. To see
this, first notice that there are generalised tunneling channels, [Ow o+ »], which, in addition
to tunneling a to ¢, also create quasiparticle x on the domain wall. If we combine the
tunneling channels [Ow iq+ o] and [Ow jp= <], We can create fusion states with a domain wall
W and four anyons i, j, a*,b*, as Fig. 4-3(a). In other words, [Ow,iq* -Owjb* »+| form a basis
of the fusion space V(S52,1, j, W,a*,b*). Let K2, denote the number of tunneling channels
[Ow.ia* 2], and we know that dim V(S?, i, j, W,a*,b*) = Y K%, ;‘b However, the tunneling

process as Fig. 4-3(b), i.e., fusing a, b to ¢, using [Ow k<] to tunnel ¢ to k and splitting &k to
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i, 7, forms another basis of the fusion space. The number of such fusion/tunneling/splitting

channels is Y, (NP )fJWkC(./\/ A)e,. Therefore, we must have

D KRS =Y (NP WiV ). (4.24)
© ke

We are interested in classifying stable gapped domain walls, i.e., the GSD cannot be
reduced no matter what small perturbations are added near the domain wall. For stable
gapped domain walls we have W;, = ICZ-la. Unstable gapped domain walls U split as the sum
of stable ones W) W@ WW) “and U, = Zivzl WZ-(;), for N > 2.

We find that a gapped domain wall is stable if and only if (iff) the tunneling matrix W
satisfies the stable condition (4.22): Wi W;p < ch(N'B)?jWkC(NA)gb. It can be understood
in the following way. Consider the number of channels tunneling a,b to 4,5 through the
domain wall. We may tunnel a to ¢ and b to j separately. The number of channels is
WiaWip. But this way, we may miss some nontrivial exchanging channels x along the
domain wall as Fig. 4-3(a). If we first fuse a,b to ¢, tunnel ¢ to k& and then split & to i, j,
instead we will obtain the total number of channels ;. (N5)EWie(N4)S,, as Fig. 4-3(b).
The missing of exchanging channels leads to the inequality (4.22). Such channel counting
works only when the gapped domain wall is stable, so (4.22) is a necessary condition. But
(4.21)(4.22) together imply that Wi = 1, thus VW cannot be the sum of more than one stable
tunneling matrix; it must be stable itself. Therefore (4.22) with (4.21) is also sufficient for a
gapped domain wall to be stable. Now if a gapped domain wall W is stable, (4.24) becomes
S ke WBYEWL NS, = WiaWip + 3 KEKE > WiaWyp. We know that (4.22) is
necessary for a gapped domain wall to be stable. Furthermore, settingi =j=a=5b=1 we
know that Wi; > W# and (4.21) requires that Wy; > 0, thus Wy = 1 and W cannot be

the sum of more than one stable tunneling matrix; it must be stable itself. Therefore (4.22)

with (4.21) is also sufficient for a gapped domain wall to be stable.

4.1.2.3 Stability of composite domain walls

Let us consider two stable domain walls, W) between Phases A and B, and W®) between
Phases B and C, as in Fig. 4-3(c). When the two domain walls are far separated, they are

both stable. Any small perturbations added near W), or near W), cannot reduce the

GSD.
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Figure 4-3: (a)(b) Tunneling channels. (c) Separated domain walls W) and W), (d)
Composite domain wall W@AW),

A
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Figure 4-4: Computing GSD by tensor contraction: Cut a complicated manifold (e) into
simple segments, add oriented skeletons and anyon indices. Associate the segments with:
(a) a cylinder with d4p, (b) a domain wall with its tunneling matrix Wi,, (c) a pair of pants
with the fusion tensor /\fZ’; and (d) a cap with d1,. Finally, contract all the tensors.

We then shrink the size of the middle Phase B, such that the two domain walls are near
enough to be regarded as a single domain wall. This way we obtain a composite domain
wall, whose tunneling matrix is the composition WWW | as Fig. 4-3(d). However, this
composite domain wall WA W) may no longer be stable. Unless Phase B is vacuum, we
allow more perturbations to WAW® than when W1 and W®) are far separated. Some
operators simultaneously acting on both W) and W®) may reduce the GSD, in which case,

the composite domain wall W@WW) is not stable.

In the special case when Phase B is vacuum, the composite W@WW remains stable.

One can explicitly check this with (4.22).
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4.1.2.4 GSD in the presence of gapped domain walls

Below we derive the GSD, for a 2D system containing several topological orders separated by
loop-like gapped domain walls. Domain walls cut a whole 2D system into several segments.
Without losing generality, let us consider an example in Fig. 4-4 with topological orders,
Phases A, B,C, D, and four nontrivial domain walls, W, W@ WG W@ on a manifold
Fig. 4-4(e). We first add extra trivial domain walls W = I, so that all segments between
domain walls are reduced to simpler topologies: caps, cylinders or pants. We also add
oriented skeletons to the manifold, and put anyon indices on both sides of the domain walls,
shown in Fig. 4-4(e). Next, see Fig. 4-4(a)(b)(c)(d), for the segments with oriented skeletons
and anyon indices, we associate certain tensors: caps with d1,, cylinders with 4, pants with
/\/;]; in the corresponding topological order, and domain walls with their tunneling matrices
W;a. We may reverse the orientation and at the same time replace the index a with a*.
Finally we multiply these tensors together and contract all the anyon indices. Physically
such tensor contraction computes the total number of winding channels of anyons, which
exactly counts the number of ground states, thus the GSD.

Systems with gapped boundaries are included in our method; just imagine that there
are vacuum on caps connected to the boundaries, e.g., Phases C, D in Fig. 4-4(e) can be
vacuum. Dimensions of generic fusion spaces can also be calculated, by putting the anyon
a on the cap and associating the tensor d,, instead of 1.

We derive GSD on exemplary manifolds:
1. A stable domain wall W on the sphere: GSD = W;; = 1.

2. A domain wall W on the torus: GSD = Tr(W). Several domain walls W) ... W)
on the torus, in Fig. 4-5(a): GSD = Tr(W® ... W), In particular, Tr[W® (WE)T]
counts the types of 0D defects between 1D gapped domain walls W) W2,

3. A sphere with punctures: A cylinder with two gapped boundaries W% and W¥, in
Fig. 4-5(b): GSD = 3", WL W/i. A pair of pants with three gapped boundaries W),
W® and W), in Fig. 4-5(c): GSD = 3, W WENEWS).

4. The rocket graph in Fig. 4-4(e): GSD = WZ-(;)W(EZ) (NB)Z(NB)%WS)WSL)_

G/7Z7]7k7r78
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Figure 4-5: Some 2-manifolds with gapped domain walls.

4.1.2.5 141D gravitational anomaly, topological phase transitions and future

directions

We know that the effective 141D edge theory of a 2-+1D topological order has a gravita-
tional anomaly. The gravitational anomalies are classified by the bulk topological order
(S,T,c—) [51]. When c_ # 0, the edge effective theory has a perturbative gravitational
anomaly which leads to topological gapless edge (i.e., the gaplessness of the edge is ro-
bust against any change of the edge Hamiltonian). Even in the absence of perturbative
gravitational anomaly, ¢ = 0, certain global gravitational anomalies [99] (characterized
by (S,7,0)) can also lead to topological gapless edge [60, 68]. Our work points out that
such global gravitational anomalies are described by S,7 which do not allow any non-zero
solution W of (4.20)(4.21)(4.22). The corresponding 2D topological order (S, 7, 0) will have
topological gapless edge.

Since a domain wall sits on the border between two topological orders, our study on
domain walls can also guide us to better understand the phase transitions of topological

orders.

4.2 Non-Abelian String and Particle Braiding in Topologi-
cal Order: Modular SL(3,Z) Representation and 3+1D
Twisted Gauge Theory

In the 1986 Dirac Memorial Lectures, Feynman explained the braiding statistics of fermions
by demonstrating the plate trick and the belt trick. Feynman showed that the wavefunction
of a quantum system obtains a mysterious (—1) sign by exchanging two fermions, which is
associated with the fact that an extra 27 twist or rotation is required to go back to the orig-

inal state. However, it is known that there is richer physics in deconfined topological phases
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of 241D and 3+1D spacetime. (Here d+ 1D is d-dimensional space and 1-dimensional time,
while dD is d-dimensional space.) In 2-+1D, there are “anyons” with exotic braiding statistics
for point particles [5]. In 3+1D, Feynman only had to consider bosonic or fermionic statis-
tics for point particles, without worrying about anyonic statistics. Nonetheless, there are
string-like excitations, whose braiding process in 341D can enrich the statistics of deconfined
topological phases. In this work, we aim to systematically address the string and particle
braiding statistics in deconfined gapped phases of 3+1D topological orders. Namely, we aim
to determine what statistical phase the wavefunction of the whole system gains under the

string and particle braiding process.

Since the discovery of 241D topological orders, we have now gained quite systematic ways
to classify and characterize them, by using the induced representations of the mapping class
group of the T? torus (the modular group SL(2,Z) and the gauge/Berry phase structure
of ground states and the topology-dependent ground state degeneracy, using the unitary
fusion categories, and using simple current algebra, a pattern of zeros, and field theories.
Our better understanding of topologically ordered states also holds the promises of applying
their rich quantum phenomena, including fractional statistics and non-Abelian anyons, to

topological quantum computation.

However, our understanding of 3+1D topological orders is in its infancy and far from

systematic. This motivates our work attempting to address:

Q1: “How do we (at least partially) classify and characterize 3D topological orders?’

By classification, we mean counting the number of distinct phases of topological orders and
giving them a proper label. By characterization, we mean to describe their properties in
terms of physical observables. Here our approach to studying dD topological orders is to
simply generalize the above 2D approach, to use the ground state degeneracy (GSD) on
d-torus T? = (S1)¢, and the associated representations of the mapping class group (MCG)

of T¢ (recently proposed in Refs.[51]),
MCG(TY) = SL(d, Z). (4.25)

For 3D, the mapping class group SL(3,Z) is generated by the modular transformation Seyz
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and T [84].

What are examples of 3D topological orders? One class of them is described by a dis-
crete gauge theory with a finite gauge group G. Another class is described by the twisted
gauge theory,[78] a gauge theory G with a 4-cocycle twist wy € H*(G,R/Z) of G’s fourth
cohomology group. But the twisted gauge theory characterization of 3D topological orders
is not one-to-one: different pairs (G,w,) can describe the same 3D topological order. In this
work, we will use Sz and T*Y of SL(3,Z) to characterize the topological twisted discrete
gauge theory with finite gauge group G, which has topology-dependent ground state degen-
eracy. The twisted gauge theories describe a large class of 3D gapped quantum liquids in
condensed matter. Although we will study the SL(3,Z) modular data of the ground state
sectors of gapped phases, these data can capture the gapped excitations such as particles
and strings. (This strategy is widely-used especially in 2D.) There are two main issues
that we will focus on addressing. The first is the dimensional reduction from 3D to 2D of
SL(3,Z) modular transformation and cocycles to study 3D topological order. The second is
the non-Abelian three-string braiding statistics from a twisted discrete gauge theory

of an Abelian gauge group.

3D 2D Ehl C3D 2D Eh =0
C Ch G,w4 Gp,w3(p)

gbz g}h
by ] /by

< . a ® i X (e — ®

(a) : (b)

Figure 4-6: (a)The 3D topological order C3P can be regarded as the direct sum of 2D
topological orders C,? in different sectors b, as C3P = @bC2D when we compactify a spatial
direction z into a circle. This idea is general and applicable to C3P without a gauge
theory description. However, when C3P allows a gauge group G description, the b stands
for a group element (or the conjugacy class for the non-Abelian group) of G. Thus b acts as
a gauge flux along the dashed arrow - - ->> in the compact direction z. Thus, C3P becomes
the direct sum of different CgD under distinct gauge fluxes b. (b)Combine the reasoning
in Eq.(4.37) and Fig.4-6, we obtain the physical meaning of dimensional reduction from a
3+1D twisted gauge theory as a 3D topological order to several sectors of 2D topological
orders: Cg]? = @bCG s Here b stands for the gauge flux (Wilson line operator) of gauge
group G. Here ws are dimensionally reduced 3-cocycles from 4-cocycles wy. Note that there

is a zero flux b = 0 sector with C D(unthSt) CéD
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(x1) Dimensional Reduction from 3D to 2D: for SL(3,Z) modular S, T matrices

and cocycles - For the first issue, our general philosophy is as follows:

“Since 3D topological orders are foreign and unfamiliar to us, we will dimensionally reduce
3D topological orders to several sectors of 2D topological orders in the Hilbert space of ground
states (not in the real space, see Fig.4-6). Then we will be able to borrow the more familiar

2D topological orders to understand 3D topological orders.”

We will compute the matrices S™* and T*Y that generate the SL(3, Z) representation in the
quasi-(particle or string)-excitations basis of 3+1D topological order. We find an explicit
expression of S™7% and T?Y, in terms of the gauge group G and the 4-cocycle wy, for both
Abelian and non-Abelian gauge groups. We note that SL(3, Z) contains a subgroup SL(2, Z),
which is generated by S*¥ and T2V,

In the most generic cases of topological orders (potentially without a gauge group de-
scription), the matrices S™ and T*¥ can still be block diagonalized as the sum of several

sectors in the quasi-excitations basis, each sector carrying an index of b,
S =Sy, T =T, (4.26)

The pair (Slgfy7 Tbﬂcy), generating an SL(2, Z) representation, describes a 2D topological order

CED. This leads to a dimension reduction of the 3D topological order C3P:
C3P = a2V, (4.27)

In the more specific case, when the topological order allows a gauge group G description
which we focus on here, we find that the b stands for a gauge flux for group G (that is, b is
a group element for an Abelian G, while b is a conjugacy class for a non-Abelian G).

The physical picture of the above dimensional reduction is the following (see Fig.4-6): If
we compactify one of the 3D spatial directions (say the z direction) into a small circle, the

C3D

3D topological order can be viewed as a direct sum of 2D topological orders CgD with

(accidental) degenerate ground states at the lowest energy.
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Figure 4-7: Mutual braiding statistics following the path 1 — 2 — 3 — 4 along time
evolution (see Sec.4.2.4.3.2): (a) From a 2D viewpoint of dimensional reduced CZP, the
27 braiding of two particles is shown. (b) The compact z direction extends two particles
to two closed (red, blue) strings. (c) An equivalent 3D view, the b flux (along the arrow
- - ->>) is regarded as the monodromy caused by a third (black) string. We identify the
coordinates x,y and a compact z to see that the full-braiding process is one (red) string
going inside to the loop of another (blue) string, and then going back from the outside. For
Abelian topological orders, the mutual braiding process between two excitations (A and B)
in Fig.4-7(a) yields a statistical Abelian phase efw®) ng)(B) proportional to the 2D’s
S matrix. The dimensional-extended equivalent picture Fig.4-7(c) implies that the loop-
braiding yields a phase e?)®).b Sb””é A)B) of Eq.(4.47) (up to a choice of canonical basis),
where b is the flux of the black string. We clarify that in both (b) and (c¢) our strings may
carry both flux and charge. If a string carries only a pure charge, then it is effectively a point
particle in 3D. If a string carries a pure flux, then it is effectively a loop of a pure string in
3D. If a string carries both charge and flux (as a dyon in 2D), then it is a loop with string
fluxes attached with some charged particles in 3D. Therefore our Fig.4-7(c)’s string-string
braiding actually represents several braiding processes: the particle-particle, particle-loop
and loop-loop braidings, all processes are threaded with a background (black) string.

In this work, we focus on a generic finite Abelian gauge group G = [[, Zn, (isomorphic
to products of cyclic groups) with generic cocycle twists from the group cohomology.|78] We
examine the 3+1D twisted gauge theory twisted by 4-cocycle wy € H*(G,R/Z), and reveal
that it is a direct sum of 241D twisted gauge theories twisted by a dimensionally-reduced

3-cocycle wyp) € H3(G,R/Z) of G’s third cohomology group, namely
Ceros = BoCey - (4.28)

Surprisingly, even for an Abelian group G, we find that such a twisted Abelian gauge theory
can be dual to a twisted or untwisted non-Abelian gauge theory. We study this fact for 3D
as an extension of the 2D examples in Ref.[96]. By this equivalence, we are equipped with
(both untwisted and twisted) non-Abelian gauge theory to study its non-Abelian braiding
statistics.

(x2) Non-Abelian three-string braiding statistics - We are familiar with the 2D
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braiding statistics: there is only particle-particle braiding, which yields bosonic, fermionic
or anyonic statistics by braiding a particle around another particle. We find that the 3D
topological order introduces both particle-like and string-like excitations. We aim to address

the question:

Q2: “How do we characterize the braiding statistics of strings and particles in 3+ 1D topo-

logical orders?”

The possible braiding statistics in 3D learned in the past literature are as follows:

(i) Particle-particle braiding, which can only be bosonic or fermionic due to the absence of
nontrivial braid group in 3D for point particles.

(ii) Particle-string braiding, which is the Aharonov-Bohm effect of Zy gauge theory, where a
particle such as a Z charge braiding around a string (or a vortex line) as Z flux, obtaining
a N phase of statistics.

(iii) String-string braiding, where a closed string (a red loop), shown in Fig.4-7(c) excluding
the background black string, wraps around a blue loop. The related idea known as loop-loop
braiding forming the loop braid group has been proposed mathematically.

However, we will address some extra new braiding statistics among three closed strings:
(iv) Three-string braiding, shown in Fig.4-7(c), where a closed string (a red loop) wraps
around another closed string (a blue loop) but the two loops are both threaded by a third
loop (the black string). This braiding configuration is discovered recently by Ref.[76], also
a related work in Ref.[77] for a twisted Abelian gauge theory.

The new ingredient of our work on braiding statistics can be summarized as follows: We
consider the string and particle braiding of general twisted gauge theories with the most
generic finite Abelian gauge group G = [[,, Zn,,, labeled by the data (G,ws). We provide
a 3D to 2D dimensional reduction approach to realize the three-string braiding statistics
of Fig.4-7. We first show that the SL(2,Z) representations (S;”,T,¥) fully encode this
particular type of Abelian three-closed-string statistics shown in Fig.4-7. We further find
that, for a twisted gauge theory with an Abelian (Zy)* group, certain 4-cocycles (called
as Type IV 4-cocycles) will make the twisted theory to be a non-Abelian theory. More
precisely, while the two-string braiding statistics of unlink is Abelian, the three-

string braiding statistics of Hopf links, obtained from threading the two strings
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with the third string, will become non-Abelian. We also demonstrate that (S;”

encodes this three-string braiding statistics.

4.2.1 Twisted Gauge Theory and Cocycles of Group Cohomology

In this section, we aim to address the question:
Q3: “How to formulate or construct certain 3+ 1D topological orders on the lattice?”’

We will consider 3+1D twisted discrete gauge theories. Our motivation to study the
discrete gauge theory is that it is topological and exhibits Aharonov-Bohm phenomena.
One approach to formulating a discrete gauge theory is the lattice gauge theory.[100] A
famous example in both high energy and condensed matter communities is the Zo discrete
gauge theory in 2+1D (also called the Z; toric code, Z spin liquids, Zs topological order).

Kitaev’s toric code and quantum double model[69] provides a simple Hamiltonian,

H=-) A,—) B, (4.29)

where a space lattice formalism is used, and A, is the vertex operator acting on the vertex
v, By is the plaquette (or face) term to ensure the zero flux condition on each plaquette.
Both A, and B), consist of only Pauli spin operators for the Z5 model. Such ground states of
the Hamiltonian are found to be Z5 gauge theory with |G|? = 4-fold topological degeneracy
on the T? torus. Its generalization to a twisted Zy gauge theory is the Z, double-semions

model, captured by the framework of the Levin-Wen string-net model [101, 11].

4.2.2 Canonical basis and the generalized twisted quantum double model

D“(G) to 3D triple basis

In Chap.??, we have formulated a Dijkgraaf-Witten topological gauge theory as higher di-
mensional TOs. Thus we have answered the question Q3 using the spacetime-lattice path
integral. Our next goal is to construct its Hamiltonian on the space lattice, and to find a
good basis representing its quasi-excitations, such that we can efficiently read the informa-
tion of O(S**, T*) in this canonical basis. We will outline the twisted quantum double model
generalized to 3D as the exactly soluble model in the next subsection, where the canonical

basis can diagonalize its Hamiltonian.
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Canonical basis - For a gauge theory with the gauge group GG, one may naively think that
a good basis for the amplitude Eq.(2.59) is the group elements |gz, gy, g-), with g; € G as
the flux labeling three directions of T3. However, this flux-only label |gs, gy) is known to
be improper on the T? torus already - the canonical basis labeling particles in 2D is |, a),
requiring both the charge « (as the representation) and the flux a (the group element or
the conjugacy class of G). We propose that the proper way to label excitations for a 3+1D
twisted discrete gauge theory for any finite group G in the canonical basis requires one

charge a and two fluxes, a and b:

|a7a7b> = = Z Tr[ﬁgcy,gz(gx)”gdfvgy7gz>' (430)

V ‘G| gyeca’gzecb

gwEZgyﬂZgZ

which is the finite group discrete Fourier transformation on |g,, gy, g-). This is a generaliza-
tion of the 2D result in [96] and a very recent 3D Abelian case in [77]. Here « is the charge
of the representation (Rep) label, which is the ng Rep of the centralizers Z,, Z; of the
conjugacy classes C* C°. (For an Abelian G, the conjugacy class is the group element, and
the centralizer is the full G.) C((jz Rep means an inequivalent unitary irreducible projective
representation of G. f)gjb(c) labels this inequivalent unitary irreducible projective C((fg Rep of

G. Cgfg is an induced 2-cocycle, dimensionally-reduced from the 4-cocycle wy. We illustrate

C((fg in terms of geometric pictures in Eqgs. (4.31) and (4.32).

1?3437”
/ )

C.(byc): 1= 4.31
%22 a o
Z7 8 27 S
. ) g Y
5L 4 5 P
e, d): T 1Ab ¢ 4.32
a,b(c ) \ 3 3 4 7(7>) 37 [ 47 ( )
1y T o2 7

The reduced 2-cocycle C,(b,c) is from the 3-cocycle ws in Eq.(4.31), which triangulates a
half of T? and with a time interval I. The reduced 2-cocycle C, (b, c) is from 4-cocycle wy in
Eq.(4.32), which triangulates a half of T? and with a time interval I. The dashed arrow - -~

stands for the time ¢t evolution.
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The 52% (g,) values are determined by the Cfg projective representation formula:
2
pab(e)peb(d) = CC)(c, d)pzb(cd). (4.33)

The trace term Tr[pa’"?*(g.)] is called the character in the math literature. One can view
the charge «, along x direction, the flux a, b along the y, z.

We first recall that, in 2D, a reduced 2-cocycle C,(b,c) comes from a slant product
iqw(b, ¢) of 3-cocycles, [96] [96] which is geometrically equivalent to filling three 3-cocycles
in a triangular prism of Eq.(4.31). This is known to present the projective representation
p2(b)p%(c) = C,(b, c)p(bec), because the induced 2-cocycle belongs to the second cohomology
group H?(G,R/Z).[102] (See its explicit triangulation and a novel use of the projective
representation in Sec VI.B. of Ref.[56].)

Similarly, in 3D, a reduced 2-cocycle C, (b, ¢) comes from doing twice of the slant products

of 4-cocycles forming the geometry of Eq.(4.32), and renders

C) = iy(Cale, d)) = ip(iaw(c, d)), (4.34)

presenting the C((fg—projective representation in Eq.(4.33), where p%°(¢): (Za, Zs) — GL (Za, Zb)

can be written as a matrix in the general linear (GL) group. This 3D generalization for the
canonical basis in Eq.(4.30) is not only natural, but also consistent to 2D when we turn off

the flux along z direction (e.g. set b = 0). which reduces 3D’s |a, a, b) to |, a) in the 2D case.

Generalizing 2D twisted quantum double model D*(G) to 3D: twisted quantum
triple model? — A natural way to combine the Dijkgraaf-Witten theory with Kitaev’s quan-
tum double model Hamiltonian approach will enable us to study the Hamiltonian formalism
for the twisted gauge theory, which is achieved in Ref.[103],[102]| for 241D, named as the
twisted quantum double model. In 2D, the widely-used notation D (G) implies the twisted
quantum double model with its gauge group G and its cocycle twist w. It is straightforward
to generalize their results to 3-+1D.

To construct the Hamiltonian on the 3D spatial lattice, we follow [103] with the form
of the twisted quantum double model Hamiltonian of Eq.(4.29) and put the system on
the T3 torus. However, some modification for 3D are adopted: the vertex operator A, =

|G|t Z[vv’]:gEG AJ acts on the vertices of the lattice by lifting the vertex point v to v’
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living in an extra (fourth) dimension as Eq.(4.35),

(4.35)

and one computes the 4-cocycle filling amplitude as Z in Eq.(2.57). To evaluate Eq.(4.35)’s
A, operator acting on the vertex 5, one effectively lifts 5 to 5, and fill 4-cocycles w into
this geometry to compute the amplitude Z in Eq.(2.57). For this specific 3D spatial lattice
surrounding vertex 5 with 1,2,3, and 4 neighboring vertices, there are four 4-cocycles w

filling in the amplitude of AEE)/}.

A plaquette operator Bl(yl) still enforces the zero flux condition on each 2D face (a triangle
p) spanned by three edges of a triangle. This will ensure zero flux on each face (along the
Wilson loop of a 1-form gauge field). Moreover, zero flux conditions are required if higher
form gauge flux are presented. For example, for 2-form field, one adds an additional BI(,2) to
ensure the zero flux on a 3-simplex (a tetrahedron p). Thus, > B, in Eq.(4.29) becomes
S B 4y B 4

Analogous to [103], the local operators A,, B, of the Hamiltonian have nice commuting
properties: [Af, A =0 if v # u, [A}, By] = [B,, B)] = 0, and also Ag:[wl]Aﬁ, = A9,
Notice that A, defines a ground sate projection operator P, = |G =13 g AJ if we consider a
T2 torus triangulated in a cube with only a point v (all eight points are identified). It can
be shown that both A, and P as projection operators project other states to the ground
state |a, a,b), and Pla,a,b) = |a,a,b) and Ay|a,a,b) < |a,a,b). Since [AF, B,] = 0, one
can simultaneously diagonalize the Hamiltonian Eq.(4.29) by this canonical basis |, a, b) as

the ground state basis.

A similar 3D model has been studied recently in [77]. There the zero flux condition
is imposed in both the vertex operator as well as the plaquette operator. Their Hilbert
space thus is more constrained than that of [103] or ours. However, in the ground state
sector, we expect that the physics is the same. It is less clear to us whether the name,
twisted quantum double model and its notation D¥(G), are still proper usages in 3D

or higher dimensions. With the quantum double basis |, a) in 2D generalized to a triple
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basis |a, a,b) in 3D, we are tempted to call it the twisted quantum triple model in 3D.

It awaits mathematicians and mathematical physicists to explore more details in the future.

4.2.3 Cocycle of H*(G,R/Z) and its dimensional reduction

To study the twisted gauge theory of a finite Abelian group, we now provide the explicit data
on cohomology group and 4-cocycles. Here H4T!(G,R/Z) = H*1(G, U(1)) by R/Z = U(1),
as the (d + 1)th-cohomology group of G over G module U(1). Each class in H*1(G,R/Z)
corresponds to a distinct (d + 1)-cocycle. The different 4-cocycles label the distinct topo-
logical terms of 3+1D twisted gauge theories. (However, different topological terms may
share the same data for topological orders, such as the same modular data S*™¥* and T*Y.
Thus different topological terms may describe the same topological order.) The 4-cocycles
wy are 4-cochains, but additionally satisfy the cocycle condition dw = 1. The 4-cochain is a
mapping wy(a, b, c,d): (G)* — U(1), which inputs a, b, c,d € G, and outputs a U(1) phase.
Furthermore, distinct 4-cocycles are not identified by any 4-coboundary §{23. (Namely, dis-
tinct cocycles wy and w) do not satisfy wy/w) = 6Q3, for any 3-cochain Q3.) The 4-cochain
satisfies the group multiplication rule: (w4 - w})(a,b, ¢, d) = wa(a,b,c,d) - wj(a,b,c,d), thus
forms a group C*, the 4-cocycle further forms its subgroup Z*, and the 4-coboundary further
forms a Z%’s subgroup B* (since 62 = 1). In short, B* ¢ Z* ¢ C* The fourth cohomol-
ogy group is a kernel Z* (the group of 4-cocycle) mod out the image B* (the group of
4-coboundaries) relation: H*(G,R/Z) = Z*/B*. We derive the fourth cohomology group of

a generic finite Abelian G = Hle Zy, as

H4(G7 R/Z) = H (ZNij)2 X (ZNijl)2 X ZNijlm‘ (4-36>

1<i<g<i<m<k

We construct generic 4-cocycles (not identified by 4-coboundaries) for each type, which had
summarized in Table 3.1.

We name the Type II 1st and Type II 2nd 4-cocycles for those with topological term

indices: p%ll(sfj)) € Zy,; and pgg;i)) € Zy,; of Eq.(4.36). There are Type III 1st and Type III

(1st) (2nd)

2nd 4-cocycles for topological term indices: leIS(Z.jl) € Zn,;, and Prigijiy € Zn,;,- There is

also Type IV 4-cocycle topological term index: pry(ijim) € ZN,,,-

Since we earlier alluded to the relation C3P = @bCI?D, between 3D topological orders

(described by 4-cocycles) as the direct sum of sectors of 2D topological orders (described
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by 3-cocycles), we wish to see how the dimensionally-reduced 3-cocycle from 4-cocycles
can hint at the CfD theory of 2D. The geometric interpretation of the induced 3-cocycle

Cy(a,c,d) = ipwa(a, c,d) is derived from the 4-cocycle wy:

8

(4.37)

The combination of Eq.(4.37) (with four 4-cocycles filling) times the contribution of Eq.(4.31)
(with three 3-cocycles filling) will produce Eq.(4.32) with twelve 4-cocycles filling. Luckily,
the Type II and IIT wy have a simpler form of Cy(a,c,d) = wy(a,b,c,d)/ws(b,a,c,d), while
the reduced form of Type IV w4 is more involved.

This indeed promisingly suggests the relation in Eq.(4.28), Cg]?w = @bC%]?w?)(b) with Gy =
G the original group. If we view b as the gauge flux along the z direction, and compactify z
into a circle, then a single winding around z acts as a monodromy defect carrying the gauge

flux b (group elements or conjugacy classes).This implies a geometric picture in Fig.4-6.

One can tentatively write down a relation,

3D 2D 2D
CG7W4 = CG,l(untwist) D0 CG,w3(b> . (4.38)

C2D

There is a zero flux b = 0 sector G 1 (untwist)

(with w3 = 1) where the 2D gauge theory with

2D

bl with nonzero b flux insertion that
W3 (b)

G is untwisted. There are other direct sums of C
have twisted w3 4).
However, different cocycles can represent the same topological order with the equivalent

modular data, in the next section, we should examine this Eq.(4.38) more carefully not in

terms of cocycles, but in terms of the modular data S*¥* and T™Y.

4.2.4 Representation for SV and T*Y

Q4: “What are the generic expressions of SL(3,Z) modular data?”

First, in Sec.2.6, we apply the cocycle approach using the spacetime path integral with
SL(3,Z) transformation acting along the time evolution to formulate the SL(3,Z) modular
data, and then in Sec 4.2.4.2 we use the more powerful Representation (Rep) Theory to

determine the general expressions of those data in terms of (G, wy).
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4.2.4.1 Path Integral and Cocycle approach

The cocycles approach uses the spacetime lattice formalism, where we triangulate the

spacetime complex of a 4-manifold M = T3 x I, (a T3 torus times a time interval I) of

Eq.(2.63),(2.64),(2.65) into 4-simplices. We then apply the path integral Z in Eq.(2.57) and
the amplitude form in Eq.(2.59) to obtain

zy

Tam)

Siym) = (TAIS™|Tg),

= (LA [T W),

,'.l;,.l;

AN

e ]
~— N N~

Staym) = (UA|S™7| W),
GSD = Tr[P] = > (WA|P|T,).
A

Here |U4) and |¥p) are ground state bases on the T? torus, for example, they are |a, a)
(with « charge and a flux) in 241D and |o, a,b) (with « charge and a,b fluxes) in 3+1D.
We also include the data of GSD, where the P is the projection operator to ground states
discussed in Sec.4.2.2. In the case of d-D GSD on T¢ (e.g. 3D GSD on T3), we simply
compute the Z amplitude filling in T¢ x S* = T4+, There is no short cut here except doing

explicit calculations.

4.2.4.2 Representation Theory approach

The cocycle approach in Sec.4.2.4.1 provides nice physical intuition about the modular trans-
formation process. However, the calculation is tedious. There is a powerful approach simply
using Representation Theory, we will present the general formula of gg”ys, 'i'zy, $*¥ data in
terms of (G,wy) directly. The three steps are outlined as follows:

(i) Obtain the Eq.(4.34)’s Cfg by doing the slant product twice from 4-cocycle wy, or tri-
angulating Eq.4.31. (ii) Derive ﬁgjb(c) of C[(fg—projective representation in Eq.(4.33), which
~a,b . . .

po () is a general linear matrix.

(iii) Write the modular data in the canonical basis |a, a, b), |5, ¢, d) of Eq.(4.30).

After some long computations, we find the most general formula S*¥* for a group G
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(both Abelian or non-Abelian) with cocycle twist wy:

1
Sé(vgzab)(ﬁCd) ‘G|<a:r;aayvbz|ZSnyZ|,8x/,Cy/7dZ/> (443)
w
L Z z,9x

= @ Z Trﬁg};vg ( ) TrW 'g (gy)(sgz7hz/5gy7hx, 5gz,hy/-

gy€C*NZy,NZg,,

g-€C’nCe,
ngZgyﬂZgz ﬁcd

Here C%, C?, C¢, C% are conjugacy classes of the group elements a, b, ¢,d € G. In the case of
a non-Abelian G, we should regard a, b as its conjugacy class C%, C? in la,a,b). Z; means

the centralizer of the conjugacy class of g. For an Abelian G, it simplifies to

1 by e b _ 1 ap
ngza b)(Bye,d) — @Trﬁc’g (d) Trpg (@)dpc = @ imb(sb,c
1

A[L ,bz ’Vbz,dzl — ]' afE)IB
@T y (dZ/)*Trpﬁz/ (ay)(sbz,cy’ = @Sdm,a;bzébzacy"
We write 8,» = By, d,y = d, due to the coordinate identification under S2vz The assignment
of the directions of gauge fluxes (group elements) are clearly expressed in the second line.

We may use the first line expression for simplicity.

We also provide the most general formula of T*¥ in the |«, a,b) basis:

b Trpas" (ay) _

T = To¥
o dim(«)

= exp(l@ay’ ). (4.44)

Here dim(«)) means the dimension of the representation, equivalently the rank of the matrix
of ,Bgf(c) Since SL(2,Z) is a subgroup of SL(3,Z), we can express the SL(2,Z)’s S™ by
SL(3,Z)’s S™* and T*¥ (an expression for both the real spatial basis and the canonical

basis):
STy — ((Txy)7lszy2)3(S:Eszzy)QSmyZ(Tmy)fl' (445)
For an Abelian G, and when (:Efg(c7 d) is a 2-coboundary (cohomologically trivial), the
dimensionality of Rep is dim(Rep) = dim(«) = 1, and the S is simplified:

d —
g7y 1 tr,b{oljb(ac_l)* trﬁg (ac™)
(@ad)(Bed) ~ |G| trpe’(a) trpg ‘)

Sp.a- (4.46)
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We can verify the above results by first computing the cocycle path integral approach in
Sec.4.2.4.1, and substituting from the flux basis to the canonical basis by Eq.(4.30). We have
made several consistent checks, by comparing our gxy, 'i'”y, STz to: (1) the known 2D case
for the untwisted theory of a non-Abelian group, (2) the recent 3D case for the untwisted
theory of a non-Abelian group, (3) the recent 3D case for the twisted theory of an Abelian

group.And our expression works for all cases: the (un)twisted theory of (non-)Abelian group.

4.2.4.3 Physics of S and T in 3D

The S*¥ and T* in 2D are known to have precise physical meanings. At least for Abelian
topological orders, there is no ambiguity that S*¥ in the quasiparticle basis provides the
mutual statistics of two particles (winding one around the other by 2), while T*Y in the
quasiparticle basis provides the self statistics of two identical particles (winding one around
the other by 7). Moreover, the intimate spin-statistics relation shows that the statistical
phase €'© gained by interchanging two identical particles is equal to the spin s by €27,
Fig.4-8 illustrates the spin-statistics relation.[104] Thus, people also call T* in 2D as the

topological spin. Here we ask:

Q5: “What is the physical interpretation of SL(3,Z) modular data in 3D?”

Our approach again is by dimensional reduction of Fig.4-6, via Eq.(4.26) and Eq.(4.27):
S* = EBbSch, T = EBbey, C3P = EBngD, reducing the 3D physics to the direct sum of 2D
topological phases in different flux sectors, so we can retrieve the familiar physics of 2D to

interpret 3D.

For our case with a gauge group description, the b (subindex of S;¥, T, ¥, CZP) labels the
gauge flux (group element or conjugacy class C®) winding around the compact z direction
in Fig.4-6. This b flux can be viewed as the by-product of a monodromy defect causing
a branch cut (a symmetry twist|27, 56, 57, 79]), such that the wavefunction will gain a
phase by winding around the compact z direction. Now we further regard the b flux as a
string threading around in the background, so that winding around this background string
(e.g. the black string threading in Fig.4-7(c),4-9(c),4-10(c)) gains the b flux effect if there
is a nontrivial winding on the compact direction z. The arrow - - ->> along the compact z

schematically indicates such a b flux effect from the background string threading.
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Q
i
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(a) Z. (b) o

Figure 4-8: Both process (a) and process (b) start from the creation of a pair of particle ¢
and anti-particle ¢, but the wordlines evolve along time to the bottom differently. Process
(a) produces a phase €™ due to 27 rotation of q, with spin s. Process (b) produces a

phase €'© due to the exchange statistics. The homotopic equivalence by deformation implies
ei27‘l’8 i©®

= e'°.
4.2.4.3.1 T,V and topological spin of a closed string We apply the above idea to
interpret T,?, shown in Fig.4-9. From Eq.(4.44), we have T;? = Tib = exp(i02°7) with
a fixed b, label for a given b, flux sector. For each b, T;" acts as a familiar 2D T matrix
Ta!, which provides the topological spin of a quasiparticle (o, a) with charge o and flux a,
in Fig.4-9(a).

From the 3D viewpoint, however, this |, a) particle is actually a closed string com-
pactified along the compact z direction. Thus, in Fig.4-9(b), the self-27 rotation of the
topological spin of a quasiparticle |, a) is indeed the self-27 rotation of a framed closed
string. (Physically we understand that there the string can be framed with arrows, because
the inner texture of the string excitations are allowed in a condensed matter system, due to
defects or the finite size lattice geometry.) Moreover, from an equivalent 3D view in Fig.4-
9(c), we can view the self-27 rotation of a framed closed string as the self-2w flipping of a
framed closed string, which flips the string inside-out and then outside-in back to its original
status. This picture works for both the b = 0 zero flux sector and the b # 0 sector under
the background string threading. We thus propose Tfy as the topological spin of a
framed closed string, threaded by a background string carrying a monodromy b

flux.

4.2.4.3.2 S;Y and three-string braiding statistics Similarly, we apply the same phi-
losophy to do 3D to 2D reduction for S;¥, each effective 2D threading with a distinct gauge
flux b. We can obtain S;* from Eq.(4.45) with SL(3, Z) modular data. Here we will focus on
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Figure 4-9: Topological spin of (a) a particle by 27-self rotation in 2D, (b) a framed closed-
string by 2m-self rotation in 3D with a compact z, (c) a closed-string (blue) by 27-self flipping,
threaded by a background (black) string creating monodromy b flux (along the arrow - -
->>), under a single Hopf link 2% configuration. All above equivalent pictures describe the
physics of topological spin in terms of T?fy. For Abelian topological orders, the spin of an
excitation (say A) in Fig.4-9(a) yields an Abelian phase ¢/ = TZ’X) (A) proportional to the
diagonal of the 2D’s T*¥ matrix. The dimensional-extended equivalent picture Fig.4-9(c)
implies that the loop-flipping yields a phase !©®).b = TZ%A)(A) of Eq.(4.44) (up to a choice

of canonical basis), where b is the flux of the black string.

Figure 4-10: Exchange statistics of (a) two identical particles at positions 1 and 2 by a 7
winding (half-winding), (b) two identical strings by a 7 winding in 3D with a compact z, (c)
two identical closed-strings (blue) with a m-winding around, both threaded by a background
(black) string creating monodromy b flux, under the Hopf links 22422 configuration. Here
figures (a)(b)(c) describe the equivalent physics in 3D with a compact z direction. The
physics of exchange statistics of a closed string turns out to be related to the topological
spin in Fig.4-9, discussed in Sec.4.2.4.3.3.

interpreting Sfy in the Abelian topological order. Writing SZ‘"y in the canonical basis |a, a, b),
|8, ¢, d) of Eq.(4.30), we find that, true for Abelian topological order

1
Yy _ QTY — T 2D ao,p
Sb B S(avavb)(ﬂvcvd) - ‘G| Sa,C (b) 5b1d (447)

As we predict the generality in Eq.(4.26), the Sfy here is diagonalized with the b and d
identified (as the z-direction flux created by the background string threading). For a given
fixed b flux sector, the only free indices are |a, a) and |3, ¢), all collected in S?IIZ Z))ﬁ . (Explicit

data will be presented in Sec.4.2.5.2) Our interpretation is shown in Fig.4-7. From a 2D
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viewpoint, S;¥ gives the full 27 braiding statistics data of two quasiparticle |, a) and |3, c)
excitations in Fig.4-7(a). However, from the 3D viewpoint, the two particles are actually
two closed strings compactified along the compact z direction. Thus, the full-27 braiding of
two particles in Fig.4-7(a) becomes that of two closed-strings in Fig.4-7(b). More explicitly,
an equivalent 3D view in Fig.4-7(c), we identify the coordinates z,y, z carefully to see such a
full-braiding process is that one (red) string going inside to the loop of another (blue) string,
and then going back from the outside.

The above picture works again for both the b = 0 zero flux sector as well as the b # 0 sec-
tor under the background string threading. When b # 0, the third (black) background string
in Fig.4-7(c) threading through the two (red, blue) strings. The third (black) string creates
the monodromy defect /branch cut on the background, and carrying b flux along z acting on
two (red, blue) strings which have nontrivial winding on the third string. This three-string
braiding was first emphasized in a recent paper,|[76| here we make further connection to the
data Sfy and understand its physics in a 3D to 2D under b flux sectors.

We have proposed and shown that Sfy can capture the physics of three-
string braiding statistics with two strings threaded by a third background string
causing b flux monodromy, where the three strings have the linking configuration

as the connected sum of two Hopf links 22#22.

4.2.4.3.3 Spin-Statistics relation for closed strings Since a spin-statistics relation
for 2D particles is shown by Fig.4-8, we may wonder, by using our 3D to 2D reduction
picture, whether a spin-statistics relation for a closed string holds?

To answer this question, we should compare the topological spin picture of Tbxy = Tiz;bz
= exp(i@ii’bz) to the exchange statistic picture of two closed strings in Fig.4-10. Fig.4-10
essentially takes a half-braiding of the S;¥ process of Fig.4-7, and considers doing half-
braiding on the same excitations in |a,a,b) = |5,¢,d). In principle, one can generalize
the framed worldline picture of particles in Fig.4-8 to the framed worldsheet picture of
closed-strings. (ps. The framed worldline is like a worldsheet, the framed worldsheet is
like a worldvolume.) This interpretation shows that the topological spin of Fig.4-9 and the
exchange statistics of Fig.4-10 carry the same data, namely

xy _ Tay,b: 1 c2D ag,aq ) 2 2D ag,0q \ %
TyY = Tar™ = (Si0 25e)? or (S e )2 (4.48)
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from the data of Eq.(4.44),(4.47). The equivalence holds, up to a (complex conjugate *) sign

caused by the orientation of the rotation and the exchange.

In Sec.(4.2.5.2), we will show, for the twisted gauge theory of Abelian topological orders,
such an interpretation Eq.4.48 is correct and agrees with our data. We term this as the

spin-statistics relation for a closed string.

In this section, we have obtained the explicit formulas of S*¥%, T*Y, S™ in Sec.4.2.4.1,4.2.4.2,
and as well as captured the physical meanings of S;fy, Tfy in Sec.4.2.4.3.3. Before conclud-
ing, we note that the full understanding of S*™¥* seems to be intriguingly related to the 3D
nature. It is not obvious to us that the use of 3D to 2D reduction can capture all physics of

S*T¥%. We will come back to comment this issue in the Sec.5.3.10.

4.2.5 SL(3,Z) Modular Data and Multi-String Braiding

4.2.5.1 Ground state degeneracy and Particle, String types

We now proceed to study the topology-dependent ground state degeneracy (GSD), modular
data S, T of 3+1D twisted gauge theory with finite group G = [[, Zn,. We shall comment
that the GSD on T? of 2D topological order counts the number of quasi-particle excitations,
which from the Representation (Rep) Theory is simply counting the number of charges «
and fluxes a forming the quasi-particle basis |«, a) spanned the ground state Hilbert space.
In 2D, GSD counts the number of types of quasi-particles (or anyons) as well as
the number of basis |o,a). For higher dimension, GSD on T¢ of d-D topological order
still counts the number of canonical basis |a,a,b,...), however, may over count the
number of types of particles (with charge), strings (with flux), etc excitations. From
a untwisted Zy field theory perspective, the fluxed string may be described by a 2-form
B field, and the charged particle may be described by a 1-form A field, with a BF action

[ BdA. As we can see the fluxes a,b are over-counted.

We suggest that counting the number of types of particles of d-dimensions is equivalent
to Fig.4-11 process, where we dig a ball B% with a sphere S%! around the particle g,
which resides on S?. And we connect it through a S' tunnel to its anti-particle g. This

process causes creation-annihilation from vacuum, and counts how many types of ¢ sectors
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Figure 4-11: Number of particle types = GSD on S9! x ST,
is equivalent to:
the number of particle types = GSD on S9! x I. (4.49)

with I ~ S! for this example. For the spacetime integral, one evaluates Eq.(4.42) on
M = 891 x 81 x 81,

For counting closed string excitations, one may naively use T2 to enclose a string, analo-
gously to using S? to enclose a particle in 3D. Then, one may deduce the number of string types =
GSD on T2x S! = T3, and that of spacetime integral on T4, as we already mentioned earlier

which is incorrect and overcounting. We suggest,
the number of string types = S*™, T*¥’s number of blocks, (4.50)

whose blocks are labeled by b as the form of Eq.4.26. We will show the counting by Eq.(4.49),

(4.50) in explicit examples in the next.

4.2.5.2 Abelian examples: 3D twisted Zy, x Zn, X Zn, gauge theories with Type
I1, IIT 4-cocycles

We first study the most generic 3+1D finite Abelian twisted gauge theories with Type II,
IIT 4-cocycle twists. It is general enough for us to consider G = Zy, X Zn, X Zn, with
non-vanished ged Njj, Njj;. The Type II, IIT (both their 1st and 2nd kinds) twisted gauge
theory have GSD= |G/|® on the spatial T3 torus. As such the canonical basis |, a,b) of the
ground state sector labels the charge (« along ) and two fluxes (a, b along y, z), each of the
three has |G| kinds. Thus, naturally from the Rep Theory viewpoint, we have GSD= |G/3.

However, as mentioned in Sec.4.2.5.1, the |G| overcounts the number of strings and par-
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ticles. By using Eq.(4.49),(4.50), we find there are |G| types of particles and |G| types of
strings. The canonical basis |a,a,b) (GSD on T3) counts twice the flux sectors. Several
remarks follow:

(1) For an untwisted gauge theory (topological term p_ = 0), which is the direct product of
Zn gauge theory or Zy toric code, its statistics has the form exp ( %’: (Brax — akdk)) and
exp (Z%}c1 ay - ak). This shall be described by the BF theory of kadA action. With «, 3
as thekcharge of particles (1-form gauge field A), a,b as the flux of string(2-form gauge field

B). This essentially describes the braiding between a pure-particle and a pure-string.

(2) Both S*¥, T*¥ have block diagonal forms as S;”, T;¥ respect to the b flux (along z)

correctly reflects what Eq.(4.26) preludes already.

(3) T* is in SL(3, Z) canonical basis automatically and full-diagonal, but S*¥ may not be in
the canonical basis for each blocks of S;¥, due to its SL(2, Z) nature. We can find the proper
basis in each b block. Nevertheless, the eigenvalues of S™ are still proper and invariant

regardless any basis.

(4) Characterization of topological orders: We can further compare the 3D S;¥ data
to SL(2,Z)’s data of 2D S of H3(G,R/Z). All of the dimensional reduction of these data

(Sp¥ and T,Y ) agree with 3-cocycle (induced from 4-cocycle wy). Gathering all data, we

conclude that Eq.(4.38) becomes explicitly. For example, Type II twists for G = (Z5)? as,

Clayea = 4C22 (4.51)
C?]ZD2)2’W4’H - C(Q]ZD2)2 o2 C(21232)2,w3,1 52 26(2?2)2403,11 (4.52)

Such a Type II wy 11 can produce a b = 0 sector of (Z5 toric code ® Z3 toric code) of 2D as

C(Qz)g, some b # 0 sector of (Zy double-semions ® Zj toric code) as c2D and another

(Z2)%,w31
b # 0 sector C(Qz 2 05 107 for example. This procedure can be applied to other types of cocycle

twists.

(5) Classification of topological orders:

We shall interpret the decomposition in Eq.(4.38) as the implication of classification. Let
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us do the counting of number of phases in the simplest example of Type II, G = Z3 X Z3
twisted theory. There are four types in (pg(sf%),p%ﬁ%)) € HYG,R/Z) = (Z3)?. However,
we find there are only two distinct topological orders out of four. One is the trivial
(Z5)? gauge theory as Eq.(4.51), the other is the nontrivial type as Eq.(4.52). There are
two ways to see this, (i) from the full S*¥#, T*¥ data. (ii) viewing the sector of Sp¥, T;¥
under distinct fluxes b, which is from a H?(G,R/Z) perspective. We should beware that in
principle tagging particles, strings or gauge groups is not allowed, so one can identify many
seemingly-different orders by relabeling their excitations.

(6) Spin-statistics relation of closed strings in Eq.(4.48) is verified to be correct here,

while we take the complex conjugate in Eq.(4.48). This is why we draw the orientation of

Fig.4-9,4-10 oppositely. Interpreting T*Y as the topological spin also holds.

(7) Cyclic relation for S** in 3D: For all the above data (Type II, Type III), there is a
special cyclic relation for Sg’bﬁ 4 When the charge labels are equal a =  (e.g. for pure fluxes

a = 3 =0, namely for pure strings):
S;"”fod . Si’i‘a . Sg,f,b =1. (4.53)

However, such a cyclic relation does not hold (even at the zero charge) for g2 e , namely
a,c (b)

Silz ?;)B . Silz (O; )ﬁ . 522 ?C’)B # 1 in general. Some other cyclic relations are studied recently in
Ref.|105, 106|, for which we have not yet made detailed comparisons but the perspectives
may be different. In Ref.[106], their cyclic relation is determined by triple linking numbers
associated with the membrane operators. In Ref.[105], their cyclic relation is related to the
loop braiding of Fig.4-7, which has its relevancy instead to Szz ?;)’)ﬁ , not our cyclic relation

of Sg‘fd for 3D.

4.2.5.3 Non-Abelian examples: 3D twisted (Z,)* gauge theories with Type IV

4-cocycle

We now study a more interesting example, a generic 3+1D finite Abelian twisted gauge
theory with Type IV 4-cocycle twists with p;j;,, # 0. For generality, our formula also
incorporates Type IV twists together with the aforementioned Type II, III twists. So all

4-cocycle twists will be discussed in this subsection. Differ from the previous example of
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Abelian topological order with Abelian statistics in Sec.4.2.5.2, we will show Type IV 4-
cocycle wy rv will cause the gauge theory becomes non-Abelian, having non-Abelian statistics
even if the original G is Abelian. Our inspiration rooted in a 2D example for Type III
3-cocycle twist will cause a similar effect, discovered in Ref.[96]. In general, one can con-
sider G = Zn, X Zn, X Zn, X Zn, with non-vanished gecd Nya34; however, we will focus on
G = (Z,)* with Nyg34 = n, with n is prime for simplicity. From H*(G,R/Z) = Z2!, we have
n?! types of theories, while n?0 are Abelian gauge theories, and n?° - (n — 1) types with Type

IV w4 show non-Abelian statistics.

Ground state degeneracy (GSD)-

We compute the GSD of gauge theories with a Type IV twist on the spatial T2 torus,

truncated from = |G|? = |[n*> = n'? to:

GSDys 1y = (n8 +n? — n5) + (nlo —n"—nb+ n3) (4.54)

= GSDFY, + GSDE%Y (4.55)

(We derive the above only for a prime n. The GSD truncation is less severe and is in between
GSDrs 1y and |G|? for a non-prime n.) As such, the canonical basis |a, a,b) of the ground
state sector on T3 no longer has |G/|? labels with the |G| number charge and two pairs of |G| x
|G| number of fluxes as in Sec.4.2.5.2. This truncation is due to the nature of non-Abelian
physics of Type IV wy 1v twisted. We explain our notation in Eq.(4.55); the (n)Abel indicates
the contribution from (non-)Abelian excitations. From the Rep Theory viewpoint, we can
recover the truncation back to |G|® by carefully reconstructing the quantum dimension of

excitations. We obtain

|G| = (GSDS,) + (GSDR'Y) - n? (4.56)
= {n*+n° —n} nt (D2H{(nH% = n® —nt +n} n? (n)?

= {Fluxp?®} - n* - (dimy)? + {Flux®*'} - n? - (dim,,)?

The dim,, means the dimension of Repas dim(Rep) is m, which is also the quantum di-
mension of excitations. Here we have a dimension 1 for Abelian and n for non-Abelian.

In summary, we understand the decomposition precisely in terms of each (non-)Abelian
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contribution as follows:

ﬂux SeCtOI"S = ’G|2 = |n4’2 = FIHX?\/IZ(&Z + FluXR‘?bel
GSDrya 1y = GSDH, + GSDy!h/ (4.57)
dim(Rep)2 =12,n?

Numbers of charge Rep = n*, n?.

Actually, the canonical basis |, a, b) (GSD on T?) still works, the sum of Abelian Fluxjo¢!
and non-Abelian Flux* counts the flux number of a, b as the unaltered |G|2. The charge
Rep « is unchanged with a number of |G| = n* for Abelian sector with a rank-1 matrix
(1-dim linear or projective) representation, however, the charge Rep « is truncated to a

smaller number n? for non-Abelian sector also with a larger rank-n matrix (n-dim projective)

representation.

Another view on GSDys 1y can be inspired by a generic formula like Eq.(4.26)

GSD ppx 51 = ©pGSDy pr = Z GSDy A, (4.58)
b

where we sum over GSD in all different b flux sectors, with b flux along S'. Here we can
take M’ x S' = T3 and M’ = T2. For non-Type IV (untwisted, Type II, III) w4 case, we
have |G| sectors of b flux and each has GSDy 12 = |G|?. For Type IV wy case G = (Z,)*

with a prime n, we have

GSDpo v = [GP + (1G] = 1)+ |Zaf2 - (1+ | Zaf* + (1Zal? — 1) - )

=4+ nt=1)-n? - 1-n*+ 0> —1)-n). (4.59)

As we expect, the first part is from the zero flux b = 0, which is the normal untwisted 241D

(Zn)* gauge theory (toric code) as C(2£L)4 with |G|? = n® on 2-torus. The remaining (|G|—1)

copies are inserted with nonzero flux (b # 0) as C(an )t s with Type III 3-cocycle twists of
29 2D -« (2D :
Table ?7. In some case but not all cases, C( Zo)h s 18 C( Zn)unena X (Zn)B. 3" In either case,

the GSDy, 12 for b # 0 has the same decomposition always equivalent to a untwisted Z,

gauge theory with GSDt2 = n? direct product with

GSDr2 =(1-n*+(n®—1)-n)=GSDE 4 GSDRabe (4.60)

W3, TIT T2 w3 111 T2, wa 111’
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which we generalize the result derived for 2+1D Type III w3 twisted theory with G = (Z5)3
in Ref.[96] to G = (Z,,)? of a prime n.

To summarize, from the GSD counting, we already foresee there exist non-Abelian
strings in 3+1D Type IV twisted gauge theory, with a quantum dimension n.
Those non-Abelian strings (fluxes) carries dim(Rep) = n non-Abelian charges. Since charges
are sourced by particles, those non-Abelian strings are not pure strings but attached
with non-Abelian particles. (For a projection perspective from 3D to 2D, a nonAbelain

C3D

string of is a non-Abelain dyon with both charge and flux of CgD.)

Some remarks follow:
(1) Dimensional reduction from 3D to 2D sectors with b flux: From the above
STY* T*, there is no difficulty deriving S*™¥ from Eq.(4.45). From all these modular data
S.”, T,V data, we find consistency with the dimensional reduction of 3D topological order
by comparison with induced 3-cocycle ws from wy. Let us consider a single specific example,
given the Type IV p1234 = 1 and other zero Type ILIII indices p. =p.. =0,

e = @yCy° = Clpy B 10C2D

(Z2)4 w4, 1v

iy ®BCy

(ZQ)X(ZQ)?Z.J.Z),W&HI (Z2)* w3, 111 XW3 TIT X -+
= 6(21232)4 @ 10 C(QIZDZ)X(D4) ©® 5CQD

(Z2)* w3, 111 X W3 111 X -..

2D
(Z2)x(Da4)

have an untwisted dihedral Dy gauge theory (|D4| = 8) product with the normal (Z2) gauge

The C(zgz ) again is the normal (Z)* gauge theory at b = 0. The 10 copies of C
theory. The duality to Dy theory in 2D can be expected,[107] see Table 4.2. (As a byproduct
of our work, we go beyond Ref.[107] to give the complete classification of all twisted 2D w3 of
G = (Z5)? and their corresponding topological orders and twisted quantum double D*(G)

in Appendices of [52].) The remaining 5 copies C2) must contain the twist

2
(Z2)4 w3, 111 X W3, 111 X - .

on the full group (Z2)?%, not just its subgroup. This peculiar feature suggests the following

remark.

(2) Sometimes there may exist a duality between a twisted Abelian gauge theory and a
untwisted non-Abelian gauge theory,[107] one may wonder whether one can find a dual non-

Abelian gauge theory for C?Z ) W? We find that, however, C3P cannot be dual

(Z2)* w4, 1v

to a normal gauge theory (neither Abelian nor non-Abelian), but must be a

47W4,

twisted (Abelian or non-Abelian) gauge theory. The reason is more involved. Let us
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first recall the more familiar 2D case. One can consider G = (Z5)3 example with C(QIZD2 )3

with H3(G,R/Z) = (Z3)". There are 2° for non-Abelian types with Type III w3 (the other
26 Abelian without with Type III w3). We find the 64 non-Abelian types of 3-cocycles w3 go
to 5 classes labeled ws[1], ws[3d], w3[3i], w3[5] and ws[7], and their twisted quantum double
model D (@) are shown in Table 4.2. The number in the bracket [..] is related to the number
of pairs of i in the T matrix and the d/i stand for the linear dependence(d) /independence(7)

of fluxes generating cocycles. From Table 4.2, we show that two classes of 3-cocycles for

Class Twisted quantum double D¥(G) Number of Types
ws[1] D3l (Z,3), D(Dy) 7
ws3[3d] D=sB(7,3) DV (Qs) 7
w3[31] D3B1(Z,3) D(Qg), D (Dy), D**(D,) 28
w3[5] D“3Pl(Z,3), D122 (D) 21
w3[7] D3l (Z,?) 1

Table 4.2: D¥(G), the twisted quantum double model of G in 2+1D, and their 3-cocycles
ws (involving Type III) types in C?% )3 s We classify the 64 types of 2D non-Abelian twisted
gauge theories to 5 classe. Kach class has distinct non-Abelian statistics. Both dihedral
group Dy and quaternion group Qg are non-Abelian groups of order 8, as |D4| = |Qs| =

(22)%| = 8.

D“3(Z5)3 of 2D can have dual descriptions by gauge theory of non-Abelian dihedral group
Dy, quaternion group Qg. However, the other three classes of 3-cocycles for D“3(Z3)? do
not have a dual (untwisted) non-Abelian gauge theory.

Now let us go back to consider 3D Cgl?w4’lv, with |Z3|* = 16. From Ref.[108], we know
3+1D D, gauge theory has decomposition by its 5 centralizers. Apply the rule of decompo-

C3D

sition to other groups, it implies that for untwisted group G in 3D , we can decompose

it into sectors of Cé?b, here G} becomes the centralizer of the conjugacy class(flux) b:

P = @bcgjfb. Some useful information is:

€D 1 = 16C72 4 (4.61)
Ch, = 2Ch, ®2Cl .  C3,, (4.62)
Chxp, = 4C%p, @ 4C(z )3 @D 2C5 7, (4.63)
CHr = 2C3, & 3C3Y, (4.64)
Corvgs = 4C5 0y © 6CZy 7, (4.65)

and we find that no such decomposition is possible from |G| = 16 group to match Eq.(4.61)’s.

152



Furthermore, if there exists a non-Abelian G, 4pe; to have Eq.(4.61), those (Z2)*, (Z2) x (Dy)
or the twisted (Z2)4 must be the centralizers of G ap;. But one of the centralizers (the
centralizer of the identity element as a conjugacy class b = 0) of G, ape; must be Gpaper
itself, which has already ruled out from Eq.(4.61),(4.63). Thus, we prove that C?Zg Y wnry is

not a normal 3+1D gauge theory (not Z; x D4, neither Abelian nor non-Abelian)

but must only be a twisted gauge theory.

Figure 4-12: For 3+1D Type IV w41y twisted gauge theory C3P . (a) Two-string statis-

Gwav’
tics in unlink 07 configuration is Abelian. (The b = 0 sector as C2P.) (b) Three-string
statistics in two Hopf links 22#2? configuration is non-Abelian. (The b # 0 sector

in CgD = Cé]?w:;’m .) The b # 0 flux sector creates a monodromy effectively acting as the third

(black) string threading the two (red,blue) strings.

3D
CG,(W4,1V'0J4,.A )

(3) We discover that, see Fig.4-12, for any twisted gauge theory with Type
IV 4-cocycle wq 1y (whose non-Abelian nature is not affected by adding other Type ILIII
wy,.), by threading a third string through two-string unlink 0? into three-string
Hopf links 22422 configuration, Abelian two-string statistics is promoted to non-
Abelian three-string statistics. We can see the physics from Eq.(4.61), the CgD is Abelian
in b = 0 sector; but non-Abelian in b # 0 sector. The physics of Fig.4-12 is then obvious, by

applying our discussion in Sec.4.2.4.3 about the equivalence between string-threading and

the b # 0 monodromy causes a branch cut.

(4) Cyclic relation for non-Abelian S%* in 3D: Interestingly, for the (Z2)?* twisted
gauge theory with non-Abelian statistics, we find that a similar cyclic relation Eq.(4.53)

still holds as long as two conditions are satisfied: (i) the charge labels are equivalent oo =
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and (i) daefp.dpd} * Vdefabyab} - Obefd,a,day = 1. However, Eq.(4.53) is modified with a factor

depending on the dimensionality of Rep a:
) P Pl . 73
b Shaa Saap - |dim(e)| 7 = 1. (4.66)

This identity should hold for any Type IV non-Abelian strings. This is a cyclic relation of
3D nature, instead of a dimensional-reducing 2D nature of SZ],:Z (O;)B in Fig.4-7.

So far we had obtain some string-particle braiding identity via the representation theory
and the twisted lattice gauge theory model (of Dijkgraaf-Witten topological gauge theory).

In Chap.6, we will explore more possible identities through another more unified approach:

geometric-topology surgery theory and quantum partition functions.

154



Chapter 5

Aspects of Anomalies

We review chiral fermionic Adler-Bell-Jackiw anomalies and quantum Hall states in Sec.5.1.
The we develop and construct the physical systems with bosonic anomalies in Sec.5.2. We
then attempt to construct a non-perturbative lattice chiral fermion/gauge theory by tackling
the Nielson-Ninomya fermion-doubling no-go theorem in Sec.5.3. With the understanding of
fermionic and bosonic anomalies in topological states of matter, we examine some examples
of mixed gauge-gravity anomalies in Sec.5.4 — by constructing mixed gauge-gravity actions
whose boundaries realize mixed gauge-gravity anomalies. Those mixed gauge-gravity ac-
tions can be regarded as effective probe field actions for SPTs beyond-Group-Cohomology

classification.

5.1 Chiral Fermionic Adler-Bell-Jackiw Anomalies and Topo-

logical Phases

First we present a chiral fermionic anomaly (ABJ anomalies[58, 59]) of a continuous U(1)
symmetry realized in topological phases in condensed matter, in contrast to the bosonic
anomalies of discrete symmetries studied in the next.

Specifically we consider an 141D U(1) quantum anomaly realization through 1D edge
of U(1) quantum Hall state, such as in Fig.5-1. We can formulate a Chern-Simons action
S=1 (g aAda+ 5= AAda) with an internal statistical gauge field @ and an external U(1)
electromagnetic gauge field A. Its 1+1D boundary is described by a (singlet or multiplet-
)chiral boson theory of a field ® (®; on the left edge, ®r on the right edge). Here the
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field strength F' = dA is equivalent to the external U(1) flux in the flux-insertion thought
experiment threading through the cylinder Without losing generality, let us first focus on

the boundary with only one edge mode. We derive its equations of motion as

8;“ ]{: = % 6“” F:U'V = O—l'y EH/V 8uAy e Y (51)
8u jL = 6u(%€#V8VCI)L) = au(Q'LZ’YMPLw) = +Jy, (5.2)
. q v -
Ouin. = —Ou(o=c"0,%x) = 0u(qin" Pr) = — (53)
We show the Hall conductance from its definition J, = o0,y FE, in Eq.(5.1), as o4y =

qKtq/(2m).

Quantum Hall or SPT State
oy VY
l Jb Jb[ ']'u
(a) - (b)

Figure 5-1: (a) For topological phases, the anomalous current Jj, of the boundary theory
along z direction leaks to J, along y direction in the extended bulk system. ® p-flux insertion
ddp/dt = — f E - dL induces the electric E, field along the = direction. The effective Hall
effect dictates that J, = 0.y E; = 04ye"” 0,A,, with the effective Hall conductance oy
probed by an external U(1) gauge field A. (b) In the fermionic language, the 141D chiral
fermions (represented by the solid line) and the external U(1) gauge field (represented by the
wavy curve) contribute to a 1-loop Feynman diagram correction to the axial current j%. This
leads to the non-conservation of j% as the anomalous current 8, jh = e (¢K ~'q/2m) F,.

Here j,, stands for the edge current. A left-moving current jr = j}, is on one edge, and
a right-moving current jr = —j} is on the other edge, shown in Fig.5-1. By bosonization,
we convert a compact bosonic phase ® to the fermion field 1. The vector current is ji, +
JR = Jv, and the U(1)y current is conserved. The axial current is j;, — jr = ja, and we
derive the famous ABJ U(1)4 anomalous current in 1+1D (or Schwinger’s 1+1D quantum

electrodynamic [QED] anomaly).

Ouiv = Ouli +ir) =0, (5-4)

aﬂ ]X = a/l (]ﬁ - ]ﬁ) = O-:L“ysml F,uzz- (55)
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This simple bulk-edge derivation is consistent with field theory 1-loop calculation through
Fig.5-1. It shows that the combined boundary theory on the left and right edges (living on
the edges of a 241D U(1) Chern-Simons theory) can be viewed as an 1+1D anomalous world
of Schwinger’s 1+1D QED. This is an example of chiral fermionic anomaly of a continuous
U(1) symmetry when K is an odd integer. (When K is an even integer, it becomes a chiral

bosonic anomaly of a continuous U(1) symmetry.)

5.2 Bosonic Anomalies

Now we focus on characterizing the bosonic anomalies as precisely as possible, and attempt
to connect our bosonic anomalies to the notion defined in the high energy physics context.
In short, we aim to make connections between the meanings of boundary bosonic anomalies
studied in both high energy physics and condensed matter theory.

We specifically highlight three learned aspects about SPTs-
[1]. Non-onsite symmetry on the edge: An important feature of SPT is that the global sym-

metry acting on a local Hamiltonian of edge modes is realized non-onsite. For a given
symmetry group G, the non-onsite symmetry means that its symmetry transformation can-

not be written as a tensor product form on each site,

U(g)non—onsite ?é ®;U; (9)7 (56)

for g € G of the symmetry group. On the other hand, the onsite symmetry transformation
U(g) can be written in a tensor product form acting on each site i, i.e. U(g)onsite = ®@iU;(g),
for g € G. (The symmetry transformation acts as an operator U(g) with g € G, transforming
the state |v) globally by U(g)|v).) Therefore, to study the SPT edge mode, one should realize
how the non-onsite symmetry acts on the boundary as in Fig.3-1.

[2]. Group cohomology construction: It has been proposed that d + 1 dimensional(d 4+ 1D)

SPTs of symmetry-group-G interacting boson system can be constructed by the number of
distinct cocycles in the d+1-th cohomology group, H4*+ (G, U(1)), with U(1) coefficient. (See
also the first use of cocycle in the high energy context by Jackiw in Ref.[4]) While another
general framework of cobordism theory is subsequently proposed to account for subtleties
when symmetry G involves time-reversal, in our work we will focus on a finite Abelian

symmetry group G' =[], Zn,, where the group cohomology is a complete classification.
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[3]. Surface anomalies: It has been proposed that the edge modes of SPTs are the source

of gauge anomalies, while that of intrinsic topological orders are the source of gravitational
anomalies.[49] SPT boundary states are known to show at least one of three properties:
¢(1) symmetry-preserving gapless edge modes,

¢(2) symmetry-breaking gapped edge modes,

¢(3) symmetry-preserving gapped edge modes with surface topological order.

We shall now define the meaning of quantum anomaly in a language appreciable by both
high energy physics and condensed matter communities -
The quantum anomaly is an obstruction of a symmetry of a theory to be fully-reqularized for
a full quantum theory as an onsite symmetry on the UV-cutoff lattice in the same spacetime

dimension.
According to this definition, to characterize our bosonic anomalies, we will find several pos-

sible obstructions to regulate the symmetry at the quantum level:

* Obstruction of onsite symmetries: Consistently we will find throughout our examples to

fully-regularize our SPTs 1D edge theory on the 1D lattice Hamiltonian requires the non-
onsite symmetry, namely, realizing the symmetry anomalously. The non-onsite symmetry
on the edge cannot be “dynamically gauged” on its own spacetime dimension, thus this also

implies the following obstruction.

* Obstruction of the same spacetime dimension: We will show that the physical observables

for gapless edge modes (the case o(1)) are their energy spectral shifts[57] under symmetry-
preserving external flux insertion through a compact 1D ring. The energy spectral shift is
caused by the Laughlin-type flux insertion of Fig.5-2. The flux insertion can be equivalently
regarded as an effective branch cut modifying the Hamiltonian (blue dashed line in Fig.5-
2) connecting from the edge to an extra dimensional bulk. Thus the spectral shifts also
indicate the transportation of quantum numbers from one edge to the other edge. This can

be regarded as the anomaly requiring an extra dimensional bulk.

* Non-perturbative effects: We know that the familiar Adler-Bell-Jackiw anomaly of chiral

fermions,[58, 59| observed in the pion decay in particle-physics can be captured by the
perturbative 1-loop Feynman diagram. However, importantly, the result is non-perturbative,
being exact from low energy IR to high energy UV. This effect can be further confirmed
via Fujikawa’s path integral method non-perturbatively. Instead of the well-known chiral

fermionic anomalies, do we have bosonic anomalies with these non-perturbative effects?
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Figure 5-2: The intuitive way to view the bulk-boundary correspondence for edge modes of
SPTs (or intrinsic topological order) under the flux insertion, or equivalently the monodromy
defect / branch cut (blue dashed line) modifying the bulk and the edge Hamiltonians. SPTs
locate on a large sphere with two holes with flux-in and flux-out, is analogous to, a Laughlin
type flux insertion through a cylinder, inducing anomalous edge modes(red arrows) moving
along the opposite directions on two edges.

Indeed, yes, we will show two other kinds of bosonic anomalies with non-perturbative ef-
fects with symmetry-breaking gapped edges (the case ¢(2)): One kind of consequent anoma-
lies for Type II SPTs under Zy, symmetry-breaking domain walls is the induced fractional
Zn, charge trapped near 0D kink of gapped domain walls. Amazingly, through a fermion-
ization /bosonization procedure, we can apply the field-theoretic Goldstone-Wilczek method
to capture the 1-loop Feynman diagram effect non-perturbatively, as this fractional charge
is known to be robust without higher-loop diagrammatic corrections.[64] We will term this
a Type II bosonic anomaly.

The second kind of anomalies for symmetry-breaking gapped edge (the case (2)) is
that the edge is gapped under Zpy, symmetry-breaking domain walls, with a consequent
degenerate zero energy ground states due to the projective representation of other
symmetries Zy, X Zn,. The zero mode degeneracy is found to be ged(Ny, N2, N3)-fold. We
will term this a Type III bosonic anomaly.

We will examine a generic finite Abelian G = [[; Zn, bosonic SPTs, and study what is
truly anomalous about the edge under the case of (1) and e(2) above. (Since it is forbidden
to have any intrinsic topological order in a 1D edge, we do not have scenario (3).) We focus
on addressing the properties of its 1+1D edge modes, their anomalous non-onsite symmetry

and bosonic anomalies.
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G-Cohomology Bosonic Anomalies and Physical Observables
3-cocycle p € H3(G,U(1)) ‘ induced frac charge degenerate modes ‘ A(P)
Type I py Zn, No No Yes
Type II p1o Zn,, Yes. %122 of Zn, charge. No Yes
Type III pio3 Z Ny No Yes. Npg3-fold. Yes

Table 5.1: A summary of bosonic anomalies as 1D edge physical observables to detect the
2+1D SPT of G = Zn, X Zn, X ZN, symmetry, here we use p;, p;j, piji to label the SPT class

index in the third cohomology group H3(G,U(1)). For Type II class p12 € Zy,,, we can use

a unit of Zy,-symmetry-breaking domain wall to induce a ]7\% fractional Zy, charge, see

Sec.5.2.1. For Type III class p123 € Zn,,5, We can either use Zy, -symmetry-breaking domain
wall or use Zy,-symmetry-preserving flux insertion (effectively a monodromy defect) through
1D ring to trap Njgs multiple degenerate zero energy modes. For Type I class p; € Zp;,
our proposed physical observable is the energy spectrum (or conformal dimension A(75) as
a function of momentum P, see Ref.[57]) shift under the flux insertion. This energy spectral
shift also works for all other (Type II, Type III) classes. We denote the fifth column as the
energy spectral shift A(P) with the monodromy branch cut or the flux insertion. This table
serves as topological invariants for Type I, II, 11T bosonic SPT in the context of Ref.[27].

5.2.1 Type II Bosonic Anomaly: Fractional Quantum Numbers trapped
at the Domain Walls

We propose the experimental /numerical signatures for certain SPT with Type II class p1o #
0 with (at least) two symmetry group Zy, X Zy,, also as a way to study the physical
measurements for Type II bosonic anomaly. We show that when the Zy, symmetry is
broken by Zy, domain wall created on a ring, there will be some fractionalized Zy;, charges
induced near the kink. We will demonstrate our field theory method can easily capture this

effect.

5.2.1.1 Field theory approach: fractional Zy charge trapped at the kink of Zy

symmetry-breaking Domain Walls

Consider the Zy, domain wall is created on a ring (the Zy, symmetry is broken), then the
Zy, domain wall can be captured by ¢1(x) for z € [0, L) takes some constant value ¢¢ while
¢1(L) shifted by 27r]7\L,—11 away from ¢g. This means that ¢;(x) has the fractional winding
number:

n1

L
/ drd.6n = 61(L) — 61(0) = 27k (5.7)
0 1

Also recall Eq.(3.61) that the Type II pa; # 0 (and p1 = 0,p2 = 0) Zy, symmetry
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transformation

. L L
SJ(\Z;;’M) = GXP[A} (P21 / dz Oz +/ dz 0,5)), (5.8)
0 0

can measure the induced Zy, charge on a state |¥gomain) With this domain wall feature as

ni2 p21
N1z No

ST W gormain) = ex [””1 (61(L) = 61.(0)]|Wdomain) = exp|(27i )W domain) - (5.9)

We also adopt two facts that: First, fo dx 6z¢1 = 2w+ "12 with some integer nio, where the
$1 is regularized in a unit of 27 /Ni2. Second, as Zp, symmetry is not broken, both ¢2 and
¢4 have no domain walls, then the above evaluation takes into account that fOL dx 0z¢94 = 0.
This implies that induced charge is fractionalized (n12/N12)p21 (recall p12,p21 € Zny, ) ZN,

charge. This is the fractional charge trapped at the configuration of a single kink in Fig.5-3.

On the other hand, one can imagine a series of N3 number of Zy,-symmetry-breaking
domain wall each breaks to different vacuum expectation value(v.e.v.) where the domain wall
in the region [0, x1),[z1,%2), - .., [TNy,—1,ZN,, = L) with their symmetry-breaking ¢; value
at 0, QWNL 277%, cee, 2m N}V?;l. This means a nontrivial winding number, like a soliton

effect (see Fig.5-3) fo dx 8,1 = 2 and S(p2’p21 | W domain wall) = exp[(2mi )] W domain wal)

capturing po; integer units of Zy, charge at Ni2 kinks for totally Ni2 domain walls, in the
configuration of Fig.5-3. In average, each kink captures the po1/Nia fractional units of Zy;,

charge.

Figure 5-3: (a) We expect some fractional charge trapped near a single kink around = = 0
(iie. x =0+¢€) and x = L (i.e. z =0—¢) in the domain walls. For Zy,-symmetry breaking
domain wall with a kink jump A¢; = 2%%—1122, we predict that the fractionalized (n12/N12)p21

units of Zy, charge are induced. (b) A nontrivial winding fOL dx 0yp(x) = 2m. This is like a
soliton a soliton (or particle) insertion. For Njs number of Zy,-symmetry breaking domain
walls, we predict that the integer ps; units of total induced Zy, charge on a 1D ring. In
average, each kink captures a pa;/Ni2 fractional units of Zy, charge. (c) A profile of several
domain walls, each with kinks and anti-kinks(in blue color). For Zpy, symmetry-breaking
domain wall, each single kink can trap fractionalized Zy, charge. However, overall there is
no nontrivial winding, fOL dx Oz¢1(x) = 0 (i.e. no net soliton insertion), so there is no net
induced charge on the whole 1D ring.
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Similarly, we can consider the Zy, domain wall is created on a ring (the Zy, symmetry
is broken), then the Zy, domain wall can be captured by ¢2(z) soliton profile for x € [0, L).
We consider a series of Ni2 number of Zpy,-symmetry-breaking domain walls, each breaks

to different v.e.v. (with an overall profile of fOL dz Oy o = 27). By S](\],Dl’pm)\\lldomain wall) =

1

exp[(QWiI;V%)]\\Ildomain wall), the Nio kinks of domain wall captures pio integer units of Zy,

charge for totally Nis domain wall, as in Fig.5-3. In average, each domain wall captures

p12/Ni2 fractional units of Zy, charge.

5.2.1.2 Goldstone-Wilczek formula and Fractional Quantum Number

It is interesting to view our result above in light of the Goldstone-Wilczek (G-W) approach.|64]
We warm up by computing 1/2-fermion charge found by Jackiw-Rebbi[63] using G-W
method We will then do a more general case for SPT. The construction, valid for 1D sys-

tems, works as follows.

Jackiw-Rebbi model: Consider a Lagrangian describing spinless fermions (x) coupled
to a classical background profile A\(z) via a term ATos. In the high temperature phase,
the v.e.v. of A is zero and no mass is generated for the fermions. In the low temperature
phase, the A acquires two degenerate vacuum values () that are related by a Zs symmetry.

Generically we have

(A) cos (gb(q:) —0(x)), (5.10)

where we use the bosonization dictionary {31y — cos(¢(z)) and a phase change Af = 7
captures the existence of a domain wall separating regions with opposite values of the v.e.v.
of A. From the fact that the fermion density p(z) = ¢(2)1(z) = 5=0,¢(x) (and the current
JH = apfyiep = ie‘“’ 0y ¢), it follows that the induced charge Qg4 on the kink by a domain

wall is

zo+e To+e 1
Qo= [ dwpla) = [ do g0 = 5. (5.11)

0—€ 0—¢€ 2

where xy denotes the center of the domain wall.

Type II Bosonic Anomalies: We now consider the case where the Zy, symmetry is

spontaneously broken into different “vacuum” regions. This can be captured by an effective
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term in the Hamiltonian of the form
Hg, = =X cos (¢1(z) — 0(x)), A >0, (5.12)

and the ground state is obtained, in the large A limit, by phase locking ¢y = 6, which opens
a gap in the spectrum.

Different domain wall regions are described by different choices of the profile §(z), as
discussed in Sec.5.2.1.1. In particular, if we have 0(z) = 6 (x) and 0x(x) = (k — 1) 27w/ N2,
for x € [(k — 1)L/Ni2,kL/Ni2), k = 1,...,Ni2. then we see that that, a domain wall
separating regions k and k + 1 (where the phase difference is 2w /Nj2) induces a Zy, charge

given by

kL/Nia+e 1 kL/Nia+e Do P12
0 Qi 1—/ dx dpo m)—/ de === 0,0, = )
" kL/Nia—e ( 2T JkL/Nis—e No L NoNyp

This implies a fractional of p1a/Nj2 induced Zy, charge on a single kink of Zx,-symmetry

breaking domain walls, consistent with Eq.(5.9).

\ /

\ /
\\ //

JH
NAAND = M\Q—___

/ \
/ \

/ \

Figure 5-4: In the fermionized language, one can capture the anomaly effect on induced
(fractional) charge/current under soliton background by the 1-loop diagram.[64] With the
solid line — represents fermions, the wavy line ~~ represents the external (gauge) field
coupling to the induced current J* (or charge J), and the dashed line - - represents the
scalar soliton (domain walls) background. Here in Sec.5.2.1.2, instead of fermionizing the
theory, we directly address in the bosonized language to capture the bosonic anomaly.

Some remarks follow: If the system is placed on a ring, (i) First, with net soliton (or
particle) insertions, then the total charge induced is non-zero, see Fig.5-3.
(ii) Second, without net soliton (or particle) insertions, then the total charge induced is
obviously zero, as domain walls necessarily come in pairs with opposite charges on the kink
and the anti-kink, see Fig.5-3.
(iii) One can also capture this bosonic anomaly in the fermionized language using the 1-loop

diagram under soliton background [64], shown in Fig.5-4.
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(iv) A related phenomena has also been examined recently where fractionalized boundary
excitations cause that the symmetry-broken boundary cannot be proliferated to restore the

symmetry.

5.2.1.3 Lattice approach: Projective phase observed at Domain Walls

Now we would like to formulate a fully regularized lattice approach to derive the induced
fractional charge, and compare to the complementary field theory done in Sec.5.2.1.1 and
Goldstone-Wilczek approach in Sec.5.2.1.2. Recall that in the case of a system with onsite
symmetry, such as Zy rotor model on a 1D ring with a simple Hamiltonian of j (oj+ a}),
there is an on-site symmetry transformation S = [] ; Tj acting on the full ring. We can
simply take a segment (from the site r; to r9) of the symmetry transformation defined as
a D operator D(ry,r) = H;QZ“ 7j. The D operator does the job to flip the measurement
on (oy). What we mean is that (1|o¢|v)) and (¢'|o¢|y') = (|DioeD|p) = 27/N (1| ay|a)

2n/N a9 long as ¢ € [r1,7r2]. Thus D operator creates domain wall

are distinct by a phase e
profile.

For our case of SPT edge modes with non-onsite symmetry studied here, we are readily
to generalize the above and take a line segment of non-onsite symmetry transformation with
symmetry Zy, (from the site r; to rq) and define it as a Dy, operator, Dy, (r1,r2) =
152, TJ(U’) [T, UMHW]{ ﬁl (from the expression of Sy, , with the onsite piece T;u) and
the non-onsite piece Uj j+1 in Eq.(3.48) and W ;11 in Eq.(3.52)). This D operator effectively
creates domain wall on the state with a kink (at the r1) and anti-kink (at the r9) feature,
such as in Fig.5-3. The total net charge on this type of domain wall (with equal numbers
of kink and anti-kinks) is zero, due to no net soliton insertion (i.e. no net winding, so
fOL O,¢dx = 0). However, by well-separating kinks and anti-kinks, we can still compute
the phase gained at each single kink. We consider the induced charge measurement by
S(Dlw)), which is (SDS')S[p) = €(®otO®) Djy), where O is from the initial charge (i.e.
S|y) = €©0)1p)) and O is from the charge gained on the kink. The measurement of symmetry
S producing a phase €€, implies a nontrivial induced charge trapped at the kink of domain

walls. We compute the phase at the left kink on a domain wall for all Type I, II, IIT SPT

classes, and summarize them in Table 5.2.
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’ SPT H e®L of Dy, |b) acted by Zy, symmetry S, e!©L under a soliton fOL dx Oz = 27 | Frac charge

127'71’21 . 27py

o . i

I 0 A At dor = No
) i 2 P12 . i 27P12

P12 51(\1772\12)1)55112)51(\%2” — elOL = ¢' N2 N1z 9L =¢' TN2 Yes

. 27p123n3
P1o: - - ; (i PELED ;
P123 S](\[f’;Qd)DE\Z[‘llZd)Sﬁ;?d)T el®L — '~ Nizg L — 1 No

Table 5.2:  The phase ¢©Z on a domain wall D,, acted by Z N, symmetry S,. This phase
is computed at the left kink (the site r1). The first column shows SPT class labels p. The
second and the third columns show the computation of phases. The last column interprets
whether the phase indicates a nontrivial induced Zy charge. Only Type II SPT class with
pi12 # 0 contains nontrivial induced Zy, charge with a unit of p12/Ny2 trapped at the kink
of Zy,-symmetry breaking domain walls. Here n3 is the exponent inside the W1 matrix,
ng = 0,1,..., N3 — 1 for each subblock within the total N3 subblocks. Njs = ged(Ny, Na)
and N123 = ng(Nl, NQ, Ng)

Although we obtain €®~ for each type, but there are some words of caution for inter-
preting it.
(i) For Type I class, with the Zy,-symmetry breaking domain wall, there is no notion of
induced Zp, charge since there is no Zy,-symmetry (already broken) to respect.
(ii) (D](\I;))” captures n units of Zy-symmetry-breaking domain wall. The calculation
S](\Z;) (D](\};))”S](\?)T renders a e'©L phase for the left kink and a e!®% = ¢79L phase for the
right anti-kink. We choose the domain operator as a segment of symmetry transformation.
For Type II class, if we have operators (D](\Z;EQ))O acting on the interval [0, z1), while (D§\I,7112))1
acting on the interval [x1, z2), ..., and (Dgglm))Nl? acting on the interval [xn,,—1, 2N, = L),
then we create the domain wall profile shown in Fig.5-3. It is easy to see that due to charge
cancellation on each kink/anti-kink, the 51(\1;212) (D](\]?IIQ))N 12 51(5212) " measurement on a left kink
captures the same amount of charge trapped by a nontrivial soliton: fOL dx Oy oy = 27r.
(iii) For Type II class, we consider Zy,-symmetry breaking domain wall (broken to a unit of
A¢1 = 27 /Ni32), and find that there is induced Zy, charge with a unit of p12/Nj2, consis-
tent with field theory approach in Eq.(5.9),(5.13). For a total winding is fOL dx 0,01 = 27,
there is also a nontrivial induced p12 units of Zy, charge. Suppose a soliton generate this
winding number 1 domain wall profile, even if p;s = Nis is identified as the trivial class
as p12 = 0, we can observe N2 units of Zy, charge, which is in general still not Ny units
of Zp, charge. This phenomena has no analogs in Type I, and can be traced back to the
discussion in Sec.3.2.3.
(iv) For Type III class, with a Zy,-symmetry breaking domain wall: On one hand, the ©p,

phase written in terms of Zy, or Zy, charge unit is non-fractionalized but integer. On the
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other hand, we will find in Sec.5.2.3.1 that the Zy,, Zn, symmetry transformation surpris-
ingly no longer commute. So there is no proper notion of induced Zy,, Zy, charge at all in

the Type III class.

5.2.2 Type III Bosonic Anomaly: Degenerate zero energy modes (pro-

jective representation)

We apply the tools we develop to study the physical measurements for Type III bosonic

anomaly.

5.2.3 Field theory approach: Degenerate zero energy modes trapped at
the kink of Zy symmetry-breaking Domain Walls

We propose the experimental /numerical signature for certain SPT with Type III symmetric
class p123 # 0 under the case of (at least) three symmetry group Zn, x Zn, X Zn,. Under
the presence of a Zy, symmetry-breaking domain wall (without losing generality, we can
also assume it to be any Zy, ), we can detect that the remained unbroken symmetry Zy;,,

ZnN, carry projective representation. More precisely, under the Zy, domain-wall profile,

L
n
/ dx 9,61 = ¢1 (L) — ¢1(0) = 27—+, (5.13)
0 Ny
we compute the commutator between two unbroken symmetry operators Eq.(3.64):
.2t n 2
51(\1/)2231)51(5512) = 51(5512)51(52231)61 Wiz P18 = [log 51(52231)71% 51(5312)] — i n1p123, (5.14)

Nia3

where we identify the index (p231 + psi12) — pi2s as the same one. This non-commutative
relation Eq.(5.14) indicates that 51(\1;2231) and 5’1(6’3312) are not in a linear representation, but
in a projective representation of Zy;,, Zy, symmetry. This is analogous to the commutator
[Ty, T,] of magnetic translations T}, Ty along z,y direction on a T2 torus for a filling fraction

1/k fractional quantum hall state (described by U(1)y level-k Chern-Simons theory):
e Teeily — oiTy oiTe oi2n/k o 1, T, = —i2n/k, (5.15)

where one studies its ground states on a T? torus with a compactified  and y direction

gives k-fold degeneracy. The k degenerate ground states are [i,,) with m =0,1,...,k — 1,
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while [1,) = [tmyk). The ground states are chosen to satisfy: elz|i,) = €% |thy,),
eTv|ehy,) = |mi1). Similarly, for Eq.(5.14) we have a T? torus compactified in ¢ and ¢3
directions, such that:
(i) There is a Nj93-fold degeneracy for zero energy modes at the domain wall. We can count
the degeneracy by constructing the orthogonal ground states: consider the eigenstate [t),,)
of unitary operator 51(\7;2231), it implies that 51(52231)|@Z)m> = ei%pu‘?mwm). S](\I;;w)|¢m> =
|m+1). As long as ged(ni p123, N123) = 1, we have Njgs-fold degeneracy of |¢,) with
m=20,...,Njo3 — 1.
(ii) Eq.(5.14) means the symmetry is realized projectively for the trapped zero energy modes
at the domain wall.

We observe these are the signatures of Type III bosonic anomaly. This Type III anomaly
in principle can be also captured by the perspective of decorated Zy, domain walls with

projective Zy, X Zn,-symmetry.

5.2.3.1 Cocycle approach: Degenerate zero energy modes from Zy symmetry-
preserving monodromy defect (branch cut) - dimensional reduction

from 2D to 1D

In Sec.5.2.3.1, we had shown the symmetry-breaking domain wall would induce degener-
ate zero energy modes for Type III SPT. In this section, we will further show that, a
symmetry-preserving Zy, flux insertion (or a monodromy defect or branch cut modifying
the Hamiltonian as in Ref.[57],[27]) can also have degenerate zero energy modes. This is the
case that, see Fig.5-5, when we put the system on a 2D cylinder and dimensionally reduce it
to a 1D line along the monodromy defect. In this case there is no domain wall, and the Zy,
symmetry is not broken (but only translational symmetry is broken near the monodromy
defect / branch cut).

In the below discussion, we will directly use 3-cocycles ws from cohomology group
H3(G,U(1)) to detect the Type III bosonic anomaly. For convenience we use the non-
homogeneous cocycles (the lattice gauge theory cocycles), though there is no difficulty to
convert it to homogeneous cocycles (SPT cocycles). The definition of the lattice gauge

theory n-cocycles are indeed related to SPT n-cocycles:

wn(Al, AQ, e ,An) = l/n(AlAQ e An, A2 e An, N ,An, 1) = I/n(zzll, 1212, e ,An, 1) (516)
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Figure 5-5:  (a) The induced 2-cocycle from a 2+1D M? = M? x I' topology with a
symmetry-preserving Zy, flux A insertion (b) Here M? = S! x I' is a 2D spatial cylin-
der, composed by A and B, with another extra time dimension I'. Along the B-line
we insert a monodromy defect of Zp,, such that A has a nontrivial group element value
A= glngl = ggzggl = ggxggl € Zn,. The induced 2-cocycle S4(B,C) is a nontrivial
element in H?(Zy, x Zy,,, U(1)) = Zy,,, (here u, v, w cyclic as €*** = 1), thus which carries
a projective representation. (¢) A monodromy defect can viewed as a branch cut induced
by a ®p flux insertion (both modifying the Hamiltonians). (d) This means that when we
do dimensional reduction on the compact ring S' and view the reduced system as a 1D
line segment, there are Ni93 degenerate zero energy modes (due to the nontrivial projective
representation).

here /Ij = A;Aj4q ... Ay For 3-cocycles

w3<A7 B7 C) = V3<AB07 BC; C? 1) = w3(90179127923) (517)

= ws(9097 ", 9195 . 9295 1) = v3(9095 9195 1, 9295 . 1) = v3(go. 91, 92, 93)

Here A = go1, B = g12, C = go3, with g, = gagb_l. We use the fact that SPT n-
cocycle v, belongs to the G-module, such that for r are group elements of G, it obeys
7 Un(ro, "1y« Tn—1,1) = v(rro,rri,...,rrn—1,7) (here we consider only Abelian group
G =11, Zn,). In our case, we do not have time reversal symmetry, so group action g on the
G-module is trivial.

In short, there is no obstacle so that we can simply use the lattice gauge theory 3-cocycle
w(A, B, C) to study the SPT 3-cocycle v(ABC, BC,C,1). Our goal is to design a geometry
of 3-manifold M3 = M? x I' with M? the 2D cylinder with flux insertion (or monodromy
defect) and with the I' time direction (see Fig.5-5(a)) with a sets of 3-cocycles as tetrahedra
filling this geometry (Fig.5-6). All we need to do is computing the 241D SPT path integral

Zgpr (i.e. partition function) using 3-cocycles ws,[27]

Zspr = |GV Y T [(@s* ({9090, 1) (5.18)
{9} 1
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Here |G| is the order of the symmetry group, N, is the number of vertices, ws is 3-cocycle,
and s; is the exponent 1 or —1(i.e. t) depending on the orientation of each tetrahedron(3-
simplex). The summing over group elements g, on the vertex produces a symmetry-
perserving ground state. We consider a specific M3, a 3-complex of Fig.5-5(a), which can be
decomposed into tetrahedra (each as a 3-simplex) shown in Fig.5-6. There the 3-dimensional

spacetime manifold is under triangulation (or cellularization) into three tetrahedra.

We now go back to remark that the 3-cocycle condition indeed means that the path
integral Zgpr on the 3-sphere S% (as the surface the 4-ball B*) will be trivial as 1. The
3-coboundary condition means to identify the same topological terms (i.e. 3-cocycle) up to
total derivative terms. There is a specific way (called the branching structure) to determine
the orientation of tetrahedron, thus to determine the sign of s for 3-cocycles w3® by the
determinant of volume, s = det(v3a,v31,v30). Two examples of the orientation with s =

+1,—1 are:

e =ws(gogi 192 i gagsTh)  (5.19)

= w3 (gog1 ™, 919271, 92937 1). (5.20)

Here we define the numeric ordering g1 < go < g3 < g < g1 < g2 < g3 < ¢a, and our

arrows connect from the higher to lower ordering.

Now we can compute the induced 2-cocycle (the dimensional reduced 1+1D path in-
tegral) with a given inserted flux A, determined from three tetrahedra of 3-cocycles, see

Fig.5-6 and Eq.(5.21).
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ACA

Figure 5-6: The triangulation of a M3 = M? x I' topology (here M? is a spatial cylinder
composed by the A and B direction, with a I' time) into three tetrahedra with branched

e A\ A N

w(A,B,C)" - w(ABAY, A, C) w(B,A,C)
(ABA 1,AC’A T A) (A,B,C) (B,C, A)
w(gigy ', 9197, 9295 )
w(grrgr s 9195 5 9295 Dw(g195 9295 L grgr )

structures.

We show that only when ws is the Type III 3-cocycle wipp (of Eq.3.31), this induced

2-cochain is nontrivial (i.e. a 2-cocycle but not a 2-coboundary). In that case,

L 21
Ba(B,C) = exp[lN (biagcs — ajbacs — bicaas)] (5.22)
123

If we insert Zy, flux A = (a1,0,0), then we shall compare Eq.(5.22) with the nontrivial
2-cocycle wa(B,C) in HA(Zn, X Zng, U(1)) = Zn,,,

ws(B,C) = exp[i;;(bgc?,)]. (5.23)

The B4(B,C) is indeed nontrivial 2-cocycle as weo(B, C) in the second cohomology group
H2(Zn, x Zng,U(1)). Below we like to argue that this Eq.(5.23) implies the projective
representation of the symmetry group Zn, x Zn,. Our argument is based on two facts.
First, the dimensionally reduced SPTs in terms of spacetime partition function Eq.(5.23) is
a nontrivial 1+1D SPTs.[79] We can physically understand it from the symmetry-twist as a
branch-cut modifying the Hamiltonian|?, 79] (see also Sec.5.2.4). Second, we know that the
1+1D SPT symmetry transformation ®,U*(g) along the 1D’s x-site is dictated by 2-cocycle.
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The onsite tensor S(g) = ®,U"(g) acts on a chain of 1D SPT renders

-1 -1
waay, 97, 9)
S(g)lar,...,ar) = fl—_1|gaL,...,go¢R>, (5.24)
wa(ag 971, 9)

where o, and ap are the two ends of the chain, with g, ar,ag,--- € G all in the symmetry
group. We can derive the effective degree of freedom on the 0D edge |ay) forms a projective

representation of symmetry, we find:

a;'C7'B7! B)ws(a'C1, B)
wa(a;'C~1B~1, BO)

S(B)S(C)lay) = 22 S(BC)|ar) = wa(B, C)S(BO)|ar)

(5.25)

wa(b,c)wa(a,be) 1

In the last line, we implement the 2-cocycle condition of wy: dwsa(a, b, c) = oa(ab)wa(ad) =

The projective representation of symmetry transformation S(B)S(C) = wa(B,C)S(BC) is
explicitly derived, and the projective phase is the 2-cocycle ws (B, C) classified by H?(G, U(1)).
Interestingly, the symmetry transformations on two ends together will form a linear repre-

sentation, namely S(B)S(C)|ar,...,ar) = S(BC)|ar, ..., ar).

The same argument holds when A is Zy, flux or Zy, flux. From Sec.5.2.2, the projective
representation of symmetry implies the nontrivial ground state degeneracy if we view the
system as a dimensionally-reduced 1D line segment as in Fig.5-5(d). From the Nj93 factor

in Eq.(5.22), we conclude there is Nya3-fold degenerated zero energy modes.

We should make two more remarks:

(i) The precise 1+1D path integral is actually summing over g, with a fixed flux A as
Zspr = |G|~ > {gu}sfixed 4 BA(B, C), but overall our discussion above still holds.

(ii) We have used 3-cocycle to construct a symmetry-preserving SPT ground state under
Zn, flux insertion. We can see that indeed a Zy, symmetry-breaking domain wall of Fig.5-
7 can be done in almost the same calculation - using 3-cocycles filling a 2+1D spacetime
complex(Fig.5-7(a)). Although there in Fig.5-7(a), we need to fix the group elements g; = g2
on one side (in the time independent domain wall profile, we need to fix g; = g2 = ¢3) and/or
fix gi = g5 on the other side. Remarkably, we conclude that both the Zy,-symmetry-
preserving flux insertion and Zy, symmetry-breaking domain wall both provides
a Njgs-fold degenerate ground states (from the nontrivial projective representation for the

ZN,, ZN, symmetry). The symmetry-breaking case is consitent with Sec.5.2.3.1.
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Figure 5-7:  The Zy, symmetry breaking domain wall along the red x mark and/or
orange + mark, which induces Njgs-fold degenerate zero energy modes. The situation is
very similar to Fig.5-5 (however, there was Zy, symmetry-preserving flux insertion). We
show that both cases the induced 2-cochain from calculating path integral Zgpt renders
a nontrivial 2-cocycle of H2(Zy, X Zny, U(1)) = Zn,,, thus carrying nontrivial projective
representation of symmetry.

5.2.4 Typel, II, III class observables: Flux insertion and non-dynamically

“gauging” the non-onsite symmetry

With the Type I, Type II, Type III SPT lattice model built in Chap.3, in principle we can
perform numerical simulations to measure their physical observables, such as (i) the energy
spectrum, (ii) the entanglement entropy and (iii) the central charge of the edge modes.
Those are the physical observables for the “untwisted sectors”, and we would like to further
achieve more physical observables on the lattice, by applying the parallel discussion, using
Zn gauge flux insertions through the 1D ring. The similar idea can be applied to detect
SPTs numerically. The gauge flux insertion on the SPT edge modes (lattice Hamiltonian) is
like gauging its non-onsite symmetry in a non-dynamical way. We emphasize that gauging
in a non-dynamical way because the gauge flux is not a local degree of freedom on each site,
but a global effect. The Hamiltonian affected by gauge flux insertions can be realized as the
Hamiltonian with twisted boundary conditions, see an analogy made in Fig.5-8. Another
way to phrase the flux insertion is that it creates a monodromy defect[27] (or a branch
cut) which modify both the bulk and the edge Hamiltonian. Namely, our flux insertion
acts effectively as the symmetry-twist|79] modifying the Hamiltonian. Here we outline the
twisted boundary conditions on the Type I, Type II, Type III SPT lattice model of Chap.3.

We firstly review the work done in [57] of Type I SPT class and then extends it to
Type II, III class. We aim to build a lattice model with twisted boundary conditions to
capture the edge modes physics in the presence of a unit of Zy flux insertion. Since the

gauge flux effectively introduces a branch cut breaking the translational symmetry of T' (as
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Figure 5-8: (a) Thread a gauge flux ®p through a 1D ring (the boundary of 2D SPT). (b)
The gauge flux is effectively captured by a branch cut (the dashed line in the blue color).
Twisted boundary condition is applied on the branch cut. The (a) and (b) are equivalent
in the sense that both cases capture the equivalent physical observables, such as the energy
spectrum.  The illustration of an effective 1D lattice model with M-sites on a compact
ring under a discrete Zy flux insertion. Effectively the gauge flux insertion is captured
by a branch cut located between the site-M and the site-1. This results in a Zy variable
w insertion as a twist effect modifying the lattice Hamiltonian around the site-M and the
site-1.

r7(p)

shown in Fig. 5-8), the gauged (or twisted) Hamiltonian, say Hy’, is not invariant respect to
translational operator T, say [H ) ,T] # 0. The challenge of constructing H ® 5 to firstly
find a new (so-called magnetic or twisted) translation operator T) incorporating the gauge
flux effect at the branch cut, in Fig. 5-8 (b) and in Fig.5-8, say the branch cut is between
the site-M and the site-1. We propose two principles to construct the twisted lattice model.
The first general principle is that a string of M units of twisted translation operator T®)

renders a twisted symmetry transformation 5'](\1;) incorporating a Zy unit flux,

N J.
o Sy = @Y =87 Wi ke Ui wod o, (5.26)
with the unitary operator (7)), ie. (T®)IT® = 1. We clarify that U](\Zip) is from
Eq.(3.47), where U(Np)[. = U(N’p) o[...] means U](\ffvip) is a function of ... variables. For

example, UJ(\/I ) [waMal] means that the variable O'MO'1 in Eq.(3.47) is replaced by wa}rwol

with an extra w insertion. The second principle is that the twisted Hamiltonian is invariant in
respect of the twisted translation operator, thus also invariant in respect of twisted symmetry
transformation, i.e.

o [AY TV =0, [HY, 5] =0. (5.27)

We solve Eq.(5.26) by finding the twisted lattice translation operator

TP — (U(N P (ol o)), (5.28)
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for each p € Zy classes. For the s units of Zy flux, we have the generalization of T) from
a unit Zy flux as,

N7 S S
10|, =T (U [o},00]) 75 (5.29)

Indeed, there is no difficulty to extend this construction to Type II, III classes. For
Type II SPT classes (with nonzero indices pi2 and po; of Eq.(3.48), while p; = ps = 0)

the non-onsite symmetry transformation can be reduced from NNN to NN coupling term

U(N17p12) N U(Nl p12)

. (N2,p21) (N2,p21)
it it , also from U U .

Gite it The Type II twisted symmetry
transformation has exactly the same form as Eq.(5.26) except replacing the U. For Type
III SPT classes, the Type III twisted symmetry transformation also has the same form as
Eq.(5.26) except replacing the U to W in Eq.(3.52). The second principle in Eq.(5.27) also

follows.

Twisted Hamiltonian

The twisted Hamiltonian flj(\zl’]{z’p 12) can be readily constructed from Hﬁll’]{),i’p 12) of

Eq. (3.56), with the condition Eq.(5.27). (An explicit example for Type I SPT 1D lat-
tice Hamiltonian with a gauge flux insertion has been derived in Ref. [57]|, which we shall

not repeat here.)

Notice that the twisted non-trivial Hamiltonian breaks the SPT global symmetry (i.e. if
p # 0 mod(N), then [flj(\?), S](\z;)] # 0), which can be regarded as the sign of Zy anomaly.[49]
On the other hand, in the trivial state p = 0, Eq. (5.26) yields 5’1(\2;:0) = S](\];:O) = H]A/il i,
where the twisted trivial Hamiltonian still commutes with the global Zy onsite symmetry,

and the twisted boundary effect is nothing but the usual toroidal boundary conditions. [?]

(See also a discussion along the context of SPT and the orbifolds [109].

The twisted Hamiltonian provides distinct low energy spectrum due to the gauge flux
insertion (or the symmetry-twist). The energy spectrum thus can be physical observables to
distinguish SPTs. Analytically we can use the field theoretic mode expansion for multiplet
scalar chiral bosons ®;(z) = ¢o; + K;} Py, % +13 2 0z0 %aLne*"meﬁ, with zero modes ¢g;
and winding modes Py, satisfying the commutator [¢po;, Ps,] = id7;. The Fourier modes

satisfies a generalized Kac-Moody algebra: [ofp,ym] = nK;Jl(Sn,,m. The low energy
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Hamiltonian, in terms of various quadratic mode expansions, becomes

(2m)°

H =
4L

Vi Kin K35 Poy Poy + > Vigornay—n] + ... (5.30)
n£0

Following the procedure outlined in Ref.[57] with gauge flux taking into account the twisted

boundary conditions, we expect the conformal dimension of gapless edge modes of central

charge ¢ = 1 free bosons labeled by the primary states |ni, mi,n2, ma) (all parameters

are integers) with the same compactification radius R for Type I and Type II SPTs (for

simplicity, we assume N3 = Ny = N):

~ 1 n op\’  R? 1)’
A(m,m,pm) _ v =
N R? m N N 4 m N
1 po pu\’  R? 1)’
Rk i — 31
+ 2<n2+N—|—N> —1-4 m2+N (5.31)

which is directly proportional to the energy of twisted Hamiltonian. (pj2 or p2; can be used

interchangeably.) The conformal dimension As\};l’p »P 12)(73u,73uv) is intrinsically related to

the SPT class labels: p1, p2, p12, and is a function of momentum P, = (ny + 5 + B ) (my +
%) and Puy = (nu + 5 + B#)(my + %) Remarkably, for Type III SPTs, the nature of
non-commutative symmetry generators will play the key rule, as if the gauged conformal
field theory (CFT) and its correspoinding gauged dynamical bulk theory has non-Abelian
features, we will leave this survey for future works. The bottom line is that different classes
of SPT’s CFT spectra respond to the flux insertion distinctly, thus we can in principle

distinguish Type I, IT and IIT SPTs.

5.3 Lattice Non-Perturbative Hamiltonian Construction of

Anomaly-Free Chiral Fermions and Bosons

5.3.1 Introduction

Regulating and defining chiral fermion field theory is a very important problem, since the
standard model is one such theory.[110] However, the fermion-doubling problem|54, 111, 112]
makes it very difficult to define chiral fermions (in an even dimensional spacetime) on the

lattice. There is much previous research that tries to solve this famous problem. One ap-
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proach is the lattice gauge theory,[113] which is unsuccessful since it cannot reproduce chiral
couplings between the gauge fields and the fermions. Another approach is the domain-wall
fermion.[114, 115] However, the gauge field in the domain-wall fermion approach propa-
gates in one-higher dimension. Another approach is the overlap-fermion,[116, 117] while
the path-integral in the overlap-fermion approach may not describe a finite quantum the-
ory with a finite Hilbert space for a finite space-lattice. There is also the mirror fermion
approach[118, 119, 120, 121| which starts with a lattice model containing chiral fermions in
one original light sector coupled to gauge theory, and its chiral conjugated as the mirror
sector. Then, one tries to include direct interactions or boson mediated interactions|122]
between fermions to gap out the mirror sector only. However, the later works either fail to
demonstrate [123, 124, 125] or argue that it is almost impossible to gap out (i.e. fully open
the mass gaps of) the mirror sector without breaking the gauge symmetry in some mirror

fermion models.|126]

We realized that the previous failed lattice-gauge approaches always assume non-interacting
lattice fermions (apart from the interaction to the lattice gauge field). In this work, we show
that lattice approach actually works if we include direct fermion-fermion interaction with
appropriate strength (i.e. the dimensionaless coupling constants are of order 1).[49, 127] In
other words, a general framework of the mirror fermion approach actually works for con-
structing a lattice chiral fermion theory, at least in 14+1D. Specifically, any anomaly-free
chiral fermion /boson field theory can be defined as a finite quantum system on a 1D lattice
where the (gauge or global) symmetry is realized as an onsite symmetry, provided that we
allow lattice fermion/boson to have interactions, instead of being free. (Here, the “chiral”
theory here means that it “breaks parity P symmetry.” Our 141D chiral fermion theory
breaks parity P and time reversal T symmetry. Our insight comes from Ref. [49, 127], where
the connection between gauge anomalies and symmetry-protected topological (SPT) states

(in one-higher dimension) is found.

To make our readers fully appreciate our thinking, we shall firstly define our important

basic notions clearly:

(¢1) Onsite symmetry means that the overall symmetry transformation U(g) of symmetry
group G can be defined as the tensor product of each single site’s symmetry transformation

Ui(g), via U(g) = ®;U;(g) with g € G. Nonsite symmetry: means U(g)non-onsite 7 QiUi(g)-
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(02) Local Hamiltonian with short-range interactions means that the non-zero amplitude of
matter(fermion/boson) hopping/interactions in finite time has a finite range propagation,
and cannot be an infinite range. Strictly speaking, the quasi-local exponential decay (of
kinetic hopping/interactions) is non-local and not short-ranged.

(03) finite(-Hilbert-space) system means that the dimension of Hilbert space is finite if the
system has finite lattice sites (e.g. on a cylinder).

Nielsen-Ninomiya theorem[54, 111, 112| states that the attempt to regularize chiral
fermion on a lattice as a local free non-interacting fermion model with fermion number
conservation (i.e. with U(1) symmetry) has fermion-doubling problem[54, 111, 112] in an
even dimensional spacetime. To apply this no-go theorem, however, the symmetry is as-
sumed to be an onsite symmetry.

Ginsparg-Wilson fermion approach copes with this no-go theorem by solving Ginsparg-
Wilson(GW) relation|[70, 71] based on the quasi-local Neuberger-Dirac operator,|72, 73, 74|
where quasi-local is strictly non-local. In this work, we show that the quasi-localness of
Neuberger-Dirac operator in the GW fermion approach imposing a non-onsite[97, 57] U(1)
symmetry, instead of an onsite symmetry. (While here we simply summarize the result, one
can read the details of onsite and non-onsite symmetry, and its relation to GW fermion in
[50].) For our specific approach for the mirror-fermion decoupling, we will not implement the
GW fermions (of non-onsite symmetry) construction, instead, we will use a lattice fermions
with onsite symmetry but with particular properly-designed interactions. Comparing GW

fermion to our approach, we see that

e Ginsparg-Wilson(GW) fermion approach obtains “chiral fermions from a local
free fermion lattice model with non-onsite U(1) symmetry (without fermion doublers).”
(Here one regards Ginsparg-Wilson fermion applying the Neuberger-Dirac operator,

which is strictly non-onsite and non-local.)

e Our approach obtains “chiral fermions from local interacting fermion lattice model
with onsite U(1) symmetry (without fermion doublers), if all U(1) anomalies are can-

ncelled.”

Also, the conventional GW fermion approach discretizes the Lagrangian/the action on
the spacetime lattice, while we use a local short-range quantum Hamiltonian on 1D spatial

lattice with a continuous time. Such a distinction causes some difference. For example, it is
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known that Ginsparg-Wilson fermion can implement a single Weyl fermion for the free case
without gauge field on a 141D space-time-lattice due to the works of Neuberger, Liischer,
etc. Our approach cannot implement a single Weyl fermion on a 1D space-lattice within
local short-range Hamiltonian. (However, such a distinction may not be important if we are

allowed to introduce a non-local infinite-range hopping.)

Comparison to Eichten-Preskill and Chen-Giedt-Poppitz models: Due to the past
investigations, a majority of the high-energy lattice community believes that the mirror-
fermion decoupling (or lattice gauge approach) fails to realize chiral fermion or chiral gauge
theory. Thus one may challenge us by asking “how our mirror-fermion decoupling model
is different from Eichten-Preskill and Chen-Giedt-Poppitz models?” And “why the recent
numerical attempt of Chen-Giedt-Poppitz fails?[125]” We now stress that, our approach
provides properly designed fermion interaction terms to make things work, due to the recent

understanding to topological gapped boundary conditions|60, 68|:

e Eichten-Preskill(EP)[118]| propose a generic idea of the mirror-fermion approach
for the chiral gauge theory. There the perturbative analysis on the weak-coupling and
strong-coupling expansions are used to demonstrate possible mirror-fermion decoupling
phase can exist in the phase diagram. The action is discretized on the spacetime
lattice. In EP approach, one tries to gap out the mirror-fermions via the mass term
of composite fermions that do not break the (gauge) symmetry on lattice. The mass
term of composite fermions are actually fermion interacting terms. So in EP approach,
one tries to gap out the mirror-fermions via the direct fermion interaction that do not
break the (gauge) symmetry on lattice. However, considering only the symmetry of
the interaction is not enough. Even when the mirror sector is anomalous, one can still
add the direct fermion interaction that do not break the (gauge) symmetry. So the
presence of symmetric direct fermion interaction may or may not be able to gap out
the mirror sector. When the mirror sector is anomaly-free, we will show in this paper,
some symmetric interactions are helpful for gapping out the mirror sectors, while other
symmetric interactions are harmjful. The key issue is to design the proper interaction

to gap out the mirror section, and considering only symmetry is not enough.

e Chen-Giedt-Poppitz(CGP)[125] follows the EP general framework to deal with
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a 3-4-5 anomaly-free model with a single U(1) symmetry. All the U(1) symmetry-
allowed Yukawa-Higgs terms are introduced to mediate multi-fermion interactions.
The Ginsparg-Wilson fermion and the Neuberger’s overlap Dirac operator are im-
plemented, the fermion actions are discretized on the spacetime lattice. Again, the
interaction terms are designed only based on symmetry, which contain both helpful

and harmful terms, as we will show.

Our model in general belongs to the mirror-fermion-decoupling idea. The anomaly-
free model we proposed is named as the 3;-5r-4;-Ogp model. Our 3;-5r-4;-0g is
in-reality different from Chen-Giedt-Poppitz’s 3-4-5 model, since we impliment:

(i) an onsite-symmetry local lattice model: Our lattice Hamiltonian is built on

1D spatial lattice with on-site U(1) symmetry. We neither implement the GW fermion
nor the Neuberger-Dirac operator (both have non-onsite symmetry).

(ii) a particular set of interaction terms with proper strength:

Our multi fermion interaction terms are particularly-designed gapping terms which
obey not only the symmetry but also certain Lagrangian subgroup algebra. Those
interaction terms are called helpful gapping terms, satisfying Boundary Fully Gap-
ping Rules. We will show that the Chen-Giedt-Poppitz’s Yukawa-Higgs terms induce
extra multi-fermion interaction terms which do not satsify Boundary Fully Gap-
ping Rules. Those extra terms are incompatible harmful terms, competing with the
helpful gapping terms and causing the preformed mass gap unstable so preventing the
mirror sector from being gapped out. (This can be one of the reasons for the failure of
mirror-decoupling in Ref.[125].) We stress that, due to a topological non-perturbative
reason, only a particular set of ideal interaction terms are helpful to fully gap the
mirror sector. Adding more or removing interactions can cause the mass gap unstable
thus the phase flowing to gapless states. In addition, we stress that only when the
helpful interaction terms are in a proper range, intermediate strength for dimensionless
coupling of order 1, can they fully gap the mirror sector, and yet not gap the original
sector (details in Sec.5.3.4). Throughout our work, when we say strong coupling for
our model, we really mean intermediate(-strong) coupling in an appropriate range. In
CGP model, however, their strong coupling may be too strong (with their kinetic term

neglected); which can be another reason for the failure of mirror-decoupling.[125]
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(iii) extra symmetries: For our model, a total even number N of left /right moving

Weyl fermions (N;, = Nr = N/2), we will add only N/2 helpful gapping terms under
the constraint of the Lagrangian subgroup algebra and Boundary Fully Gapping
Rules. As a result, the full symmetry of our lattice model is U(1)N/2 (where the gap-
ping terms break U(1)" down to U(1)V/2). For the case of our 31,-5z-47-0g model, the
full U(1)? symmetry has two sets of U(1) charges, U(1)1s 3-5-4-0 and U(1)g,q 0-4-5-3,
both are anomaly-free and mixed-anomaly-free. Although the physical consideration
only requires the interaction terms to have on-site U(1)1s symmetry, looking for in-
teraction terms with extra U(1) symmetry can help us to identify the helpful gapping
terms and design the proper lattice interactions. CGP model has only a single U(1)14;
symmetry. Here we suggest to improve that model by removing all the interaction
terms that break the U(1)onq symmetry (thus adding all possible terms that preserve

the two U(1) symmetries) with an intermediate strength.

The plan of our attack is the following. In Sec.5.3.2 we first consider a 37-5p-47-Or
anomaly-free chiral fermion field theory model, with a full U(1)? symmetry: A first 3-5-
4-0 U(1)15¢ symmetry for two left-moving fermions of charge-3 and charge-4, and for two
right-moving fermions of charge-5 and charge-0. And a second 0-4-5-3 U(1)2,q Symmetry
for two left-moving fermions of charge-0 and charge-5, and for two right-moving fermions of
charge-4 and charge-3. If we wish to have a single U(1)15 symmetry, we can weakly break
the U(1)onq symmetry by adding tiny local U(1)s,q-symmetry breaking term.

We claim that this model can be put on the lattice with an onsite U(1) symmetry, but
without fermion-doubling problem. We construct a 241D lattice model by simply using four
layers of the zeroth Landau levels(or more precisely, four filled bands with Chern numbers
[128] —1,+1,—1,+1 on a lattice) right-moving, charge-4 left-moving, charge-0 right-moving,
totally four fermionic modes at low energy on one edge. Therefore, by putting the 2D bulk
spatial lattice on a cylinder with two edges, one can leave edge states on one edge untouched
so they remain chiral and gapless, while turning on interactions to gap out the mirrored
edge states on the other edge with a large mass gap.

[INOTE on usages: Here in our work, U(1) symmetry may generically imply copies of U(1)
symmetry such as U(1)M, with positive integer M. (Topological) Boundary Fully Gap-
ping Rules are defined as the rules to open the mass gaps of the boundary states. (Topolog-

ical) Gapped Boundary Conditions are defined to specify certain boundary types which
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are gapped (thus topological). There are two kinds of usages of lattices here discussed in our
work: one is the Hamiltonian lattice model to simulate the chiral fermions/bosons. The
other lattice is the Chern-Simons lattice structure of Hilbert space, which is a quantized

lattice due to the level/charge quantization of Chern-Simons theory. |

5.3.2 3;-5p-4;-0p Chiral Fermion model

The simplest chiral (Weyl) fermion field theory with U(1) symmetry in 1 + 1D is given by

the action

5w, free = / dtdz 1}, (9 — 0.) i (5.32)

However, Nielsen-Ninomiya theorem claims that such a theory cannot be put on a lattice
with unbroken onsite U(1) symmetry, due to the fermion-doubling problem.[54, 111, 112]
While the Ginsparg-Wilson fermion approach can still implement an anomalous single Weyl
fermion on the lattice, our approach cannot (unless we modify local Hamiltonian to infinite-
range hopping non-local Hamiltonian). As we will show, our approach is more restricted,
only limited to the anomaly-free theory. Let us instead consider an anomaly-free 31-5r-47-

Og chiral fermion field theory with an action Sy, free,

/ dtde (6] 5(00 = 0 )ns + W50 + 00 )ms + 0] (9 — Da)bra + i) o (0 + D) no )
(5.33)
where 91,3, ¥R 5, ¥4, and ¢ g are 1-component Weyl spinor, carrying U(1) charges 3,5,4,0
respectively. The subscript L(or R) indicates left(or right) moving along —&(or +z). Al-
though this theory has equal numbers of left and right moving modes, it violates parity and
time reversal symmetry, so it is a chiral theory. Such a chiral fermion field theory is very
special because it is free from U(1) anomaly - it satisfies the anomaly matching condition|[48|
in 1+ 1D, which means Y, g7 ; — ¢f; = 3° — 5% + 4> — 0* = 0. We ask:
Question 1: “Whether there is a local finite Hamiltonian realizing the above U(1) 3-5-4-0
symmetry as an onsite symmetry with short-range interactions defined on a 1D spatial
lattice with a continuous time, such that its low energy physics produces the anomaly-free

chiral fermion theory Eq.(5.33)7”

Yes. We would like to show that the above chiral fermion field theory can be put on

a lattice with unbroken onsite U(1) symmetry, if we include properly-desgined interactions
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between fermions. In fact, we propose that the chiral fermion field theory in Eq.(5.33)
appears as the low energy effective theory of the following 241D lattice model on a cylinder
(see Fig.5-9) with a properly designed Hamiltonian. To derive such a Hamiltonian, we start
from thinking the full two-edges fermion theory with the action Sy, where the particularly

chosen multi-fermion interactions Sy, interact Will be explained:

S\Il = S\IIA,free + S\IIBJree + S\IIB,interact = /dt dx (iquruau\IjA + i\TJBFMOM\IIB
+31 ((TZJR,:%)(J)L,s)(@EAV:E@EA)(?ZJR,OV:E@R,O) +h.c.)
+g2 ((1/~JL,3V1:1/~1L,3)(1;£75V:vﬂg,5)(1h,4)(1/~JL,0) + h-C~)> , (5.34)

The notation for fermion fields on the edge A are ¥, = (¥1.3,YR5,¥r4,VR0) , and
fermion fields on the edge B are ¥g = (1[1,;,5, @5373, ¢L70, 1/3314). (Here a left moving mode in
U 5 corresponds to a right moving mode in ¥ because of Landau level /Chern band chirality,
the details of lattice model will be explained.) The gamma matrices in 141D are presented
in terms of Pauli matrices, with v° = o, v' = ioy, V=49 = —0,, and T? = 10 @ A9,
I =~'@+!, I’ =TT and ¥; = ¥,IV.

In 1+1D, we can do bosonization, where the fermion matter field ¥ turns into bosonic
phase field ®, more explicitly ¢, 3 ~ e@?, VYR5 ~ e ¢L4 ~ el® ¢R0 ~ %0 on A edge,

i®B

o on B edge, up to normal orderings : '® :

Vrs ~ e s~ e Ppy ~ e P~ el
and prefactors,[?] but the precise factor is not of our interest since our goal is to obtain its
non-perturbative lattice realization. So Eq.(5.34) becomes

interact

1
- / dtdac(K}*JGt(I)/}axCI)‘} Vp0,880,83) + (KPB0,080,8" — V;,0,850,08)
T

+ / dtdzx <91 cos(®Y + @F — 208 + 208) + g5 cos(20F — 208 + oF + <I>OB)>. (5.35)

Here I, J runs over 3,5,4,0 and KIAJ = —KP, = diag(1,-1,1,-1) Vi; = diag(1,1,1,1)
are diagonal matrices. All we have to prove is that gapping terms, the cosine terms
with g1, go coupling can gap out all states on the edge B. First, let us understand more

about the full U(1) symmetry. What are the U(1) symmetries? They are transformations
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Figure 5-9: 3-5-4-0 chiral fermion model: (a) The fermions carry U(1) charge 3,5,4,0 for
Y1 3.¥VR5.0L4,0R,0 o0 the edge A, and also for its mirrored partners ¥g 3,91 5,9 R 4,910
on the edge B. We focus on the model with a periodic boundary condition along z, and

a finite-size length along y, effectively as, (b) on a cylinder. (c) The ladder model on a
cylinder with the ¢ hopping term along black links, the ¢ hopping term along brown links.
The shadow on the edge B indicates the gapping terms with G1, Gy couplings in Eq.(5.38)
are imposed.

of

fermions ¢ — ¢ - €%, bosons D — &+ ¢ 6

making the full action invariant. The original four Weyl fermions have a full U(1)* symmetry.
Under two linear-indepndent interaction terms in Sy interact (O Sq)?memct), U(1)* is broken
down to U(1)? symmetry. If we denote these ¢ as a charge vector t = (g3, gs, g4, qo), we find
there are such two charge vectors t; = (3,5,4,0) and t2 = (0,4,5,3) for U(1)1st, U(1)2na

symmetry respectively.

We emphasize that finding those gapping terms in this U(1)? anomaly-free theory is
not accidental. The anomaly matching condition|48] here is satisfied, for the anomalies
> q%’j — q%’j =32 -524+42-0% = 02 — 42 + 52 — 32 = 0, and the mixed anomaly:
3-0—5-444-5—0-3 =0 which can be formulated as

with the U(1) charge vector t = (3,5,4,0), with its transpose t*.

On the other hand, the boundary fully gapping rules require two gapping terms,
here gi cos(¢1 - @) + gocos(ly - @), such that self and mutual statistical angles 6;; defined

below among the Wilson-line operators /;, {; are zeros,

0;;/2m) =0 (KBt ¢, =0/, i,j¢€{1,2} (5.37)
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Indeed, here we have ¢1 = (1,1, —-2,2), 0y = (2,—-2,1, 1) satisfying the rules. Thus we prove
that the mirrored edge states on the edge B can be fully gapped out.

We will prove the anomaly matching condition is equivalent to find a set of gapping
terms g, cos(¢,-®), satisfies the boundary fully gapping rules, detailed in Sec.5.3.7, 5.3.8.
Simply speaking, the anomaly matching condition (Eq.(5.36)) in 1+1D is equivalent
to (an if and only if relation) the boundary fully gapping rules (Eq.(5.37)) in 1+1D
boundary/2+1D bulk for an equal number of left-right moving modes(N;, = Ng, with
central charge ¢, = cg). We prove this is true at least for U(1) symmetry case, with the

bulk theory is a 241D SPT state and the boundary theory is in 1+1D.

We now propose a lattice Hamiltonian model for this 3;-5z-4;-0; chiral
fermion realizing Eq.(5.34) (thus Eq.(5.33) at the low energy once the Edge B is gapped
out). Importantly, we do not discretize the action Eq.(5.34) on the spacetime lattice. We
do not use Ginsparg-Wilson(GW) fermion nor the Neuberger-Dirac operator. GW and
Neuberger-Dirac scheme contains non-onsite symmetry which cause the lattice difficult to
be gauged to chiral gauge theory. Instead, the key step is that we implement the on-site
symmetry lattice fermion model. The free kinetic part is a fermion-hopping model which
has a finite 2D bulk energy gap but with gapless 1D edge states. This can be done by using

any lattice Chern insulator.

We stress that any lattice Chern insulator with onsite-symmetry shall work, and we

design one as in Fig.5-9. Our full Hamiltonian with two interacting G1, G2 gapping terms is
H = > (Z (tigg LI faG) + hoc) + D (g F1G0) fo() + h.c.)> (5.38)
q:3’5’4’0 <'L?]> <<7’7]>>

+ Gy ((ﬁ(j))l(fs(j))l(ﬂ (Dptes) (Folipes.)” + h>

+Ga2 Y ((f3<j>pt.s.)2(f§<j>pt.s.)2(f4<j>)1(foo))l - h)

where ZjeB sums over the lattice points on the right boundary (the edge B in Fig.5-
9), and the fermion operators fg, f5, f4, fo carry a U(1)yg charge 3,5,4,0 and another
U(1)anq charge 0,4,5,3 respectively. We emphasize that this lattice model has onsite U(1)?
symmetry, since this Hamiltonian, including interaction terms, is invariant under a global

U(1)1s¢ transformation on each site for any 6 angle: fg — fgei?’e, f5 — f5ei59, f4 — f4€i40,
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fo — fo, and invariant under another global U(1)2nq transformation for any 6 angle: fs = fa,
fs = f5e%9 fy — f4¢°?) fo — foe®?. The U(1)14 charge is the reason why it is named as
31-5p-41-0r model.

As for notations, (i, 7) stands for nearest-neighbor hopping along black links and ({3, j))
stands for next-nearest-neighbor hopping along brown links in Fig.5-9. Here pt.s. stands
for point-splitting. For example, (f3(j)pr.s.)?> = f3()f3(j + #). We stress that the full
Hamiltonian (including interactions) Eq.(5.38) is short-ranged and local, because each term
only involves coupling within finite number of neighbor sites. The hopping amplitudes t;;3 =
tija and ;5 = ti; , produce bands with Chern number —1, while the hopping amplitudes
tijs = tijo and tj; 5 = t}. , produce bands with Chern number +1 (see Sec.5.3.3.3).[128] The
ground state is obtained by filling the above four bands.

As Eq.(5.38) contains U(1)1 and an accidental extra U(1)gonq symmetry, we shall ask:

Question 2: “Whether there is a local finite Hamiltonian realizing only a U(1) 3-5-
4-0 symmetry as an onsite symmetry with short-range interactions defined on a 1D
spatial lattice with a continuous time, such that its low energy physics produces the

anomaly-free chiral fermion theory Eq.(5.33)?”

Yes, by adding a small local perturbation to break U(1)opq 0-4-5-3 symmetry, we can
achieve a faithful U(1);4 3-5-4-0 symmetry chiral fermion theory of Eq.(5.33). For example,
we can adjust Eq.(5.38)’s H — H + dH by adding;:

A

SH = Gliny D (o) (FDes) (1) + e

JEB
And géiny((&L,fivx&L,?)viqZL,S)(12)275)(1/;24) + hC)
& Griny COS(3PF — ®F — BF) = gi;,, cos(£ - DB). (5.39)

Here we have ¢/ = (3,-1,-1,0). The g, cos(¢ - ®B) is not designed to be a gap-
ping term (its self and mutual statistics happen to be nontrivial: ¢7 . (KB)=1. /¢ =0,
T . (KB)=!. ¢y #0), but this tiny perturbation term is meant to preserve U(1)1g 3-5-4-0
symmetry only, thus 7 -t = ¢7 - (KB)~!. ¢y = 0. We must set (|Gyn,|/|G]) < 1 with
|G1| ~ |G2| ~ |G| about the same magnitude, so that the tiny local perturbation will not
destroy the mass gap.

Without the interaction, i.e. G1 = G5 = 0, the edge excitations of the above four bands

produce the chiral fermion theory Eq.(5.33) on the left edge A and the mirror partners on
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the right edge B. So the total low energy effective theory is non-chiral. In Sec.5.3.3.3, we

will provide an explicit lattice model for this free fermion theory.

However, by turning on the intermediate-strength interaction G1, G2 # 0, we claim the
interaction terms can fully gap out the edge excitations on the right mirrored edge B as
in Fig.5-9. To find those gapping terms is not accidental - it is guaranteed by our proof
of equivalence between the anomaly matching condition[48] (as t} - (K)™!-t; =0 of
Eq.(5.36) ) and the boundary fully gapping rules|60, 68| (here G, G2 terms can gap out
the edge) in 1 4+ 1 D. The low energy effective theory of the interacting lattice model with
only gapless states on the edge A is the chiral fermion theory in Eq.(5.33). Since the width
of the cylinder is finite, the lattice model Eq.(5.38) is actually a 141D lattice model, which
gives a non-perturbative lattice definition of the chiral fermion theory Eq.(5.33). Indeed, the
Hamiltonian and the lattice need not to be restricted merely to Eq.(5.38) and Fig.5-9, we
stress that any on-site symmetry lattice model produces four bands with the desired Chern
numbers would work. We emphasize again that the U(1) symmetry is realized as an onsite
symmetry in our lattice model. It is easy to gauge such an onsite U(1) symmetry to obtain

a chiral fermion theory coupled to a U(1) gauge field.

5.3.3 From a continuum field theory to a discrete lattice model

We now comment about the mapping from a continuum field theory of the action Eq.(5.33)
to a discretized space Hamiltonian Eq.(5.38) with a continuous time. We do not pursue
Ginsparg- Wilson scheme, and our gapless edge states are not derived from the discretiza-
tion of spacetime action. Instead, we will show that the Chern insulator Hamiltonian in
Eq.(5.38) as we described can provide essential gapless edge states for a free theory (without

interactions Gy, Ga).

Energy and Length Scales: We consider a finite 1+1D quantum system with a pe-
riodic length scale L for the compact circle of the cylinder in Fig.5-9. The finite size width
of the cylinder is w. The lattice constant is a. The mass gap we wish to generate on the

mirrored edge is A,,, which causes a two-point correlator has an exponential decay:

W) (0)) ~ (7 O) ~ exp(—|r|/€) (5.40)
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with a correlation length scale £&. The expected length scales follow that
a<{<w<KL. (5.41)

The 1D system size L is larger than the width w, the width w is larger than the correlation

length &, the correlation length £ is larger than the lattice constant a.

5.3.3.1 Free kinetic part and the edge states of a Chern insulator
5.3.3.2 Kinetic part mapping and RG analysis
The kinetic part of the lattice Hamiltonian contains the nearest neighbor hopping term

> i) (tijq f;r (i)fq (j)+h.c.) together with the next-nearest neighbor hopping term 20 (t;j,q

hat f; (7) fq( 7) —i—h.c.), which generate the leading order field theory kinetic term via

tii f10) fa(G) ~ a ilouy + ..., (5.42)

here hopping constants t;;, t;; with a dimension of energy [t;;] = [t},;] = 1, and a is the lattice

spacing with a value [a] = —1. Thus, [f,(j)] = 0 and [¢,] = 3. The map from

fo = Vag+ ... (5.43)

contains subleading terms. Subleading terms ... potentially contain higher derivative V71,

are only subleading perturbative effects

fo—=Vag+ -+ a" asman Vg + ...)

with small coefficients of the polynomial of the small lattice spacing a via agman = Qsman(a) S
(a/L). We comment that only the leading term in the mapping is important, the full ac-
count for the exact mapping from the fermion operator f, to 1), is immaterial to our model,

because of two main reasons:

(i) Our lattice construction is based on several layers of Chern insulators, and the chirality
of each layer’s edge states are protected by a topological number - the first Chern number

C1 € Z. Such an integer Chern number cannot be deformed by small perturbation, thus it
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is non-perturbative topologically robust, hence the chirality of edge states will be pro-
tected and will not be eliminated by small perturbations. The origin of our fermion chirality
(breaking parity and time reversal) is an emergent phenomena due to the complex hopping
amplitude of some hopping constant t;j or t;; € C. Beside, it is well-known that Chern
insulator can produce the gapless fermion energy spectrum at low energy. More details and

the energy spectrum are explicitly presented in Sec.5.3.3.3.

o(ii) The properly-designed interaction effect (from boundary fully gapping rules) is a non-
perturbative topological effect (as we will show in Sec.5.3.8. In addition, we can also
do the weak coupling and the strong coupling RG (renormalization group) analysis to

show such subleading-perturbation is irrelevant.

For weak-coupling RG analysis, we can start from the free theory fixed point, and evalu-
ate asmantq - . - V¥4 term, which has a higher energy dimension than w£8x¢q, thus irrelevant

at the infrared low energy, and irrelevant to the ground state of our Hamiltonian.

For strong-coupling RG analysis at large g1, g2 coupling(shown to be the massive phase
with mass gap in Sec.5.3.8,it is convenient to use the bosonized language to map the
fermion interaction Uipteraction (@Z;q, ey V;L@Z;q, ... ) of Sy interact t0 boson cosine term g, cos(faJ-
®r) of Sq)?nteract. At the large g coupling fixe point, the boson field is pinned down at the
minimum of cosine potential, we thus will consider the dominant term as the discretized
spatial lattice (a site index j) and only a continuous time: [ dt (Z] iy OVE Pri)t+..).
Setting this dominant term to be a marginal operator means the scaling dimension of ®; ;
is [®7;] = 1/2 at strong coupling fixed point. Since the kinetic term is generated by an
operator:

oiPaa

~ eia81<1> ~ ei(¢j+1_q>j)

where e generates the lattice translation by elf*2®e= 2% = & 4+ o, but ¢'® containing
higher powers of irrelevant operators of (®7)" for n > 2, thus the kinetic term is an irrelevant

operator at the strong-coupling massive fixed point.

The higher derivative term agman®y ... Vi1, is generated by the further long range

hopping, thus contains higher powers of : €!® : thus this subleading terms in Eq(5.43) are
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Figure 5-10: Chiral 7-flux square lattice: (a) A unit cell is indicated as the shaded darker
region, containing two sublattice as a black dot a and a white dot b. The lattice Hamiltonian
has hopping constants, ¢t;e"™/4 along the black arrow direction, o along dashed brown links,
—ty along dotted brown links. (b) Put the lattice on a cylinder. (¢) The ladder: the lattice
on a cylinder with a square lattice width. The chirality of edge state is along the direction
of blue arrows.

further irrelevant perturbation at the infrared, comparing to the dominant cosine terms.

5.3.3.3 Numerical simulation for the free fermion theory with nontrivial Chern

number

Follow from Sec.5.3.2 and 5.3.3.2, here we provide a concrete lattice realization for free
fermions part of Eq.(5.38) (with G; = G2 = 0), and show that the Chern insulator provides
the desired gapless fermion energy spectrum (say, a left-moving Weyl fermion on the edge
A and a right-moving Weyl fermion on the edge B, and totally a Dirac fermion for the
combined). We adopt the chiral n-flux square lattice model in Fig.5-10 as an example.
This lattice model can be regarded as a free theory of 3-5-4-0 fermions of Eq.(5.33) with
its mirrored conjugate. We will explicitly show filling the first Chern number[128] C; = —1
band of the lattice on a cylinder would give the edge states of a free fermion with U(1) charge
3, similar four copies of model together render 3-5-4-0 free fermions theory of Eq.(5.38).

We design hopping constants ¢;;3 = t1€™/* along the black arrow direction in Fig.5-10,

and its hermitian conjugate determines t;;3 = 1 e~in/4 along the opposite hopping direction;
ti;3 = t2 along dashed brown links, t}, 5 = —t5 along dotted brown links. The shaded blue

region in Fig.5-10 indicates a unit cell, containing two sublattice as a black dot a and a
white dot b. If we put the lattice model on a torus with periodic boundary conditions for
both z,y directions, then we can write the Hamiltonian in k = (k;, k) space in Brillouin

zone (BZ), as H =), fliH(k)fk, where fx = (fax fox). For two sublattice a,b, we have
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a generic pseudospin form of Hamiltonian H (k),
H(k) = By(k) + B(k) - &. (5.44)

& are Pauli matrices (04,0y,0.). In this model By(k) = 0 and B = (B,(k), By(k), B> (k))
have three components in terms of k and lattice constants a;,a,. The eigenenergy E4
of H(k) provide two nearly-flat energy bands, shown in Fig.5-11, from H(k)|¢+(k)) =
E+ [+ (k)).

For the later purpose to have the least mixing between edge states on the left edge A and
right edge B on a cylinder in Fig.5-10(b), here we fine tune to/¢t; = 1/2. For convenience, we
simply set t; = 1 as the order magnitude of E+. We set lattice constants a, = 1/2,a, =1
such that BZ has —m < k, < m, -7 < k, < 7. The first Chern number[128| of the energy
band [¢4(k)) is

1 .
Crm g [ e oy, (wiI)| - i, [0(k). (5.45)
T JkeBzZ
We find C'1 + = £1 for two bands. The C; _ = —1 lower energy band indicates the clockwise

chirality of edge states when we put the lattice on a cylinder as in Fig.5-10(b). Overall
it implies the chirality of the edge state on the left edge A moving along —Z direction,
and on the right edge B moving along +& direction - the clockwise chirality as in Fig.5-
10(b), consistent with the earlier result C; — = —1 of Chern number. This edge chirality is

demonstrated in Fig.5-12.

Figure 5-11: Two nearly-flat energy bands E- in Brillouin zone for the kinetic hopping terms
of our model Eq.(5.38).

The above construction is for edge states of free fermion with U(1) charge 3 of 3p-
5r-47-0r fermion model. Add the same copy with C; _— = —1 lower band gives another

layer of U(1) charge 4 free fermion. For another layers of U(1) charge 5 and 0, we simply
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adjust hopping constant ¢;; to t1e71™/4 along the black arrow direction and t;¢™/4 along the
opposite direction in Fig.5-10, which makes C; - = +1. Stack four copies of chiral m-flux
ladders with C; — = —1,41, —1, +1 provides the lattice model of 3-5-4-0 free fermions with

its mirrored conjugate.

The lattice model so far is an effective 1+1D non-chiral theory. We claim the interaction
terms (G1,G2 # 0) can gap out the mirrored edge states on the edge B. The simulation
including interactions can be numerically expansive, even so on a simple ladder model. Be-
cause of higher power interactions, one can no longer diagonalize the model in k space as the
case of the quadratic free-fermion Hamiltonian. For interacting case, one may need to apply
exact diagonalization in real space, or density matrix renormalization group (DMRG), which
is powerful in 14+1D. We leave this interacting numerical study for the lattice community or

the future work.

E(ky) E(ko) Density (fa' fa) and (fg" fs) on the Edge

Ky

(a) = -z 0 £ T (b) x oz 0 z T (C)O - =z 0 z T

Figure 5-12: The energy spectrum E(k,) and the density matrix (fTf) of the chiral 7-flux
model on a cylinder: (a) On a 10-sites width (9a,-width) cylinder: The blue curves are
edge states spectrum. The black curves are for states extending in the bulk. The chemical
potential at zero energy fills eigenstates in solid curves, and leaves eigenstates in dashed
curves unfilled. (b) On the ladder, a 2-sites width (la,-width) cylinder: the same as the
(a)’s convention. (c) The density (fTf) of the edge eigenstates (the solid blue curve in (b))
on the ladder lattice. The dotted blue curve shows the total density sums to 1, the darker
purple curve shows ( f); fa) on the left edge A, and the lighter purple curve shows ( f]; B)
on the right edge B. The dotted darker(or lighter) purple curve shows density ( f};a fa,a) (or
( f];a /B,a)) on sublattice a, while the dashed darker(or lighter) purple curve shows density

( f); pfap) (or ( f]; »/B.p)) on sublattice b. This edge eigenstate has the left edge A density
with majority quantum number k, < 0, and has the right edge B density with majority
quantum number k; > 0. Densities on two sublattice a,b are equally distributed as we
desire.
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5.3.4 Interaction gapping terms and the strong coupling scale

Similar to Sec.5.3.3.2, for the interaction gapping terms of the Hamiltonian, we can do

the mapping based on Eq.(5.43), where the leading terms on the lattice is

Ga COS(£Q7I : q)l) = Uinteraction (Q;qa ) vgl;qa s )) — Upoint.split. <fq(])v s (f(?(]))ptsa .. > + Qgmall - - - (54'

Again, potentially there may contain subleading pieces, such as further higher order deriva-
tives asman Vit with a small coefficient agman, or tiny mixing of the different U(1)-charge
flavors o .1%q ¥g, - ... However, using the same RG analysis in Sec.5.3.3.2, at both the
weak coupling and the strong coupling fix points, we learn that those agman terms are only
subleading-perturbative effects which are further irrelevant perturbation at the infrared
comparing to the dominant piece (which is the kinetic term for the weak g coupling, but is
replaced by the cosine term for the strong g coupling).

One more question to ask is: what is the scale of coupling G such that the gapping
term becomes dominant and the B edge states form the mass gaps, but maintaining
(without interfering with) the gapless A edge states?

To answer this question, we first know the absolute value of energy magnitude for each

term in the desired Hamiltonian for our chiral fermion model:

|G gapping term| > |t;;, . kinetic term| (5.47)

ij

> |G higher order V7 and mixing terms| >> |ty t;; higher order ¢ ... V3],

For field theory, the gapping terms (the cosine potential term or the multi-fermion
interactions) are irrelevant for a weak g coupling, this implies that g needs to be large
enough. Here the g = (g,)/a® really means the dimensionless quantity g,.

For lattice model, however, the dimensional analysis is very different. Since the G
coupling of gapping terms and the hopping amplitude ¢;; both have dimension of energy
[G] = [tij] = 1, this means that the scale of the dimensionless quantity of |G|/|t;;| is
important. (The [t;;], [t;;| are about the same order of magnitude.)

Presumably we can design the lattice model under Eq.(5.41), a < £ < w < L, such that
their ratios between each length scale are about the same. We expect the ratio of couplings

of |G| to [ti;| is about the ratio of mass gap A, to kinetic energy fluctuation 0 Ej, caused by
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t;; hopping, thus very roughly

G| Ap, (5)_1 w L 13
tl "B ) e T w e (549

We expect that the scales at strong coupling G is about

2 Iyl (5.49)
this magnitude can support our lattice chiral fermion model with mirror-fermion decoupling.
If G is too much smaller than |¢;;] - %, then mirror sector stays gapless. On the other hand,
if |G|/|ti;| is too much stronger or simply |G|/|t;;| — oo may cause either of two disastrous
cases:
(i) Both edges would be gapped and the whole 2D plane becomes dead without kinetic
hopping, if the correlation length reaches the scale of the cylinder width: £ 2 w.
(ii) The B edge(say at site ng) becomes completely gapped, but forms a dead overly-high-
energy 1D line decoupled from the remain lattice. The neighbored line (along (n—1)g) next
to edge B experiences no interaction thus may still form mirror gapless states near B. (This
may be another reason why CGP fails in Ref.[125] due to implementing overlarge strong
coupling.)
So either the two cases caused by too much strong |G|/|t;;| is not favorable. Only |G| 2
|ti;] - g, we can have the mirrored sector at edge B gapped, meanwhile keep the chiral
1G]

sector at edge A gapless. Tl is somehow larger than order 1 is what we referred as the
ij

intermediate(-strong) coupling.

G

] = 0(1). (5.50)

|ti5]
(Our O(1) means some finite values, possibly as large as 10%,10°, etc, but still finite. And
the kinetic term is not negligible.) The sign of G coupling shall not matter, since in the
cosine potential language, either g, go greater or smaller than zero are related by sifting the

minimum energy vaccua of the cosine potential.

To summarize, the two key messages in Sec.5.3.3 are:

e First, the free-kinetic hopping part of lattice model has been simulated and there gapless
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energy spectra have been computed shown in Figures. The energy spectra indeed show
the gapless Weyl fermions on each edge. So, the continuum field theory to a lattice model
mapping is immaterial to the subleading terms of Eq.(5.43), the physics is as good or as
exact as we expect for the free kinetic part. We comment that this lattice realization of
quantum hall-like states with chiral edges have been implemented for long in condensed
matter, dated back as early such as Haldane’s work.|?]
e Second, by adding the interaction gapping terms, the spectra will be modified from the
mirror gapless edge to the mirror gapped edge. The continuum field theory to a lattice model
mapping based on Eq.(5.43) for the gapping terms in Eq.(5.46) is as good or as exact as the
free kinetic part Eq.(5.42), because the mapping is the same procedure as in Eq.(5.43). Since
the subleading correction for the free and for the interacting parts are further irrelevant
perturbation at the infrared, the non-perturbative topological effect of the gapped edge
contributed from the leading terms remains.

In the next section, we will provide a topological non-perturbative proof to justify
that the G1,Gy interaction terms can gap out mirrored edge states, without employing

numerical methods, but purely based on an analytical derivation.

5.3.5 Topological Non-Perturbative Proof of Anomaly Matching Condi-
tions = Boundary Fully Gapping Rules

As Sec.5.3.2,5.3.3 prelude, we now show that Eq.(5.38) indeed gaps out the mirrored edge
states on the edge B in Fig.5-9. This proof will support the evidence that Eq.(5.38) gives
the non-perturbative lattice definition of the 1+1D chiral fermion theory of Eq.(5.33).

In Sec.5.3.6, we first provide a generic way to formulate our model, with a insulating bulk
but with gapless edge states. This can be done through so called the bulk-edge correspon-
dence, namely the Chern-Simons theory in the bulk and the Wess-Zumino-Witten(WZW)
model on the boundary. More specifically, for our case with U(1) symmetry chiral mat-
ter theory, we only needs a U(1)" rank-N Abelian K matrix Chern-Simons theory in the
bulk and the multiplet chiral boson theory on the boundary. We can further fermionize the
multiplet chiral boson theory to the multiplet chiral fermion theory.

In Sec.5.3.7, we provide a physical understanding between the anomaly matching con-
ditions and the effective Hall conductance. This intuition will be helpful to understand the

relation between the anomaly matching conditions and Boundary Fully Gapping Rules, to
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be discussed in Sec.5.3.8.

5.3.6 Bulk-Edge Correspondence - 2-+1D Bulk Abelian SPT by Chern-

Simons theory

With our 3;-5r-4;-Or chiral fermion model in mind, below we will trace back to fill in
the background how we obtain this model from the understanding of symmetry-protected
topological states (SPT). This understanding in the end leads to a more general construction.

We first notice that the bosonized action of the free part of chiral fermions in Eq.(5.35),
can be regarded as the edge states action Sy of a bulk U(1)" Abelian K matrix Chern-Simons

theory Spyuix (on a 241D manifold M with the 1+1D boundary dM):

K K
Sputk = T;J /M ar Nday = 4er /M dt d2$€“”pa,€3uag, (5.51)
1
Sy = E g dt de K;j0;910,95 — V50, 910.D . (5.52)
M

Here a,, is intrinsic 1-form gauge field from a low energy viewpoint. Both indices I,J run
from 1 to N. Given Kj; matrix, it is known the ground state degeneracy (GSD) of this
theory on the T2 torus is GSD = |det K|.Here V7 is the symmetric ‘velocity’ matrix, we
can simply choose V7; = |, without losing generality of our argument. The U(1)" gauge
transformation is a;y — ay + df; and ®; — ®; 4+ f;. The bulk-edge correspondence is meant
to have the gauge non-invariances of the bulk-only and the edge-only cancel with each other,
so that the total gauge invariances is achieved from the full bulk and edge as a whole.

We will consider only an even integer N € 2Z%. The reason is that only such even
number of edge modes, we can potentially gap out the edge states. (For odd integer N, such
a set of gapping interaction terms generically do not exist, so the mirror edge states remain
gapless.)

To formulate 37-5r-47-0r fermion model, as shown in Eq.(5.35), we need a rank-4 K
matrix (§ % )@(§ % ). Generically, for a general U(1) chiral fermion model, we can use a

canonical fermionic matrix

Eion=0@2)el )e (@ Y)e. .. (5.53)

Such a matrix is special, because it describes a more-restricted Abelian Chern-Simons theory
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with GSD= | det K JJ; .n| = 1onthe T? torus. In the condensed matter language, the uniques
GSD implies it has no long range entanglement, and it has no intrinsic topological order.
Such a state may be wronged to be only a trivial insulator, but actually this is recently-

known to be potentially nontrivial as the symmetry-protected topological states (SPT).

(This paragraph is for readers with interests in SPT: SPT are short-range entangled
states with onsite symmetry in the bulk. For SPT, there is no long-range entanglement,
no fractionalized quasiparticles (fractional anyons) and no fractional statistics in the bulk.
The bulk onsite symmetry may be realized as a non-onsite symmetry on the boundary. If
one gauges the non-onsite symmetry of the boundary SPT, the boundary theory becomes
an anomalous gauge theory.[127] The anomalous gauge theory is ill-defined in its own di-
mension, but can be defined as the boundary of the bulk SPT. However, this understanding
indicates that if the boundary theory happens to be anomaly-free, then it can be defined

non-perturbatively on the same dimensional lattice.)

K ]{,X n matrix describe fermionic SPT states, which is described by bulk spin Chern-
Simons theory of |det K| = 1. A spin Chern-Simons theory only exist on the spin manifold,
which has spin structure and can further define spinor bundles. However, there are another
simpler class of SPT states, the bosonic SPT states, which is described by the canonical
form K ?Vix n With blocks of ((1) (1)) and a set of all positive(or negative) coefficients Eg lattices

Ky, namely,

Ko = (0h)e(td)e ... (50

K?VixN = Kbo D (:tKEs) D (iKEs) D...

The Kg, matrix describe 8-multiplet chiral bosons moving in the same direction, thus it
cannot be gapped by adding multi-fermion interaction among themselves. We will neglect
Eg chiral boson states but only focus on K}’\?X y for the reason to consider only the gappable
states. The K-matrix form of Eq.(5.53),(5.54) is called the unimodular indefinite symmetric

integral matriz.

After fermionizing the boundary action Eq.(5.52) with K ]{]X n matrix, we obtain multi-

plet chiral fermions (with several pairs, each pair contain left-right moving Weyl fermions
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forming a Dirac fermion).

Sy :/ dt dz (10 T 0,0 ). (5.55)
oM
N/2 N/2 ~
with T = @4°, Tt = @+, T° =TT, ¥; = §,I0 and 1° = 04, 7! =0y, 7° =709 =
j=1 j=1

—0,.

Symmetry transformation for the edge states-

The edge states of K }\;X N and K}’\?X n Chern-Simons theory are non-chiral in the sense
there are equal number of left and right moving modes. However, we can make them with
a charged ‘chirality’ respect to a global(or external probed, or dynamical gauge) symmetry
group. For the purpose to build up our ‘chiral fermions and chiral bosons’ model with ‘charge
chirality,” we consider the simplest possibility to couple it to a global U(1) symmetry with

a charge vector t. (This is the same as the symmetry charge vector of SPT states|66, 67])

Chiral Bosons: For the case of multiplet chiral boson theory of Eq.(5.52), the group

element gy of U(1) symmetry acts on chiral fields as
gg : WY =1y n, sV = gt (5.56)
With the following symmetry transformation,

To derive this boundary symmetry transformation from the bulk Chern-Simons theory
via bulk-edge correspondence, we first write down the charge coupling bulk Lagrangian
term, namely % e“”pAua,,ag, where the global symmetry current qf J/# = % e“”p(?,,af) is
coupled to an external gauge field A,. The bulk U(1)-symmetry current q’JI* induces a
boundary U(1)-symmetry current j/* = % e 0,¢r. This implies the boundary symmetry

operator is Sgym = exp(i6 % [ 8261), with an arbitrary U(1) angle # The induced symmetry

transformation on ¢y is:

l
(Ssym)(ﬁl(ssym)il = ¢I - 19/d$;_‘_[¢1)8x¢l] = ¢I + G(Kil)llql = ¢I + 9t1, (558)
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here we have used the canonical commutation relation [¢;, d,¢;] =i (K1), Compare the

two Eq.(5.57),(5.58), we learn that
tr = (Kﬁl)uql.

The charge vectors t; and ' are related by an inverse of the K matrix. The generic
interacting or gapping terms|60, 68, 66| for the multiplet chiral boson theory are the sine-

Gordon or the cosine term

So,gap = /dt dx Zga cos(ly - Pr). (5.59)

If we insist that Sp gap obeys U(1) symmetry, to make Eq.(5.59) invariant under Eq.(5.58),

we have to impose

oy ®r = Ly p- (2 + 06" Mo)mod 27

50 Ly tr=0[=l, (K ")y-q =0]| (5.60)

)

The above generic U(1) symmetry transformation works for bosonic K%,  as well as
fermionic K ]{,X N
Chiral Fermions: In the case of fermionic K };X ~» we will do one more step to fermionize the
multiplet chiral boson theory. Fermionize the free kinetic part from Eq.(5.52) to Eq.(5.55),

as well as the interacting cosine term:

N
Gacos(ly - Dp) = H (ar) (Vatbar) - (V™" " 404,)) = Usnteraction (Vg - -, Vit )
= (5.61)
to multi-fermion interaction. The € is defined as the complex conjugation operator which
depends on sgn(4, s), the sign of £, ;. When sgn(f, ;) = —1, we define ¢ = ¢! and also
for the higher power polynomial terms. Again, we absorb the normalization factor and the
Klein factors through normal ordering of bosonization into the factor g,. The precise factor

is not of our concern, since our goal is a non-perturbative lattice model. Obviously, the U(1)

symmetry transformation for fermions is

i (K~ Yqh
w(ﬂ - Tzz)qire b0 = ¢q16 (K™ Dnad (5.62)
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In summary, we have shown a framework to describe U(1) symmetry chiral fermion/boson
model using the bulk-edge correspondence, the explicit Chern-Siomns/WZW actions are
given in Eq.(5.51), (5.52), (5.55), (5.59), (5.61), and their symmetry realization Eq.(5.58),(5.62)
and constrain are given in Eq.(5.60),(5.60). Their physical properties are tightly associated

to the fermionic/bosonic SPT states.

5.3.7 Anomaly Matching Conditions and Effective Hall Conductance

The bulk-edge correspondence is meant, not only to achieve the gauge invariance by canceling
the non-invariance of bulk-only and boundary-only, but also to have the boundary anomalous
current flow can be transported into the extra dimensional bulk. This is known as Callan-
Harvey effect in high energy physics, Laughlin thought experiment, or simply the quantum-
hall-like state bulk-edge correspondence in condensed matter theory.

The goal of this subsection is to provide a concrete physical understanding of the anomaly

matching conditions and effective Hall conductance :

e (i) The anomalous current inflowing from the boundary is transported into the bulk.
We now show that this thinking can easily derive the 141D U(1) Adler-Bell-Jackiw(ABJ)
anomaly, or Schwinger’s 141D quantum electrodynamics(QED) anomaly.

We will focus on the U(1) chiral anomaly, which is ABJ anomaly[58, 59| type. It is well-
known that ABJ anomaly can be captured by the anomaly factor A of the 1-loop polygon

Feynman diagrams (see Fig.5-13). The anomaly matching condition requires
A= tr[T*TT¢...] = 0. (5.63)

Here T is the (fundamental) representation of the global or gauge symmetry algebra, which
contributes to the vertices of 1-loop polygon Feynman diagrams.

For example, the 3+1D chiral anomaly 1-loop triangle diagram of U(1) symmetry in
Fig.5-13(a) with chiral fermions on the loop gives A = > (¢} — ¢%,). Similarly, the 1+1D
chiral anomaly 1-loop diagram of U(1) symmetry in Fig.5-13(b) with chiral fermions on the
loop gives A = Z(q% — q%). Here L, R stand for left-moving and right-moving modes.

How to derive this anomaly matching condition from a condensed matter theory view-

point? Conceptually, we understand that
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(a) (b) :

Figure 5-13: Feynman diagrams with solid lines representing chiral fermions and wavy lines
representing U(1) gauge bosons: (a) 3+1D chiral fermionic anomaly shows A = ) q(q% —q3)
(b) 1+1D chiral fermionic anomaly shows A =Y (7 — q7)

A d-dimensional anomaly free theory (which satisfies the anomaly matching condition)
means that there is no anomalous current leaking from its d-dimensional spacetime (as the

boundary) to an extended bulk theory of d + 1-dimension.
More precisely, for an 141D U(1) anomalous theory realization of the above statement, we

can formulate it as the boundary of a 241D bulk as in Fig.5-1 with a Chern-Simons action
(S=7J (g aAda+ 5-AAda)). Here the field strength F' = dA is equivalent to the ex-
ternal U(1) flux in the Laughlin’s flux-insertion thought experiment threading through the
cylinder (see a precise derivation in the Appendix of Ref.[57]). Without losing generality,
let us first focus on the boundary action of Eq.(5.52) as a chiral boson theory with only
one edge mode. We derive its equations of motion as shown in Sec.5.1 on chiral anomaly
and QH states correspondence. Here we derive the Hall conductance, easily obtained from
its definitive relation J, = 04, E, in Eq.(5.1), 04y = ¢K 'q/(27). Here ji, stands for the
edge current, with a left-moving current j; = jp on one edge and a right-moving current
Jr = —Jb on the other edge, as in Fig.5-1. We convert a compact bosonic phase ® to the
fermion field ¥ by bosonization. We can combine currents ji, + jr as the vector current jv,
then find its U(1)y current conserved. We combine currents ji, — jr as the axial current
JA, then we obtain the famous ABJ U(1)4 anomalous current in 1+1D (or Schwinger 141D
QED anomaly). This simple physical derivation shows that the left and right edges’ bound-
ary theories (living on the edge of a 241D U(1) Chern-Simons theory) can combine to be a
1+1D anomalous world of Schwinger’s 1+1D QED.

In other words, when the anomaly-matching condition holds (A = 0), then there is no
anomalous leaking current into the extended bulk theory,as in Fig.5-1, so no ‘effective Hall

conductance’ for this anomaly-free theory.

It is straightforward to generalize the above discussion to a rank-N K matrix Chern-

Simons theory. It is easy to show that the Hall conductance in a 241D system for a generic
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K matrix is (via q; = K, tr)

1 _ 1
me:%q~Kl-q:%t-K-t. (5.64)

For a 241D fermionic system for K7/ matrix of Eq.(5.53),

2
_ 49 f 1 2 2y _ 1
Oy = %t(KNxN)t =5 ;(QL —qR) = 5,4. (5.65)
Remarkably, this physical picture demonstrates that we can reverse the logic, starting from
the ‘effective Hall conductance of the bulk system’ to derive the anomaly factor from

the relation

A (anomaly factor) = 27wy, (effective Hall conductance) (5.66)

And from the “no anomalous current in the bulk” means that “o,, = 07, we can further
understand “the anomaly matching condition A = 270, = 0.”
For the U(1) symmetry case, we can explicitly derive the anomaly matching condition

for fermions and bosons.

5.3.8 Anomaly Matching Conditions and Boundary Fully Gapping Rules

This subsection is the main emphasis of our work, and we encourage the readers paying extra
attentions on the result presented here. We will first present a heuristic physical argument
on the rules that under what situations the boundary states can be gapped, named as the
Boundary Fully Gapping Rules. We will then provide a topological non-perturbative
proof using the notion of Lagrangian subgroup and the exact sequence, following our pre-
vious work Ref.[60] and the work in Ref.[68]. And we will also provide perturbative RG

analysis, both for strong and weak coupling analysis of cosine potential cases.

5.3.8.1 topological non-perturbative proof

The above physical picture is suggestive, but not yet rigorous enough mathematically. Here
we will formulate some topological non-perturbative proofs for Boundary Fully Gapping

Rules, and its equivalence to the anomaly-matching conditions for the case of U(1)
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symmetry. The first approach is using the topological quantum field theory(TQFT) along
the logic of Ref.[129]. The new ingredient for us is to find the equivalence of the gapped
boundary to the anomaly-matching conditions.

For a field theory, the boundary condition is defined by a Lagrangian submanifold in
the space of Cauchy boundary condition data on the boundary. For a topological gapped
boundary condition of a TQFT with a gauge group, we must choose a Lagrangian subspace
in the Lie algebra of the gauge group. A subspace is Lagrangian if and only if it is both
isotropic and coisotropic.

Specifically, for W be a linear subspace of a finite-dimensional vector space V. Define

the symplectic complement of W to be the subspace W+ as

Wt={weV]|whw =0, YweW} (5.67)

Here w is the symplectic form, in the matrix form w = with 0 and 1 are the block
-1 0

matrix of the zero and the identity. The symplectic complement W+ satisfies: (W+)+ = W,
dim W + dim W+ = dim V. We have:

e W is Lagrangian if and only if it is both isotropic and coisotropic, namely, if and only if
W = W . In a finite-dimensional V, a Lagrangian subspace W is an isotropic one whose
dimension is half that of V.

Now let us focus on the K-matrix U(1)" Chern-Simons theory, the symplectic form w is

given by (with the restricted a ; on M)

Ky

w= "k /M(aa”J)Ad(an). (5.68)

The bulk gauge group U(l)N = T, as the torus, is the quotient space of N-dimensional
vector space V by a subgroup A = ZV. Locally the gauge field a is a 1-form, which has
values in the Lie algebra of T, we can denote this Lie algebra t) as the vector space
tA=A®R.

Importantly, for topological gapped boundary, a) ; lies in a Lagrangian subspace of tp
implies that the boundary gauge group (= T,,) is a Lagrangian subgroup. We can

rephrase it in terms of the exact sequence for the vector space of Abelian group A = ZN
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and its subgroup Ag:
0= Ao B A— AJAg— 0. (5.69)

Here 0 means the trivial zero-dimensional vector space and h is an injective map from Ag to
A. We can also rephrase it in terms of the exact sequence for the vector space of Lie algebra

by0—>tz*A/A0) — t) —>t}§0 — 0.

The generic Lagrangian subgroup condition applies to K-matrix with the above sym-
plectic form Eq.(5.68) renders three conditions on W:
¢(i) The subspace W is isotropic with respect to the symmetric bilinear form K.
¢(ii) The subspace dimension is a half of the dimension of tj.
o(iti) The signature of K is zero. This means that K has the same number of positive and
negative eigenvalues.

Now we can examine the if and only if conditions e(7),e(ii),e(ii7) listed above.

For (i) “The subspace is isotropic with respect to the symmetric bilinear form K” to be
true, we have an extra condition on the injective h matrix (h with NV x (N/2) components)

for the K matrix:

b Kh =0 (570

Since K is invertible(det(K) # 0), by defining a N x (N/2)-component L = Kh, we have

LK 'L=0]| (5.71)

an equivalent condition:

7

For e(ii), “the subspace dimension is a half of the dimension of t,” is true if Ay is a

rank-N/2 integer matrix.

For e(iii), “the signature of K is zero” is true, because our Ky and fermionic Ky matrices
implies that we have same number of left moving modes (N/2) and right moving modes

(N/2), with N € 2Z" an even number.

Lo and behold, these above conditions e(i),e(ii),e(iii) are equivalent to the boundary

full gapping rules listed earlier. We can interpret (i) as trivial statistics by either writing
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in the column vector of h matrix (h = (771, 72, ... ,nN/Q) with N x (N/2)-components):

Na,; Ky, g0 =0 ‘ (5.72)

or writing in the column vector of L matrix (L = (El,ﬂg,...,ENﬂ) with N x (N/2)-

components):

lot K7l =0| (5.73)

for any ¢4, 0, € T? = 32, ca€a71|ca € Z} of boundary gapping lattice(Lagrangian subgroup).
Namely, the boundary gapping lattice T'? is basically the N/2-dimensional vector space of

a Chern-Simons lattice spanned by the N/2-independent column vectors of L matrix (L =

(ﬁl,eg,...,eAVQ)).

Moreover, we can go a step further to relate the above rules equivalent to the anomaly-
matching conditions. By adding the corresponding cosine potential g, cos(¢, - ®) to the

edge states of U(1)"Y Chern-Simons theory, we break the symmetry down to
UMY = u@)N2.

What are the remained U(1)Y/2 symmetry? By Eq.(5.60), this remained U(1)V/2 symmetry
is generated by a number of N/2 of t,; vectors satisfying log tor =0. We can easily
construct

tor = K;j 6, t=K 'L (5.74)

with N/2 number of them (or define t as the linear-combination of t, 1 = >, crp (K;}€67J)).
It turns out that U(1)™/? symmetry is exactly generated by tpr with b=1,...,N/2, and
these remained unbroken symmetry with N/2 of U(1) generators are anomaly-free and

mixed anomaly-free, due to

taJ/K[/J/tb’J/ = Ea’pKI_,{l],fb,J/ =0/ (5.75)

Indeed, t, must be anomaly-free, because it is easily notice that by defining an N x N/2

matrix t = <t1,t2, .. ,tN/Q) = (771,772, el nN/Q) of Eq.(5.70), thus we must have:

, where t = h. (5.76)
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This is exactly the anomaly factor and the effective Hall conductance discussed in Sec.5.3.7.

In summary of the above, we have provided a topological non-perturbative proof that
the Boundary Fully Gapping Rules, and its extension to the equivalence relation to
the anomaly-matching conditions. We emphasize that Boundary Fully Gapping
Rules provide a topological statement on the gapped boundary conditions, which is non-
perturbative, while the anomaly-matching conditions are also non-perturbative in the
sense that the conditions hold at any energy scale, from low energy IR to high energy
UV. Thus, the equivalence between the twos is remarkable, especially that both are non-
perturbative statements (namely the proof we provide is as exact as integer number values
without allowing any small perturbative expansion). Our proof apply to a bulk U(1)Y K
matrix Chern-Simons theory (describing bulk Abelian topological orders or Abelian SPT

states) with boundary multiplet chiral boson/fermion theories.

5.3.8.2 perturbative arguments

Apart from the non-perturbative proof using TQF T, we can use other well-known techniques
to show the boundary is gapped when the Boundary Fully Gapping Rules are satisfied.
it is convenient to map the K xy-matrix multiplet chiral boson theory to N/2 copies of

non-chiral Luttinger liquids, each copy with an action

1 L L B
/ At (1 (O03uDe+ D:adil) — VisDe10:25) + gcos(3 0))  (5.77)

at large coupling g at the low energy ground state. Notice that the mapping sends & —
" = (¢1, P, ... ,gEN/Q, 01,0, ... ,H_N/Q) in a new basis, such that the cosine potential only
takes one field 6, decoupled from the full multiplet. However, this mapping has been shown
to be possible if LT KL = 0 is satisfied.

When the mapping is done, we can simply study a single copy of non-chiral Luttinger lig-
uids, and which, by changing of variables, is indeed equivalent to the action of Klein-Gordon
fields with a sine-Gordon cosine potential studied by S.Coleman. We have demonstrated

various ways to show the existence of mass gap of this sine-Gordon action For example,

e For non-perturbative perspectives, there is a duality between the quantum sine-Gordon

action of bosons and the massive Thirring model of fermions in 1+1D. In the sense, it is
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an integrable model, and the Zamolodchikov formula is known and Bethe ansatz can be

applicable. The mass gap is known unambiguously at the large g.
e For perturbative arguments, we can use RG to do weak or strong coupling expansions.

For weak coupling g analysis, it is known that choosing the kinetic term as a marginal
term, and the scaling dimension of the normal ordered [cos(0)] = %2 In the weak coupling
analysis, 4% < 82 = 4 will flow to the large g gapped phases (with an exponentially decaying
correlator) at low energy, while 42 > 32 will have the low energy flow to the quasi-long-range
gapless phases (with an algebraic decaying correlator) at the low energy ground state. At
B = B, it is known to have Berezinsky-Kosterlitz-Thouless(BKT) transition. We find that
our model satisfies 32 < 32, thus necessarily flows to gapped phases, because the gapping

terms can be written as g, cos(f1) + g, cos(fs) in the new basis, where both 5% =1 < 2.
However, the weak coupling RG may not account the correct physics at large g.

We also perform the strong coupling g RG analysis, by setting the pin-down fields at
large g coupling of g cos(86) with the quadratic fluctuations as the marginal operators. We
find the kinetic term changes to an irrelevant operator. And the two-point correlator at
large g coupling exponentially decays implies that our starting point is a strong-coupling
fixed point of gapped phase. Such an analysis shows [S-independence, where the gapped
phase is universal at strong coupling g regardless the values of 5 and robust against kinetic
perturbation. It implies that there is no instanton connecting different minimum vacua of

large-g cosine potential for 1+1D at zero temperature for this particular action Eq.(5.77).

In short, from the mapping to decoupled N/2-copies of non-chiral Luttinger liquids with
gapped spectra together with the anomaly-matching conditions proved, we obtain the rela-

tions:

the U(1)N/? anomaly-free theory (q7 - K~!-q=1t" - K - t = 0) with gapping terms
LT KL = 0 satisfied.

!

the K matrix multiplet-chirla boson theories with gapping terms LT K~'L = 0 satisfied.

{
N/2-decoupled-copies of non-Chiral Luttinger liquid actions with gapped energy spectra.
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5.3.8.3 preserved U(l)N/2 symmetry and a unique ground state

We would like to discuss the symmetry of the system further. As we mention in Sec.5.3.8.1,
the symmetry is broken down from U(1)Y — U(1)V/2 by adding N/2 gapping terms with
N = 4. In the case of gapping terms ¢; = (1,1,—2,2) and ¢» = (2,-2,1,1), we can
find the unbroken symmetry by Eq.(5.74), where the symmetry charge vectors are t; =
(1,—1,—-2,-2) and t2 = (2,2,1,—1). The symmetry vector can have another familiar linear
combination t; = (3,5,4,0) and te = (0,4,5,3), which indeed matches to our original
U(1)1st 3-5-4-0 and U(1)gpq 0-4-5-3 symmetries. Similarly, the two gapping terms can have
another linear combinations: ¢; = (3,—5,4,0) and ¢2 = (0,4, —5,3). We can freely choose

any linear-independent combination set of the following,

3 0 1 2 3 0 1 2
-5 4 1 -2 5 4 -1 2
L= , =t = R 5.
4 =5 -2 1 4 5 -2 1
0 3 2 1 0 3 -2 -1

and we emphasize the vector space spanned by the column vectors of L and t (the comple-

ment space of L’s) will be the entire 4-dimensional vector space Z*.

Now we like to answer:
(Q4) Whether the U(1)V/2 symmetry stays unbroken when the mirror sector becomes gapped
by the strong interactions?
(A4) The answer is Yes. We can check: There are two possibilities that U(1) /2 symmetry
is broken. One is that it is explicitly broken by the interaction term. This is not true.
The second possibility is that the ground state (of our chiral fermions with the gapped

N/2 symmetry. This possibility can

mirror sector) spontaneously or explicitly break the U(1)
be checked by calculating its ground state degeneracy(GSD) on the cylinder with
gapped boundary. Using the method developing in our previous work Ref.[60], also in
Ref.[?, 7|, we find GSD=1, there is only a unique ground state. Because there is only one
lowest energy state, it cannot spontaneously or explicitly break the remained symmetry. The

GSD is 1 as long as the £, vectors are chosen to be the minimal vector, namely the greatest

common divisor(ged) among each component of any ¢, is 1, | ged(4q.1, Ca,2, - - - ,€a7N/2>] =1,
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such that
_ (Za,la ga,Qa e 7€a7N/2)
@ ‘ ng(ga,laga,% e 7£a,N/2)‘ ’

In addition, thanks to Coleman-Mermin-Wagner theorem, there is no spontaneous sym-
metry breaking for any continuous symmetry in 141D, due to no Goldstone modes in 1+1D,

N/2 gymmetry stays unbroken.

we can safely conclude that U(1)
To summarize the whole Sec.5.3.5, we provide both non-perturbative and perturbative
analysis on Boundary Fully Gapping Rules. This applies to a generic K-matrix U(1)¥
Abelian Chern-Simons theory with a boundary multiplet chiral boson theory. (This generic
K matrix theory describes general Abelian topological orders including all Abelian SPT
states.)
In addition, in the case when K is unimodular indefinite symmetric integral matriz, for
both fermions K = K/ and bosons K = K% we have further proved:
Theorem: The boundary fully gapping rules of 1+1D boundary/2+1D bulk with unbroken

U(1)N/? symmetry «» ABJ’s U(1)N/2? anomaly matching conditions in 1+1D.
Similar to our non-perturbative algebraic result on topological gapped boundaries, the ’t

Hooft anomaly matching here is a non-perturbative statement, being exact from IR to

UV, insensitive to the energy scale.

5.3.9 General Construction of Non-Perturbative Anomaly-Free chiral mat-

ter model from SPT

As we already had an explicit example of 37-5z-47-0g chiral fermion model introduced in
Sec.5.3.2,5.3.3.3, and we had paved the way building up tools and notions in Sec.5.3.5, now
we are finally here to present our general model construction. Our construction of non-
perturbative anomaly-free chiral fermions and bosons model with onsite U(1) symmetry is

the following.

Step 1: We start with a K matrix Chern-Simons theory as in Eq.(5.51),(5.52) for uni-
modular indefinite symmetric integral K matrices, both fermions K = K/ of Eq.(5.53) and
bosons K = K% of Eq.(5.54) (describing generic Abelian SPT states with GSD on torus is
|det(K)| =1.)

Step 2: We assign charge vectors t, of U(1) symmetry as in Eq.(5.56), which satisfies the
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anomaly matching condition. We can assign up to N/2 charge vector t = (tl, to,...,t N/2>
with a total U(l)N/2 symmetry with the matching A = t7 Kt = 0 such that the model is

anomaly and mixed-anomaly free.

Step 3: In order to be a chiral theory, it needs to wviolate the parity symmetry. In our model
construction, assigning qr ; # qg,; generally fulfills our aims by breaking both parity and

time reversal symmetry.

Step 4: By the equivalence of the anomaly matching condition and boundary fully gapping
rules(proved in Sec.5.3.8.1, a proper choice of gapping terms of Eq.(5.59) can fully gap out
the edge states. For N, = N = N/2 left /right Weyl fermions, there are N/2 gapping terms
(L= (El,ﬁg, . ,EN/2>), and the U(1) symmetry can be extended to U(1)V/2 symmetry by
finding the corresponding N/2 charge vectors (t = (tl,tg, e ,tN/2>). The topological

non-perturbative proof found in Sec.5.3.8.1 guarantees the duality relation:

LT-K_l-L:OtEIj—I}tLtT-K-t:O. (5.78)

Given K as a N x N-component matrix of K/ or K, we have L and t are both N x (N/2)-

component matrices.

So our strategy is that constructing the bulk SPT on a 2D spatial lattice with two edges
(for example, a cylinder in Fig.5-9,Fig.5-1). The low energy edge property of the 2D lat-
tice model has the same continuum field theory[?] as we had in Eq.(5.52), and selectively
only fully gapping out states on one mirrored edge with a large mass gap by adding sym-
metry allowed gapping terms Eq.(5.59), while leaving the other side gapless edge states
untouched.[127]

In summary, we start with a chiral edge theory of SPT states with cos(¢; - @’IB ) gapping

terms on the edge B, which action is

1
Sq; = M/dtdx(K}*Jat@?ax@/} —V[Jazé?ax@})

1
+ o /dtdm(KE]&@]B@zCI)? — VUax@IBax@];) + /dtdl‘ Zga cos(€, 1 Pr).(5.79)

209



We fermionize the action to:
Sy = / dt dw (iUAT"9,W 5 + iUpI"0, Up + Unteraction (Vgs - - - » Vit - . . ) )(5.80)

with T, I't, T'> follow the notations of Eq.(5.55).

The gapping terms on the field theory side need to be irrelevant operators or marginally
irrelevant operators with appropriate strength (to be order 1 intermediate-strength for the
dimensionless lattice coupling |G|/|t;;| 2 O(1)), so it can gap the mirror sector, but it is
weak enough to keep the original light sector gapless.

Use several copies of Chern bands to simulate the free kinetic part of Weyl fermions,
and convert the higher-derivatives fermion interactions Uipteraction t0 the point-splitting

Upoint.split. term on the lattice, we propose its corresponding lattice Hamiltonian

H = Z <Z (tijq F1G0) fo(4) + hec.) + Z (t1.q FH@) Fo() + h.c.)>
¢ ) ((i.g))

=+ Z Upoint.split. <fq(])v s (f(?(]))pts’ s ) .
JEB
Our key to avoid Nielsen-Ninomiya challenge[54, 111, 112] is that our model has the
properly-desgined interactions.
We have obtained a 141D non-perturbative lattice Hamiltonian construction (and realiza-

tion) of anomaly-free massless chiral fermions (and chiral bosons) on one gapless edge.

5.3.10 Summary

We have proposed a 141D lattice Hamiltonian definition of non-perturbative anomaly-free
chiral matter models with U(1) symmetry. Our 37-5r-47-Or fermion model is under the
framework of the mirror fermion decoupling approach. However, some importance essences
make our model distinct from the lattice models of Eichten-Preskill[118] and Chen-Giedt-

Poppitz 3-4-5 model.[125] The differences between our and theirs are:

Onmnsite or non-onsite symmetry. Our model only implements onsite symmetry, which

can be easily to be gauged. While Chen-Giedt-Poppitz model implements Ginsparg-Wilson(GW)

fermion approach with non-onsite symmetry To have GW relation {D,~*} = 2aD~°D to
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be true (a is the lattice constant), the Dirac operator is non-onsite (not strictly local) as
D(z1,29) ~ e~ l®1772l/& hut with a distribution range ¢. The axial U(1)4 symmetry is
modified

0(y) = D i0a%5(y, w)(w), 6¥(x) = 10a0(z)7s

w
with the operator 45(z,y) = v5 — 2ay3D(z,y). Since its axial U(1)4 symmetry transfor-
mation contains D and the Dirac operator D is non-onsite, the GW approach necessarily
implements non-onsite symmetry. GW fermion has non-onsite symmetry in the way that it
cannot be written as the tensor product structure on each site: U(64)non-onsite 7 ®@;U;(04),
for €4 € U(1)4. The Neuberger-Dirac operator also contains such a non-onsite symmetry
feature. The non-onsite symmetry is the signature property of the boundary theory of SPT
states. The non-onsite symmetry causes GW fermion diffcult to be gauged to a chiral gauge
theory, because the gauge theory is originally defined by gauging the local (on-site) degrees

of freedom.

Interaction terms. Our model has properly chosen a particular set of interactions satis-

fying the Eq.(5.78), from the Lagrangian subgroup algebra to define a topological gapped
boundary conditions. On the other hand, Chen-Giedt-Poppitz model proposed different
kinds of interactions - all Higgs terms obeying U(1)1g 3-5-4-0 symmetry (Eq.(2.4) of Ref.[125]),

including the Yukawa-Dirac term:

/ dtdx (g30¢23¢R,0¢;3 + g40¢274¢3,0¢ﬁ4 + g35¢2,3¢3,5¢;21 + g45¢274¢3,5¢;11 + h-C-),
(5.81)
with Higgs field ¢p(x,t) carrying charge (—1). There are also Yukawa-Majorana term:

/dtdl‘ (ig%wL,WR,o?bz +iglo YL AR odh + igha v 3UR 5B + gl YL VR 50 + h.C-),
(5.82)
Notice that the Yukawa-Majorana coupling has an extra imaginary number i in the front,
and implicitly there is also a Pauli matrix o, if we write the Yukawa-Majorana term in the
two-component Weyl basis.
The question is: How can we compare between interactions of ours and Ref.[125]’s?
If integrating out the Higgs field ¢, we find that:

(¥1) Yukawa-Dirac terms of Eq.(5.81) cannot generate any of our multi-fermion interactions
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of L in Eq.(5.78) for our 37-5p-47-0r model.

(*2) Yukawa-Majorana terms of Eq.(5.82) cannot generate any of our multi-fermion inter-
actions of L in Eq.(5.78) for our 37-5r-47-0r model.

(*3) Combine Yukawa-Dirac and Yukawa-Majorana terms of Eq.(5.81),(5.82), one can indeed
generate the multi-fermion interactions of L in Eq.(5.78); however, many more multi-fermion
interactions outside of the Lagrangian subgroup (not being spanned by L) are generated.
Those extra unwanted multi-fermion interactions do not obey the boundary fully gapping
rules. As we have shown in Sec.5.3.8.2, those extra unwanted interactions induced by the
Yukawa term will cause the pre-formed mass gap unstable due to the nontrivial braiding
statistics between the interaction terms. This explains why the massless mirror sector
is observed in Ref.[125]. In short, we know that Ref.[125]’s interaction terms are
different from us, and know that the properly-designed interactions are crucial,

and our proposal will succeed the mirror-sector-decoupling even if Ref.[125] fails.

U()N - U1)N? - U(1). We have shown that for a given N, = Ngp = N/2 equal-

number-left-right moving mode theory, the N/2 gapping terms break the symmetry from
U(1)N — U)N2. Its remained U(1)M/? symmetry is unbroken and mixed-anomaly free.
Is it possible to further add interactions to break U(1)"/? to a smaller symmetry,
such as a single U(1)? For example, breaking the U(1)gpq 0-4-5-3 of 31-5r-47-0r model
to only a single U(1)1g 3-5-4-0 symmetry remained. We argue that it is doable. Adding
any extra explicit-symmetry-breaking term may be incompatible to the original Lagrangian
subgroup and thus potentially ruins the stability of the mass gap. Nonetheless, as long
as we add an extra interaction term(breaking the U(1)2,q symmetry), which is
irrelevant operator with a tiny coupling, it can be weak enough not driving the system
to gapless states. Thus, our setting to obtain 3-5-4-0 symmetry is still quite different from

Chen-Giedt-Poppitz where the universal strong couplings are applied.

We show that GW fermion approach implements the non-onsite symmetry thus GW can
avoid the fermion-doubling no-go theorem (limited to an onsite symmetry) to obtain chiral
fermion states. Remarkably, this also suggests that
The nontrivial edge states of SPT order, such as topological insulators alike, can be obtained
in its own dimension (without the need of an extra dimension to the bulk) by implementing

the non-onsite symmetry as Ginsparg-Wilson fermion approach.
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To summarize, so far we have realized (see Fig.1-2),

e Nielsen-Ninomiya theorem claims that local free chiral fermions on the lattice with
onsite (U(1) or chiral) symmetry have fermion-doubling problem in even dimensional

spacetime.

e Gilzparg-Wilson(G-W) fermions: quasi-local free chiral fermions on the lattice
with non-onsite U(1) symmetry have no fermion doublers. G-W fermions correspond

to gapless edge states of a nontrivial SPT state.

e Our 3-5-4-0 chiral fermion and general model constructions: local interacting
chiral fermions on the lattice with onsite U(1) symmetry|?] have no fermion-doublers.
Our model corresponds to unprotected gapless edge states of a trivial SPT state (i.e.

a trivial insulator).

We should also clarify that, from SPT classification viewpoint, all our chiral fermion
models are in the same class of K/ = (} %) with t = (1, —1), a trivial class in the fermionic
SPT with U(1) symmetry.[66, 67] All our chiral boson models are in the same class of
Kb = (9}) with t = (1,0), a trivial class in the bosonic SPT with U(1) symmetry.[66, 67|
In short, we understand that from the 2+1D bulk theory viewpoint, all our chiral matter
models are equivalent to the trivial class of SPT(trivial bulk insulator) in SPT classification.
However, the 1+1D boundary theories with different U(1) charge vectors t can be regarded
as different chiral matter theories on its own 1-+1D.

Proof of a Special Case and some Conjectures

At this stage we already fulfill proposing our models, on the other hand the outcome of
our proposal becomes fruitful with deeper implications. We prove that, at least for 1+1D
boundary/2+1D bulk SPT states with U(1) symmetry, There are equivalence relations be-
tween
(a) “ 't Hooft anomaly matching conditions satisfied”,

(b) “the boundary fully gapping rules satisfied”,

(c) “the effective Hall conductance is zero,” and

(d) “a bulk trivial SPT (i.e. trivial insulator), with unprotected boundary edge states (real-
izing an onsite symmetry) which can be decoupled from the bulk.”

Rigorously speaking, what we actually prove in Sec.5.3.8.1 is the equivalence of The-

orem: ABJ’s U(1) anomaly matching condition in 141D < the boundary fully gapping
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rules of 1+1D boundary/2+1D bulk with unbroken U(1) symmetry for an equal number of
left-right moving Weyl-fermion modes(Ny, = Ng, ¢, = cg) of 1+1D theory.Note that some
modifications are needed for more generic cases:

(i) For unbalanced left-right moving modes, the number chirality also implies the additional
gravitational anomaly.

(ii) For a bulk with topological order (instead of pure SPT states), even if the boundary
is gappable without breaking the symmetry, there still can be nontrivial signature on the
boundary, such as degenerate ground states (with gapped boundaries) or surface topological
order. This modifies the above specific Theorem to a more general Conjecture: Conjec-
ture: The anomaly matching condition in (d + 1)D < the boundary fully gapping rules
of (d + 1)D boundary/(d + 2)D bulk with unbroken G symmetry for an equal number of
left-right moving modes(Ny, = Ng) of (d + 1)D theory, such that the system with arbi-
trary gapped boundaries has a unique non-degenerate ground state(GSD=1),|60] no surface
topological order,no symmetry/quantum number fractionalization|56] and without any non-

trivial(anomalous) boundary signature.

However, for an arbitrary given theory, we do mot know “all kinds of anomalies,” and
thus in principle we do not know “all anomaly matching conditions.” However, our work
reveals some deep connection between the “anomaly matching conditions” and the “bound-
ary fully gapping rules.” Alternatively, if we take the following statement as a definition
instead,Proposed Definition: The anomaly matching conditions (all anomalies need
to be cancelled) for symmetry G <> the boundary fully gapping rules without breaking
symmetry G and without anomalous boundary signatures under gapped boundary. then
the Theorem and the Proposed Definition together reveal that The only anomaly type of a
theory with an equal number of left/right-hand Weyl fermion modes and only with a U(1)
symmetry in 141D is ABJ’s U(1) anomaly.

Arguably the most interesting future direction is to test our above conjecture for more
general cases, such as other dimensions or other symmetry groups. One may test the above
statements via the modular invariance[68, 109, 130] of boundary theory. It will also be
profound to address, the boundary fully gapping rules for non-Abelian symmetry, and the

anomaly matching condition for non-ABJ anomaly[49, 127| through our proposal.

Though being numerically challenging, it will be interesting to test our models on the lat-
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tice. Our local spatial-lattice Hamiltonian with a finite Hilbert space, onsite sym-
metry and short-ranged hopping/interaction terms is exactly a condensed matter
system we can realize in the lab. It may be possible in the future we can simulate the
lattice chiral model in the physical instant time using the condensed matter set-up in the
lab (such as in cold atoms system). Such a real-quantum-world simulation may be much

faster than any classical computer or quantum computer.

5.4 Mixed gauge-gravity anomalies: Beyond Group Cohomol-

ogy and mixed gauge-gravity actions

We have discussed the allowed action Sp(sym.twist) that is described by pure gauge fields
Aj. We find that its allowed SPTs coincide with group cohomology results. For a curved
spacetime, we have more general topological responses that contain both gauge fields for
symmetry twists and gravitational connections I' for spacetime geometry. Such mixed gauge-
gravity topological responses will attain SPTs beyond group cohomology. The possibility
was recently discussed in Ref.[91, 92|. Here we will propose some additional new examples
for SPTs with U(1) symmetry.
In 441D, the following SPT response exists,

Zo(sym.twist) = exp[iﬁ F A CS3(T)]
3 s

k
_ exp[i/ FAp) kez (5.83)
3 NG

where CS3(I") is the gravitations Chern-Simons 3-form and d(CS3) = p; is the first Pon-
tryagin class. This SPT response is a Wess-Zumino-Witten form with a surface IN® = M5,
This renders an extra Z-class of 441D U(1) SPTs beyond group cohomology. They have
the following physical property: If we choose the 4D space to be S? x M? and put a U(1)
monopole at the center of S fSQ F = 27, in the large M? limit, the effective 2+1D theory
on M? space is k copies of Eg bosonic quantum Hall states. A U(1) monopole in 4D space
is a 1D loop. By cutting M? into two separated manifolds, each with a 1D-loop boundary,
we see U(1) monopole and anti-monopole as these two 1D-loops, each loop carries k copies
of Eg bosonic quantum Hall edge modes. Their gravitational response can be detected by

thermal transport with a thermal Hall conductance,r, = 8]4:%T.
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In 341D, the following SPT response exists

Zy(sym.twist) = exp[;/ F A ws, (5.84)
M4

where w; is the 4§ Stiefel-Whitney (SW) class.! Let us design M* as a complex manifold,
thus wy; = ¢j mod 2. The first Chern class ¢; of the tangent bundle of M* is also the first
Chern class of the determinant line bundle of the tangent bundle of M*. So if we choose
the U(1) symmetry twist as the determinate line bundle of M*, we can write the above as
(F = 2me1): Zo(sym.twist) = expl[im [, 4 c1 Aci]. On a 4-dimensional complex manifold, we
have p; = ¢} — 2¢y. Since the 4-manifold CP? is not a spin manifold, thus wy # 0. From
fcpz p; = 3, we see that fcpz c1 A cp =1 mod 2. So the above topological response is non-
trivial, and it suggests a Zg-class of 3+1D U(1) SPTs beyond group cohomology. Although
this topological response is non-trivial, however, we do not gain extra 3+1D U(1) SPTs
beyond group cohomology, since exp[% i) v FAw] = exp[ﬁ 1) va F'A F on any manifold
N*, and since the level of [ FAF of U(1)-symmetry is not quantized on any manifold [131].

In the above we propose two mixed gauge-gravity actions, and we rule out the second
example where the bulk action does not correspond to any nontrivial SPTs. Clearly there
are many more types of mixed gauge-gravity anomalies, and there are more examples of
beyond-group-cohomology SPTs one can study by constructing mixed gauge-gravity actions,

for example, those found in Ref.[131].

1To be more precise, we know that wedge product is only defined for differential forms. They are not
defined for SW classes.
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Chapter 6

Quantum Statistics and Spacetime

surgery

In this chapter, we will apply the geometric-topology techniques, to do the spacetime surgery,
and see how the nontrivial quantum statistics is constrained by the spacetime surgery con-

figuration. An example of surgery on cut and glue is give in Fig.6-1, explained in the next.

(a)

Figure 6-1: An illustration of (D? x S')Ugi, g1 (S* x D?) = 83 and (D3 x S1) Ugz g1 (S? x
D?) = S*. (a) Note that S of (S' x D?) bounds the boundary of D? within (D? x S'),
and S* of (D? x S1) bounds the boundary of D? within (S x D?). The blue part illustrates
(D? x S1). The red part illustrates (S' x D?). (b) Note that S? of (5% x D?) bounds the
boundary of D? within (D? x S1), and S! of (D3 x S') bounds the boundary of D? within
(82 x D?). The blue part illustrates (D3 x S'). The red part illustrates (S? x D?).
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6.1 Some properties of the spacetime surgery from geometric-

topology

We will discuss the surgery on cutting and gluing of d-manifold M¢%. We denote that S¢ is
a d-sphere, D% is a d-ball or called a d-disk, 7% is a d-torus. The notation for gluing the

boundaries of two manifolds M7 and M, is:
My Up,, Ms. (6.1)
It requires that the boundary of M; and M3 are the same. Namely,
OM; =—-0My = B. (6.2)

We have a extra mapping ¢ allowed by diffeomorphism when gluing two manifolds. In
particular, we will focus on a ¢ of mapping class group (MCGQG) in our work. Thus, we can
apply any element of ¢ € MCG(B). For ¢ = 1 as a trivial identity map, we may simply
denote M; Up My = My U 1 Ma.

The connected sum of two d-dimensional manifolds M an M is denoted as
Mi#Mo. (6.3)

Say, we cut a ball D? (D for the disk D? or the same a ball B for the B%) out of the M;
and M,. Each of the complement space defined as M~ D% and My~ D? has a boundary
of a sphere S%~1. We glue the two manifolds M; and My by a cylinder S~ x I where the

I is a 1 dimensional interval.

The list of simple (non-exotic) 3-manifolds and 4-manifolds we will focus on those without
boundaries and those with boundaries. Also another list of 2-manifolds (as the boundaries
of 3-manifolds) and 3-manifolds (as the boundaries of 4-manifolds), all are summarized in

Table 6.1.
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Manifolds:

3-manifolds without boundaries:

8§30 8% x St (S1)3 =13, ete.

3-manifolds with boundaries:

D3, D? x S!, etc.

4-manifolds without boundaries:

S 83 xSt 82 x 8% S2x (S)?2=52x1?, (SYHY*=T4,
53 x 81452 x §2, 83 x ST45% x S2#52 x S2.

4-manifolds with boundaries:

D* D3xS', D?xS?% D?2x(SY)2=D?xT?=0C% S*<D?xT2
Certain 2-manifolds as the boundaries of 3-manifolds:

S2. (81?2 =172 etc.

Certain 3-manifolds as the boundaries of 4-manifolds:

S3, 8% x St (S1)3 =13, ete.

Surgery:

Cutting and gluing 4-manifolds:

S4 = (D3 x S1) Ugay g1 (S? x D?) = (D? x T?) Ups (S* . D? x T?) = D* U D*.

53 x St = (D? x SY) Ugzy g1 (D? x SY) = (D? x T?) Ups ey (D? x T?).

52 x 82 = (D? x §%) Ugzy 1 (D? x §2) = (8* \ D? x T?) Ups gay= (S* N D? x T?),
8% x S x 8' = (D% x T?) Ups (D? x T?).

53 x S1#52 x 82 = (S* \ D? x T?) Ups.gav= (D* x T?).

53 x SIS x §24#5? x §? = (S1 N\ D? x T?) Ups (S* N D? x T?).

Cutting and gluing 3-manifolds:

5% = (D? x §") Uz, (S* x D?) = (D? x §') Upe;s, (D? x S') = D3U D?.

S% x St = (D? x SY) Ups (D? x SY).

Mapping Class Group (MCG):
MCG(T4)=SL(d,Z), = MCG(S? x §') = Z3 x Z

Table 6.1: Manifolds, surgery formula and mapping class group (MCG) that are considered

in our study.

6.2 241D quantum statistics and 2- and 3-manifolds

6.2.1 Algebra of world-line operators, fusion, and braiding statistics in

2+1D

6.2.1.1 World-line operators around a torus

The particle-like topological excitations are created in pairs at the ends of the corresponding

world-line operator (or Wilson loop operator in gauge theory). A closed world-line operator

is related to a tunneling process of a topological excitation. Let us consider the following

tunneling process around a torus: (a) we first create a quasiparticle o7 and its anti quasi-
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Figure 6-2: The tunneling processes W7, and W¢Z,. The dash lines are the framing of the
world-line of the tunneling processes.

particle a1, then (b) move the quasiparticle around the torus to wrap the torus n; times
in the z direction and ng times in the y direction, and last (c) we annihilate oy and 7.
The whole tunneling process (and the corresponding closed world-line operator) induces a

transformation between the degenerate ground states on the torus |a) labeled by a:
@) = W ma) = | (W)

We like to point out that in general, the quasiparticle is a size-0 point and is not isotropic.
To capture so a non-isotropic property of the quasiparticle we added a framing to world-line

that represent the tunneling process (see Fig. 6-2).

Let W7 = é}’o) and W, = é?’l) (see Fig. 6-2). A combination of two tunneling

processes in the x direction: Wy and then W , induces a transformation Wy W7 on
the degenerate ground states. A combination of the same two tunneling processes but
with a different time order: W7 and then W7 , induces a transformation W7 W7 on the
degenerate ground states. We note that the two tunneling paths with different time orders
can be deformed into each other smoothly. So they only differ by local perturbations. Due to
the topological stability of the degenerate ground states, local perturbations cannot change
the degenerate ground states. Therefore W7, and W7, commute, and similarly W, and
WY, commute too. We see that WZ’s can be simultaneously diagonalized. Similarly, W¢’s
can also be simultaneously diagonalized. Due to the 90° rotation symmetry, W2 and W
have the same set of eigenvalues. But since W2 and W¢ in general do not commute, we in

general cannot simultaneously diagonalize WZ and W/{.

We notice that we can view the torus D2, x S; as a surface of D2, x Syl, where the
disk D2, is obtained by shringking the S} parametried by z to zero. The path integral on

D2, x S; will produce a state on S} x S;, and we will denote such a state as ‘ODthS?i)' All
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() (b)

Figure 6-3: (a): The ground state |0 = 0) on a torus that corresponds to the trivial
topological excitation can be represented by an empty solid torus S. x DZt. (b): The other
ground state ®, that corresponds to a type o quasiparticle can be represented by an solid
torus with a loop of type o at the center.

(a) 5w ;

Figure 6-4: (a) A general local tunneling process. (b) The amplitude of two linked local
loops is a complex number Skne

0102
other degenerate ground states can be obtained by the action of world-line operators W5
(see Fig. 6-3) We can define
G = (alW210p2, p)- (6.4)

We can also define

F2 o, = (@lWL WL 1052 s1). (6.5)

0102

6.2.1.2 World-line amplitudes

In general, any local linked world-line operatiors correspond to local perturbations (see Fig.
6-4), which are proportional to an identity operator in the subspace of degenerate ground

states. So, local link world-line operatiors is simply a complex number. The two linked

closed world-lines also correspond to a complex number which is defined as 82?32 (see Fig.
6-4). Clearly Sin¢  satisfies
ling ling
Sotos = Soror (6.6)
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> >

X X
y y

Figure 6-5: Gluing two solid tori D2, x S; without twist forms a S? x S'. The gluing is
done by identifing the (x,y) point on the surface of the first torus with the (x, —y) point on
the surface of the second torus. If we add an additional S twist, i.e. if we identify (x,y) with
(—y, —x), the gluing will produce a S3. If we add an additional 7 twist, i.e. if we identify
(x,y) with (x +y, —y), the gluing will produce a S? x S?.

A single closed world-line of type-o gives rise to a complex number as well which is defined

as d,, and we have
Sep = Spa = dy = ds. (6.7)

For Abelian anyons o1 and oo, Sg?gQ is closely related to the mutual statistical angle 6,, .,

between them

line

. S
6, 0102
o1y — L2 6.8
ellorog dald(m ( )

line

We may refer 772 as the generalized mutual statistics even for non-Abelian anyons oy
1702

line

and 3. In general 77172 may not be a U(1) phase factor.
1902

6.2.1.3 Representations of mapping class group

We know that the degenerate ground states on a torus form a representation mapping class

0 -1 11
group (MCG) SL(2,Z) which is generated by S = , T =
1 0 01
S*=(STP=c, C*=1. (6.9)

The matrix elements

<0D§txs;’(ng)TSWgQ\ODgtxsﬁ = <0D§txs;|(W31>T\0¢> (04’3\5><mw§/2’0p§txs;>
= (G3.)"SapGy, (6.10)
aB
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can be computed via the path integral on two solid tori D2, x S;, one with a closed world-line

W, at the center and the other with a closed world-line W4, at the center. The two solid

0 —
tori are glued along the surface Si x 5’; but with a S = twist (z,y) — (—y,x)
1 0

(see Fig. 6-5). The resulting space-time is S* = D2, x S} Up,s D2, x S, with two linked
closed world-lines o1 and oy (see Fig. 6-4 which describes two linked closed world-lines).

Here M Ug N is the union of M and N alone the boundary B = 0M = —dN.

Combined with the above discussion, we find that

z = (G2)"SapGl, = Sire, 7(S%)
af

li *
= Sine, > (G§)*SasGy, (6.11)
ap
where Z(S3) is the partition function on S, which happen to equal to Zag(Gg)*SaﬂG'g- We
obtain an important relation that connects the representation of MCG and the amplitudes

of local closed world-lines:

Zaﬂ(Ggl)*SO‘BGQQ _ Sline )
Y as(G§)SapGy

(6.12)

Here SU"¢ is the amplitude of two linked world-line loops (see Fig. 6-4).

g102

Next, let us consider the partition function on space-time that is formed by disconnected

three manifolds M and N, which denoted as M LI N. We have
Z(MUN)=Z(M)Z(N), (6.13)

for fixed-point partition function of topologically ordered state. We divide M into two
pieces, My and Mp: M = Mp Upn,, My. We also divide N into two pieces, Ny and Mp:
N = Np Usn,, Ny. If the boundary of Mp and Np is the same configuration as the sphere
S? = OMp = ONp with the same defect configurations on S?, and if the ground state

degeneracy of this spatial configuration is unique (namely, the dimension of Hilbert space is
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1), then we can glue Mp to Ny and My to Np to obtain the following identity

or Z MD Up MU Z ND Up NU A MD Up NU)Z(ND Up MU) (6.14)

for fixed-point partition function of topologically ordered state. This is a very useful relation.

In particular, we can use it to show that, for loops in S3,

S )AL e

Since for two linked loops in S® we have eqn. (6.11), and for three linked loops in S® we

have
Z = (0pz2, xs1 (W5, ) SWE, WY 410p2,x51) = Z(G?l)*S 8,0, (6.16)
af
we find that
SGes QBG‘*Z ) SapFlhpy = 3 (G3)SapGa, > (G SapGla,  (6.17)
af af af
or

01047~ '0203 01020103?

Sh?gzshne No'4 Shne Shne (618)

further, by the symmetric Sine = Sline

0401 0104

line cline line -1
NO’4 Shne Shne 1) o 8010280103 (S )Ulffa
0203 0401 010a — Shne )

01 04 o1 10
line cline line -1
No-a _ 80'10'280'10'3 (S )Ulo'a (6 19)
0203 z : Shne ) ’
51 710
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where

NZi = (GHFD,.. (6.20)
B

The above is the Verlinde formula. Compare to the usual: Verlinde formula

c Sam£bm$
ab — Z T S N (621)

m

6.2.1.4 Canonical world-line operators and canonical basis

In general the norm of the state WZ|0 D2, x S&) is proportional to the length of the world-line
operator. We choose a normalization of the local operators that form the world-line properly,

so that

(Op2, st (W) W02, 1)

= (Opz2, 53| WGWI0p2,51) (6.22)

is independent of the length and the shape of the world-line operator W¥. Here & is the
anti-particle of o and we have assumed that W2 = (W¢)'. For such proper normalized

world-line operators, we conjecture that
Oz, 53 WEWEI0p2, 1) = 1, (6.23)

0102 0102 0102 Where

assuming <OD2th§‘OD2th§> = 1. In this case, G = 640, and ¥, = N _ = N&
NZ3_ are integers which describe the fusion of two topological excitations via the following

0102

fusion algebra

o102 = NJ2, 03. (6.24)
To see the relation F73 = ]\for’f’(72 = NJ3,,, we note that

The above can be viewed as a path integral on S? x S! with three world-lines oy, 09, 73
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y

Figure 6-6: Gluing two solid tori D2, x S; with an additional 7 twist, i.e. identifying (z,y)
with (x + vy, —y), will produce a S? x S*. The loop of o5 in y-direction in the second solid
torus at right can be deformed into a loop of o3 in the first solid torus at left. We see that
the loop is twisted by 27 in the anti-clockwise direction.

wrapping around S'. Now we view S! as the time direction. Then the path integral on
52 x S gives rise to the ground state degeneracy with topological excitations oy, 09,73 on
the S? space. The ground state degeneracy is nothing but N%_ which is always an non-

0201

negative integer. Therefore FJ3, = Ngfm = NJ3,,. The fusion algebra o102 = N3, 03
gives rise to an operator product algebra for the normalizaed closed world-line operators

(see Fig. 6-7):

0102 (o

Wo,Woy =Y NI, Wo,. (6.26)
o3

6.2.2 Relations involving T

The matrix elements

(0p2, 53| (W) TTWE 102, 51)
= (0p2, w53 | (W) ) (| T18) (BIWE 02, 51)

= (G3)' TasGo, (6.27)
af

can be computed via the path integral on two solid tori D2, x S;, one with a closed world-
line W2, at the center and the other with a closed world-line W, at the center. The two solid

11
tori are glued along the surface S. x Sy1 but with a 7 = twist (z,y) — (x +y,y)
01

(see Fig. 6-5. The resulting space-time is S! x S% = D2, x S; Usixgt 7 D2 x S; with two
un-linked closed world-lines o1 and 0. But the world-line o3 is twisted by 27 (see Fig. 6-6).
The amplitude of such twisted world-line is given by the amplitude of un-twisted world-line

0

plus an additional phase e'%2, where 6, /27 is the spin of the o topological excitation. Note

226



Figure 6-7: (a): Two tunneling processes: W, and W;,. (b): The tunneling path of the
above two tunneling processes can be deformed using the fusion of o109 — 3. (c¢): The two

tunneling processes, W5 and W7, can be represented by a single tunneling processes, W, .

that 6, is also the statistical angle for ¢. This suggests that

> (G5 TapGl, = Sorose’ 2. (6.28)
af

In the canonical basis, the above becomes a well known result

7:7'10'2 = 50‘10’2 eiQUQ- (629)

6.3 341D quantum statistics and 3- and 4-manifolds

Importantly the dashed-cut in Eq.(6.14) indicates a S sphere. For example, the dashed-cut
in Eq.(6.15) indicates a S? sphere, where the lower bounded volume is a D3 ball and the
upper bounded volume is a S3\D?3 = D3 ball. This surgery formula works if the cut bounded
volume is a D? ball with a S? sphere boundary.

Here we will extend the previous approach to higher dimensions, in 3+1D.

6.3.1 341D formula by gluing (D? x S') Ug2, 1 (5% x D?) = S*
6.3.1.1 S? world-sheet linked by two S' world-lines in $*

Here we give two new 341D formulas by the gluing procedures

<D3 X Sl) US2><SI (SZ X D2) - (Dg)¢w X Sﬂ]é;) Usg(ﬁx‘s& (S@Q¢) X D?Dw) - 54 (630)
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with the identity map between their S? x S! boundaries. Below we will sure that we can
have a linking between a S? surface acted by a world-sheet operator and a S' circle acted

by a world-line operator in S4. So we have:

S' and S? linked in S*. (6.31)

We can define the |0) state on D3 x S as |0ps,g1). Since the S? = 592¢ sphere (say
with 6, ¢ coordinates) as the boundary of the D? ball is contractible, we cannot have any
non-trivial non-contractible surface operators Vua ¢ acting on the state [0psyg1). However,
we can create new states (perhaps incomplete basis) by generating world-lines on the non-

contractible S, namely we apply W acting on [0ps,g1):
W3 |0psxst)
and

(W 0psxst) = Gg.psxsts (6.32)
<Q|W£W£’0D3X31> = FCEUQ;DSX‘Sfl« (633)

o

On the other hand, we can define the |0) state on 5 x D? as [0g2, p2). Since the ST = S}
sphere (say with a ¢ coordinate) as the boundary of the D? ball is contractible, we cannot
have any non-trivial loop operators W§ acting on the state |0g2+ p2). However, we can create
new states (perhaps incomplete basis) by generating world-sheet on the non-contractible 52,

namely we apply V£¢ acting on |0gz, p2):
V;f¢ ’ Og2% p2 >

and

(@[V?052p2) = Gy g2 2 (6.34)
<a‘v;fl¢vlfg¢|052><D2> = F;iuz;S?'XDQ‘ (6.35)

We can design the S? world-sheet operator (from the V£¢|052X[)2>) bounds the D3 ball
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of the D3 x S' spacetime, meanwhile we can also design the S! world-line operator (from

the W |0psyg1)) bounds the D? ball of the S? x D? spacetime. By doing so, we have:
The S* world-line and the S? world-sheet linked in S*. (6.36)

Since we glue the two copies boundaries of S% x S via the map |, we have the glued partition

function:
34
_ * B
z - Z(G31;52xD2) IaﬂGog;mxSl
af
Link(S2,51 __yLink(S2,51 *
- |#11:f2( )2(54) o IN102( )Z(G&SQXDQ) IaﬁGﬁ;Dg’xSl’ (6'37)
ap
* B
Link(52,81) ZO‘/B(G/(j1;5'2><D2) IO‘BGUQ;DSX,Sl
Lo, 7 = " — (6.38)
ZOélg(CTYO;SQXD?) IO‘BG(O;D*?XS1
H 2 ql
so that Igénk(s S0 = 1.

Now we use the gluing to show that, for the linking of S% and S! in S*, with the gray

region below indicates a 2-sphere S2.
st s st st

Z VA =7 A . (6.39)

Importantly the dashed-cut indicates a S sphere, where the lower bounded
volume is a D* ball and the upper bounded volume is S*~D* = D*. This surgery

formula works if the cut bounded volume is a D* ball with a S? sphere boundary.
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For the linked configuration in S* we have
54

Z = (052 02 | (VI IWEWE 005 c51) = S (G s ) Tas FE

o

(6.40)
We find that Eq.(6.39) becomes:
S S0 g ) < SO,
o4
(here we cannot use Ibilrak(SQ’Sl) = IIOJ;?k(y’Sl).) where
(F)5k00 = Nopinst = 2 (C )t Fyopis- (6.42)

«

Here (F° 1)3; », Means fusing two S* respectively carrying o2 and o3 indices with an outcome
S1 carrying o4, in the spacetime path integral linked by another S2. The corresponding
braiding process for “two 1D world-lines S* linked by a 2D world-sheet S? in a 4D spacetime
5S4 is that the two 0D particles braid around a 1D string in the spatial slice. Importantly
in the spatial picture the two 0D particles are not threaded by 1D string, so we remark that
the fusion algebra (FSl)U4 of fusing two particles 02,03 does not have a based

0203

string-loop p; dependence. The above is one kind of 3+1D analogy of Verlinde formula.

6.3.1.2 S? world-sheet linked by two S' world-lines in S*

We have derived Eq.(6.41) which has a S' world-line linked by two S? world-sheets in S%.

Now we can reverse the role of % and S!, so that a S? world-sheet will be linked by two S!
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world-lines in S*. Notice that

St St

_ |Link(sl,s2)Z(S4) _ |Link(s2,sl)Z(S4)

o142 H201

__jLink(S1,52) e * YO __jLink(S2,81) o * YO
- |01u2 Z(GO;D3><51) GfO;S%<D2 - I/L2t71 Z(GO;SQXDQ) GO;D3><5’17 (643)

« «

We have the orientation dependence (time-orientation and framing) of the braiding process
We again use the gluing to obtain that, for the linking of $? and S! in S*, with the gray

region below indicates a 2-sphere S2,
st g4

=7 Z . (6.44)

Importantly the dashed-cut indicates a S sphere, where the lower bounded volume is a
D* ball and the upper bounded volume is S*~ D*. This surgery formula works if the cut

bounded volume is a D* ball with a S3 sphere boundary.

We find that Eq.(6.44) implies

Link(s',5?) S2\py  qLink(S1,S2) _ Link(S!,52)Link(S1,52)
I0'10 Z(F )/,LQ/,L3|01/1,4 - IU‘llu,g IO'1/,L3 i (645)
Ha
Link(S1,8? Link(S1,52
(here we cannot use 1,7} (5555 = lo (5% ).) where
1 H1
S%\ps  — eSSt —1\pa o
(F )“2“3 - Muz,us;SQ - Z(G )a;SQXDQF}LQu;g;SQXDQ' (6-46>

«

Here (F 32)% 13 means fusing two S respectively carrying g and g indices with an outcome
S? carrying 4, in the spacetime path integral linked by another S'. The corresponding
braiding process for “two 2D world-sheets S? linked by a 1D world-line S* in a 4D spacetime
5% is that the two 1D strings braid around a 0D particle in the spatial slice. Importantly

in the spatial picture the two 1D strings cannot be threaded by a 0D particle, so we remark
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that the fusion algebra (FSQ)Z;*M of fusing two strings us, u3 does not have a o;
base dependence. It is possible that the S? world-sheet in the spacetime picture implies
that the string-loop must be shrinkable to a point. Therefore, the string-loop is neutral;
in the specialized case such as a gauge theory, it cannot carry gauge charge. The above is

another kind of 3+1D analogy of Verlinde formula.

6.3.2 341D formulas involving S*¥* and gluing D? x T? with S*\ D? x T*?

In 341D, there is a three-loop braiding process |76, 77, 108, 52, 106] we discussed before. And
we can view the braiding process in the spacetime as the three T2-worldsheets triple-linking

in the S%-spacetime (shown in the first figure of Eq.(6.47)). We can express that
54

Tri _ 1
Lu3vl‘2».u'1 =7 )

. 2 4T3t TR,
= Z[$*; Link[Spun[Hopf[pz, p2]], 1] = (Ogap3,_ xrz. |Viaz = Vies™ Vi [0p2_r2. ), (6.47)

where we insert the worldsheets VOF;F v along the generator of the second homology group
Ho (D2, x TyQZ,Z) = Z while we insert worldsheets VBT vt and VA,TE””Jr along another two
generators of Ho(S*\D2, x T2,,Z) = Z%. We learn that Eq.(6.47) can also be viewed as
the spinning surgery construction of a Hopf link, say Spun|Hopf[u3, u2]], linked by a third T2-
torus of py. Overall, we can denote the path integral as Z[S%; Link|Spun|Hopf[us, ua]], p1]],

displayed in the second figure of Eq.(6.47).

In general, whenever there is a T3-boundary of 4-submanifolds (such as D? x T2 and
SAND? x T?), say M} U M3 = M* and OM} = —OM3 = T3, then we can cut out the 4-
submanifold M7 and reglue it back to M3 via the mapping class group MCG(T?) = SL(3, Z)

generated by the two generators:

0 0 1 1 1 0
S =110 0|l and T%=|0 1 0 (6.48)
010 0 0 1

Here in this Chapter, we particularly define their modular SL(3,Z)-representations in the
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quasi-excitation bases as

ZT T22
Sﬁgil = <0D2 XT2, Vi Sryzvmy IODgwa;z% (6.49)
ZT T T2Z
T = Opz, sz |V TV 002, rs.)- (6.50)
Thus we can actually do a modular-S*¥* surgery to simplify the expression Lu popoyi s W

apply the surgery gluing

(D? x T?) Ugs,gav= (S*\D? x T?) = S x ST#5% x S2. (6.51)

D? X T?) Ug. 0y (D? x T?) = 83 x SY, 6.52
T3; 8y

on the tubular neighborhood D? x T? of the T?-worldsheets, and we also apply their reverse-
surgery process. We derive

Tri _ TYZz T2\ T2\n ryz 1 Tri
L = Z S (FI)2 (Sﬂﬁyz)r, (Sfcyz)r,, o F e S Lo g

HQ,FZI FQ 77727772
(6.53)
There is a Verlinde-like quantum surgery formula for 3+1D involving the Eq.(6.47) that we

can write down, by applying Eq.(6.53) explicitly:

T2\T T2\T
= Lo, - Z (F )@7@(3%2%, (F )M F,slf,yzrl LOOF,
rr.rr

_ TYZ T2\n2 TYZ Tri TYZ T2\n4 TYz Tri
- Z (8 )szCQ (F )l‘ CQSWQﬂD LO,O,né Z (S )C4zg4 (F )/1«14487747U4 LO ;0 77 (654)
Cé:n27772 CA/MMJL;

Here we consider the dashed-cut is a spatial slice of a 3-sphere S3, while the S* is cut into

two pieces of upper and lower D* balls, namely D*Ugs D* = S*. At the spatial cross-section
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on the spatial S3, there are only a pair of anyonic loop and anti-loop excitations of closed
strings. The dimension of Hilbert space with a pair of loop and anti-loop excitations on S3
is 1. So we can use the identity Eq.(6.14). The worldsheet index (s is obtained from fusing
o and ps-worldsheets, and the worldsheet index (4 is obtained from fusing to fusing p4 and
ps-worldsheets. Here FT? is the fusion algebra defined by fusing parallel T2-worldsheets, as
ng V:;Q = (F Tz)ﬁf 1o Vij. All indices are summed over, except that only the indices p1, (2

and (4 are fixed. Eventually we derive a new quantum surgery formula Eq.(6.54) analogous

to the Verlinde formula for 341D topological orders.

We can also consider another type of worldline-worldsheet linking, the S' and the 7

link in S%. The path integral has the form:

Z($% Link[T?,5']) = 7 | |T°

2 1
= (Opexr2|V)l TW5 [0ga p2re), (6.55)

up to an orientation of the worldline and worldsheet. Indeed, Z(S*; Link[T?, S']) is a special

case of the path integral of Z[S*; Link|Spun[Hopf [us3, p2]], p1]] = nguzm . We find that

the following quantum surgery Verlinde-like formula also hold for 341D topological orders,

. (6.56)

. (6.57)
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Here again we consider the dashed-cut is a spatial slice of a 3-sphere S3, while the S* is
cut into two pieces of upper and lower D* balls, namely D* Ugs D* = S*. At the spatial
cross-section on the spatial S, there are only a pair of anyonic loop and anti-loop excitations
of closed strings on S? in Eq.(6.56) and also in Eq.(6.58), there are only a pair of anyon and
anti-anyon excitations of particles on S in Eq.(6.57). The dimension of Hilbert space for
all the above configurations on S2 is 1. So we can apply the identity Eq.(6.14). And the
formulas for Egs.(6.56),(6.57) and (6.58) have the same forms as Eq.(6.54), except that we
need to switch some of the fusion algebra of worldsheet FT? to that of worldline F Sl, also
we need to switch some of the worldsheet index p to the worldline index o.

Nonetheless, if we regard the worldline fusion algebra F'° lis part of the worldsheet fusion
algebra FT° | in short, Eq.(6.54) contain the most generic form including Egs.(6.56),(6.57)
and (6.58).

6.4 Interplay of quantum topology and spacetime topology:

Verlinde formula and its generalizations

The interplay between quantum topology and spacetime topology is examined. We had
derived generalized Verlinde formulas in Eqs.(6.41) and (6.45). Clearly there are more
relations, which we will report elsewhere in the future publications. By performing the
surgery theory of geometric-topology on the spacetime, we show that the quantum fusion rule
and quantum statistics are constrained by the intrinsic properties of spacetime topology. The
exotic quantum statistics is defined in the adiabatic braiding process in the gapped phases
of matter with topological orders, therefore the spacetime topology strictly constrains the

quantum topology thus dictates the possible gapped phases of matter.
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Chapter 7

Conclusion: Finale and A New View

of Emergence-Reductionism

Thus far we have explored some physical properties and mathematical structures of topo-
logical states of matter of SPTs and topological orders (TOs). We have started from the
very basic notion of quantum mechanical Berry’s geometric phase, to reveal its profound
connection to many-body topological states of matter. For example, we use geometric phase
and geometric matrix to define modular S and 7 matrices which connects to the braiding
statistics of quasi-excitations of TOs, or the SPT invariants such as fractionalized charges
and degenerate zero modes from symmetry-twists of SPTs.

One important ingredient of our work is that the constraints of topologies and the mean-
ing of topologies. We can roughly distinguish them into three types: SPT topology (“classi-
cal” topology), TO topology (quantum topology) and spacetime topology. Our understand-
ing now is developed much beyond what was previewed in Chap.1. We summarize in Table

7.1.

One important message is that, when we combine the concepts of SPT topology (a sort of
“classical” topology compared to the TOs) and spacetime topology, we are able to constrain,
characterize and classify the possible types of SPT probes as symmetry-twists having branch
cuts on the spacetime manifold (Chap.3). This way of thinking leads us to regard the SPTs
as having a closer tie to the spacetime topology. SPTs are not merely some quantum matter

by itself, but quantum matter with symmetry-protection tied to the spacetime topology.
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Classical: homotopy, mapping and winding numbers, K-theory.
Topology — Quantum: algebraic topology, homology, cohomology, tensor category.
Spacetime: fiber bundles, geometric-topology, surgery theory.

N “Classical + Spacetime” topology: SPT invariants
“Quantum + Spacetime” topology: TO invariants

— (Field-theory Rep. Q.I. Chap.3)
— (Quantum statistics + spacetime surgery. Q.VI. Chap.6)

Table 7.1: The interplay of classical, quantum and spacetime topology.

Analogously, another important message is that, when we combine the concepts of TO
topology (a sort of “quantum” topology compared to the SPTs) and spacetime topology, we
are able to derive the consistent braiding-fusion formulas such as Verlinde’s formula. These
formulas further constrain the possible TOs on a given-dimensional spacetime manifold
(Chap.6). This way of thinking leads us to regard the TOs as also having a closer tie to
the spacetime topology. TOs are not merely some quantum matter by itself, but further
exotic quantum matter tied to the spacetime topology with robust topological GSD and
non-Abelian geometric matrix, even without symmetry-protection.

In Table 7.2, we summarize the alternative views of the reductionism of HEP and the
emergence of CMP on the examples we studied throughout Chap.2 to Chap.6. The flow
chart in Figure 7-1 overviews the main ideas and subjects emerge from the development of

the thesis.

There are several future directions:

Gauge-gravity anomalies, SPTs and TOs: In this thesis, we have tentatively sug-
gested connecting gauge anomalies or mixed gauge-gravitational anomalies to the surface
anomalies of SPTs, and connecting gravitational anomalies to the surface anomalies of TOs.
The key concept here is viewing the gauge anomalies and external probed gauge fields as the
phenomena of weakly coupling gauge fields coupled to the global symmetry of SPTs. There
is another (second) kind of anomalies more robust than this. If we break all the possible

global symmetries of topological states, and if there is still any anomalous surface effect, then
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|

[

Reductionism & HEP

l

Emergence & CMP

e Symmetry-twist: [57,
56, 79, 55|

Twisted sector of CF'Ts,
gauging the

try, orbifolds[109]
orientifolds|130]

symme-
and

Modified Hamiltonian along the
branch cut, or twisted boundary
conditions of wavefunctions or
Hamiltonians

. Anomalies: || t’'Hooft anomaly-matching con- | Boundary fully gapping rules;
[60, 50, 61] ditions. gapping the mirror sector of cou-
Bulk-edge correspon- || Lattice chiral fermion/gauge | pled Chern insulators.

dence. theory. Induced fractional quantum num-
Fermion-doubling. Non-onsite symmetry lattice | ber and degenerate zero modes

Bosonic anomalies [57].

regularization; Jackiw-Rebbi or
Goldstone-Wilczek effect

computed on a lattice

e Quantum Statistics:
[52, 62] String and par-
ticle braiding statistics
e Topological order lat-
tice model [52, 62]

Representation theory, quantum
algebra, algebraic  topology,
geometric-topology, surgery the-
ory.

Dijkgraaf-Witten lattice space-

Wavefunction of

quantum states

overlapping

Generalized Kitaev’s toric code
[69] to twisted quantum double
model [132] and twisted gauge

time path integral [78], group
cohomology, Hopf  algebra,
TQFT.

theory on the lattice

Table 7.2: Dictionary between the physics or mathematics used in reductionism and in
emergence viewpoints. Some of the aspects in HEP are done in my work, while some are
adopted from the cited references. In any case, my original work connects them to CMP
issues.

Symmetry

S p—— SPT and topological insulator
. epraic
geometric-topology: 8 : Iv:
. . Spin liquids & disorder | Bosenic anomaly:
3and 4 n;lanlfolds, topology p q Jackiw-Rabbi,
surgery theory. Group Gauge and mixed gauge- Goldstone-Wilczek,
Field theory Rep (1405, 1503) \ Cohomology | | gravity anomaly: SPT (1405) || GSD, etc (1403)
Generalized
Verlinde’s formula | | TOPOIOgY | | Quantum many-body system | Anomaly
Bulk/edge Quantum statistics Gravitational anomaly: Lattice chiral fermion model:
TQFT/CFT and fusion algebra of topological order avoid NN fermion-doubling

topological order thm w/out Ginzburg-Wilson

String/particle braiding Gapped domain wall/boundaries and GSD {eiensle07) Matrix
Modular Rep (1404) (1212, 1408) Standard Model | product
- q q i i Operator
(frac-) | Topological order | Strong interactions/ Particle physics s
i Twisted gauge theor
QHE Tensor category correlations gaug y

lattice model -
generalized Kitaev’s
quantum double: (1409)

Entanglement

Figure 7-1: The flow chart overviews the main ideas and subjects emerged from the devel-
opment of the thesis. The numbers shown above represent the arXiv numbers (year and
month) for my journal publication preprints.
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these anomalies do not need to be protected by global symmetries. Thus, they are more
robust than gauge anomalies. They are associated with spacetime diffeomorphism. They
can be viewed as gravitational anomalies — including perturbative gravitational anoma-
lies (computable from a 1-loop Feynman diagram) or non-perturbative global gravitational
anomalies. We understand that so far we have only studied some examples to support this

claim. It will be helpful to find more new examples to test and clarify this claim.

Experimental or numerical realization of phases of matter: It will be important
to find the materialization through correlated quantum magnets, electronic Mott insulators
and ultra-cold atoms. It seems that a complete theory on the classification of interact-
ing SPTs and topological insulators/superconductors is still missing [33]. Several steps of
progress have been made in specific examples. What we are searching for a consistent-
complete theory is like the Ginzburg-Landau’s group theory for symmetry-breaking phases,
and the tensor category theory for 2D TOs. Whether we have the group-cohomology or
cobordism theory or something else to classify SPTs, and what theory we should develop to

fully classify higher-dimensional TOs, are the open challenges to be tackled in the future.

Non-perturbative lattice chiral fermion: We have proposed a simple model for a
non-perturbative lattice chiral fermion model. Currently three main attempts to regularize
the following chiral theory on the lattice are: (i) U(1) chiral fermion [50], (ii) SO(10) chiral
gauge [127] and (iii) U(1) x Z3 x Z4 interacting topological superconductor theory [133]. Our
anomaly-free proof for U(1) chiral fermions is the most rigorous among the three, thanks to
the bosonization technique in 1D. The possible next step will be concretely proving that an
anomaly-free SM-like chiral gauge theory can be constructed using the mirror-decoupling
set-up, by looking into larger extra symmetries as we did in [50] outside a tentative gauge
group SO(10) or SU(5). One can search for the potential hidden constraints on the param-
eters of SM or modified-SM when it can be defined non-perturbatively on the lattice, such
as the Higgs scale and top quark mass. This may help to address beyond-SM questions,
such as hierarchy or strong CP problems. There is also the possibility of synthesizing the
idea of mirror-fermion decoupling with other HEP theories with extra dimensions, such as
Kaluza-Klein, Einstein-Bergmann and Randall-Sundrum models. The second issue for this
goal is to implement the simplest 141D chiral theory on the lattice. The first attempt
can be programming the tensor network code, using 1D Matrix Product States (MPS) or

Density Matrix Renormalization Group (DMRG). If it is possible, the future directions are
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(1) inventing a new algorithm which can solve a gapless system, going beyond the gapped
one of DMRG, or (2) seeking collaboration with simulation experts in many-body quantum
systems or in lattice QCD. A new algorithm is desirable and profound because the gapless
chiral fermions are highly-entangled states with an entropy S oc L% 'log(L) beyond-the-
area-law (L is the length dimension in d-D), which require a new ground state wavefunction
ansatz and a new simulation theory, such as the Multi-scale Entanglement Renormalization

Ansatz (MERA).

More general statements about anomaly-matching conditions and topological
gapping criteria for higher dimensional theory. In Chap.4 and Chap.5, we discuss
the 1+1D statement between anomaly-matching conditions and topological gapping criteria
with U(1)"™ symmetry. This concept may hold more generally than the given spacetime
and the given symmetry. It will be remarkable to extend this direction further. It may
be useful to understand the characterization by entanglement entropy (EE), in particular
topological entanglement entropy (TEE). One key feature of topological orders is known
to be their long-range entanglement. TEE shows how quantum wavefunctions can be cor-
related to each other remotely through the entanglement. Up till now, people have been
looking at TEE on the system either at a closed manifold or at the interior without physical
boundaries. Building upon our previous work on gapped boundaries/domain walls |60, 61],
we can investigate EE and TEE on the system on generic open or closed manifolds. It
is an important question, because the gappability of boundary is related to the 't Hooft
anomaly-matching conditions of gauge anomalies or (perturbative or global) gravitational
anomalies. From the reductionism aspect in HEP, the anomaly-matching is the mechanism
of the anomaly-inflow. However, from the emergence aspect in CMP, the same concept is
analogous to Laughlin’s flux insertion Gedanken-experiment. One can also check how EE
fits into the mirror-fermion decoupling set-up, and whether the gapped mirror sector (set
at the Planck scale) constrains the light sector with nearly gapless fermions. HEP tends to
view gauge theory as governed by “gauge symmetry,” but indeed it has no real symmetries
only redundancies. Ultimately, we can view gauge theory through entanglement. We should
understand how the SM structure can be embedded and ask how new entanglement concepts

beyond EE or TEE can be introduced for strongly-interacting gapless phases.

Topological phase transitions and gapless phases: The topological gapping criteria

for gapped domain walls located between TOs Phases A and B, may be connected to the
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topological phase transitions between TOs Phases A and B. Topological phase transitions
here may not just include the first order phase transition, but also the second order phase
transition. It will be important to see whether extra conditions should be included to derive
the criteria for the second order phase transitions. This information could provide one of
crucial hints for studying robust gapless phases of matter. Another crucial hints can be the
surface gapless states due to anomalies protected by the bulk state of matter.

Further interplay of the spacetime topology and the states of matter topology:
It is likely the approach on spacetime surgery and the quantum amplitudes can be generalized
to study not just TOs but also SPTs, or more generally symmetry-enriched topological states
(SETs, for topological orders with symmetry-protection). There should be a direct program
generalized by extending Chap. 3 to 6.

Many-body entanglement structure: Throughout the thesis, the hidden concept
of entanglement is used, but we have not yet explicitly studied it in depth. Whether the
result we obtained so far (such as anomaly-matching and gapping criteria, string braiding
statistics and generalized Verlinde formula) can be organized in terms of the fundamental
principles of quantum entanglement structure will be left for future questions.

If we digest the reductionism and emergence viewpoints further, the two views are rather
different, but there is not actually an obvious cut between the two philosophies. The prin-
ciples emerging from a many-body system can be reduced to a few guiding principles and
the basic ingredients of qubits or spins and their interactions can be regarded as the funda-
mental blocks of reductionism (thus, emergence gives rise to reductionism). On the other
hand, it also happens that the fundamental laws of reductionism can be re-arranged and
transformed into another set of formulation where the fundamental ingredients are trans-
formed, too (such as the particle-wave duality; this is sort of reductionism gives rise to
emergence). This reminds us of the importance of complementarity of reductionism and
emergence. We should recall that Niels Bohr’s coat of arms, “opposites are complementary,”
and John Wheeler’s comment on complementarity: “Bohr’s principle of complementarity
is the most revolutionary scientific concept of this century and the heart of his fifty-year
search for the full significance of the quantum idea.” Perhaps to keep the two complemen-
tary viewpoints will guide us to digest the full profundity of the quantum world and the

beyond-quantum world.
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