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Abstract Continuing our previous work (arXiv:1509.07981v1), we derive another global gradient
estimate for positive functions, particularly for positive solutions to the heat equation on finite or
locally finite graphs. In general, the gradient estimate in the present paper is independent of our
previous one. As applications, it can be used to get an upper bound and a lower bound of the heat
kernel on locally finite graphs. These global gradient estimates can be compared with the Li-Yau
inequality on graphs contributed by Bauer et al. [J. Differential Geom., 99, 359-409 (2015)]. In many
topics, such as eigenvalue estimate and heat kernel estimate (not including the Liouville type theorems),
replacing the Li-Yau inequality by the global gradient estimate, we can get similar results.
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1 Introduction

The Li-Yau inequality [6], or the Li—Yau gradient estimate in literature, plays an important
role in various topics of geometric analysis, say, the Harnack inequality, the eigenvalue estimate,
the heat kernel estimate, and so on. Recently, this celebrated inequality has been successfully
extended from Riemannian manifolds to finite or locally finite graphs by Bauer et al. [2]. Similar
to the Riemannian manifold case, the power of the Li—Yau inequality on graphs is evident. For
example, it can be used to get the Liouville type theorems [1], to estimate eigenvalues and to
estimate the heat kernel [2].

Note that the Li—Yau inequality is based on the maximum principle, purely local and involv-
ing the curvature-dimension condition. This is exactly the reason why the Li—Yau inequality is
so powerful. Very recently, we find a global gradient estimate for positive functions on finite or
locally finite graphs in [7]. Unlike the Li-Yau inequality, this gradient estimate is based on the
graph structure itself, and thus looks “rough”. As a compensation, it can be applied to positive
solutions to nonlinear differential equations or differential inequalities, such as Au—dyu < f(u).
Due to its global profile, our estimate cannot lead to a Liouville type theorem, since we do not
further assume any curvature-dimension condition. Indeed, a positive harmonic function is not
necessarily constant unless the graph has nonnegative Ricci curvature. However, very lucky, we
are able to use it to derive a Harnack inequality, a lower bound of the first nonzero eigenvalue
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and an upper bound of the heat kernel [7]. Of course, these bounds are not so delicate as that
of [2], where the additional curvature-dimension conditions are assumed.

In the present paper, exploiting the relation between the Laplacian and the gradient form,
we derive another global gradient estimate, which is independent of our previous one [7]. As
applications, we estimate an upper bound and a lower bound of the heat kernel on locally finite

graphs.

2 Notations and Main Results

Suppose that G = (V| E) is a finite or locally finite graph, where V' denotes the vertex set and
E denotes the edge set. If xy € E, we assume its weight w,, > 0. For any z € V, we define
the degree of x by deg(z) =>_, _, wsy. Here and throughout this paper y ~ z if y is adjacent
to x, or equivalently zy € E. Let i : V — R be a finite measure. Denote fimax = Sup,cy 1),
Winin = Infzev, ymaz Way, Dy = sup,cy deg(z)/p(z) and d = sup ey, oy #(7)/wey. Note that
d < Pmax/Wmin. The p-Laplacian (or the Laplacian for short) acting on a function f : V. — R
is defined as

M@ = ) S () - f@).

Yy~

The associated gradient form reads

20(f, 9)(x) = ! > way (F(y) = f(2)(9(y) — ()
()

Yy~x
for any functions f : V — R and g : V — R. Denote I'(f) = T'(f, f).
Our main result is the following global gradient estimate:
Theorem 2.1 Let G = (V, E) be a finite or locally finite graph with D,, < 4o0. Ifu:V —R
is a positive function, then we have
r A
In particular, if u : V x R — R is a positive solution to the heat equation (A — 0y)u = 0, then

we conclude

I(Vu)(z) _ Opv/u(z) -
u(z) Ju(z) <D,, VzeV. (2)

In [7], assuming D, < 400 and d < +o00, we obtained

\/211:(“) < %dAu“ +dD,, + /D, (3)

One can check that (1) is independent of (3). Both of them can be easily applied to nonlinear
differential inequalities, for examples Au — dyu < hu® and Au — dyu + aulogu < 0, where h is
a function, o and a are real numbers. The corresponding differential equations on Riemannian
manifolds were extensively studied, see for examples [4—6, 9-12] and the references there in. In

view of Theorem 2.1, the Li—Yau inequality [2] can be improved as follows.

Corollary 2.2 Let G = (V, E) be a finite or locally finite graph with D,, < +o00 and D,, =
SUP v, yog 4€8(T) /Way < +00. Letu: V xR — R be a positive function such that Au—0yu = 0
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in B(xzo,2R) for some R > 1. If G satisfies CDE(n,—K) for some K > 0, then for any «,
O0<a<landallt>0

1—ao)l'(vVu u n n(2+ D,)D Kn

( ’l)l, W 8% = mm{D‘“ (1—a)2t ((1+— 04)31% " }
in the ball B(xo, R), where CDE(n, —K) is defined as in ([2, Definition 3.9], [8, Definition 1.1]).

As a consequence of Theorem 2.1, we state the following Harnack inequality.

Theorem 2.3 Let G = (V, E) be a finite or locally finite graph with D,, < 400, fimax < +00
and Wyin > 0. Assume u : V x [0,400) — R is a positive solution to the heat equation
Au — 0w = 0. Then for any (x,T1) and (y,Tz), Th < Ts, we have

Apimax (dist(z, 7)) }

u(l'»Tl) S u(vaQ) exp {2DH(T2 - Tl) + Wmin T2 - Tl

One of the applications of the Harnack inequality is the estimation of the heat kernel.

Theorem 2.4 Let G = (V, E) be a finite or locally finite graph with D,, < 400, fimax < +00
and Wpin > 0. Suppose that wyy = Wy, for all x,y € V with y ~ x. Let p(t,z,y) be the heat
kernel on G. Then we state the following:

(i) For anyt >0, x € V and y € V, there holds

1 2D Hmax
t,x,y) < e 4 " to.
P S (Bl Vi) Xp{ \/ Wrnin }

(ii) If we further assume p(xz) = deg(x) for all x € V, then
dfimax (diSt(:C, y))Q }

1
p(t,l’,y)> 6Xp{2t
(y) Wmin t

~ deg
For any fixed x € V, it is reasonable that the bound of the heat kernel implies the volume
growth of balls B(x,v/t) as t — +o00. Indeed we have the following:

Corollary 2.5 Under the assumptions of (ii) of Theorem 2.4, there holds for ally € V' and
t>0
2 max
Vol(B(y, Vt)) < Vol(B(y, 1)) exp {t + 4\/ a t}.
Wmin
We remark that the above applications have been done in [2] via the Li-Yau inequality. By
[7, Theorem 1], we can get Theorems 2.3 and 2.4 with different constants. Also, Theorem 2.1
can lead to [7, Theorems 4-6] with different constants. The remaining part of this paper is
organized as follows. In Section 3, we prove Theorem 2.1, Corollary 2.2 and Theorem 2.3. In

Section 4, we prove Theorem 2.4 and Corollary 2.5.

3 Global Gradient Estimate and Harnack Inequality

In this section, we prove a global gradient estimate (Theorem 2.1), an improvement of the Li—
Yau inequality (Corollary 2.2), and a Harnack inequality (Theorem 2.3). We prove Theorem 2.1
by observing the relation between the gradient form and the Laplacian. Corollary 2.2 holds
just because the terms on the left side of (2) are the same as that of the Li—Yau inequality. For
the proof of Theorem 2.3, we follow the lines of [2], and thereby closely follow the lines of [6].

Proof of Theorem 2.1  For any positive function u : V' — R, there holds (see [2, (3.8)])
21 (Vu) = Au — 2v/ulA/u. (4)
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Noting that v/u(y) > 0 for all y € V, and that deg(z) = Zng Wgy, We have

y~x

Yy~

)
B deg(x) wl
= 8 aa), @

Combining (4) and (5), we conclude (1).

If u:V x[0,4+00) — R is a positive solution to the heat equation Au — d;u = 0, then we
have Au = dyu, and thus (2) follows from (1) immediately. O

Proof of Corollary 2.2 Let u: V — R be a positive solution to the heat equation Au = Jyu.
By Theorem 2.1, we have for any o, 0 < a < 1,

(1= )l (Vi) _du D) _oeu _ -
u Vu T 0w Vu
This together with the Li-Yau inequality [2, Theorem 4.20] gives the desired result. O
Proof of Theorem 2.3  Let u be a positive solution to the heat equation Au — dyu = 0. By

Theorem 2.1, we have

2r
—0¢logu < 2D, — (;/u) (6)
We distinguish two cases to proceed.
Casel z~uy.
For any s € [T}, T3], we have by (6) that
’U,(ZL’,Tl) s u(:c,s) T2
log =— Oy log u(x, t)dt + log Oy log u(y, t)dt
u(vaQ) T ' ( ) (yvs) s ' ( )
™2 90 (y/u) (3 ) (i, s)
<2D, (T —Ty) — "dt +1o . 7
<20 =) - [ HC 5 u(y.s) v
Here we used the fact — f;l QF(;/(;)SC’” dt < 0. Note that = ~ y, we have
u(y, t) n) " \Vuly, 1)
v (o) ) ®
o Hmax \/U(% t)
Moreover,
u(@,s) _ | Vulzs) ‘
log — 1. 9
uly, ) = 2| Vuy,) ¥

Inserting (8) and (9) into (7), we obtain

w2 cam el 400 [ (4201 o) oo

Taking the infimum over s € [T, T3] in (10) and using [2, Lemma 5.5], we have

4/J'max 1

T
log ”(x’Tl) <2D,(Ty —Ty) + S
Wmin 42 — 41

u(ya 2)
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Case 2 z is not adjacent to y.
Assume dist(z,y) = ¢. Take a shortest path © = xg,21,...,2¢ = y. Let Th = tg < t3
< e <tp=To, bt =tp—1+ (To—Th)/¢, k=1,...,¢. By the result of Case 1, we have

-1
u(x, Ty)
1 = 1 tr) — 1 t
8 i) = O (08 U0k ) = 08Uz 1. 111)
-1
1 4-/14max
< 2D, (t —1
_l;)< //«( i k)+tk+1_tk Wmin )
2 Aimax
<2D, (T —T;
o M( 2 1)_|_T‘2_T‘1 Wmin

(dist(,y))? 4ptmax

=2D,(T5, =T
M( ? 1)+ TQ_TI Wmin

This completes the proof of the theorem. O

4 Heat Kernel Estimate

In this section, replacing the Li—Yau inequality in the proof of [2, Theorem 7.6, we estimate
upper bound and lower bound of the heat kernel p(¢, x,y). Also, we estimate volume growth of
B(y,/t), the ball centered at y € V with radius v/t for any ¢ > 0.

Proof of Theorem 2.4  Let p(t, x,y) be the heat kernel on G. Let t > 0 be fixed. For any ¢’ >t
and x,y,z € V, it follows from Theorem 2.3 that

Aftmax (dist(z, 2))? }

t < p(t' 2D, (t' -t
p(vxay)—p( aZ7y)eXp{ ,u( )+ Winin t—t

Integrating the above inequality with respect to z € B(z, /), we obtain

4u t
t,x,y) < 2)p(t, z, expl 2D, (t —t)+ } 11
)< o o (X wen s e {20 —n+ et L
z€B(z,y/)

Note that

> w2y <1, (12)
2EB(z,\/T)
and that
. dpimax T 2D pimax

f(2D,(t —t B _4\/ pmaR Y, 13
tl’r;t< a )+ Wmin t’—t> Wmin (13)

Inserting (12) and (13) into (11), we conclude

p(tz,y) < ! exp {4\/2D““m“t},
Vol(B(x, /1)) Wmin
and thus (i) holds.
From now on we assume pu(z) = deg(x) and thus D, = 1. Let p(z,y) = way/ deg(z),
po(z,y) = 0zy, where 0,y = 1if x =y, and §y = 0 if & # y. Set pry1(z, 2) = Eyevp(as,y)
Py, z). Tt is well known (see for example [3]) that the heat kernel p(t,z,y) can be written as
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which leads to L,

> b
~ deg(y)

We now distinguish two cases of ¢ to proceed.

p(t,y,v) vt > 0. (14)

Casel t>1.
For any 0 < € < 1, it follows from (14) and Theorem 2.3 that

Atmax (dist(z, y))? }

Wmin t—e

—€

e
deg(y

Since t — e > (1 — €)t, we have

) <ple,y,y) < p(t,z,y)exp {2(t —€)+

—€

(15)

€ . ) — 4,U/max (dlSt(.’L’, y))2
p(t,z,y) = deg(y) exp{ 2(t — ) (1 — €)wmin t }

Case2 0<t<l1.
For any 0 < € < 1, it follows from (14) and Theorem 2.3 that

Apimax (dist(z,y))? }
Wmin (1 - G)t .

e—et

deg(y)

And whence in this case

< p(et,y,y) < p(t,z,y) exp {2(1 —e)t+

—€

S deg(y (16)

p(t,z,y)

e

(1 — G)H)min t
Combining (15) and (16), we obtain in both cases

e B o 4,Ufmax (diSt (‘Ta y))2
eg(y)eXp{ - wn }

—€

t >
p(,w,y)_d

Letting ¢ — 0+, we have

p(t, @, y) > exp { — 2t —

1
deg(y)
and thus (ii) holds. O
Proof of Corollary 2.5 By (i) of Theorem 2.4, we have

Wmin t

Aptmax (dist(z, y))? }

1 2D Hmax
ty,y) < exp 44 R,
p( 4 y) VO](B(y, \/t)) Xp{ \/ Wmin }

which together with (14) implies that

Vol(B(y, Vt)) < deg(y) exp {t + 4\/2“maxt} = Vol(B(y, 1)) exp {t + 4\/2“maxt}.

Wmin Wmin
This gives the desired result. O
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