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Abstract. Using Terracini’s Lemma, we study the tangential weak defectivity of join of
subspace varieties.

1. Introduction

In [2], L. Chiantini and G. Ottaviani introduced the tangential weak defectivity of join of
projective varieties, which was related to uniqueness conditions concerning tensor decompo-
sitions (see [1, 3, 4, 10]). In [12], the authors studied the non-tangentially weakly defective
join of subspace varieties and used it to obtain some uniqueness results of block term tensor
decompositions. The results of this paper mainly concern the tangentially weakly defective
join of subspace varieties.

Throughout this paper, for basic definitions, notation and results, we follow [8].
Firstly we recall some basic concepts in algebraic geometry.

1.1. Notations. As in [8], for a finite dimensional complex vector space V , PV denotes the
projective space associated to V , π denotes the projection of V \{0} onto PV ; for a variety

X ⊂ PV , X̂ ⊂ V denotes its inverse image under the projection π, which is the (affine) cone
over X in V , and for x ∈ X, [x] denotes π(x).

Let S be a subset of PV , then the span 〈S〉 is by definition the range of π on the usual

vector span of Ŝ in V . The Zariski closure of S in PV will be denoted by S̄.
When we need to specify the elements of S and its linear span, we use the notation
{s1, s2, · · · } and 〈s1, s2, · · · 〉, respectively.

For x ∈ X̂, T̂[x]X := T̂xX̂ is the affine tangent space to X at [x].

1.2. Join of subspace varieties. Let Aj, 1 ≤ j ≤ n, be finite dimensional complex vector
spaces.

Definition 1.1. (See Definition 1 in [9]) Let kj ≤ aj := dimAj, 1 ≤ j ≤ n be nonnegative
integers. Subspace varieties, denoted Subk1,...,kn(A1⊗ . . .⊗An) ∈ P(A1⊗ . . .⊗An) are defined
as

Subk1,...,kn(A1 ⊗ . . .⊗ An)

:= {[T ] ∈ P(A1 ⊗ . . .⊗ An) | ∀j ∃A′j ⊂ Aj, dim A′j = kj, T ∈ A′1 ⊗ . . .⊗ A′n}.

Definition 1.2. If Xi, i = 1, . . . , k, k ≤ n are projective algebraic varieties of Pn = PV, V =
Cn+1, then the join of X1, . . . , Xk is

J(X1, . . . , Xk) :=
⋃
{〈[P1], . . . , [Pk]〉|Pi ∈ X̂i, 1 ≤ i ≤ k},
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where Pi, i = 1, . . . , k, are linearly independent vectors in V . If X1 = · · · = Xk = X, then
we write J(X1, ..., Xk) = σk(X) and we call this the k-th secant variety to X.

The following Terracini’s Lemma appears as Proposition 12.11 in [6] and we rephrased it
in terms of join of projective varieties.

Theorem 1.3. Let Pi ∈ X̂i be a general point of X̂i for each i = 1, . . . , k, then for [P ] :=
[P1 + . . .+ Pk],

T̂[P ]J(X1, . . . , Xk) = T̂[P1]X1 + · · ·+ T̂[Pk]Xk.(1.1)

Definition 1.4. (see Definition 2.6 in [2]) Let Pi ∈ X̂i be a general point of X̂i, 1 ≤ i ≤
k. When for any j ∈ {1, . . . , k} and Qj ∈ X̂j, T̂[P1]X1 + · · · + T̂[Pk]Xk contains T̂[Qj ]Xj

only if [Qj] ∈ {[P1], . . . , [Pk]}, we say J(X1, . . . , Xk) is not tangentially weakly defective.
Otherwise, we say that J(X1, . . . , Xk) is tangentially weakly defective. J(X1, . . . , Xk) is weakly
defective if the general hyperplane which is tangent to X1, . . . , Xk at some k general points
[P1], . . . , [Pk], is also tangent at some other point [Qj] 6= [P1], . . . , [Pk], Qj ∈ X̂j for some
j ∈ {1, . . . , k}. Here general means in an open subset of the set of hyperplanes which are
tangent to X1, . . . , Xk at k general points [P1], · · · , [Pk] (see [5]).

Remark 1.5. By semicontinuity (see Theorem III.12.8 of [7]), if for one particular set of gen-

eral points {P1, . . . , Pk}, T̂[P1]X1+· · ·+T̂[Pk]Xk contains T̂[Qj ]Xj only if [Qj] ∈ {[P1], . . . , [Pk]},
then J(X1, . . . , Xk) is not tangentially weakly defective.

Remark 1.6. In [12], it is proved that J(Sub1,L1,L1(CI⊗CJ⊗CK), . . . , Sub1,LR,LR
(CI⊗CJ⊗

CK)) is not tangentially weakly defective, if

I ≥ R, J, K ≥
R∑

r=1

Lr, Li + Lj > Lk ∀1 ≤ i, j, k ≤ R.

The main results in this paper are the following.

Theorem 1.7. Assume I ≥ R, J(Sub1,L1,L1(CI⊗CJ⊗CK), . . . , Sub1,LR,LR
(CI⊗CJ⊗CK)) is

tangentially weakly defective, if for some [Xj1 ] ∈ σLj1
(PJ−1×PK−1), · · · , [Xjs ] ∈ σLjs

(PJ−1×
PK−1), j1, . . . , js ∈ {1, . . . , R}, there exists [X ′jt ] ∈ 〈[Xj1 ], · · · , [Xjs ]〉 ∩ σLjt

(PJ−1 × PK−1),
but [X ′jt ] is not in {[Xj1 ], · · · , [Xjs ]}.

And we use the above theorem to obtain the following tangential weak defectivity results:
J(Sub1,L1,L1(CI ⊗ CJ ⊗ CK), Sub1,L2,L2(CI ⊗ CJ ⊗ CK)) is tangentially weakly defective if

I ≥ 2, J = K =
2Li+Lj

2
, ∀1 ≤ i, j ≤ 2 (

2Li+Lj

2
is not independent from i, j) or I ≥

2, min{J,K} = max{L1, L2}.

Theorem 1.8. J
(
Sub1,L1,L1

(
CI ⊗ CJ ⊗ CK

)
, . . . , Sub1,LR,LR

(
CI ⊗ CJ ⊗ CK

))
is weakly de-

fective if I ≥ 2, J,K ≥ L1 + · · ·+ LR, L1, . . . , LR ≥ 2.

Theorem 1.9. J
(
Sub2,L1,L1

(
CI ⊗ CJ ⊗ CK

)
, . . . , Sub2,LR,LR

(
CI ⊗ CJ ⊗ CK

))
is tangen-

tially weakly defective if I ≥ 2, J,K ≥ L1 + · · ·+ LR, L1, . . . , LR ≥ 2.
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2. Proof of Theorem 1.7 And Its Corollaries

Proof. Without loss of generality, we assume that X ′jt = X1 + χ2X2 + · · ·+ χRXR. Now

a1 ⊗X1 + · · ·+ aR ⊗XR

= a1 ⊗X ′jt − χ2a1 ⊗X2 − · · · − χRa1 ⊗XR + a2 ⊗X2 + · · ·+ aR ⊗XR

= a1 ⊗X ′jt + (a2 − χ2a1)⊗X2 + · · ·+ (aR − χRa1)⊗XR

= a1 ⊗X ′jt + a′2 ⊗X2 + · · ·+ a′R ⊗XR.

Let Pi = ai ⊗Xi, 1 ≤ i ≤ R and Q = a1 ⊗X ′jt . Using Terracini’s Lemma 1.3, we have

T̂[P1+···+PR]J(Sub1,L1,L1(CI ⊗ CJ ⊗ CK), . . . , Sub1,LR,LR
(CI ⊗ CJ ⊗ CK))

= T̂[P1]Sub1,L1,L1(CI ⊗ CJ ⊗ CK) + · · ·+ T̂[PR]Sub1,LR,LR
(CI ⊗ CJ ⊗ CK)

contains T̂[Q]Sub1,Ljt ,Ljt
(CI ⊗ CJ ⊗ CK). By Remark 1.5, we have J(Sub1,L1,L1(CI ⊗ CJ ⊗

CK), . . . , Sub1,LR,LR
(CI ⊗ CJ ⊗ CK)) is tangentially weakly defective.

�

Corollary 2.1. J(Sub1,L1,L1(CI⊗CJ⊗CK), Sub1,L2,L2(CI⊗CJ⊗CK)) is tangentially weakly

defective if I ≥ 2, J = K =
2Li+Lj

2
, ∀1 ≤ i, j ≤ 2.

Proof. It is sufficient to prove the case L1, L2 < J = K <
∑2

r=1 Lr. Let A, B and C denote
complex vector spaces of dimensions I, J,K respectively. Split B = B1 ⊕ B0 ⊕ B2 and
C = C1 ⊕ C0 ⊕ C2, where B1, B0, B2, C1, C0, and C2 are of dimensions L1 − lb, lb, L2 − lb,
L1 − lc, lc, L2 − lc, respectively, and lb = lc = 1

2
Lj.

Recall that there is a normal form for a general point [p] of σL(PB × PC) (L is smaller
than dimB and dimC), which is of the form

p = b1 ⊗ c1 + · · ·+ bL ⊗ cL.

We may assume that all the bi, 1 ≤ i ≤ L are linearly independent in B as well as all the
ci, 1 ≤ i ≤ L (Otherwise one would have [p] ∈ σL−1(PB × PC)). Then a general element
[ϕ] ∈ Sub1,L,L(PA⊗ PB × PC) is of the form

ϕ = a⊗ (b1 ⊗ c1 + · · ·+ bL ⊗ cL),

where a is a nonzero vector in A.
So we my consider

X1 = b1,1 ⊗ c1,1 + · · ·+ b1,L1−lb ⊗ c1,L1−lb + b0,1 ⊗ c0,1 + · · ·+ b0,lb ⊗ c0,lc
∈ (B1 ⊕B0)⊗ (C1 ⊕ C0) ∼= CL1 ⊗ CL1

and

X2 = b2,1 ⊗ c2,1 + · · ·+ b2,L2−lc ⊗ c2,L2−lc + b0,1 ⊗ c0,1 + · · ·+ b0,lb ⊗ c0,lc
∈ (B2 ⊕B0)⊗ (C2 ⊕ C0) ∼= CL2 ⊗ CL2 .

Let X ′j be a general point of σLj
(PJ−1 × PK−1) and set

X ′j = X1 −X2,
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then we have

X ′j = b1,1 ⊗ c1,1 + · · ·+ b1,L1−lb ⊗ c1,L1−lb − b2,1 ⊗ c2,1 − · · · − b2,L2−lc ⊗ c2,L2−lc

has rank equal to Lj, which implies that [X ′j] is a point in σLj
(PJ−1 × PK−1). But [X ′j] is

not in {[X1], [X2]}. From Theorem 1.7, we know J(Sub1,L1,L1(CI⊗CJ ⊗CK), Sub1,L2,L2(CI⊗
CJ ⊗ CK)) is tangentially weakly defective. �

Corollary 2.2. J(Sub1,L1,L1(CI⊗CJ⊗CK), Sub1,L2,L2(CI⊗CJ⊗CK)) is tangentially weakly-
defective if I ≥ 2, min{J,K} = max{L1, L2}.

Proof. It is sufficient to prove the case L1 ≤ L2 = K. Let B and C denote vector spaces of
dimensions J,K respectively. Split B = B1 + B2 and C = C1 ⊕ C2, where B1, B2, C1, and
C2 are of dimensions L1, L2, L1, L2 − L1, respectively.

Consider

X1 = b1,1 ⊗ c1,1 + · · ·+ b1,L1 ⊗ c1,L1 ∈ B1 ⊗ C1
∼= CL1 ⊗ CL1

and

X2 = b2,1 ⊗ c1,1 + · · ·+ b2,L1 ⊗ c1,L1 + b2,L1+1 ⊗ c1,L1+1 + · · ·+ b2,L2 ⊗ c2,L2

∈ B2 ⊗ (C1 ⊕ C2) ∼= CL2 ⊗ CL2 ,

where {b1,1, . . . , b1,L1}, {b2,1, . . . , b2,L2}, {c1,1, . . . , c1,L1}, and {c2,L1+1, . . . , c2,L2} are bases for
B1, B2, C1 and C2, respectively.

Let [X ′j] be a general point of σLj
(PJ−1 × PK−1) and set

X ′j = X1 +X2.

Then we have

X ′j = (b1,1 + b2,1)⊗ c1,1 + · · ·+ (b1,L1 + b2,L1)⊗ c1,L1 + b2,L1+1 ⊗ c2,L1+1 + · · ·+ b2,L2 ⊗ c2,L2 .

X ′j has rank equal to L2, which implies that [X ′j] is a point in σL2(PJ−1×PK−1). But [X ′j] is

not in {[X1], [X2]}. From Theorem 1.7, we know J(Sub1,L1,L1(CI⊗CJ ⊗CK), Sub1,L2,L2(CI⊗
CJ ⊗ CK)) is tangentially weakly defective. �

3. Proof of Theorem 1.8

Lemma 3.1. Let A,B,C be complex vector spaces of dimensions I, J,K and ϕ = ai ⊗
(b1 ⊗ c1 + · · ·+ bL ⊗ cL), where ai, bi, ci are basis for A,B,C, respectively. We have

T̂ϕSub1,L,L (A⊗B ⊗ C) = A⊗

〈
L∑
i=1

bi ⊗ ci

〉
+B ⊗ 〈ai ⊗ ci〉+ C ⊗ 〈ai ⊗ bi〉

Proof. Pick a curve ϕ (t) = ai (t)⊗
(∑L

i=1 bi (t)⊗ ci (t)
)

, where ϕ (0) = ϕ. Taking derivative

with respect to t, we have

ϕ′ (0) = a′i (0)⊗

(
L∑
i=1

bi ⊗ ci

)
+ ai ⊗

(
L∑
i=1

b′i (0)⊗ ci

)
+ ai ⊗

(
L∑
i=1

bi ⊗ c′i (0)

)
.

Since a′ (0) , b′ (0) , c′ (0) are arbitrary vectors in A,B,C, we obtained Lemma 3.1. �
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Proof of Theorem 1.8. It is sufficient to prove the case I = 2, J = K =
∑R

r=1 Lr.
Let A, B and C be complex vector spaces of dimensions I, J,K, respectively. Split

B =
⊕

1≤q≤RBq and C =
⊕

1≤r≤R Cr, where for 1 ≤ q, r ≤ R, Bq and Cr are of dimensions
Lq, Lr, respectively.

Choose a general set {ϕp ∈ Ŝub1,Lp,Lp(CI ⊗ CJ ⊗ CK) : 1 ≤ p ≤ R}. Without loss of
generality, we can assume

ϕp = (a1 + λpa2)⊗ (bp,1 ⊗ cp,1 + bp,2 ⊗ cp,2 + · · ·+ bp,Lp ⊗ cp,Lp) ∈ Ap ⊗Bp ⊗ Cp,

for any 1 ≤ p ≤ R, where {a1 + λpa2}, {bp,1, . . . , bp,Lp} and {cp,1, . . . , cp,Lp} are bases for Ap,
Bp, Cp, respectively. Note that for a general set {ϕp ∈ Ap ⊗Bp ⊗ Cp : 1 ≤ p ≤ R}.

Using Terracini’s Lemma 1.3 and 3.1, a general hyperplane tangent to

J
(
Sub1,L1,L1

(
CI ⊗ CJ ⊗ CK

)
, . . . , Sub1,LR,LR

(
CI ⊗ CJ ⊗ CK

))
at [ϕ1 + · · ·+ ϕR] is of the form

H =
∑

1≤p≤R

(λpa
∗
1 − a∗2)⊗

 ∑
1≤j 6=k≤Lp

µp,j,kb
∗
p,j ⊗ c∗p,k + µ′p,j,k

(
b∗p,j ⊗ c∗p,j − b∗p,k ⊗ c∗p,k

)
It is straightforward to see that H is tangent to Sub1,Lp,Lp

(
CI ⊗ CJ ⊗ CK

)
at

ςp = (a1 + λpa2)⊗
∑
j 6=k

j − k
|j − k|

µp,j,kbp,j ⊗ cp,k + µ′p,j,k (bp,j ⊗ cp,j + bp,k ⊗ cp,k) ,

which is different from ϕ1, · · · , ϕR. So

J
(
Sub1,L1,L1

(
CI ⊗ CJ ⊗ CK

)
, . . . , Sub1,LR,LR

(
CI ⊗ CJ ⊗ CK

))
is weakly defective. �

4. Proof of Theorem 1.9

Proof. It is sufficient to prove the case I = 2, J = K =
∑R

r=1 Lr.
Let A, B and C be complex vector spaces of dimensions I, J,K, respectively. Split

B =
⊕

1≤q≤RBq and C =
⊕

1≤r≤R Cr, where for 1 ≤ q, r ≤ R, Bq and Cr are of dimensions
Lq, Lr, respectively.

Choose a general set {ϕp ∈ Ŝub2,Lp,Lp(CI ⊗ CJ ⊗ CK) : 1 ≤ p ≤ R}. Using Weierstrass
normal forms (see Chapter 10 in [8] and Chapter IX in [11]) of tensors of multilinear rank
(2, Lp, Lp), we can assume

ϕ1 =

L1∑
i=1

(a1 + λia2)⊗ bi ⊗ ci,

ϕ2 =

L1+L2∑
i=L1+1

(a1 + λia2)⊗ bi ⊗ ci,

...

ϕR =

L1+···+LR∑
i=L1+···+LR−1+1

(a1 + λia2)⊗ bi ⊗ ci,
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where {a1, a2}, {b1, . . . , bL1+···+LR
}, {c1, . . . , cL1+···+LR

} are bases for A,B,C.
Consider

ψ1 =

L1−1∑
i=1

(a1 + λia2)⊗ bi ⊗ ci + (a1 + λL1+1a2)⊗ bL1+1 ⊗ cL1+1

ψ2 =

L1+L2∑
i=L1+2

(a1 + λia2)⊗ bi ⊗ ci + (a1 + λL1a2)⊗ bL1 ⊗ cL1 .

It is obviously that ϕ1 + · · ·+ϕR = ψ1 +ψ2 +ϕ3 · · ·+ϕR. So from Terracini’s Lemma 1.3, we
know J

(
Sub2,L1,L1

(
CI ⊗ CJ ⊗ CK

)
, . . . , Sub2,LR,LR

(
CI ⊗ CJ ⊗ CK

))
is tangentially weakly

defective. �
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