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The solution structure of the O(3) sigma model
in a Maxwell-Chern-Simons theory
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In this paper, a system of semilinear elliptic equations arising from a relativistic
self-dual Maxwell-Chern-Simons O(3) sigma model is considered. We reveal the
uniqueness aspect of the topological solutions for the model. The uniqueness result
is associated with a clear solution structure of the equations of the radially symmet-
ric case. We locate each solution set denoted by a planar diagram. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4994060]

. INTRODUCTION

In the paper, we consider the following system of semilinear elliptic equations which
comes from the self-dual equations arising in the Maxwell-Chern-Simons gauged O(3) sigma

model:
U

——55) +4nd 5,

1+ e
U U (D
N7

AU:Zq(—N+s—

AN = —k*¢*(-N + 5 — +4q
( l+€U> (1+6U)2

where U, N are unknown functions, §( denotes the Dirac distribution concentrated at the origin, d is
a positive integer, «, g are positive constants, and s is a parameter with 0 <s < 1.
The Maxwell-Chern-Simons gauged O(3) sigma model is described by the Lagrangian

1 K 1 1
L= —4—qFaﬁ FaB o ngﬁVA(,a,jAy + E|Da¢|2 + Z((%N)z - V(¢,N), )

where A, :R"? 5 R3 (¢ =0, 1,2) is the gauge field, Fop =0,Ap — 0A, is the corresponding cur-
vature tensor, Do ¢ = 0o + Agh X ¢ is the gauge covariant derivative, n = (0, 0, 1), ¢ = (P12, ¢3):
R'? — S?isavector field, N : R"? — Ris ascalar field, ¢, x > 0 are parameters, £ay, @, 8,7 =0, 1,2,
is the totally skew-symmetric tensor with £¢12 = 1, and V(¢, N) is a potential given by

V(¢,N) = g(KN +s—n-¢)+ %Nz(n X ¢)?,

in which s € R is a constant. The Gauss equation (as a variational equation for Agp) of (2) is given
by

1
—0oFoq + kF12+m - ¢ X Dy =0. 3)
q

By virtue of (3), the static energy corresponding to (2) can be written as
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1 1
E =/ d’x {—(|(9,-Ao|2 +1F12l*) + S (1Ao*In X 6> + D)
R2 2q 2
1
+ 5 [ONE + V(g V)
q
1 1
=/ d*x {—|6,~A0 FON>+ —|F12 7 q(kN +s—n - ¢)|
R 2q 2q
1 1
+5I0X @P1Ag # NP} + D19 = 6 X Dagl?
£¢-D1gx D2+ (s~ n- G)Fral,
We choose the upper sign and thus obtain the lower energy bound
Ez/2 dzx{¢-D1¢xD2¢+(s—n-¢)F12}.
R

When the field configurations saturate the energy bound, we have the Bogomol’nyi equations

Ap=N,
Fip=q(kN +s—-mn-¢), @
Di¢p=-¢ X Dr¢.

Finite energy condition indicates the following boundary conditions:

N -0, s—n-¢—0, as |x| — oo, 5)
[n X ¢| — 0, kN+s—-n-¢—0, as |x| — oo. (6)

Let u = u; + iu, be the projection of ¢ onto the complex plane through the south pole —n, which is
given by

U= id , uy = b2 .
1+ ¢3 1+¢3
Equation (4) is rewritten as
Ap=N,
Fio=q(kN+s—-mn-¢), @)
Ou=—iau,

where 8 = (9, +19,)/2 and @ = (A; —iA»)/2. Set U = log ¢ and V = —kN. Equation (7) is transformed
into

e ¢ -
AU=2g( =V s =5 ) +4n ) 6 —4n ) 6,
=1 =1
U U

®)

AV=—/<2q2(—V+s— 1; :U)+4

g——=V

(1+ eV
where 6, is the Dirac distribution concentrated at p € R? and pj, g; are the locations of vortices and
antivortices. Conditions (5) and (6) indicate three kinds of boundary conditions for solutions of (8)
as follows:

1-s

(a) Topological: U(x) — log 17 and N(x) — 0, as |x| — co.
(b) Non-topological I: U(x) = —co and N(x) = s — 1, as |x| — oco.
(c¢) Non-topological II: U(x) — +oco and N(x) —» s + 1, as |x| — oo.

Ifm=d>0,n=0 with py=---=p; =0, Eq. (1) is a special case of Eq. (8). For the details of the
theory, we refer the readers to Refs. 11 and 13, for example.
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Existence and asymptotic structure of those solutions of (8) which satisfy the topological bound-
ary condition®>!%15 have been studied in Refs. 9 and 11. Recently, there have been papers concerning
the solution structure of the elliptic equations coming from the CS (Chern-Simons) gauge theory. For
example, one may refer to Refs. 7 and 8 for the CS gauged O(3) sigma model,” for the gravitational
sigma model,*® for the self-dual U(1) x U(1) two-particle system, and'? for a perturbation of the
SU(3) Toda system. Classification of radially symmetric solutions is associated with the uniqueness
of the topological solutions of the related models and can probably be an approach to realize more
complicated solutions.

In this paper, we prove the uniqueness of the topological solutions and identify the solution
sets of all solution types for the radially symmetric case of (1). We portray our main theorems as
follows.

Theorem 1.1. Equation (1) possesses exactly one solution satisfying the topological boundary
condition for each d > 0. Moreover, the topological solutions continuously deform with respect to
d in the sense that for any dy >0, there exist a number € >0 and a continuous mapping P: p
= (Up,Np) € C&C(Rz) X CIOOC(RZ) suchthat U,, N, solve Eq. (1) with d = p and satisfy the topological
boundary condition whenever p € (dy — €,do + €) N (0, c0).

The radially symmetric case of Eq. (1) is characterized by

1-eY

” 1y _ _ _
U’ +r U—Zq( N +s 1+eU)’ r>0,
N" +r N =-«? 2(—N+s—l_eU)+4 - N, r>0 )
- 1+ 0/ T o™ ’
U(r;ci,c0)=c1+2dlogr +o(l), asr—0,
N(r;ci,c0)=cr+o(1) asr—0
for c¢1, ¢ € R. Define
1—
E={cre): Ulene)—logr—, N@iee) =0, asr— oo,
S
Ej={(c1,c2): U(rici,cz) > —o0, N(r;c1,c2)—>s—1, asr— oo},
Emr={(c1,c2):  U(r;ci,cz) = +oo, N(r;ci,c0)—s+1, asr— oo},
Ey ={(c1,c2): U(r;ci,cz) = —oo, N(r;c1,c2) = +00, asr— oo},
Ey={(c1,c2): U(r;ci,c) > +oo, N(r;c1,c3) > —00, asr— oo},

Theorem 1.2. Assume qu >4.The sets Ey, Ey, Eqp, Epy, Ey can be identified as follows.

(i) E/VEjUE UEy UEy = R2.
(i1) There exist c* € R and a continuous function T : R — R such that

Er={(c,T(c): c=c"},
Ep={(c,I(c)): —co<c <,
Em={(c,T(c)): " <c <o},

Ey ={(c1,c2): c1 €R, ca <T(c1)},

Ey={(c1,c2): c1 €R, ¢ >T(cy)}.

Moreover, T'(c)—s + 1 as ¢c—oo and T'(c)—s — 1 as ¢— —oo (please see Fig. 1 for an
illustration).

Preliminaries. With the substitution

a—1 2
s= s u="U +loga, v=——N,
a+1 K°q
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FIG. 1. The location of each solution set.

Equation (9) can be transformed into the system

2a(e* — 1)
’” -1 /:2 }\
u’ +ru q[v+—(a+l)(e“+a)]’ r>0,

2a(e* — 1) ae"
o+l =2g|h + +4 v, r>0,

o e ol Y o (19)

u(ry=a; +2dlogr+o(l), asr—0,
v(r)=as+o(l) asr—0, a,az€eR,

where a > 1 (by 0 <s< 1) and A= «x>q/2. The topological and non-topological solutions boundary
conditions associated with Eq. (10) are given by

(Topological) u(x) > 0,v(x) >0 as|x| > oo, (11
2
(Non-topological I) u(x) = —o0, v(x) — m as |x| — oo, (12)
-2
(Non-topological IT) u(x) — +oo, v(x) = a4 as |x| — oo. (13)
Ma+1)

By the maximum principle, it is clear that the solutions satisfying either (11) or (12) have the following
property:

u(x) <0, v(x) >0, for all x € R, (14)
and thus, letting w =Av + (azf(f;({—e]i)m, we have
2 u u 2 u U
Aw—2q[7x+L]w:4q7\ ae 42 @-e )IVu|2>O.
(e" + a)’ (e" + a)? (e" +a)®

So that
2a(e* - 1)

(a+1)(e* +a)

for topological and non-topological I solutions. From (10), Av =2¢[f(e")v + g(e")], where

Ao + s)

2at 2a -1
(t+a)?’ g(t):(a+1)(t+a)

are bounded functions. Thus, the solutions of (10) are all entire solutions. Furthermore, by Lemma 2.3.,
u, v cannot oscillate infinitely many times. Especially, since g(0) =—2/(a + 1), g(e0) =2a/(a+ 1), and
g’ >0, it follows that

fO=h+
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v'(r)>0, forallr>0,providedv(0)>2/ha+ 1),

16
v'(r)<0, forallr>0,provided v(0) < —2a/Ma + 1). (16)
By the way, from Lemma 2.1. and Lemma 2.2., we have
—2a/Ma+1)<v<2/Ma+1) (17)

whenever u, v satisfy one of the boundary conditions (11)—(13). It is not difficult to observe that all
the possible solution types are included as follows:

Typel:  u(r)—0 and v(r)—0 asr — oo,
type Ill:  wu(r)—»> -0 and v(r)—2/Ma+1) asr — oo,
type lIl:  u(r) > +c0 and v(r)— -2a/Ma+1) asr— oo,
type [IV: u(r) > —c0 and v(r)— —o0 asr — oo,
type Vi u(r) - +o00 and v(r)— +oo asr — oo,

Let B =(1/2n) fg2 Fi12, where F is given in (7). We have

2a(e* - 1) ]
(a+1)(e* +a)

ﬂ:ﬁ(u,v)z/oo ~2q[hv +
0

Assume |B| < co. Clearly, u(r)=(2d — B)logr + O(1) as r — co. Since v(r) — constant, we have
rv’(r) — 0 as r — oo; thus, B has an alternative expression

0 ae"
= 4g———vrdr. 18
B /0 Tovar’ ™ (18)
If u, v are of type I, then 8 =2d. If u, v are of type II, we have

00 00 eu 00 eu
/ r2d’ﬁ+ldr<c/ rdr<c’/ ————vrdr<oco
0 o a+1 o (e*+a)

and thus 8 >2d + 2. Let u, v belong to type III, in which v(r) <0 in (R, o) for some large R > 0.

Then
00 00 00 u
/ ppr2d+ dr<c/ e_“rdr<c'/ — % _(~v)rdr<c.
R R R (e“+a)?

So 8 <2d — 2. Besides, type IV and V solutions are characterized by 8 = +oco and —oo, respectively.
We summarize the above remark as follows:

B=2d, for type I solutions,

B>2d+2, fortype Il solutions,

B <2d -2, fortype Il solutions, 19)
B =+c0, for type IV solutions,

B =—0c0, for type V solutions.

The paper is organized as follows. In Sec. II, we establish the non-degeneracy for the linearized
equation of Eq. (10) and show the uniqueness of the topological solution. In Sec. III, we locate the
regions of the initial data which account for each solution type we introduce as above and carry out
a classification of the radially symmetric solutions of Eq. (9).

Il. NON-DEGENERACY AND UNIQUENESS

In this section, we will establish the non-degeneracy property for the linearized equations of (10).
By introducing a functional deformation method and the non-degeneracy property, we can prove the
uniqueness of the topological solutions.
Consider the linearized equation of (10)

{ ¢ +r7'¢ =Fi(p,y),

20
g+ = Fi(g, ) + Fa(,4), <0
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where
aet
Fi(¢,¢) =461m¢ +2gMp,
_ae'(a - €") aet
F2(¢’ W)—4q (eu + a)3 U¢+4q(eu + a)2 W

Then the non-degeneracy property of (20) is in the following:

Theorem 2.1. If (u, v) is a solution of (10) and (11), then (¢,¥)=(0,0) is the only bounded
solution of (20).

Remark 2.1. Tf (u, v) is a solution of (10), then, by Av(0) =2¢[(0) — 2245], r = 0 cannot be
a non-positive local minimum point of v(r).

In the following, we first prove the monotone property of the solution of type 1.

Lemma 2.1. Let (u(r), v(r)) be a solution of (10). Then the following conditions are valid.

(1) Both u(r) and —v(r) cannot attain any non-negative local maximum on (0, o).
(i) Both u(r) and —v(r) cannot attain any non-positive local minimum on (0, o).
(iii)  If (u(r), v(r)) is a solution of type I, then u’(r) >0 and v’(r) < 0 on (0, ).

Proof. Let (u(r), v(r)) be a solution of (10). First, we show the result of part (i). On the contrary,
we assume that 7, and r,, are the respective first non-negative local maximum points of u(r) and —v(r)

on [0, o). By Remark 2.1, we have r; # 0. From (10) and |:((12+a(le))((—e:-1+—)a)

that u(r) [respectively, —v(r)] does not possess a non-negative local minimum on (0, ;] (respectively,
(0,7:]), and the following equations hold:

] >0 Vx e R, we easily obtain

2a(e") — 1)
(@ + DD +a)~ 7
2a(e") — 1) S 2qery)
(@ + D) +a) ~  (a+ (e + ag)?

() +

() + o(ry) =0.

2a(e* — 1)

’
m] >0 Vx e, we easily get

By the first inequality and

2a(e"™) — 1) 2a(e"") 1)

Moy + —C gy e )
W e e O G e v a)

which contradicts with the second inequality. This completes the proof of (i). Similarly, we can show
the result of part (ii).

Next, in order to show the result of part (iii), we need the following claim.
Claim. If (u(r), v(r)) is a solution of type I, then u(r) <0 and —v(r) <0 Vr € (0, c0).
Proof of Claim. On the contrary, since (u(r), v(r)) — (0, 0) as r — oo and by the boundary condi-

tions of (10), we easily obtain that u(r) and —v(r) possess a respective non-negative local maximum
point which contradicts to the result of part (i).

This proves our Claim. Now, suppose the result of part (iii) is not true. Then by above Claim, we
obtain that u(r) and —v(r) possess a respective non-positive local minimum point which contradicts
to the result of part (ii).

This shows part (iii), and the proof of Lemma 2.1. is complete. O

Next, we establish the range of v(r) for solutions of type II and III as follows.

Lemma 2.2. Let (u(r), v(r)) be a solution of (10). Then the following conditions are valid.
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1) If (u(r), v(r)) is a solution of type II, then
u(r)y<0and0<v(r) <2/Ma+ 1) Vre (0, o).
(i) If (u(r), v(r)) is a solution of type I1I, then —2a/Ma + 1) <v(r) <2/Ma+ 1) Yr € [0, o).
Proof. (i) Let (u, v) be a solution of type II for Eq. (10). Then u(r) — —oco and v(r) = 2/Ma + 1)

as r — oo. By (i) and (ii) of Lemma 2.1. and the boundary conditions of (10), we easily obtain u(r) <0
and v(r) >0 VYr € (0, o0). From (10), we have

() Av=2q[f(e")v + g(e")],

where f(f)=A + (Ii‘;’)z and g(¢) = (a%) (%) are bounded functions.

If v(0) > ﬁ then, since g’(t) > 0, lim g(r) = —=2; and v(r) > 2/Ma+ 1) as r — o0, by (10) and (¥),
t—0

we obtain that v(r) possesses a non-negative local maximum which contradicts with (ii) of Lemma 2.1.

Hence, we have 0 <v(0) < %ﬂ) and v(r) > WLH) as r — co. By using (ii) of Lemma 2.1. again, we

finally obtain 0 < v(r) <2/A(a + 1) on (0, co). This proves part (i) of this lemma.

@ii) Let (u, v) be a solution of type III for Eq. (10). Then, we have u(r) — +co and v(r)
— —2a/Ma + 1) as r — oco. Similar to the proof of above part (i), by above (*), g’(¢) >0, lin(} g()

=
= —ﬁ, tlim g = a%, the boundary conditions of (10) and (i) and (ii) of Lemma 2.1., we obtain
that —2a/Ma + 1) <v(0) <2/Ma + 1), and v(r) does not possess a local minimum (respectively,
local maximum) at r, € (0, c0) such that v(r,) > ﬁ(respectively, v(ry) < —%). These imply
that
—2a/Ma+1)<v(@r)<2/Ma+ 1) Vre[0, ).

Thus, we get the result of part (ii). The proof of Lemma 2.2. is complete. O

Now for each solution of (10), we have the following non-oscillation result.

Lemma 2.3. Let (u(r), v(r)) be a solution of (10). Then u, v cannot oscillate infinitely many
times.

Proof. By the results of (i) and (ii) in Lemma 2.1., we easily obtain the conclusion. O
Let 11, @12 and @21, @22 solve (20), respectively, with the initial data
{9011(0)=0, ¢1,(0)=0, {9012(0)=1, #1,(0)=0,
and

2
e21(0)=1, 3,(0)=0, ¢22(0)=0, ¢2,(0)=0.

Lemma 2.4. ;>0 and golfj >0foralli,j=1,2.

Proof. Since F1(¢,y), F2(¢, ) >0 whenever ¢,y >0, it follows readily that each ¢;; is an
increasing function. O

We introduce the auxiliary functions A = ru” and B(r) =rv’. Then
A" +r'A"=F(A,B) + Gy,
B” +r 'B'=F|(A, B) + F5(A, B) + G2,
in which G, G, are given by

_ 2a(e* - 1)
G1 —4q|:)\l) + m],
3 2a(e* - 1) ae"
G —4q[7»v + @t D@ +a)] + 8q(eu +a)2v.

Lemma 2.5. Let ¢, solve (20). Set A= (¢ —y)A’ — A(¢p’ — ') — (¢B’ — B¢’). Then

1 T
A= /O r[(Gi -G - Giy|ar,  T>0. (22)
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Proof. Let & =¢ — . From (20), (r&’) = —rF,(¢, ). Making use of the expression

d
frg") = gGf")' = —[r(fg" — &,

we have
e’ - AZ\() = /0 EGAY — AE'Y dr

- [ rlo-orassare.o @ -06]

,
0
_ /07 r[F1(A¢ — Ay, Bo — BY) + F2(Ag, Ayr) + G (¢ — lﬂ)] dr,
7[¢B’ - B¢'1(1) = /0v ¢(rB")' — B(r¢") dr
= [ o+ Fxa B - BF6.00 + Gao)

_ /0 r[Fi(A¢ - Bg, Bo — BY) + F2(Ag, BY) + G29| dr-
Hence

TA(T) = [ r[F1(Bg - Ay, 0) + F2(0, Ay — B§) + Gi(¢ - §) - Gag] dr

= [ r[(Gi - Goo - Giy| ar.

We use the notation Qy, Q1 to denote the following functions:

11 21
0= and =%
P12 22

Clearly, 0o(0) =0, 01(0) = 1, and Qy, 01 > 0 (Lemma 2.4.).

Lemma 2.6. Let u, v satisfy (10) and (11). Then Q(’)(r) >0, Qi(r) <0, and Qo(r) < Q1(r) for all
r € (0, 00).

Proof. We construct the proof by two steps.
(A1) If there is M > 0 such that Qo(r) < Q1(r) for r € (0, M), then Q((r) >0 and Q' (r) <0 whenever
re(0,M).

Assume there is 1 € (0, M) such that Q(r1) = 0 and Qo(r) < Q1(r) for all € (0, r1). Without loss
of generality, we may assume

Qo(r) < Qo(r1), re(0,r). (23)
Set Qp(r1) = c. Consider the solution ¢, ¢ of (20) given by
AV _[eu) _ [en
(%0)_(9021) C(‘Pzz)' @4

Note that
#(r1)=0, ¢'(r;))=0, and y(r)>0.

So ¢”(r1) > 0 by virtue of (20). This contradicts (23). Therefore, Q( > 0.
Since 1i1101+ Q1(r) =00, Q] (r) <0 for a sufficiently small » > 0. Hence, we have Q] <0 according

to the similar argument of the proof as in the case Q) > 0.
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(A2) Q1 and Qy cannot meet.

Suppose (A2) fails. Select M > 0 such that Qg(M) = Q1 (M) =c* and Q(r) > c* > Qp(r) whenever
r € (0, M). Consider the solution ¢, given by (24) with ¢ = ¢*. Note that

{¢(r) <0 and y(r)>0, re(0,M), 25)
¢M)=y(M) =0.
Applying (15) and (22),
M
0>-M[-A(¢’ -y + B¢ | (M) = /0 r[(G - G - Gy | dr >0,
which is a contradiction. The proof is completed. O

Proof of Theorem 2.1. Let ¢,y be a nontrivial solution of (20) which is characterized by (24)
with some ¢ > 0. If @, ¢ are bounded, then r¢’(r), ry’(r) — 0 as r — co. Since @17, 22 — 00 as r — oo,
it follows that

Qo—c=¢/p12—0, r— 0o,
O1—c=y/pn—0, r— oo,

By Lemma 2.6., Qo(r) /" ¢ and Q(r) \y ¢ as r — oo. In particular, ¢ < 0 and ¢ > 0. On the other hand,
since A, B are bounded, we have rA’, rB’ — 0 as r — oo. Therefore,

0=1lim (¢~ )’ ~ AW ~§") ~ (9B’ ~ B4
- [ 1[G~ 6o~ Guu]ar>o.
0

This yields a contradiction. So Eq. (24) cannot possess any non-trivial bounded solution. O
Lemma 2.7. Assume d = 0. Let u, v satisfy (10) and (11). Then u=v =0.

Proof. Au<0 in R? and u(x) — 0 as |x| — c0. So u, v = 0 by the maximum principle. O

Function Spaces. Define the scalar products , ), and ¢, )y, , 0 <a <1, for functions in the spaces
L2 (R?) and W22 (R?),

(u,v)x, = /R2(1 + x17 Y uv dx, u,v ELZIDC(R2),

uv

2,2 m2
, de, M,UGWIOC(R ).

(u, v}y, =(Au, Av)yx  + /
R
Let X, Y, be the Hilbert spaces given by

Xo={uel]

loc

R>): {u, uy, < +oo}, Y, = {u € WIZO’CZ(Rz) Su,uyy, < +oo},

The X,-norm and Y,-norm are induced by

llullx, = /Cu, w)x, » llully, = /{u, wy,.

We observe that X, < L' (R?) and Y, C Cﬁ) C(Rz) by Hoélder’s inequality and the local regularity of
the Laplace operator, respectively. Let the product spaces X, X X, and Y, X Y, be equipped with
inner products (u, v)x_xx, and {u, v)y,_xy, which are given by

(f+8)x,xx, =1:800x, +{f2:82)x,,» U, V)y,xv, = (U1, 01}y, + U2, 02)y,>

where f = (f1,/2), § = (81, 82) € Xo X X and u = (uy, uz), v = (v, 02) € Yo X Y. In the following con-
tent, we denote the subspaces consisting of radially symmetric functions by X/, and Y/,.
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We introduce the mapping P(d, &,1) = (P1, P2)(d, &,n) ford 20, £,n €Yy,
2a(|x|*ef - 1) ] }
(a+ D(|x]2deé +a)!)”
P b
@+ D(xef +a) (xdef +ap )
where p=1 + |x|*** The triplet (d,& + 2dlogr,n) solving (10) is equivalent to P(d, &, 1) =0.
According to Ref. 1, Lemma 1.1, there exists C > 0 such that

lu(x)| < Cllully, log*lx| + 1),  xeR?, (26)

Pr=p""{AE - 2q[hn +

Pr=p! {Ar] - 2q[7\17 +

for all u € Y,, where log*|x| = max{ 0, log |x|}. Then
Pd, &,m) € Xy X X

whenever d > 0 and &, 7 € Y. Consider the partial derivative L =90P(d, £,17)/0(€,17) at a fixed d >0
and (§,m) € Yg X Y5,

. ¢ —1 A¢_L1(¢’W) -
b (w)Hp (Aw—L1<¢,¢>—L2<¢,w) » $Yeta @7
in which e
_ 4T
Li(¢, w)_4q(|x|2def +a)2¢’+2617\¢’,
2 ¢ (g — |x|2eé 2 &
L2(¢’lp):4qa|x| et (a—|x|*e )77¢+4 alx|e

(IxPef +a)? (xPef +a)> ™

Lemma 2.8. Let d >0 and é,neY). If (¢£,17)=(u— 2dlogr,v), where (u, v) solves (10) and
(11) with d, then L is a surjective mapping from Y}, X Y}, to X}, X X[,.

Proof. LetImL={geX] xX),: Lf =g, If €Y/, x Y/ }. We claim that ImL = X, X X,. Suppose
the assertion fails. Let { = ({1, {2) be a non-zero element of X/, X X/, and ¢ ¢ ImL. Since ImL is closed
(via Ref. 1, Proposition 2.1), we may decompose X" X X" = ImL & (ImL)*. Assume (without loss of
generality) that £ 1 ImL. We have

0=(L($. ). 4“>=/]Rz {86 - Li@. ) If + [ A = Li(p.y) - La(d,0) g} dx  (28)

whenever ¢, ¥ € Y7, in which f = p~'(1 + |[x|***)¢; 20 and g = p~'(1 + [x|>**){, > 0. Since C(‘;"(RZ)
C Y, by elliptic regularity, f, g are C>-functions. For ¢, ¢ € (O (R?),

0=/Rz OAf +YAg — Li(fp+ g, fi + g¥) — La(ge, g) dx

=/Rz [AF = La(f + 8.0) ~ La(2.0)| ¢ + [Ag = Li(0.f +8) ~ L2(0, )| d.

So f, g solve
{Af—Ll(f+g,0)—Lz(g,0)=0,
Ag = Li(0,f +¢) — L2(0,8) =0.
Let 6 =f + g. Note that 6 — 0 as |x| — 0. Since X, c LY(R?), we getf,g— 0 as |x| = co0. By (29),

(g, 0) satisfies (20). Thus by Theorem 2.1., we have g =0 and 6 = 0; hence f = g =0, thatis, {; = {», =0,
which contradicts our assumption. Therefore, ImL = X], x X/,. m]

(29)

Assume ug, vg solve (10) and (11) with d =dy > 0. Let ug =&y + 2d log r and vy =n¢. Clearly,
&0, no satisfy the assumption of Lemma 2.8. and P(dp, &0, 170) = 0. By applying a specific version of
the implicit function theorem ([Ref. 14, Theorem 2.7.5]) to P, we find a continuous mapping

h: dw (£(d),n(d))
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from a neighborhood N(dp) of d to Y/, x Y’ such that £(dy) = &, (do) =170, and
P, &(d),n(d)=0 forall deN. (30)
This establishes the existence of a family of solutions uy, vy to (10) which are given by
ug=&(d)+2dlogr, vg =n(d), d € N(dyp). (31)

Lemma 2.9. Assume ugy, vy solve (10) and (11) with d = dy > 0. Then there exists § > 0 such that
the solutions ug, vy given by (31) satisfy the boundary condition (11) whenever |d — dy| < 9.

Proof. Since X, < L'(R?), by the continuity of A, we have

(d)
2n\ﬂ7 — do| < IAGE(@) = €0l g2y < CIAEW@) - £0)lx, < ClIEW) = &olly, =0
as d — dj for some constant C > 0. From (19), u,4, v must belong to type I solutions as d is sufficiently
close to dj. |

Proof of Theorem 1.1. If d = 0, the only type I solution of (10) is the trivial solution by
Lemma 2.7. Assume that there is d; € (0, o) such that Eq. (10) with d = d| possesses at least two
solutions satisfying the boundary condition (11). Let

J={0c>0: ¥d€[0,0], daunique (1, v) satisfying (10) and (11)}.

Set d* =sup J. Then 0 <d* <d;. We claim that d* € J. In fact, if d* ¢ 7, there exist two (different)
solutions (u, v), (&, ) of (10) and (11) with d =d*. By virtue of Lemma 2.9., there are two sequences
(ug, vg) and (@14, 04) of type I solutions which converge to (u,v), (i4,0) as d — d*, which indicates
sup J < d*, a contradiction. Let (u, v) be the unique solution of (10) and (11) with d =d*. We select
two sequences (d;, u;, v;) and (d;, ii;, b;) such that

(i) dj>d"andd;—d" asj— oo;

(ii) for each j, (u;, v;) and (i, ;) are two different solutions which solve (10) and (11) with

d=d;.
Let
¢j=(uj—u)/mj  and ;= (; - 0;)/mj,

where m; = max{||u; — &;||z~, llvj — Tjllz~}. Then

I <|ljllp= + Il <2 (32)
and ¢;, y; satisfy
2ae%
A¢j = 26] [7\.!,0] + m(ﬁj],
2ae%

Ay = ZQ[WJ' + m@']

ae'i aebi(a - &b )_
+4q[(e”!‘ +a)? i (€ + a)? vj(pj]’

where a;, b; are located between u; and i;. Let x;, y; be the maximum points given by
(uj — u;)(x;) = llu; — ;|- and (v — ) = llv; — GjllL.

By Ref. 4, Lemma 3.2, x;, y; are bounded sequences. So ¢;,; converge. Let ¢; — ¢,y; — . Note
that ¢, ¥ are bounded functions which solve (20). Hence ¢ = =0 by Theorem 2.1. This contradicts
(32). So d* = 00. Moreover, the continuous deformation follows readily from (31) and Lemma 2.9.
Theorem 1.1 is concluded. |
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lll. LOCATE THE SOLUTION SETS

Using the uniqueness result shown in Sec. II, we are going to identify each solution set in the
present section.

Letu(-, a1, az),v(-, a1, ay) satisfy Eq. (10) with the initial data a1, @, € R. Consider the functions
¢ =0u/day,y=0v/da,. (¢, ¢)solve Eq. (20) with (¢, ¥)(0) = (0, 1). From Lemma 2.4., ¢, > 0 and
thus, we have

u(-, ay, @) <u(-, ay, ), v(,ap, a2) <v(,ap,aj) (33)

whenever a; < ). Let
E;={(ay,a2): u(-,ay,az),v(-,ay,az)solve (10) and satisfy type i boundary condition},

fori=11I, 1,1V, V as given in Sec. 1. Note that | J; E; = R? and EiNE;j=0fori#j.

Theorem 3.1. For each a € R, there exists exactly one a, € R such that

(a1, a2) €Ef UE UE],.
Lemma 3.1. Ery N EV =0 and Ey N EV =0, where E denotes the closure of E.

Proof. Assume (a1, az) € Epy OEV. Note that v(r, @1, @p) — —o0 as r — oo. In particular, there is
R >0solargethatv(R, a1, @2) < —2a/Ma+1). By continuity, we may extract (@}, @) € Ey sufficiently
close to (a1, @z) such that v(R, @}, @}) <—2a/Ma + 1). However, v(r,a],a}) — oo as r — oo and
v(0, @, @) > —2a/Ma+1) [by (16)], which indicates that v(-, @], @}) has a negative minimum which
is less than —2a/Ma + 1) at some r = R’. Thus,

2a(e" — 1) 2ae"
(a+1)(e"+a) (e*+a)?

0<v”(R', e}, a})=2q[hv + o] (R, @}, ab) <0.

That is a contradiction. So Ejy N Ey must be empty. Similarly, Ey N E;y =0. We omit the
details. |

Lemma 3.2. Ey N E[” =0 and E;; N E][ =0.

Proof. Epp N Ej; =0 is evident because v >0 [by (14)] for type II solutions but v(r) <0 as
r — oo from type III boundary condition. To show that Ej; N EH =0, we let (a1, a2)€Ey N Em.
Note that u(r; a1, a) — —c0 as r— 0,00 and u(r;ay, @) <0,v(r; a1, az)>0 for all »r>0 from
(14). By continuity, we may pick an interval [r,72] C(0,00) and (af,}) € Ejy in a sufficiently
small neighborhood of (@, @z) such that u(r;aj,a)) has a local maximum at r=r"€(ry,r2)
and

u(r’sal, @) >u(ri; ay, ah) > u(rs al, ab), v aq,ab)>0.

Since u(r; ai, aé) — 00 as r — oo, there is R > r, such that

u(R; o, @) =inf{u(r; af, a}): r €[ry, c0)}.
Note that u”’(r’;af,a}) <0 and u”(R;af,a})>0. From (10), we deduce that v(r';a},a})
<v(R;aj,a}). Since v(r;aj, @) = —2a/Ma + 1) <0 as r — oo, it is possible to pick R’ >r’ such
that

v(R';ap, @) =supfo(r; @], @) : relr’, c)}.
Hence v”(R’; ], @) <0. On the other hand, since u(R’; @}, @) > u(R; a|,@}) and v(R"; ], @)
> v(R; af, @), it follows from (10) that

2a(e* - 1)

(a+1)(e* +a)
=u"(R;a},a})>0.

()\ N 2a(e" - 1)

m)(R’;aﬂ,aé) > (7\.1) +

(R}, ab)
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From v(R’; a'i, aé) > v(ry; ai, aé) > 0 it implies that

2a(e" — 1) ]
(a+1)(e* +a)

(R’ e, @) = (261[%0 + )(R'; @y, @) >0,

e” + a)2

which leads to a contradiction. Therefore, Ej; cannot contain any boundary point of Ej;. O

Lemma 3.3. Let L(a)={(a1,a2): apeR}and E=E; UE; UEy;.

(@ If (a1,ap)€E;, then L)) NECE; fori=11I,III.
(b) If (a1, @2), (a1, a}) € Ej, then (a1, c) € E; whenever ¢ € (a2, @) for i =1, 11, 111.

Proof. 1t is an immediate consequence of the monotonicity property (33). O

Proof of Theorem 3.1. In view of Lemmas 3.1 and 3.3, it suffices to show that L(a1)NE contains
no interval for i = I, II, IIl. Since E; contains exactly one point by Theorem 1.1, the assertion is
immediate for i = I. Assume there are a», a'é such that (@, c) € Ey for all c € (a», a'é). In terms of

Lemma?2.4.,

0 B ou . . ’

=— lim r—(r) <0 inthe interval (a3, @5). (34)
802 roo Jayp

However, since v >0, 0 < " <0 for type II solutions, this together with (18) and (33) indicates that
Blay,s) < B(ai,t) whenever s <t, s,t € (a2, @}), which contradicts (34). Now assume that there are
@2, @) such that (a1, c) € Eyy for all ¢ € (a2, @)). Then, we have rv’(r,ay,¢) -0 as r — oo, that
is,

Y 2a(e" - 1) 2aée" _
S(c).—/0 Zq[kv + @i D@+ + o +a)zv](r,al,c)rdr—0

for all ¢ € (a3, a'é). Thus, dS/dc=0 on (a>, a/é). On the other hand, by the definition of ¢, ¢,

et 2ae" )
(C) / { (e”+a)2[ euv]¢+2Q[7\.+m]([/}(}’,a’l,c‘)rd;ﬁ>o.

That is a contradiction. Here, we make use of the facts that |(a — t)/(a + t)| < 1 whenever f € R, and
that o] < 1 [via (17) with A = k?¢/2 > 2]. The theorem is proved. |

For a; € R, we let I'(a1) be such that (a1, I'(@)) € L(a1) N (E; U Ej U Epy). From Theorem 3.1,
I' is a function from R to R. From (17), —2a/Ma + 1) <T <2/Ma + 1). Besides, we conclude the
following property.

Lemma 3.4. The function T is continuous. Moreover, I'(a) —» —2a/Ma + 1) as @ — oo and T'(@)
—-2/Ma+1)as @ — —o0.

Proof. The continuity of " follows immediately from Lemma 3.1. Now we define auxiliary

functions as follows:
u(ry=u(r,a)=u(r;a, (@) —a

o(r)=o(r,a)=v(r; o, I'(@)) = I'(@).
Then #, 0 satisfy the following equation:
2a(e%e" — 1) ]
(a+1(e¥e +a)l’
2a(e%e" — 1)

(a+ 1)(e¥e" + a)
u(ry=2dlogr+o(l), asr—Q0,

9(0)=0.

@+ 7' =2g[M@ + T(@)) +

| +4 L(u +T(a)), (35)

0" +r7'0’ =2[ M@ + T(@) + Terer +ay

Assume I'(@)  —2a/Ma + 1) as @ — co. We can obtain a number

—2a/Ma+1)<c<2/Ma+1) (36)



071503-14 Yang, Chen, and Chern J. Math. Phys. 58, 071503 (2017)

and a sequence a; — oo such that I'(a;) — ¢ as j — oco. Let u; = ii(-, @), v; = (-, @;). From (35), u;, v;
approach i, o (on any compact interval), which solves the equation

2+ r ' =2g0M0 + O),

0" + 110" =2gMd + C),

w(ry=2dlogr+o(l), asr—0,

0(0)=0,
where C =c+(2a/Ma+1))> 0. In terms of (17), v; is uniformly bounded. However, 0(r) — oo as
r — oo. So there is a contradiction. Hence I'(@) — —2a/Ma+1) as @ — co. Similarly, if ['(@) / 2/Ma+
1) as @ — —oo, we pick ¢’ [satistying (36)] and a; — —co with I'(aj) — ¢’ as j — co. Thus, u;, v; — &1,

and
@’ + 7' =2gM0 + C),

0"+ 710" =2gMD + C),
u(ry=2dlogr+o(l), asr—0,

9(0)=0,
where C’ =c — (2/Ma + 1)) < 0. Note that 5(r) — —co as r — co. This also contradicts the uniform
boundedness of v;. The lemma is concluded. O

Proof of Theorem 1.2. From Theorem 3.1, the curve C = (a, I'(@)), @ € R, compartmentalize the
plane R? into two 2-dimensional regions. The upper region is Ey and the lower region is Ey according
to the monotonicity property (33). C consists of the sets Ey, Ej, and Ej;;. Lemma 3.2 reveals that the
boundary points of Ej;, E;; can only belong to E;. By the uniqueness of the topological solutions, there
exists a* € R such that E; = {(a*,T'(@*)}. So Ej; and Ej; are connected sets. Since v(-, a1, @2) >0
for (@) ay) € Eyy, it follows from Lemma 3.4 that

Ep={(a,T(@): a<a™}, En={(a,T(@): a>a"}.

With the substitution

-1 2 B
S=Z+1, a1 =c +loga, QQZ—KTqCQ, }\=K2—q,
we conclude Theorem 1.2. O
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