TANGENTIAL WEAK DEFECTIVITY OF JOIN OF SUBSPACE
VARIETIES

MING YANG AND WEN LIU

ABSTRACT. Using Terracini’s Lemma, we study the tangential weak defectivity of join of
subspace varieties.

1. INTRODUCTION

In [2], L. Chiantini and G. Ottaviani introduced the tangential weak defectivity of join of
projective varieties, which was related to uniqueness conditions concerning tensor decompo-
sitions (see [1, 3, 4, 10]). In [12], the authors studied the non-tangentially weakly defective
join of subspace varieties and used it to obtain some uniqueness results of block term tensor
decompositions. The results of this paper mainly concern the tangentially weakly defective
join of subspace varieties.

Throughout this paper, for basic definitions, notation and results, we follow [8].

Firstly we recall some basic concepts in algebraic geometry.

1.1. Notations. As in [8], for a finite dimensional complex vector space V', PV denotes the
projective space associated to V', m denotes the projection of V\{0} onto PV; for a variety
X C PV, X C V denotes its inverse image under the projection 7, which is the (affine) cone
over X in V, and for z € X, [z] denotes 7(z).

Let S be a subset of PV, then the span (S) is by definition the range of m on the usual
vector span of S in V. The Zariski closure of S in PV will be denoted by S.

When we need to specify the elements of S and its linear span, we use the notation
{s1, 9, - } and (s1, Sg, - > respectively.

For z € X, TMX — T, X is the affine tangent space to X at [z].

1.2. Join of subspace varieties. Let A;, 1 < j <n, be finite dimensional complex vector
spaces.

Definition 1.1. (See Definition 1 in [9]) Let k; < a; := dim A4;, 1
integers. Subspace varieties, denoted Subkh“_,kn(Al ®...0A, € P(A
as

be nonnegative

<J=
1®...®A,) are defined

Subklmkn (Al ®X...RQ An)
={[TePA ®...0A,) [VjIA, CA;, dm A =k;, TE A ®...® A}

Definition 1.2. If X;, i =1,...,k, k < n are projective algebraic varieties of P*" =PV, V =
C"*1, then the join of Xi,..., X} is

I, Xe) = U [RDIP € X 1 <d < k),
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where P;, © = 1,...,k, are linearly independent vectors in V. If X; = --- = X}, = X, then
we write J(X7, ..., Xi) = 0x(X) and we call this the k-th secant variety to X.

The following Terracini’s Lemma appears as Proposition 12.11 in [6] and we rephrased it
in terms of join of projective varieties.

Theorem 1.3. Let P; € X; be a general point of X; for each i = 1,...,k, then for [P] =
[P+ ...+ B,

(1.1) Tipd (X1, Xi) = T X + -+ Tipy Xo.

Definition 1.4. (see Definition 2.6 in [2]) Let P, € X; be a general point of X;, 1 < i <
k. When for any j € {1,...,k} and @, € Xj, T[pl]Xl + o+ T[pk}Xk contains T[Qj]Xj
only if [Q;] € {[P1]...., [Pk}, we say J(Xy,..., X)) is not tangentially weakly defective.
Otherwise, we say that J( X1, ..., Xj) is tangentially weakly defective. J( X, ..., X) is weakly
defective if the general hyperplane which is tangent to Xi,..., X, at some k general points
[P],..., [Py, is also tangent at some other point [Q;] # [P1],-.., [P, Q; € X; for some
j € {1,...,k}. Here general means in an open subset of the set of hyperplanes which are
tangent to Xi,..., Xy at k general points [Py],--- , [Px] (see [5]).

Remark 1.5. By semicontinuity (see Theorem II1.12.8 of [7]), if for one particular set of gen-
eral points { Py, ..., P}, Tip X1+ - -+ Tip, X contains Tig, 1 X; only if [Q;] € {[P1],. .., [P},
then J(X7,..., Xx) is not tangentially weakly defective.

Remark 1.6. In [12], it is proved that J(Suby 1, r,(C'@C/@CK), ..., Sub 1, 1,(C'®C’ &
CK)) is not tangentially weakly defective, if

R
I>R, J, K> L, Li+L;>Ly V1<ijk<R

r=1

The main results in this paper are the following.

Theorem 1.7. Assume I > R, J(Sub; 1, 1,(C'@C/®CK), ... Sub; 1, 1,(C'@C/@CK)) is

tangentially weakly defective, if for some [X;,] € op, (/7' xPE7Y), - [ [Xj ] € op, (P77
PE=Y) 41,...,Js € {1,..., R}, there exists (X5, e ([X5], -, [X5]) Noy, (P71 x PE-L),
but [X7] is not in {[X;,], -+, [X,]}

And we use the above theorem to obtain the following tangential weak defectivity results:
J(Suby 1, 1,(C! @ C/ @ CK), Suby 1,1,(C! @ C7 ® CK)) is tangentially weakly defective if
I >2 J=K= %, vVl < id,5 <2 (% is not independent from i, j) or I >
2, min{J, K} = max{Ly, Lo}.

Theorem 1.8. J (Suby 1, 1, (C' @ C/ @ CK) ..., Suby 1,1, (C'®C’/ @ CK)) is weakly de-
fective if > 2, JJK>Li+---+ Lg, Ly,...,Lgp > 2.

Theorem 1.9. J (Subyr, 1, (C' @ C/ @ CK),... Subsy, 1, (C'®C/ @ CK)) is tangen-
tially weakly defective if I > 2, JJ K > Ly +---+ Lg, Li,...,Lgr > 2.



2. PrROOF OF THEOREM 1.7 AND ITS COROLLARIES
Proof. Without loss of generality, we assume that X} = X; + x2Xo + -+ + xgXr. Now
a1 ®@X1+--+ap® Xg
=1 ® X}, — X201 @ Xg— -+ = Xra1 @ Xp+as ® Xo + - +ar ® Xg
= a1 ® X}, + (az — x2a1) ® Xa + - + (ar — xra1) @ Xg
=a; ®Xj, +ay® Xy + -+ ap ® Xpg.
Let BL=a;® X;, 1<i< Rand Q =a; ® X;t. Using Terracini’s Lemma 1.3, we have

Tipyso s d(Subs 1, (CT @ C7 @ CF), ..., Suby 1, 1,(C' ® C7 ® CK))
= T[Pl]SUbl,Ll,Ll (CI (9 CJ ® CK) +---+ T‘[PR]SUbl,LR,LR(CI ® (CJ ® CK)

contains TigSuby r,, 1, (C! ® C’ ® CK). By Remark 1.5, we have J(Suby 1,1, (C! ® C/ ®
CK), ..., Suby 1,1,(C' @ C7 @ CK)) is tangentially weakly defective.
U

Corollary 2.1. J(Suby 1, 1,(C' @ C7@CX), Sub 1, 1,(CT @ C! @ CF)) is tangentially weakly

defective if I > 2, J =K =22l w1 <45 <2,

Proof. 1t is sufficient to prove the case Ly, Ly < J = K < 23:1 L,. Let A, B and C denote
complex vector spaces of dimensions I, J, K respectively. Split B = By & By & By and
C=C)®Cyd®Cy, where By, By, By, C, Cy, and Cy are of dimensions Li — ly, lp, Lo —

Ly — 1. l., Ly — ., respectively, and [, = [, = %Lj.

Recall that there is a normal form for a general point [p] of o, (PB x PC) (L is smaller
than dim B and dim C'), which is of the form

p:b1®01+"’+bL®CL.

We may assume that all the b;,1 < ¢ < L are linearly independent in B as well as all the
¢i,1 < i < L (Otherwise one would have [p] € o,_1(PB x PC)). Then a general element
(o] € Suby L (PA®PB x PC) is of the form

p=a®@bi®ci+--+b®cp),

where a is a nonzero vector in A.
So we my consider

Xi=b1®cii+ - +bin,—, ®ciL,—1, +bog1 @ coq+ -+ by, @ coy,
€ (B, @ By) ® (C, ® Cy) = Clr @ Ch
and
Xo=by1 ®co1+--+bor,—1, ®Capy—1. +bo1 ®co1+ -+ boy, @coy,
€ (By® By) ® (Cy & Cp) = Cl2 @ Cl2,
Let X} be a general point of oy, (P7~! x PX~') and set

Xj/ :Xl—XQ,
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then we have
/
Xi=bii®@cg+-Fbir—1,@c -, —ba1®co1 = —bar,1. @ o151,

has rank equal to L;, which implies that [X]] is a point in oz, (P7~! x PX~1). But [X]] is
not in {[X1], [X2]}. From Theorem 1.7, we know J(Sub; 1, 1, (C! @ C/ @ C*), Sub 1, 1,(C' @
C’7 @ CX)) is tangentially weakly defective. O

Corollary 2.2. J(Sub; 1, 1, (C'®@C/@CK), Sub, 1, 1,(C! @ C? @ CK)) is tangentially weakly-
defective if I > 2, min{J, K} = max{Ly, L}.

Proof. Tt is sufficient to prove the case Ly < Ly, = K. Let B and C denote vector spaces of
dimensions J, K respectively. Split B = By + By and C' = C; & (5, where By, B,, (4, and
Cs are of dimensions Ly, Lo, L1, Ly — Ly, respectively.

Consider

Xi=b1®c1+ - +b,®arn EBRCT = ch @ Ccl
and
Xo=by1®@ci1+-+bop, ®cip, +bor, 41 ¢ 141+ +bap, ®cor,
€ B, ® (0O, ® Cy) = CH2 ®Cl2,

where {by11,...,010, }, {b21,---, 021}, {c11,-. - 10, }, and {cap,41, ..., Co1, } are bases for
By, By, C and Cs, respectively.
Let [X] be a general point of o7 (P7~! x P*~!) and set

X} =X+ Xo.
Then we have
XJ/ = (bl,l + b271) X C11 + -t (bLLl + bQ’Ll) X C1,1, + b27L1+1 X C2L1+1 + -+ bQ’LQ X C2. L,y

X has rank equal to Ly, which implies that [X] is a point in oy, (P/~" x PX~1). But [X]] is
not in {[X1], [X2]}. From Theorem 1.7, we know J(Sub; 1, 1, (C! @ C/ @ C¥), Sub 1, 1,(C' @
C’7 ® CK)) is tangentially weakly defective. O

3. PROOF OF THEOREM 1.8

Lemma 3.1. Let A, B,C be complex vector spaces of dimensions I,J, K and ¢ = a; ®
(b ®cy+ -4+ b ®cp), where a;, b;, ¢; are basis for A, B, C, respectively. We have

L

i=1

Proof. Pick a curve ¢ (t) = a; () ® (Zle b; (t) ® ¢ (t)), where ¢ (0) = ¢. Taking derivative
with respect to ¢, we have

¢ (0) =a.(0)® (Zbi@)q) +a; ® (Zb’i(())@ci) +a; ® (Zbﬂi{)cé(O)) )

Since o’ (0),0 (0),¢ (0) are arbitrary vectors in A, B, C, we obtained Lemma 3.1. O



Proof of Theorem 1.8. 1t is sufficient to prove the case [ =2,J = K = Zle L,.

Let A, B and C be complex vector spaces of dimensions I,.J, K, respectively. Split
B=@, g Byand C =P, , .z C;, where for 1 <g¢,r < R, B, and C, are of dimensions
L,, L,, respectively.

Choose a general set {¢, € §ZL\61,LP,LP(CI ®@C/ @ CK) : 1 < p < R}. Without loss of
generality, we can assume

Cp = (a1 + /\pag) & (bp71 (024 Cp,1 + bp72 X Cp,2 + -+ bp,Lp &® Cp,Lp) S Ap ® Bp ® Cp,

for any 1 < p < R, where {a; + Nas}, {bp1,...,b,,} and {c,1,...,¢p1,} are bases for A,
B,, C,, respectively. Note that for a general set {¢, € A, ® B, ® C,, : 1 <p < R}.
Using Terracini’s Lemma 1.3 and 3.1, a general hyperplane tangent to

J (SubLLl,Ll ((CI &® CJ X (CK) go ey SU’bLLR,LR (CI & (CJ &® CK))
at [¢1 + -+ gl is of the form
H= Y ai—a)© | > b @+ i (b @65 = by @)
1<p<R 1<j#k<Ly

It is straightforward to see that H is tangent to Suby 1, (C! @ C’ ® CF) at

j—k
S = (a1 + Apag) ® Z mUp,j,kbp,j @ Cpk + :uglo,j,k (bp,j ® Cpj + bpr @ Cpk) 5
Jj#k

which is different from ¢1,--- , . So
J (SubLleLl (CI (024 (CJ & CK) yee e ,SubLLR’LR ((CI & (CJ & (CK))
is weakly defective. O

4. PROOF OF THEOREM 1.9

Proof. 1t is sufficient to prove the case [ =2,J =K = Zle L,.

Let A, B and C' be complex vector spaces of dimensions I, J, K, respectively. Split
B=@, <z By and C =P, .z C;, where for 1 <g¢,r < R, B, and C, are of dimensions
Lg, L., respectively.

Choose a general set {¢, € %Q’LP,LP((CI ® C7 ® CK): 1 < p < R}. Using Weierstrass
normal forms (see Chapter 10 in [8] and Chapter IX in [11]) of tensors of multilinear rank
(2,L,,L,), we can assume

Ly

o = Z (a1 + Niaz) ® b; ® ¢,

=1

L1+Lo
P2 = Z (a1 + Naz) ® b; ® ¢,
i=L1+1
Li+-+Lg
YR = Z (a1 + Naz) ® b; ® ¢,

i=L1+--+Lr_1+1
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where {ay,as}, {b1,..., b0+ vrr}, {C1s- - CL 4 1L, } are bases for A, B, C.
Consider
L1
Y1 =Y (a1 + hiag) ® b @ ¢ + (a1 + ALy 1102) @ br, 41 @ ¢z, 41
i=1
Li+Lo
Yy = Z (ar 4 Xiaz) @ by @ ¢; + (ay + Ap,a2) @ br, @ cy,.
i=L1+2

It is obviously that o1 +---+¢r = V1 + Vs + @3- - -+ pr. So from Terracini’s Lemma 1.3, we
know J (S’ubg,Ll,Ll ((CI ®C/'® (CK) sy SUbY L Ly ((CI R C/® (CK)) is tangentially weakly
defective. O
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