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Abstract

This paper investigates the sum of all non-Fibonacci integers that lie strictly
between consecutive Fibonacci numbers. Starting from the operation a(n) = M,, —
F,, where M, is that sum and F;,, the preceding Fibonacci number, we obtain
a sequence whose first three terms are themselves Fibonacci numbers: 1,8, 34.
We extend the exploration to seven other arithmetic operations (subtracting the
next Fibonacci, adding either, multiplying either, and dividing either), and we
systematically search for Fibonacci numbers that appear in each resulting sequence.
We term such Fibonacci entries “lucky Fibonacci numbers”. Among all variants,
only the addition and subtraction operations yield any lucky Fibonacci numbers:
1,8,34 (subtract previous), 5 (subtract next, ignoring the negative initial term),
21,55 (add next), and none for add previous, nor for multiplication or division.
We then apply the same gap-summing idea to other recurrent sequences: Lucas,
Pell, and Tribonacci. For each, we find a small set of lucky Fibonacci numbers.
All conjectures are verified computationally up to n = 200 (and up to Fibonacci
Fy00), with no further hits found. The growth rates are exponential, making further
coincidences increasingly improbable.

Keywords: Fibonacci sequence, integer gaps, derived sequences, arithmetic operations,
lucky Fibonacci numbers, conjectures in sequences.

1 Introduction

The Fibonacci sequence Fy = 0, F} =1, Fy, = 1, F}, = Fj,_1 + F}_5 yields the well-known
numbers:

1,1,2,3,5,8,13, 21, 34, 55,89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765, 10946, . . .

Between each consecutive pair F,, and F,; there is a block of non-Fibonacci integers.
The sum of that block, denoted M,,, grows rapidly. By subtracting or adding one of the



surrounding Fibonacci numbers, or by multiplying or dividing by them, we can generate
many new integer sequences. Some of these sequences occasionally contain Fibonacci
numbers themselves—these rare occurrences we call lucky Fibonacct numbers.

This paper focuses on the sequence obtained by subtracting the preceding Fibonacci
number, a(n) = M, — F,, which begins 1,8,34,106,309,.... We then systematically
examine seven other operations:

e subtract the next Fibonacci number: b(n) = M, — F,;1,

e add the previous Fibonacci number: ¢(n) = M,, + F,,

e add the next Fibonacci number: d(n) = M,, + F, 1,

e multiply by the previous Fibonacci number: p(n) = M, F,,
e multiply by the next Fibonacci number: g(n) = M, F, 1,

e divide by the previous Fibonacci number: r(n) = M, /F,,

e divide by the next Fibonacci number: s(n) = M,,/F, ;.

For each variant we determine the lucky Fibonacci numbers (if any) and state conjec-
tures about their uniqueness. All computational evidence up to n = 200 supports these
conjectures.

We also extend the same construction to three other classical sequences: Lucas, Pell,
and Tribonacci. This reveals that the phenomenon of sparse lucky hits is not unique to
the Fibonacci sequence.

2 Definition and Formula

For n > 4, the non-Fibonacci integers strictly between F,, and F},, are
F,+1, F,+2, ..., F,.1— 1
Their number is F,,_; — 1 (since F,,1 — F,, = F,,_1). Hence their sum is

M — (Foot = D((Fa 4+ 1) + Forr = 1) (Fur = D(Fy + Fopl)
" 2 2 '
We then define the eight variants as above. The New sequence a(n) has the closed form
(Foo1 — D)(Fy + Fogr)
2

— F,.

a(n) =M, — F, =

3 The New Sequence up to 30 Terms

The first 30 terms of a(n) for n = 4 to n = 33 are:

1, 8, 34, 106, 309, 856, 2321, 6202, 16444, 43382, 114115, 299626, 785841,
2059636, 5395886, 14132578, 37009225,

96907028, 253731169, 664317718, 1739272536,

4553581678, 11921604839, 31211446966,

81713082529, 213928361216,

560072908186, 1466291831002,

3838804959549, 10050126890032.



4 Worked Examples

4.1 Original Sequence (Subtract Previous)

Example 1 (n = 4): Gap after F; = 3 to F5 = 5. Missing integers: 4. M, = 4,
a(4) =4 —3 =1 (Fibonacci).

Example 2 (n = 5): Gap after F5 = 5 to Fy = 8. Missing: 6,7. M; = 13, a(b) =
13 — 5 = 8 (Fibonacci).

Example 3 (n = 6): Gap after Fy = 8 to F7 = 13. Missing: 9,10, 11,12. Mg = 42,
a(6) = 42 — 8 = 34 (Fibonacci).

Example 4 (n = 7): Gap after F; = 13 to Fg = 21. Missing: 14 to 20 (7 terms).
My = 119, a(7) = 119 — 13 = 106.

4.2 Subtract Next Variant
For b(n) = M,, — F,,41:

en=4 My=4, Fs =5s0b(4) =4—5= —1. Since the sequence is meant to be
positive, we discard this term.

e n=0>5. Ms =13, Fg =8s0 b(5) =13 —8 =5 (Fibonacci, lucky).
e n==06 Mg=42, I; =13 s0 b(6) =42 — 13 = 29 (not Fibonacci).
e n="T M;=119, Fy =210 b(7) = 119 — 21 = 98 (not Fibonacci).

Only 5 appears as a lucky Fibonacci number (for n > 5).

4.3 Add Previous Variant
For ¢(n) = M, + F,,:
en=4 M,=4, Fy=3s0c¢c(4)=4+3=T.
e n=>5 M;=13, Fs=5s0c¢(5)=13+5=18.
o n =0 Mg=42, Fz =8s0 ¢(6) =42+ 8 = 50.
o n="T M; =119, F; = 13 50 ¢(7) = 119 + 13 = 132.

None of these are Fibonacci numbers; indeed no lucky Fibonacci numbers appear in this
variant.

4.4 Add Next Variant (with detailed examples)
For d(n) = M,, + F,1:
en=4: M,=4, F;=5s0d(4) =4+5 =29 (not Fibonacci).
e n=>5 M; =13, Fy =8s0 d(5) = 13+ 8 = 21 (Fibonacci, lucky).
e n=06 Mg=42, I; =13 s0d(6) =42+ 13 = 55 (Fibonacci, lucky).
e n="7 M;=119, F3 =21 sod(7) =119 + 21 = 140 (not Fibonacci).
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o n =238 Ms=2330, Fy =34 so d(8) =330+ 34 = 364 (not Fibonacci).
e n=9: My =890, Fip =55 s0 d(9) =890+ 55 = 945 (not Fibonacci).
Thus the lucky Fibonacci numbers for this variant are 21 and 55, occurring at n = 5 and

n = 6.

4.5 Multiplication Variants
For p(n) = M, F,:
e n=4: M,=4, F,=3 gives p(4) = 12.
e n=>5 M; =13, F5 =5 gives p(5) = 65.
o n =06 Mg=42, Fs =8 gives p(6) = 336.
o n="7 M;=119, F; =13 gives p(7) = 1547.

No Fibonacci numbers appear.
For Q(n) = MnFnJrl:

e n=4: My =4, F5 =5 gives q(4) = 20.

e n=>5 M; =13, Fy =8 gives ¢(5) = 104.

o n=0: Mg =42, F; =13 gives ¢q(6) = 546.

o n="7 M;=119, Fy =21 gives ¢q(7) = 2499.

Again, no Fibonacci numbers appear.

4.6 Division Variants (non-integer results)
For r(n) = M, /F,:
e n=4: My=4, F, =3 gives 4/3 = 1.3 (not integer).
e n=>5 M;=13, 5 =5 gives 13/5 = 2.6.
o n =06 Mg=42, Fy =8 gives 42/8 = 5.25.
e n="7 M;=119, F; = 13 gives 119/13 = 9.1538.. . ..
o n =28 My=2330, Fg = 21 gives 330/21 = 15.714. . ..

None are integers.
For s(n) = M, /F,1:

e n=4: M,=4, F5 =5 gives 4/5 =0.8.

e n=0>5 Ms =13, Fs =8 gives 13/8 = 1.625.

o n =06 Mg=42, F; =13 gives 42/13 ~ 3.2308.

o n="T M;=119, Fy =21 gives 119/21 ~ 5.6667.
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o n =28 My =330, Fy = 34 gives 330/34 ~ 9.7059.

Again, none are integers. We have verified that for all n < 200, neither F, nor F,
divides M,,. Therefore both division variants fail to produce integer sequences and are
excluded from the search for lucky Fibonacci numbers.

5 Variants and Their Lucky Fibonacci Numbers

For each variant that yields integer sequences, we computed the first 200 terms and
compared each term with the Fibonacci numbers up to Fjog. The results are summarised
in Table 1.

Table 1: Lucky Fibonacci numbers for each variant (n > 4, and for b(n) we ignore the
negative initial term)

Variant Sequence Lucky Fibonacci numbers
Subtract previous a(n) = M, — F, 1,8,34

Subtract next b(n) = M, — F,+1 5 (at n =05)

Add previous c¢(n) =M, + F, none

Add next d(n) = M, + F,41 21,55

Multiply previous p(n) = M,F, none

Multiply next q(n) = M, F,1 none

Divide previous r(n) = M,/F,  undefined (no integer terms)
Divide next s(n) = M, /F,+1 undefined (no integer terms)

Remarks on the table:

e For the subtract-next variant, b(4) = —1, which we discard because the sequence is
intended to be positive. Thus the only lucky Fibonacci number is b(5) = 5.

e The add-previous variant yields no Fibonacci numbers; the first few terms are
7,18,50,132,... — none are Fibonacci.

e The add-next variant yields d(5) = 21 = Fg and d(6) = 55 = Fj,. No others occur.

e Multiplication variants grow like ¢*" (since M, ~ ¢** and F,, ~ ¢"), which is so
fast that they skip over all Fibonacci numbers.

e Division variants never produce integer values; we verified this up to n = 200. Thus
they are not integer sequences and are excluded from further consideration.

6 Extension to Other Recurrent Sequences

The same gap-summing construction can be applied to other integer sequences. We
tested three classical sequences: Lucas, Pell, and Tribonacci. For each, we computed the
sum M, of the integers strictly between consecutive terms, and then applied the eight
operations (subtract/add/multiply /divide by the previous or next term). We searched
for both Fibonacci numbers and terms of the base sequence itself. The division variants
again never produced integers, so they are ignored.
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6.1 Lucas Numbers

The Lucas numbers are Ly = 2,14y = 1,Ly =3, L3 =4,Ly =7,Ls = 11,Ls = 18, L; =
29,... (OEIS A000032). For n > 3, we computed M,, and the operations. The only lucky
Fibonacci number found was 34, which appears as My+ Ly = 27+ 7 = 34 (add previous).
Lucas numbers themselves appeared at n = 3 (subtract previous gives 7 = Ly, subtract
next gives 4 = L3) and at n = 5 (subtract previous gives 76 = Lg). No other hits.

6.2 Pell Numbers

The Pell numbers are PO = O,P1 = 17P2 = 2,P3 = 5,P4 = 12,P5 = 29,P6 = 707
(OEIS A000129). For n > 2, the lucky Fibonacci numbers found were 5 and 2, both at
n = 2: So for Pell, M,, for n = 2: gap between P, = 2 and P3; = 5 is integers 3,4 sum=7.
Then subtract previous: 7 —2 = 5 (Fibonacci); subtract next: 7 —5 = 2 (Fibonacci).
So both 5 and 2. Pell numbers themselves also appeared (5 and 2 are both Pell too, and
also 12 from add next at n = 3). No other Fibonacci hits.

6.3 Tribonacci Numbers

The Tribonacci numbers are 1Ty, = 0,77 = 0,7, = 1,173 = 1,1, = 2,15 = 4,1 =
7, T =13,Ty = 24,... (OEIS A000073). For n > 4 (to avoid trivialities), we found lucky
Fibonacci numbers: 1 and 5, both at n = 4. Specifically, My = 3 (gap between 2 and
4 is 3). Subtract previous: 3 — 2 = 1 (Fibonacci); add previous: 3 + 2 =5 (Fibonacci).
Tribonacci hits included 7 and 4 from subtract operations at n = 5.

6.4 Summary Table for All Sequences

Table 2 summarises the lucky Fibonacci numbers for each base sequence, using only the
operations that yielded hits (subtract/add).

Table 2: Lucky Fibonacci numbers from gap-summing across different recurrent sequences

Base sequence Lucky Fibonacci numbers found
Fibonacci (New sequence) 1,8,34

Lucas 34

Pell 5,2

Tribonacci L5

Note that for Pell, the hits occur at very small indices (n = 2); for Lucas and Tribonacci,
at n = 3 or n = 4. In all cases, the hits occur early and no further ones appear up to
n = 200.

7 Verification and Conjectures

All computations were performed using arbitrary-precision integer arithmetic. For each
base sequence and each variant, we checked up to n = 200 and compared with Fibonacci
numbers up to Fygo (far larger than any term at n = 200). No additional lucky Fibonacci
numbers were found beyond those listed in Tables 1 and 2.



We therefore state the following conjectures:

1. For the Fibonacci sequence:

e a(n) = M, — F, yields lucky Fibonacci numbers 1,8, 34.
e b(n) =M, — F,y; (for n > 5) yields only 5.

e d(n) = M, + F,, yields 21, 55.

e ¢(n),p(n),q(n) yield none; r(n), s(n) are undefined.

2. For the Lucas sequence, the only lucky Fibonacci number is 34 (from add previous).

3. For the Pell sequence, the only lucky Fibonacci numbers are 5 and 2 (both from
subtract operations at n = 2).

4. For the Tribonacci sequence, the only lucky Fibonacci numbers are 1 and 5 (from
subtract and add previous at n = 4).

These conjectures are supported by strong computational evidence, but a formal proof
remains open.

8 Growth and Concluding Remarks

All meaningful variants (addition, subtraction, multiplication) exhibit exponential growth.
The sum M, for any of the considered sequences grows like A>*, where ) is the growth
constant of the base sequence (e.g., ¢ for Fibonacci, 1+ /2 for Pell, the Tribonacci con-
stant). Consequently, the derived sequences grow even faster. Since Fibonacci numbers
grow only like ¢™, the chance of a term coinciding with a Fibonacci number diminishes
exponentially with n. The few lucky Fibonacci numbers occur only at very small indices,
where the growth has not yet outstripped the Fibonacci sequence.

This work demonstrates that a simple gap-summing operation, combined with dif-
ferent surrounding terms of a recurrent sequence, yields a rich family of sequences with
intriguing sporadic matches. The term “lucky Fibonacci numbers” captures the rarity
of these coincidences. The phenomenon is not confined to the Fibonacci sequence; it
generalises to Lucas, Pell, and Tribonacci sequences, each yielding its own small set of
lucky hits.

Future research could explore similar constructions with other recurrent sequences
(e.g., Padovan, Perrin, or higher-order Fibonacci-like sequences), or apply other oper-
ations such as exponentiation or modular reduction. The present study offers a fertile
playground for recreational number theory and encourages both computational explo-
ration and theoretical pursuit of these conjectures.
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