See discussions, stats, and author profiles for this publication at:

Point Integral Method for elliptic equation with
isotropic coefficients with convergence
guarantee

Article - June 2015

Source: arXiv

CITATION READS
1 12
1 author:

Tsinghua University

46 PUBLICATIONS 402 CITATIONS

SEE PROFILE

All content following this page was uploaded by on 08 July 2016.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/278048082_Point_Integral_Method_for_elliptic_equation_with_isotropic_coefficients_with_convergence_guarantee?enrichId=rgreq-2e5e5f889c3e319a7d0f5111ce3d27a8-XXX&enrichSource=Y292ZXJQYWdlOzI3ODA0ODA4MjtBUzozODE3MDY0MjgyNzI2NDBAMTQ2ODAxNzMxMjczMg%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/278048082_Point_Integral_Method_for_elliptic_equation_with_isotropic_coefficients_with_convergence_guarantee?enrichId=rgreq-2e5e5f889c3e319a7d0f5111ce3d27a8-XXX&enrichSource=Y292ZXJQYWdlOzI3ODA0ODA4MjtBUzozODE3MDY0MjgyNzI2NDBAMTQ2ODAxNzMxMjczMg%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-2e5e5f889c3e319a7d0f5111ce3d27a8-XXX&enrichSource=Y292ZXJQYWdlOzI3ODA0ODA4MjtBUzozODE3MDY0MjgyNzI2NDBAMTQ2ODAxNzMxMjczMg%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Zuoqiang_Shi?enrichId=rgreq-2e5e5f889c3e319a7d0f5111ce3d27a8-XXX&enrichSource=Y292ZXJQYWdlOzI3ODA0ODA4MjtBUzozODE3MDY0MjgyNzI2NDBAMTQ2ODAxNzMxMjczMg%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Zuoqiang_Shi?enrichId=rgreq-2e5e5f889c3e319a7d0f5111ce3d27a8-XXX&enrichSource=Y292ZXJQYWdlOzI3ODA0ODA4MjtBUzozODE3MDY0MjgyNzI2NDBAMTQ2ODAxNzMxMjczMg%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Tsinghua_University?enrichId=rgreq-2e5e5f889c3e319a7d0f5111ce3d27a8-XXX&enrichSource=Y292ZXJQYWdlOzI3ODA0ODA4MjtBUzozODE3MDY0MjgyNzI2NDBAMTQ2ODAxNzMxMjczMg%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Zuoqiang_Shi?enrichId=rgreq-2e5e5f889c3e319a7d0f5111ce3d27a8-XXX&enrichSource=Y292ZXJQYWdlOzI3ODA0ODA4MjtBUzozODE3MDY0MjgyNzI2NDBAMTQ2ODAxNzMxMjczMg%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Zuoqiang_Shi?enrichId=rgreq-2e5e5f889c3e319a7d0f5111ce3d27a8-XXX&enrichSource=Y292ZXJQYWdlOzI3ODA0ODA4MjtBUzozODE3MDY0MjgyNzI2NDBAMTQ2ODAxNzMxMjczMg%3D%3D&el=1_x_10&_esc=publicationCoverPdf

arXiv:1506.03606v2 [math.NA] 10 Apr 2016

A convergent point integral method for isotropic elliptic equations
on point cloud *

Zhen Lif Zuogiang Shi¥

April 12, 2016

Abstract

In this paper, we propose a numerical method to solve isotropic elliptic equations on point
cloud by generalizing the point integral method. The idea of the point integral method is to
approximate the differential operators by integral operators and discretize the corresponding
integral equation on point cloud. The key step is to get the integral approximation. In this
paper, with proper kernel function, we get an integral approximation for the elliptic operators
with isotropic coefficients. Moreover, the integral approximation has been proved to keep the
coercivity of the original elliptic operator. The convergence of the point integral method is also
proved.

1 Introduction

Nowadays, data plays more and more important roles in science and engineering. In many problems,
data is usually represented as a collection of points embedding in a high dimensional Euclidean
space. Processing and analysis of the point cloud data is essential in many applications, such as
machine learning [4, 11| and image processing [311 [30].

In many applications, the point cloud data lies in a manifold whose dimension is much lower
than the ambient Euclidean space. The low dimensionality is an important feature we could exploit
to analyze the data. One example is the low dimensional manifold model (LDMM) in image
processing [30]. In this model, the original image is cutted to many overlap patches. The collection
of all patches consists of a point cloud in Euclidean space. It is found that for many natural
images, the patch set usually samples a low dimensional manifold which is called patch manifold.
The dimension of the patch manifold is used as a regularization to processing the image. Based on
differential geometry and variational method, this model is reduced to solve Laplace equation on
patch set. The key point in LDMM is to solve this Laplace equation accurately and efficiently.

Beside the data analysis, solving PDEs on manifold also appears in many physical problems,
such as material science [0, [17], fluid flow [19, 21], biology and biophysics [3l, 18, 29 2]. To solve
PDEs on manifold, many methods have been developed, especially on 2D surfaces, including surface
finite element method [16], level set method [8, 37], grid based particle method [25] 24] and closest
point method [32], 28]. However, these methods need extra information besides the point cloud, for
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instance, meshes, level set function and closest point function. These information is not easy to
obtain from point cloud when the dimension of the manifold is high.

Recently, Liang et al. proposed to discretize the differential operators on point cloud by local
least square approximations of the manifold [27]. Their method can achieve high order accuracy
and enjoy more flexibility since no mesh is needed. In principle, it can be applied to manifolds with
arbitrary dimensions and co-dimensions with or without boundary. However, if the dimension of
the manifold is high, this method may not be stable since high order polynomial is used to fit the
data. Later, Lai et al. proposed local mesh method to approximate the differential operators on
point cloud [23]. The main idea is to construct mesh locally around each point by using K nearest
neighbors. The local mesh is easier to construct than global mesh. Based on the local mesh, it
is easy to discretize differential operators and compute integrals. However, when the dimension of
the manifold is high, even local mesh is not easy to construct.

The original point integral method for Laplace equation is closely related with the graph Lapla-
cian [10,[7]. Graph Laplacian has been widely used in many problems. It is observed in [5l 22} 20, [35]
that the graph Laplacian with the Gaussian weights well approximates the Laplace-Beltrami oper-
ator when the vertices of the graph are assumed to sample the underlying manifold. When there
is no boundary, Belkin and Niyogi [6] showed the spectra of the graph Laplacian with Gaussian
weights converges to that of Laplace-Beltrami operator. Recently, Singer and Wu [36] showed the
spectral convergence of the graph Laplacian in the presence of the Neumann boundary.

Inspired by the graph Laplacian and the nonlocal diffusion, we developed the point integral
method for Poisson equation on point cloud [26}, 33} [34].

—Apu(x) = f(x), x€M,

where Ay = div(V) is the Laplace-Beltrami operator in M.

We assume that M € C* is a compact k-dimensional manifold isometrically embedded in R?
with the standard Euclidean metric and k < d. If M has boundary, the boundary, oM is also a
(C"° smooth manifold.

Let ® : Q ¢ R¥ - M C R? be a local parametrization of M and 6 € Q. For any differentiable
function f: M — R, define the gradient on the manifold

vi@e) = g7 2 0 ) (1.1)
i,j=1 ! J

and for vector field F' : M — Ty M on M, where Ty M is the tangent space of M at x € M, the
divergence is defined as

div(F)

Vdet G

d m N k
L (vVasiag raonGy) (12)
—1i,=1 "1

where (¢); j=1.. , = G, det G is the determinant of matrix G and G(6) = (gij)i j=1,.. & is the
first fundamental form which is defined by

d
8<I>k 6<I>k .
gi5(0) = aez 9), i j=1,--- m. (1.3)
k=1
and (F'(x),---,F%(x))! is the representation of F in the embedding coordinates.



The main idea of the point integral method is to approximate the Poisson equation by the
following integral equation:

- [ ARy ~ 1 [ Rixy)ui) — )i =2 [ Ry Gh)dr,

where n is the out normal of M, R;(x,y) and R;(x,y) are kernel functions given as follows

x —y|? _ _ [x —vl|?

Ri(x,y) = CtR x=yF , Ri(x,y)=CR x=yP (1.4)
4t 4t

where Cy = = t) ——7 18 the normalizing factor. R € C?(R*) be a positive function which is integrable

over [0, 4+00). And
+oo
R(r) :/ R(s)ds.

There is not any derivatives in the integral equation. It is easy to be discretized from point clouds
using some quadrature rule. In [33] [34], we proved the convergence of the point integral method
for Poisson equation with Neumann and Dirichlet boundary condition.

In the point integral method, we only need the point cloud to discretize the differential operator.
This gives PIM great flexibility to fit the requirements in variety of applications. However, one
limitation of the point integral method is that it only applies on Laplace-Beltrami operator. In many
problems, we need to discretize other differential operators besides Laplace-Beltrami operator. In
this paper, we generalize the point integral method to isotropic elliptic operators. Isotropic elliptic
operators are also widely used in many problems. One example is the nonlocal total variation
minimization on point cloud, in which we need to solve an optimization problem,

min [|Vul[z1ag), subject to:  W(u) =b

where V is the gradient in M, ¥ is the measurement operator related with the application, b is the
observation and

IVl py = / Vu(x)ldx
M

Using standard variational approach, the solution of above optimization problem can be given by
solving a nonlinear elliptic equation,

~div (&8) = f().

where f(x) is a known function. Apparently, this equation can be solved by solving a sequence of
isotropic elliptic equation iteratively.
In this paper, we consider to solve elliptic equations with isotropic coefficients on manifold M,

—div(p?(x)Vu(x)) = f(x), x€M (1.5)
The coeffcients p(x) and source term f(x) are known smooth functions of spatial variables, i.e.
p€CH M), feC'(M).
The elliptic condition makes that there exist generic constants cg,c; > 0 such that for any x € M,

0<cop<px)<a <o,



The key observation in this paper is the integral approximation of isotropic elliptic operators given
as following

- [ o Tu) Ty =3 [ Ryt e (10
—2 [0 Ry )y,
oM

where the kernel functions R; and R; are same as those in . The main advantage of this
integral approximation is that there is no differential operator inside. Using this approximation, we
transfer the numerical differential to numerical integral which is much easier to compute on point
cloud. Based on this integral approximation, we are able to develop the point integral method to
isotropic elliptic equations.

Similar integral approximation is also widely used in nonlocal diffusion and peridynamic model
[12] [T, 13, [14), [38]. The integral approximation is easy to implement on point cloud, since it has no
derivatives inside. Moreover, the point integral method also has very good theoretical property. It
is proved that the coercivity of the original elliptic operator is partially preserved and this partial
coercivity implies the convergence of the point integral method.

The rest of the paper is organized as following. In Section 2, we introduce the point integral
method for isotropic elliptic operator with Neumann and Dirichlet boundary condition. The con-
vergence analysis is given in Section 3. Several numerical examples are presented in Section 4. The
conclusion remarks are made in Section 5.

2 Point Integral Method for Isotropic Elliptic Equations

In this section, we introduce a numerical method for isotropic elliptic equation on point cloud based

on the integral approximation (1.6]).
To simplify the notation, we introduce an integral operator,

Leu(x /Rtxy x) = u(y))p(y)dsy (2.1)

where R; is the kernel function given in (1.4)).

2.1 Neumann Boundary

First, we consider the Neumann problem,

—div(p*(x)Vu(x)) = f(x), x €M,
{ o (x) = g(x), x € OM. (2.2)

Using the integral approximation (1.6)), the solution of the Neumann problem (2.2)) can be obtained
approximately by solving an integral equation

_ Ri(x,
Lyu(x) — 2/ 9(y)Re(x,y)p(y)dry = / f(y)Mduy, (2.3)
oM M p(y)
with ¢t < 1.
The eigenvalue problem is also solved by a generalized eigenvalue problem
R
Liu(x) = A / (%, Y)dﬂy, (2.4)



2.2 Dirichlet Boundary

The Dirichlet problem is more involved in point integral method, since the normal derivative, g—ﬁ

is not known.
_div(pQ(X)Vu(x)) = f(X), x e M,
{ u(x) = g(x), x € OIM. (2.5)

Here, we use the same idea as that in [26] to deal with the Dirichlet boundary.

2.2.1 Robin Approximation

The simplest way is using Robin boundary to approximate the Dirichlet boundary. More specifically,
we consider the following Robin problem

—div(p?*(x)Vu(x)) = f(x), x € M,
du iy IM (2.6)
u(x) + 55 (x) = g(x), x € OM.
where 0 < f < 1 is a small parameter. It is easy to show that as g — 0, the solution of the Robin
problem, (12.6)), converges to the solution of the Dirichlet problem, (2.5).
For the Robin problem, the integral approximation (1.6 is applicable to give an integral equa-
tion,

2 = ) 5
Lut=-2 [ (63) — u) Rl yin)dry = [ IR y)ay. (27)
B Jom m p(y)
Similarly, we also get an approximation of the eigenvalue problem,
2 _ R X,
Lyu(x) + u(y)Ri(x,y)p(y)dry = A / il y>duy (2.8)
B Jom

2.2.2 Iterative Solver based on Augmented Lagrangian Multiplier

In the Robin approximation, the parameter 8 has to be small to get good approximation, while the
linear system becomes ill-conditioned. To alleviate this difficulty, we could use an iterative method
based on the Augmented Lagrange method (ALM).

It is well known that the Dirichlet problem can be reformulated to be following constrained
optimization problem:

. 1
min 5 [ POIT P+ [ )0, (29)
subject to: v(x)|om = 9(%x),

Applying the ALM method to the problem (2.9)), we get an iterative method, in each step, an
unconstrained optimization problem is solved,

min 5 [ POV Py + [ ) vl

T /8 ) (a(y) = o) <y>d7y+21ﬁ /8 (0) = o))y (210

Using the variational method, one can show that the solution to (2.10]) is exactly the solution to
the following Robin problem:

div((x)Vo(x)) = f(x),  xEM, o)

(x) + B2 (x) = g(x) + puk(x), x € IM. '
This Robin problem is solved by the integral equation. Notice that, the parameter [ is not neces-
sarily small. Usually, we set § = 1. Thus, the linear system is not ill-conditioned.



Procedure 1 ALM for Dirichlet Problem
1: k=0, w? = 0.
2: repeat
3. Solving the following integral equation to get v*,

21 (gly) — oM (y) + Bt (9) Relx, y)ply)dry = /M / Ey)’zz(x,y)duy.

LivF(y) — = VARY
() B Jom p(y

4wt =wh + (g — (WFlam)), k=k+1
: until g — (V" o)l = 0
U:'Uk

(=2l

2.3 Discretization

The main advantage of the integral equations is that they are easy to discretize over the point cloud
since there is not any derivatives inside.

Assume we are given a set of sample points P sampling the submanifold M and a subset S C P
sampling the boundary of M. List the points in P respectively S in a fixed order P = (x1,--- ,Xy,)
where x; € R% 1 < i < n, respectively S = (s1,-- ,sp,) where s; € P. In addition, assume
we are also given two vectors V = (Vi,---,V,,)! where V; is an volume weight of x; in M, and
A = (Ay, -, Ay, where A; is an area weight of s; in M. In this point cloud data (P, S, V,A),
the integral equation ([2.3)) can be disretized as

1 _ _
n > Rulxi, %) (us — uy)piVy =2 ) Ra(xi,8)bipi Ay + Y Ri(xi,%5) f3V5/pj- (2.12)
XjEP SjES XjEP

where p; = p(x;), fj = f(x;), y=0b(s;), j=1,---,|P|, l=1,---,]5].
The other integral equations and corresponding eigenvalue problems can be discretized conse-
quently.

Remark 2.1. The integral approzimation (1.6|) also holds if the parameter t depends on x, i.e.

. Ryl 1 [ p(bosP
- [ v Tum) Py~ [ R () 0 - umpeian 213)
o, - (|lx—y?
-2 oM 87n(y)R <4t(x)> p(y)dry.

Based on above approximation, in the computation, we can choose t adaptive to the distribution of
the points.

3 Convergence Analysis

In this section, we analyze the convergence of the point integral method for isotropic elliptic equa-
tion. To make the theoretical analysis concise, we only consider the homogeneous Neumann bound-
ary conditions,

(3.1)

{ —div(p?(x)Vu(x)) = f(x), x €M,
) =0, x € OM.



The corresponding numerical scheme is

1 _
n > Rilxi, %) (ui —uy)piVy = D Ri(xi,%5) 13V /ps- (3.2)
XjEP XjEP

The analysis can be easily generalized to the non-homogeneous boundary conditions. The conver-
gence of Dirichlet problem can be proved also following the similar procedure as that in [34].

3.1 Main Result

We will prove that the solution given by the point integral method converges to the exact solution
as the point cloud (P, V) converges to the manifold M. Before giving the result of the convergence,
we need to clarify the meaning of the convergence of the point cloud (P, V) to the manifold M.

First, we introduce an index to measure the distance between the point cloud (P, V) and the
manifold M, which is called integral accuracy index, denoted as h(P,V, M).

Definition 3.1 (Integral Accuracy Index). For the point cloud (P, V) which samples the manifold
M, the integral accuracy index h(P,V, M) is defined as

[ F )ity = Yo ep £OxIVE|

WPV, M) =
( ) Fect (M) [supp(F)II fllor

where || fllcrvmy = [[flloo + [V flloo and |supp(f)| is the volume of the support of f.

Using the definition of integrable index, we say that the point cloud (P, V) converges to the
manifold M if (P, V, M) — 0. In the convergence analysis, we consider the case that h(P, V, M)
is small enough.

Remark 3.1. In some sense, h(P,V, M) is a measure of the density of the point cloud. If the
point cloud is uniformly distributed on the manifold, from central limit theorem, h(P,V, M) ~
O(1/+/|P]) where |P| is the number of point in P.

Remark 3.2. To consider the non-homogeneous Neumann boundary condition or Dirichlet bound-
ary condition, we have to also assume that h(S, A, 0M) — 0, where S is the point set sample the
boundary OM and A is the corresponding volume weight on the boundary OM.

To get the convergence, we also need some assumptions on the regularity of the submanifold
M and the integral kernel function R.

Assumption 3.1. e Smoothness of the manifold: M, 9M are both compact and C'* smooth
k-dimensional submanifolds isometrically embedded in a Euclidean space R

e Ellipticity: there exist generic constants cg,c; > 0, such that ¢y < p(x) < ¢ and p(x) €
CH(M).
e Assumptions on the kernel function R(r):
(a) Smoothness: R € C*(R™);
(b) Nonnegativity: R(r) > 0 for any r > 0.
)
)

(c

(d) Nondegeneracy: 35 > 0 so that R(r) > & for 0 <r < 3.

Compact support: R(r) = 0 for Vr > 1;



Remark 3.3. The assumption on the kernel function is very mild. The compact support assumption
can be relaxed to exponentially decay, like Gaussian kernel. In the nondegeneracy assumption, 1/2
may be replaced by a positive number 6y with 0 < 0y < 1. Similar assumptions on the kernel
function is also used in analysis the nonlocal diffusion problem [15].

All the convergence analysis in this paper is based on above assumptions. In the statement of
the theorems, above assumptions are omitted to make the statements more concise.

The other issue we have to address is that how to compute the difference between the discrete
solution and the analytic solution. The solution of the discrete system is a vector u defined on
P while the solution of the problem is a function defined on M. To make them comparable,
for any solution u = (u1,- -+ ,up)t, n = |P| to the problem , we construct a function on M

Do, (% %) uipi Vi + 1 305 e p Re(x,%5) £V /p;
ZX]'EP Rt(x’ Xj)pjv} '

It is easy to verify that I¢(u) interpolates u at the sample points P, i.e., If(u)(x;) = u; for any
x; € P. The following theorem guarantees the convergence of the point integral method.

I(u)(x) =

(3.3)

Theorem 3.1. Let u be the solution to problem (3.1) with f € CY(M) and let the vector u be the
solution to the problem (3.2]). Then there exists constants C and Ty depend on M and p(x), such
h(P,V,M)
that for any t, T < T,
h(P,V, M)
o= e@linean < € (172 + “EE20) | ey, (3.4
where h(P,V, M) is the integral accuracy indez.

3.2 Proof of Convergence

Roughly, the proof the convergence includes two parts: estimate of the truncation error L;(u—I¢(u))
and the stability of the integral operator L;. Here L; is the integral operator in , u(x) is the
solution of the problem and u is the solution of the problem .

This strategy is standard in numerical analysis. It is well known that consistency together
with stability imply convergence. On the other hand, the point integral method has some special
structures both in truncation error and stability, which makes the analysis a little more involved.

First, we have following theorem regarding the stability of the operator L.

Theorem 3.2. Let u(x) solves the integral equation
Liu = r(x)

where r € H' (M) with [, r(x)p(x)dux = 0. Then, there exist constants C > 0, Ty > 0 independent
on t, such that

lull g vy < C (Irlzzm + HIVT L20m))
as long as t < Tp.

To use above stability result, we need Ly estimate of Li(u — Ig(u)) and VLi(u — Ig(u)). In the
analysis, we split the truncation error Li(u — If(u)) to two terms,

Li(u—Ig(u)) = Li(u — up)) + Li(up — Ie(u))



where u; is the solution of the integral equation

[ R0 - up)an = [ 1) 0 (3.5)

For the second term, we have following estimate.
Theorem 3.3. Let uy(x) be the solution of the problem (3.5) and u be the solution of the prob-

lem (3.2). If f € CY(M) , then there exists constants C, Ty depending only on M and the coefficient
p(x), so that

Ch(P,V, M

0 Gro =) Dzay < SUET 2 e, (36)
Ch(P,V, M

VL ew =) ey < oY e (3.7

as long ast < Ty and ML\/E’M) < Tp, h(P,V, M) is the integral difference index in Definition .

The error term L;(u — u;)) is a little more complicated. It has two parts, one is the interior
term and the other is the boundary term. We need to estimate these two terms separately to get
better estimation of the convergence rate.

Theorem 3.4. Let u(x) be the solution of the problem (3.1) and ui(x) be the solution of the
corresponding integral equation (3.5)). Let

d
I = 2_: /8 )6 y) - V(Tuy) ey )p(y)d. (3.8)

and
Lt(u — ut) = ljn + Ibd.

where n(y) = (n'(y), - ,n%(y)) is the out normal vector of OM at'y, V7 is the jth component of
gradient V.
If u € H3(M), then there exists constants C, Ty depending only on M and p(x), so that,

1 Tinll 2y < CEP Nl snny, IV Tinll 2 ey < Clludlrs (g, (3.9)
as long as t < Tp.
Using the definition of the boundary term Iq, (3.8)), it is easy to check that
HIdeL2(M) = O(t1/4)7 ||VIbd||L2(M) = O(flﬂ):
Based on this estimation, Theorem [3.2] and Theorem [3.4] give that
lw = wel| g gy = O(EY™).

This proves the convergence, however the convergence rate is relatively low. This low rate comes
from the boundary term. From interior term only, the rate is v/£. Notice that the boundary term
has a specific integral formula given in . Using this formula, we know that the boundary term
concentrates in a small layer adjacent to the boundary whose width is of the order of /¢ and vanish
in the interior region. Utilizing this special structure, we could get better convergence rate with
the help of a stability estimate specifically for the boundary term, which is given in Theorem



Theorem 3.5. Let u(x) solves the integral equation
Liu = /BM b(y) - (x —y)Ri(x,y)p(y)dry — b

where M|, = [, p(x)dux and

/\il’p /M </aM by) - (x —y)Re(x, Y)p(y)d7y> dx.

Then, there exist constant C' > 0,Ty > 0 independent on t, such that

b=

lull 1 (v < CVE Bl g1 gy
as long as t < Tp.

Based on above four theorems, it is easy to prove Theorem Using Theorem [3.3]and Theorem

[3.2] we get
h(P,V, M
lur — Ie(@) || g1 ag) = O <(t3/2))

Applying Theorem [3.2] to the interior term in Theorem [3.4] and Theorem [3.5] to the boundary term
respectively, we have

= will s agy = O (£72).

Putting above two inequality together, Theorem is proved.
Next, we prove Theorem and [3.5] respectively.

3.3 Proof of Theorem [3.4]

Let r(x) = Lyu — Lyu; where u and u; are the solution of (3.1) and (3.5 respectively. Using
integration by parts, we have

r(x) :% /M Ry(x,y)(u(x) — u(y))p(y)duy — /M diV(pz(y)VU(y))}Wduy (3.10)

—92 /d y Rt(x,y)%()’)p(}’)dTy

:% / (u(x) —uly) = (x —y) - Vu(y)) Be(x, y)p(y)dpy
M
= [ Aneuly) Rl yipiy)dn
M

The main idea of the proof is the Taylor expansion,

u(x) — uly) ~ (x —y) - Vuly) = 5(x )" Hu(y) - (x —y) + Ox ~ P’
where H,(y) is the Hessian matrix of u at y.
Using the integration by parts, the second order term actually gives Laplace-Beltrami operator
which cancel with the second term in .
In manifold, the Taylor expansion and integration by parts are more complicated. To make
the whole idea rigorous, we need to introduce a special parametrization of the manifold M. This
parametrization is based on following proposition.
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Proposition 3.1. Assume both M and OM are C? smooth and o is the minimum of the reaches
of M and OM. For any point x € M, there is a neighborhood U C M of x, so that there is a
parametrization ® : Q C RF — U satisfying the following conditions. For any p < 0.1,

(i) Q is convex and contains at least half of the ball By—1(x)(£0), i.e., vol(2N Bgp-1(x)(£0)) >

$(20)kwy, where wy, is the volume of unit ball in R¥;

(i) Bx({f5o)NM CU.
(i4i) The determinant the Jacobian of ® is bounded: (1 —2p)k < |D®| < (1 +2p)* over Q.

(iv) For any points y,z € U, 1 —2p < % <1+ 3p.

This proposition basically says there exists a local parametrization of small distortion if (M, OM)
satisfies certain smoothness, and moreover, the parameter domain is convex and big enough. The
proof of this proposition can be found in [33] and for the sake of completeness, we give the proof
in the supplementary material. Next, we introduce a special parametrization of the manifold M.

Let p = 0.1, 0 be the minimum of the reaches of M and M and 6 = po/20. For any x € M,
denote

Bi:{ye/\/l:|x—y|§5}, M;:{yEM:]x—yPgélt} (3.11)

and we assume t is small enough such that 2/t < 6.
Since the manifold M is compact, there exists a d-net, N5y = {q; € M, i = 1,--- N}, such
that

N
Mc | JBj,.
i=1

and there exists a partition of M, {O;, i =1,---, N}, such that O;NO; =0, ¢ # j and

N
M:UOZ', OZ’CB:;, 1=1,---,N.
i=1

Using Proposition there exist a parametrization ®; : Q; CRF - U; c M, i =1,---,N,
such that

1. (Convexity) Bczlf C U; and ; is convex.
2. (Smoothness) ®; € C3(€);

3. (Locally small deformation) For any points 61,02 € €,
1
5 101 = 02] < [[i(01) — Di(62)[| < 261 — b .

Using the partition, {OQ;, i = 1,--- , N}, for any y € M, there exists unique J(y) € {1,--- ,N},
such that

Yy € Osiy) C By, (3.12)

Moerover, using the condition, 2v/t < §, we have M, C Bczl‘i(y) C Ujy).- Then <I>;(1y)(x) and
@;(1),) (y) are both well defined for any x € M.

11



Now, we define an auxiliary function, n(x,y) for any y € M, x € ./\/lg, Let
£(X7 y) (I)J(ly)( ) - (I);(ly) (Y) € Rka 77(X7 Y) = S(X, Y) ’ 8(I)J(y) (OZ(X, y)) S Rd7 (313)
where a(x,y) = <I>;(1y) (y) and 0 is the gradient operator in the parameter space, i.e.

(o) = (9% p 9% 0% ok
aéj(e)_<ael(9), 55 0) ’aek(9)>’ 0 e CRE.

Now we state the proof of Theorem
Proof. First, we split the residual r(x) in - ) to four terms

r(x) =ri(x) + ra(x) + r3(x) — ra(x)

where
n60 = [ (460~ uy) = x= ) Tuly) = 0PV ) RiC o),
ra(x) = % /M n' (V'V7u(y)) Re(x, y)p(y)duy — /M ' (V'Y u(y)V? Ry(x, y)p(y)dpy,
r3(x) = /Mn (V'Y u(y) V! Ry(x, y)ply)dpy + /M div (" (V'Vu(y)) Re(x,y)p(y)duy,

ra(x) = /M div (" (V'Vu(y)) Re(x,y)p(y)dpy + /M Apu(y) Re(x, y)p(y)dpy-

where V¢, i =1,--- ,d is the ith component of the gradient V, n°, i = 1,--- , d is the ith component
of n(x,y) defined in (3.13). To simplify the notation, we drop the variable (x,y) in the function

n(x,y).
Next, we will prove the theorem by estimating above four terms one by one. First, we consider
r1. Let

A(x,y) = u(x) ~uly) ~ (x ~y) - Vuly) ~ 20 (V' Vu(y))

we have

[inerane = [ |[ mixyaoe s
nap) [ ([ meeyiny ) ([ Rebeyldony)Pany ) di

c / / Ry(x, y)ld(x, y)| 2y dyi
MJIM

dpx

IN

IA

and

/M /M Ry(x,y)|d(x,y)Pduydpx = i\f:/ /‘Rt(an)’d(X,y)\Qdﬂydux

Z/ (/ Rl y)ldix.y) dux) .

12



Using Newton-Leibniz formula, we get

1. .
d(x,y) = u(x) —uly) = (x =) Vuly) = 5n'n’ (V'V7uly))
= / / / 51— 8 <I>](oz+ $381€)0y ' (a4 535251§)V7 Viu (P(a+ 5332515))) dsgdsadsy
= fifi/fi” / / / S%Sg@@j(a + 53515)8i//8i/<1>j/(a + 838251§)Vj/vju(<1>(a + $38251€))dsgdsadsy
0 0 0
1,1 g1
+§Zfz/§z” / / / 520 0;®7 (o + 33515)8i/<1>]/(a + 833231§)VJ/VJU(<IJ(04 + $35251€))dsgdsadsy
0 0 0
YRR 1 1 1 . . 211
+£'¢" ¢ / / / 575207 (v + 53525180y D7 (a0 + $35251£) 0 7 (o + s5352516)
0 0 0
VjNVj/Vju((I)(oz + $35251€))dsgdsadsy
Here, ®, i = 1,---,d is the ith component of the parameterization function ® and the parame-

terization function ® = ® ), J(y) is the index function given in (3.12). a = a(x,y) = @;(Iy) (¥),

E=¢(x,y) = (I);(ly) (x) — q);(ly) (y). In the rest of the proof, without introducing any confusion, we
always to use these short notations to save the space. In above derivation, we need the convexity
property of the parameterization function to make sure all the integrals are well defined.

Using above equality and the smoothness of the parameterization functions, it is easy to show

that
/ ( / Rt<x,y>|d<x,y>12dux> sy
0: \Im,

11 gl
ct? / / / / / Ry(x,y) | D*?u(® ¢y (a + 3352515))‘2 dpxdpydszdsadsy
o Jo Jo Jo; my

< Ot max / » Ri(x,y) ‘DQ’?’U((I%(O&+S§))‘2duxduy,

IN

0<s<1 Jo»

where we use the fact that J(y) =14, y € O; and

d d
‘D2’3u(x)}2: Z (V9" VIu(x)|? + Z V7' Vou(x))?.
33"3"=1 53'=1

Let z; = ®;(a + s£), 0 < s <1, then for any y € O; C Bgu and x € Mg,,

|zi —y| < 2s|¢| <dslx—y| <8sVE, |z — il <|zi—y|+ |y — il <0+8sVi.
We can assume that ¢ is small enough such that 8/ < ¢, then we have

26
e BX.
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After changing of variable, we obtain

/ ] By \D?*”u(@i(a + 56 duxdpsy

Mt
< / / [z —yI" ‘D23 u(z; ‘ dptg, dp
= & B s'f 1285275 ey

|Zi—y|2 / 2,3 2
= —R|——=—)d D* I dug,
=[5 E (12852t [ 1Dt

C ‘D23 (x )‘ dpx.
B2

IN

This estimate would give us that
1) |2y < Ol sy (3.14)

Now, we turn to estimate the gradient of ry.

/ |vxrl |dﬂx < C/ ’/ \Y Rt Xy (X Y) ( )dﬂy d:U'X

+C/ ‘/ Ri(x,y)Vxd(x,y)p(y)dpy dux-

where Vy is the gradient in M with respect to x.
Using the same techniques in the calculation of [|71(x)[|2(rq), Wwe get that the first term of right
hand side can bounded as follows

/M ‘/M Vi Ri(x, y)d(x, y)p(y)dpy i

dpix < CllullFs

The estimation of second term is a little involved. First, we have

Cap < cf </ Ri(x,y)|Vd(x,y)] duy> dyin
- cz/ (/ Ru(x, )| V(. y)| dux> dpy.

/ M ‘ / ™ Ry(x,y) Vxd(x, y)p(y)dpy

Also using Newton-Leibniz formula, we have
1,1
d(x,y) = &'¢ / / s1 <3¢¢](Oé+ 518)0y 7 (a + 52516) V! VI u(®(a + 82815))) dsadsi
0 Jo
.y 1 1 . .y .y .
gigi / / 51 (aiqﬂ ()9 ®7 ()W wu(cp(a))) dsods
0o Jo
Then the gradient of d(x,y) has following representation,
1,1
de(x, y) = fzfl/vx </ / S1 851)3 (Oé + 515)8i/<1>3/(a + 5251§)VJ'V9u(<I>(oz + 52815))) ngdSl)

+Vx f §Z / / / 81— 8@ (o + s351€)0y P’ (a+838281§)vj Viu (P (a+335251§))) dssdsadsy
= di(x,y) + da(x, Y)
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For d;, we have

/ </ Rt(x,y)\dl(x,y)lzdux> dpy < Ot max/ < Rt(x,y)\D2’3u(<I>i(a+sf))]Zd,ux> duy,
o, \Jmy <s<tJo, \/my,

which means that

1AL

For dsy, we have
dQ(XaY)
.y d ) ., g
= Vi (gzgz ) / 51— <8i¢>](oc + 53518) 0y D7 (o + $352518)V? VIu(P(a + 3332315))> dssdsodsy
0132 ds3

Rt<x,y>|d1<x,y>|2dux> dpy < C /B 1D u(x) P (3.15)
q;

t
Yy

= Vi (fifi,> fin / s%szaﬁbj (a+ 83315)8i//81»/¢>j/(a + 333231£)levju(<b(a + 535251€))ds3dsadsy
[0,1)3
+Vy <§i§i/) §iﬁ / s%@iuaifbj(a + 8381§)a7y(1)j/ (o + 833231§)levju(¢>(a + s359251€))dszdsadsy
[0,1)3

+Vx <§"§"/) 3 / 51520;97 (v + 5251€) 05 D7 (v + 5350516) 0 ®7 (v + 838281€)
[0,1]3

VjNVj/Vju(CI)(a + $35251€))dsgdsadsy

This formula tells us that

/ / Ri(x,y)|da(x,y) Pdpx | duy < CF2 max/ /
0; \I M, Oss<ljo; \Jm

Using the same arguments as that in the calculation of [|r1||z2(r), we have

/ (/ Rt(x,y)dg(x,y)|2dux> dpy < C’/ | D3u(x)2dpx (3.16)
O; Mg, B‘Zlf

Combining (3.15) and (3.16]), we have

IV 2 < Cllullgs vy (3.17)

R(x,y)|D*u(®(a + SE))Qdux> dpty-

t
y

For 79, first, notice that
_ 1 A . A . A
VIRUx,Y) = 50w @ (@)g"™" 00 () (@' — ) Relx,),
77j 1 j m/n’ i i i
TR(6Y) = o 0@ (0)g"™ " 00 ()€ 9 R x,y).
Then, we have
Pa— "7]
ijt(Xa Y) - %Rt(x7 y)
= SO g 0,0 (2 =y = €0,07) Ry(x,y)

1 pl A
_ %gi’gﬂ"am@igm’"’an@f ( / / 5005 ®7 (o + TS{)deS) Ri(x,y)
0 0
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Thus, we get

_ J C€1?
Vi) - D) < S re)

|£|

!£I3

Vi (Vi) - By )| < Dy + S )

Then, we have following bound for ro,

/ |ra(x) [ dpux (3.18)
SCt/ (/ Ri(x,y)|D*u(y)lp(y )dﬂy>2dux

SCt/ (/ Ry(x,y)p duy>/ Ri(x,y)|D?u(y)*p(y)dpy dpx

<Ctmax ( /M Rt(XJ)dﬂx) /M |D*u(y)[*p(y)duy

Yy
<Ctl|ullF2(pgy-

Similarly, we have

JRECRTS (3.19)
<ct [ ([ Temixyinan ) [ TR 30?0 oly)des s
<CVimax ( [ Ve y)dﬂx> | 1P oty

<CllullFr2(ppy-

r3 is relatively easy to estimate by using the well known Gauss formula.
n) = | i (V) Ry = [ (T Vul) Rl y) )y
= = [ (O Tuly) Rue ) Pl )y

where Iy = faM I (ViViu(y))Ri(x,y)p(y)dry.
Using the assumption that p € C'(M), it is easy to get that

73 — Toall 2 () < C\fIIUIIH2 (M) (3.20)
IV (rs = Tya) |l 22y < Cllull gz (3.21)

Now, we turn to bound the last term r4. Notlce that
Vi (Viu(y)) = (9p®)g¥" oy ((am@j)gm’n’(an,u)) (3.22)

= (O ®)g"" (O (0 ®7)) ™™ (D)
+(ak/q)j)gk/l/ (6m/<1>j)01/ (gm/n/ (&ﬂﬂ))

— e O VARG (B + O (47 (Our)

Vdet G
1 m/n/ -
= mam' (\/Mg (Gn/u)) = Apmu(y).
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where det G is the determinant of G and G' = (gsj); j=1,... - Here we use the fact that

(O D) " (O (O ®”)) = (B ®7)g"" (O (B D7)

= (O (O ®7))g"" (Op @7)
]. 2l
= 59“ O (gr17)
1
= Oy Vdet G).
v det G( et G)

Moreover, we have
"7 (0 ®7)(9:) (09" (V' VVuly)) (3.23)
= —¢"7(9;07)(0: ") (V' V/u(y))
= —g"7 (9 ®7) (05 ®") (D ®") g™ ™ O (VI uly))
= —¢"7 (9,90 (Vu(y))
= -V (Viu(y)).
where the first equalities are due to that 9y&! = —55,. Then we have

div (n"(V'Vu(y))) + Apuly)

1 o . 4 L o . 4 L
— , KT YAY= AYAviAvZ) S O I YAV L. AYAviAvZ)
o 00 (VAeL G g™ (0,0))¢! 010V u(y))) - 0" (0, 97) (04€) (D19) (VT u(y)
gl Y ) ) .
= Oy (Vdet G g*7 (0;;97)(0;9")(V'Vu .
T O (VLG g (0,00) (010) (V' u(y)))
Here we use the equalities (3.22)), (3.23)), n° = ¢/0y®' and the definition of div,
1 ol
divX = Oy (Vdet G g7 9, ®F XF). 3.24
where X is a smooth tangent vector field on M and (X!,..., X d)t is its representation in embedding
coordinates.

Hence,

l
) = [t (VALG g (0 ) 019 (VW uly) ) Rulx.y)ply) s

Then it is easy to get that

Irs G2y < O ull sy (3.25)
IVra()llzovy < Cllullgs - (3.26)

By combining ({3.14)),(3.17)),(3.18]),(3.19),(3.20),(3.21)),(3.25)),(3.26]), we know that

<
<

7 = Dall 2oy < CE72|ull s, (3.27)
IV(r = La)llz2ovy < Cllullgsov- (3.28)

Using the definition of I,y and Ip4, we obtain
hu=Ta= [ W)=y = nxy) - (FPuly) RuCe y)o(y)dr,
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Using the definition of n(x,y), it is easy to check that

x—y —nxy)=0(x-y[), |[Vx(x—y-n(xy))|=0(x-yl)

which implies that

11a — Loall 2y < CE[ull 2 an, (3:29)
IV (Ta = D)l 2y < CE/H s any- (3.30)
The theorem is proved by putting (3.27)), (3.28)), (3.29)), (3.30) together. O

Remark 3.4. Using above proof, we can also show that the Lo error in the integral approrimation

[2.13) is O(t'/*).

3.4 Proof of Theorem [3.3]

To simplify the notation, we introduce a intermediate operator defined as follows,

1
Lepu(x) = D Re(ex5) (ulx) = ulx)p(x)Vj. (3.31)
XjEP
Let uyp, = I¢(u) with u satisfying equation (3.2) and If is given in (3.3). One can verify that the
following equation are satisfied,

— Lypupn(x) = > Ry(x,%5) f(%5)/p(x,) V. (3.32)
x;EP

In the proof, we need a prior estimate of u which is given as following.

Theorem 3.6. Suppose u = (u1,--- ,up|) with ZLZ'I u;p;Vi = 0 solves the problem (3.2) and
f=(f(x1), -, f(xp)" for f € C(M). Then there exists a constant C >0 such that
Pl 1/2

S Vi | < COllfllees
=1

provided t and ML\/Z’M) are small enough.

This theorem is an easy corollary of following theorem.

Theorem 3.7. If the manifolds M is C*°, there exist constants C > 0, Cy > 0 independent on t
so that for any u = (ug,--- ,u|p|)t € R with Z‘Zi‘l u;p; Vi = 0 and for any sufficient small t and
h(P?V?M)
Vit
|P| |P|
Coh(P,V, M

> Rl xg) (i —uj)*pip; ViVy = O(1 — O(ﬂ)) > _uipVi

i=1

1,j=1

The proof of this theorem is given in the supplementary material which is a small modification
of the proof of Theorem 9.1 in [33].
We are now ready to prove Theorem
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Proof. To simplify the notation, we denote h = h(P, V, M) and n = |P| and denote

1

wy p(x)

Z Ry (x,x;)u;p;V; —t Z Ri(x,%;)fV;/p; (3.33)
x;eP x;EP

Ut’h(X) =

where u = (uq, -+ ,u,)" with Y | u;p;V; = 0 solves the problem (8.2, f; = f(x;) and wyp(x) =
ijep Ry(x,x;)p;V;. For convenience, we set

agp(x) = Z Ry(x,x5)up;Vj, (3.34)
Wy h( ) x,€P

cp(x) = F(x)Vj/p;, (3.35)

and thus ug, = agp + ¢ .
First we upper bound ||L¢(ug ) — Lip(uen) |l 2(am)- For ¢ p, we have

|(Lecen — Lincen) (X)]
1

= /M Ry(x,¥)(ce,n(x) = con())p(y)dpy — Y Re(x,%5)(cen(x) = cen(x;))p;V;
x;€P

IN

1
7 leen(x)] / Ry(x,y)p(y)dpy — > Ri(x,%;)p;V;
M x;eP

1
1 [ Ry )y = 3 Rl

x;€eP
Ch Ch
< Ifgﬁ ’Ct,h(x)| + m”Ct’hncl(M
Ch Ch 1/2 Ch
< thfllee + 5 U lleo + 71 loc) < =M1 e

For a; p, we have

2

/ ag p(x / Ri(x,y)p(y)duy — Z Ri(x,%x;)p;Vj| dpx (3.36)
x;€P
2
Ch? Ch?
< — (at,h(x))2 dpx < / Z Ry(x,x5)u;p; Vi | dpx
tJm t S\ we h( ) Soh
Ch2
< — Z Ry(x,%;) ]pj Z Ry(x,%x)p;Vj | dpx
x; P x;EP
Ch2 = Ch?
< — ZU p] / Rtxxj)dﬂx Sizu pj

7j=1
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Let

1 Ix —y|? x; — y|?
A = d
Cr /M wt,h(Y)R ( 4t i 4t P(y)duy

1 x — x5 % —x; 7\ o
Ct Z wt,h(X]‘)R< 4t R 4t pjv].

X;j S

We have |A| < t(f/lé for some constant C independent of ¢. In addition, notice that only when
|x — x;|> < 16t is A # 0, which implies

1 x — x;|?
A< AR —— |-
e (2

Then we have

2

Jo L Ry ey = 3 Reloexs o),V | o (3.37)

x;€P

N /M <§:Ct“ipiviA> e < © / (th!uz!szRCX il )) dpix

=1
\X—Xi\Q
CiR| —=— | p:Vi | dux
Z t < 3¢ p K

2
o (ZC R(\x xzr>u?pivi>
XiEP
Ch? x — x| 5 cn? (&,
< = <n . V/ < - “o: Vo | .
< = </MCtR< 31 )dﬂx(uzszz)>_ - Zuzszz

=1
Combining Equation (3.36), (3.37) and Lemma [3.6]

| Learn — Linarpll L2 (v

— (/M \(L¢(arn) — Len(an)) (x)]? dux> 1/2

IA

2 1/2
1
<] @t | [ Ribeyip@idn Y Rilxxi)p V| dus
M M x;EP
2 1/2
1
b [ [N Ry pe)du = 3 R xpaunt),V;) di
M|JIM x;eP
Ch (& 2 cn
2
< an (Z%m%) < sl fle
i=1
Assembling the parts together, we have the following upper bound.
HLt’U,t’h — Lt7hut7hHL2(M) (338)
< | Liaph — Linawnllp2ovmy + 1 oecen — (M)
<

7 llfllee + ==l flloe < 257511 lloc
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At the same time, since u; respectively u;j, solves equation (3.5]) respectively equation (3.32)), we
have

[ Le(ue) — L p (e n) |2 o) (3.39)

i (/ M ((Lewe = Lypuep) (x))° duX> N

2 1/2
= / / Ri(x,y)f(y Z Ri(x,x;)f(x;)V;/p; | dux
M M x;eP
h
< mllfllclw)
The complete L? estimate follows from Equation (3.38) and (3.39).
The estimate of the gradient, ||V(L¢(ut) — Ly n(uen))|ln2(am), can be obtained similarly. O

3.5 Proof of Theorem [3.2

In order to prove Theorem we need two theorems, [3.8] and The proof of these two theorems
can be obtained by making minor revision of the proof of Theorem 4.4 and 4.5 in [33], the details
of the proof are put in the supplementary material.

Theorem 3.8. For any function u € L?(M), there exists a constant C > 0 independent on t and
u, such that

[ R (E2E) i = ats)pts s = € [ [Dutpldne

where

o0 = - [ R (B urnte .

and w(x) = Cy [\ R (‘XZZ‘Z)) p(y)duy-.

Theorem 3.9. Assume both M and OM are C*°. There exists a constant C > 0 independent on
t so that for any function u € Lo(M) with [, uw(x)p(x)dux =0 and for any sufficient small t

| or(EE y’z)<u<x>—u<y>>2p<x>p<y>duxduy>cruu%2w>

Using above two theorems, Theorem becomes an easy corollary.

Proof. of Theorem[3.2
Using Theorem we have

lullF20) < C/M u(X)r(x)p(x)dux < Cllull L2 7l 200 - (3.40)
This inequality (3.40|) implies that
ullz2ov) < Clirllzzoamy-
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Now we turn to estimate ||Vu| z2(rq). Notice that we have the following expression for u,

o) = 030 + = 700
where
(%, y)u(y)p(y)dpy, wi(x / Ri(x,y)p(y)dpy.
By Theorem we have
2 2 2 r(x) =7\ |
IVullLz vy < 20V0llz2(pg + 28 V<wt(x)> o

< C/ ) Lea(x)p(x)djix + CLr2e gy + CEIVE 22000

< Cllull 2 1Pl 2y + CEITI 20 + CENVTIZ2 00

< CllrlZaium +Ct2HWHL2

< (||rHLz<M>+t||wuLz<M))2.

The proof is completed.

3.6 Proof of Theorem [3.5]

Proof. First, we denote

r(x) = / b(y) - (x — y) Ru(x, y)p(y)dry,
oM

r= . [ (L b e R yptyin, ) oax

where |[M|, = [, p(y)dpy.
The key point of the proof is to show that

\ [ ) () = ) o)

First, notice that

< CVEI[bl (el 1 -

7] < CVt bl r2omy < CVE bl
Then it is sufficient to show that

’/M u(x) </8M b(y) - (x — y)Rt(X,Y)p(Y)dTy> p(x)dpx| < CVE bl g llull g

Direct calculation gives that

2tV Ri(x,¥) — (x = y)Ri(x,¥)| < Clx — y*Ri(x,),

22
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where Ry(x,y) = C/R (M> and R(r = [7° R(s)ds. This implies that

‘ / b(y) (( —y)Ri(x,y) + 2tV}:€t(X,y)> p(y)drydux (3.43)

<c /M u(x / ¥)lix = yI2Ri(x, y)p(y)drydyux

<ctblizonn ([ ([ Rieypoons) ([ ool yian ) ivyis,)
<CH[ll vy (/ Ju(x)?p(x </ Ri(x,y)p dTy> dux> v

<CM bl el L2m)-
On the other hand, using the Gauss integral formula, we have
| w0 / b(y) - VR x,¥)p(y)drydix (3.44)
/ / (b(y)) - VRi(x,y)p(y)dpsxdry
oM
= [ 000 Tulbly)ul) Rix, yIpx)p(y )y
oM JoOM
[ divup0 T (b)) R, ¥ ey
oM J M
Here T is the projection operator to the tangent space on x. To get the first equality, we use the fact
that VR, (x,y) belongs to the tangent space on x, such that b(y)- VR (x,y) = Tx(b(y)) - VRi(x,y)

and n(x) - Tx(b(y)) = n(x) - b(y) where n(x) is the out normal of M at x € IM.
For the first term, we have

/ . / 000 Tu(b(y))u() R, y)pGp(y dradry
- /& y /8 y n(x) - b(y)u(x) Re(x, y)p(x)p(y)dmedry
<C|bll 2o ( [ ([ |u<x>|ét<x,y)p(x)drxfp(y)dfy) N

<l ([ ([ ebeyiwine) ([ 6ol fuixypen ) o ) 1/2

<Ct V2 bl iy el 2oy < CE2 Bl v llull .

(3.45)

We can also bound the second term on the right hand side of (3.44). By using the assumption that
M e C*, we have

|diva[u(x)p(x) T (b(y))]]
<|Vu(x)||Tx(b(y)llp()] + [u(x)|divx[Tx(b(y))]| [p(x)] + [Vp()[u(x)Tx(b(y))|
<C([Vu)| + [u(x)])[b(y)]

where the constant C' depends on the curvature of the manifold M.
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Then, we have

(3.46)

/ / divy|u(x)Tx(b(y ))]}:?ut(X,}’)P(X)P(Y)dedTy
oM

<o/ by / (V)] + [u()) Re(, y)p(x)dpidry
oM

Clbllaon ( (a0 + futx) (o0 ( /| fmx,y)p(y)dfy) dﬂx> v

< ot /4 1Bl & o lull 7 ag)-

IN

Then, the inequality (3.42)) is obtained from (3.43)), (3.44)), (3.45) and (3.46). Now, using Theorem
we have

ull2pg < C / %) Leu()p(x)dpis < OVE [bllarsong a1 - (3.47)

Note r(x) = [, (x —y) - b(y)Ri(x,y)p(y)dry. Direct calculation gives us that

Ir () |2y < CEY4b groag), and
IV () 2y < Ot 4Ib] o

where

Yp(y)dpy,  wi(x) = /M Ru(x, y)p(y)dy.

By Theorem [3.8, we have

IVl 22 (3.48)
v (r(x) - F) 2
we(x) )l 2

c / ) Leu(x)p(x)dpis + CHr[2 ) + CEIVT| 22000

IN

2 VollZa gy + 262

IN

IN

CVE Bl apllullm vy + CEIrIZ 2 gy + CENVTIE 20
ClIblls aay (Vellullms oy + CE2)

IN

Using (3.47) and (3.48)), we have

lal1 ey < ClBl vty (VEllin ) + CE2),

which proves the theorem. ]
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4 Numerical Experiments

In this section, we show several numerical examples to demonstrate the performance of the point
integral method for isotropic elliptic equations. This section is separated to two parts. In the first
part, on some simple 2D surfaces, the convergence of the point integral method is verified. In the
second part, we consider a nonlocal total variation minimization problem, in which some isotropic
elliptic equations are solved on point cloud in high dimensional space.

4.1 Examples on 2D Surfaces

In this subsection, we consider the isotropic elliptic equation on 2D surfaces

—div(p?(x)Vu(x)) = f(x), x€M, (4.1)
with Neumann and Dirichlet boundary conditions,
ou
%(x) =b(x), or u(x)=0bkx), x€IM

To estimate the volume weight vector V from the point sets P, a local mesh around each sample
point is constructed, from which the weight of that point is computed. For details to estimate the
volume weight, we refer to [26]. The kernel function is chosen to be Gaussian function,

1 Ix — vl

2
The parameter t is set as t = <|—113| Zyjl p(xi)) , where p(x;) is the radius of 10 nearest neighbors

of X;.
Example 1 In the first example, the manifold M is an unit disk and an annulus in R?. The inner

radius of the annulus is 1 and outer radius is 3. The exact solution is set to be ug(x) = cos(27||x||)
in unit disk and ug = sin(z + y) in the annulus, see Figure [II The coefficient of the equation in

. 0.8
15
X 0.6
1+
. 0.4
05-
. 0.2
> o-
> 0 g -0.51
0. 0.2 _k
0. -0.4 151
-0. -0.6 -2|
0. 08 -25
-1 -0.5 0 0.5 1
X

(a)

Figure 1: Ground truth: (a) ug = cos(27r) in unit disk; (b) ug = sin(z + y) in the annulus
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|P| 684 2610 10191 | 40296
disk | 0.364597 | 0.214960 | 0.111961 | 0.056028
annulus | 0.036760 | 0.012227 | 0.005557 | 0.003542

Table 1: Iy error for ug = cos(27r) in the unit disk and sin(x + y) in the annulus.

both in the unit disk and annulus. The Neumann boundary condition is enforced in unit disk and
we consider the Dirichlet boundary condition in the annulus.

Table (1] list the I error of the point integral method as the number of points grows. This result
clearly shows the convergence of the point integral method. The convergence rate in [o error is
approximately 1/ \/W .

The eigenvalue problem with homogeneous Neumann boundary condition is also solved in the
annulus.

—div(p*(x)Vu(x)) =Au(x), xeM
gz(x) =0, x € OM

and the coefficient p is given in (4.2)).

The first 20 eigenvalues are plotted in Figure[2l The eigenvalues given by finite element method
in the finest mesh is used as the true solution. Our result shows that the eigenvalue computed in
the point integral method also converge.

45

40

35 o FEM 40578 i
PIM 683 —
a0k ~— PIM 2624 /
-~ PIM 10152 / a
25 ~ PIM 40578
<< 20 -

Figure 2: First 20 eigenvalues in the annulus with Neumann boundary condition with different
point cloud.

Example 2 Now, we solve equation with Neumann condition and Dirichlet condition on a
curved surface in R3. Let M be a cap on the unit sphere, whose height is 1/2 and the cap angle is
/3, as shown in Figure [3| The coefficient of the equation is also given in (4.2)).

We set the ground truth to be ug = x + y + 2z, where (z,y, z) is the coordinate in RR3.

The I5 errors of the point integral method are listed in Table 2l The convergence rate for both
boundary value problems are 1.
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Figure 3: Ground truth: uy = x + y + 2 on the cap.

|P] 1199 4689 18540 | 73757
Neumann | 0.036779 | 0.015355 | 0.007479 | 0.003189
Dirichlet | 0.007238 | 0.001921 | 0.001278 | 0.000750

Table 2: I3 error for ug = = +y + 2z on cap.

The first 20 eigenvalues are also computed for homogeneous Neumann condition as shown in
Figure [ As the number of points increases, the eigenvalues given by PIM converge to those
computed by FEM, which suggests the convergence of the point integral method.
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o FEM 73757
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Figure 4: First 20 eigenvalues on the cap with Neumann boundary condition.




Example 3 In this example, we consider a more complex surface, a human face called 7 Alex”.
The surface is sampled by 10597 points (Figure 5)) and the analytic form of the surface is not known.
The coefficient of the equation in (4.1)) is

9 1

~ sin(r/10)/2 + 1

where r = /22 + y2 + 22. In this example, we solve the eigenvalue problem of the isotropic elliptic

Figure 5: (a) Face of Alex; (b) Coefficient: restriction of p? on M

operator. Several eigenfunctions computed by the point integral method are shown in Figure [6]
From the examples in 2D surfaces, we see that PIM solves isotropic elliptic equations with
Neumann and Dirichlet boundary very well. Moreover, the convergence rate is higher than that
obtained in the convergence analysis. The point integral method is applicable to point cloud in high
dimensional space, not only on the 2D surfaces. Next, we will show a high dimensional example.

4.2 Nonlocal Total Variation Extension

In this example, we consider an L; extension on point cloud. The point cloud is constructed
by using the patches of a 512 x 512 image, which is shown in Figure (a). The original image is
subsampled and only retain 10% of the pixels at random. The subsampled image is shown in Figure
m(b). One classical problem in image processing is to recover the image from the subsampled image.
Here, rather than give an image reconstruction method, we only use this example to demonstrate
the performance of the point integral method for isotropic elliptic equations.

In this example, the point cloud consists of the patches of the original image. For each pixel x;
in the image f, we extract a patch around it of size 5 x 5 which is denoted as py,(f), where f is
the original image. Totally, we get 5122 patches and each patch is 5 x 5. The collection of all the
patches give a point cloud in R?%. Denote this point cloud as P = {p,,(f) :i =1,---,512%}. The
image is actually corresponding a function w on the point cloud P with u(pg, (f)) = f(x:), f(zi)
is the value of image f at pixel x;. Corresponding to the subsampled image, the value of function
u is only known in the patches around the sampled pixels. The collection of all these patches is
denoted as S.
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Figure 6: Eigenfunctions on ‘Alex’ with homogenous Neumann boundary condition.

Recently, manifold model attracts many attentions in image processing [30]. In manifold model,
the point cloud P is assumed to be a sample of an underlying manifold, which is called patch
manifold. The total variation is used as a regularization to reconstruct the image. The main idea
is to minimize the total variation in the patch manifold, i.e.,

min [|Vul[z1ag), subject to: u(x) = f(x), x€S. (4.3)

The variation approach tells us that the optimal solution of (4.3)) is given by solving following PDE,
. Vu(x) >
div (— 0,
[Vu(x)|
with the Dirichlet type boundary condition

u(x) = f(x), x€8.

One natural method to solve above PDE is an iterative scheme,

iv w = WTHx) = f(x X
d <|Vu”(x)\) 0, (x) = f(x), € S. (4.4)

In each step, we need to solve an isotropic elliptic equation.
Here, the gradient is computed by using an integral approximation also.

1

Vu(x) = o)

/ Ry(%,y)(x — y)(u(x) — u(y))dpy
M
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wy(x) = [\ Ri(x,y)dpy. In the computation, to avoid degenerate of the ellipticity, we regularize
the coefficient by adding a small constant in the denominator, i.e., replace |Vu"(x)| by |[Vu"(x)|+¢€
in with € = 1073. The point cloud is assumed to be uniformly distributed, so the volume
weight is uniform. The kernel function is Gaussian function. In this example, we use the integral
approximation with adaptive ¢(x;) = p(x;)?, where p(x;) is the radius of 20 nearest neighbors
of x;.

(b)

Figure 7: (a): original data; (b): 10% subsampled data.

Figure (a) shows the image reconstructed by L; extension and Figure b) gives the difference
between the original image, Figure m(a) and the reconstructed image Figure (a). As we can see,
L1 extension gives very good reconstruction. This result shows that the point integral method solve
the isotropic elliptic equation very well on point cloud.

5 Conclusion

In this paper, we generalize the point integral method to solve the isotropic elliptic equation. The
point integral method is very easy to implement on point cloud, since it only needs the point cloud
without any extra information. Moreover, it also has very good theoretical property. The coercivity
of the original elliptic operator is partially preserved in the point integral method. Based on this
property, the convergence is proved.

One important implication is the spectral convergence of the point integral method on random
samples. Suppose the points are obtained by sampling a manifold according to some probability
distribution p(x). In the point integral method, the eigenvalue problem

(5.1)

—ﬁdiv(pz(x)Vu(x)) = \u(x), x € M,
g—ﬁ(x) =0, X € OM,
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Figure 8: (a): reconstructed data; (b): residual.

is discretized as .
Z Z Rt(xi,xj)(ui — ’LL]') =\ Z Rt(xi,xj)uj- (5.2)
x;eP x;eP

This discretization is closely related with the normalized graph laplacian. Based on the theoretical
results in this paper, it can be proved that the spectra of (5.2) converges to the spectra of ([5.1)) as
the number of sample points goes to infinity.

The other interesting problem is how to generalize the point integral method to anisotropic
elliptic equation. On this problem, we already get some results. They are going to be reported in
the subsequent paper.
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