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The solution structure of the O(3) sigma model
in a Maxwell-Chern-Simons theory
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In this paper, a system of semilinear elliptic equations arising from a relativistic
self-dual Maxwell-Chern-Simons O(3) sigma model is considered. We reveal the
uniqueness aspect of the topological solutions for the model. The uniqueness result
is associated with a clear solution structure of the equations of the radially symmet-
ric case. We locate each solution set denoted by a planar diagram. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4994060]

I. INTRODUCTION

In the paper, we consider the following system of semilinear elliptic equations which
comes from the self-dual equations arising in the Maxwell-Chern-Simons gauged O(3) sigma
model:




∆U = 2q
(
−N + s −

1 − eU

1 + eU

)
+ 4πd δ0,

∆N =−κ2q2
(
−N + s −

1 − eU

1 + eU

)
+ 4q

eU

(1 + eU )2
N ,

(1)

where U, N are unknown functions, δ0 denotes the Dirac distribution concentrated at the origin, d is
a positive integer, κ, q are positive constants, and s is a parameter with 0 ≤ s < 1.

The Maxwell-Chern-Simons gauged O(3) sigma model is described by the Lagrangian

L=− 1
4q

FαβFαβ +
κ

2
εαβγAα∂βAγ +

1
2
|Dαφ|

2 +
1

2q
(∂αN)2 − V(φ, N), (2)

where Aα :R1,2→R3 (α = 0, 1, 2) is the gauge field, Fαβ = ∂αAβ − ∂βAα is the corresponding cur-
vature tensor, Dαφ= ∂αφ + Aαn× φ is the gauge covariant derivative, n = (0, 0, 1), φ= (φ1φ2, φ3) :
R1,2→ S2 is a vector field, N :R1,2→R is a scalar field, q, κ > 0 are parameters, εαβγ, α, β, γ = 0, 1, 2,
is the totally skew-symmetric tensor with ε012 = 1, and V(φ, N) is a potential given by

V(φ, N)=
q
2

(κN + s − n · φ)2 +
1
2

N2(n × φ)2,

in which s ∈R is a constant. The Gauss equation (as a variational equation for A0) of (2) is given
by

1
q
∂αF0α + κF12 + n · φ × D0φ= 0. (3)

By virtue of (3), the static energy corresponding to (2) can be written as
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E =
∫
R2

d2x
{ 1

2q
(|∂jA0 |

2 + |F12 |
2) +

1
2

(|A0 |
2 |n × φ|2 + |Djφ|

2)

+
1

2q
|∂jN |

2 + V(φ, N)
}

=

∫
R2

d2x
{ 1

2q
|∂jA0 ∓ ∂N |2 +

1
2q
|F12 ∓ q(κN + s − n · φ)|2

+
1
2
|n × φ|2 |A0 ∓ N |2

}
+

1
2
|D1φ ± φ × D2φ|

2

± φ · D1φ × D2φ + (s − n · φ)F12

}
.

We choose the upper sign and thus obtain the lower energy bound

E ≥
∫
R2

d2x
{
φ · D1φ × D2φ + (s − n · φ)F12

}
.

When the field configurations saturate the energy bound, we have the Bogomol’nyi equations




A0 =N ,

F12 = q(κN + s − n · φ),

D1φ=−φ × D2φ.

(4)

Finite energy condition indicates the following boundary conditions:

N→ 0, s − n · φ→ 0, as |x | →∞, (5)

|n × φ| → 0, κN + s − n · φ→ 0, as |x | →∞. (6)

Let u = u1 + iu2 be the projection of φ onto the complex plane through the south pole �n, which is
given by

u1 =
φ1

1 + φ3
, u2 =

φ2

1 + φ3
.

Equation (4) is rewritten as




A0 =N ,

F12 = q(κN + s − n · φ),

∂u=−iαu,

(7)

where ∂ = (∂1 + i ∂2)/2 and α = (A1− iA2)/2. Set U = log φ and V =−κN . Equation (7) is transformed
into




∆U = 2q
(
−V + s −

1 − eU

1 + eU

)
+ 4π

m∑
j=1

δpj − 4π
n∑

j=1

δqj ,

∆V =−κ2q2
(
−V + s −

1 − eU

1 + eU

)
+ 4q

eU

(1 + eU )2
V ,

(8)

where δp is the Dirac distribution concentrated at p ∈R2 and pj, qj are the locations of vortices and
antivortices. Conditions (5) and (6) indicate three kinds of boundary conditions for solutions of (8)
as follows:

(a) Topological: U(x)→ log 1− s
1 + s and N(x)→ 0, as |x | →∞.

(b) Non-topological I: U(x)→−∞ and N(x)→ s − 1, as |x | →∞.
(c) Non-topological II: U(x)→+∞ and N(x)→ s + 1, as |x | →∞.

If m= d ≥ 0, n= 0 with p1 = · · ·= pd = 0, Eq. (1) is a special case of Eq. (8). For the details of the
theory, we refer the readers to Refs. 11 and 13, for example.
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Existence and asymptotic structure of those solutions of (8) which satisfy the topological bound-
ary condition2,3,10,15 have been studied in Refs. 9 and 11. Recently, there have been papers concerning
the solution structure of the elliptic equations coming from the CS (Chern-Simons) gauge theory. For
example, one may refer to Refs. 7 and 8 for the CS gauged O(3) sigma model,5 for the gravitational
sigma model,4,6 for the self-dual U(1) × U(1) two-particle system, and12 for a perturbation of the
SU(3) Toda system. Classification of radially symmetric solutions is associated with the uniqueness
of the topological solutions of the related models and can probably be an approach to realize more
complicated solutions.

In this paper, we prove the uniqueness of the topological solutions and identify the solution
sets of all solution types for the radially symmetric case of (1). We portray our main theorems as
follows.

Theorem 1.1. Equation (1) possesses exactly one solution satisfying the topological boundary
condition for each d ≥ 0. Moreover, the topological solutions continuously deform with respect to
d in the sense that for any d0 ≥ 0, there exist a number ε > 0 and a continuous mapping P : ρ
7→ (Uρ, Nρ) ∈C0

loc(R2)×C0
loc(R2) such that Uρ, Nρ solve Eq. (1) with d = ρ and satisfy the topological

boundary condition whenever ρ ∈ (d0 − ε, d0 + ε) ∩ (0,∞).

The radially symmetric case of Eq. (1) is characterized by




U ′′ + r−1U ′ = 2q
(
−N + s −

1 − eU

1 + eU

)
, r > 0,

N ′′ + r−1N ′ =−κ2q2
(
−N + s −

1 − eU

1 + eU

)
+ 4q

eU

(1 + eU )2
N , r > 0,

U(r; c1, c2)= c1 + 2d log r + o(1), as r→ 0,

N(r; c1, c2)= c2 + o(1) as r→ 0

(9)

for c1, c2 ∈R. Define

EI = {(c1, c2) : U(r; c1, c2)→ log
1 − s
1 + s

, N(r; c1, c2)→ 0, as r→∞},

EII = {(c1, c2) : U(r; c1, c2)→−∞, N(r; c1, c2)→ s − 1, as r→∞},

EIII = {(c1, c2) : U(r; c1, c2)→+∞, N(r; c1, c2)→ s + 1, as r→∞},

EIV = {(c1, c2) : U(r; c1, c2)→−∞, N(r; c1, c2)→+∞, as r→∞},

EV = {(c1, c2) : U(r; c1, c2)→+∞, N(r; c1, c2)→−∞, as r→∞}.

Theorem 1.2. Assume κ2q ≥ 4.The sets EI , EII , EIII , EIV , EV can be identified as follows.

(i) EI ∪ EII ∪ EIII ∪ EIV ∪ EV =R2.
(ii) There exist c∗ ∈R and a continuous function Γ : R→R such that

EI = {(c, Γ(c)) : c= c∗},

EII = {(c, Γ(c)) : −∞< c < c∗},

EIII = {(c, Γ(c)) : c∗ < c <∞},

EIV = {(c1, c2) : c1 ∈R, c2 < Γ(c1)},

EV = {(c1, c2) : c1 ∈R, c2 > Γ(c1)}.

Moreover, Γ(c)→ s + 1 as c→∞ and Γ(c)→ s − 1 as c→−∞ (please see Fig. 1 for an
illustration).

Preliminaries. With the substitution

s=
a − 1
a + 1

, u=U + log a, v =−
2

κ2q
N ,
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FIG. 1. The location of each solution set.

Equation (9) can be transformed into the system




u′′ + r−1u′ = 2q
[
λv +

2a(eu − 1)
(a + 1)(eu + a)

]
, r > 0,

v ′′ + r−1v ′ = 2q
[
λv +

2a(eu − 1)
(a + 1)(eu + a)

]
+ 4q

aeu

(eu + a)2
v , r > 0,

u(r)= α1 + 2d log r + o(1), as r→ 0,

v(r)= α2 + o(1) as r→ 0, α1, α2 ∈R,

(10)

where a ≥ 1 (by 0 ≤ s < 1) and λ= κ2q/2. The topological and non-topological solutions boundary
conditions associated with Eq. (10) are given by

(Topological) u(x)→ 0, v(x)→ 0 as |x | →∞, (11)

(Non-topological I) u(x)→−∞, v(x)→
2

λ(a + 1)
as |x | →∞, (12)

(Non-topological II) u(x)→+∞, v(x)→
−2a
λ(a + 1)

as |x | →∞. (13)

By the maximum principle, it is clear that the solutions satisfying either (11) or (12) have the following
property:

u(x)< 0, v(x)> 0, for all x ∈R2, (14)

and thus, letting w = λv + 2a(eu − 1)
(a + 1)(eu + a) , we have

∆w − 2q
[
λ +

2aeu

(eu + a)3

]
w = 4qλ

aeu

(eu + a)2
v +

2aeu(a − eu)

(eu + a)3
|∇u|2 > 0.

So that

λv +
2a(eu − 1)

(a + 1)(eu + a)
< 0 (15)

for topological and non-topological I solutions. From (10), ∆v = 2q[f (eu)v + g(eu)], where

f (t)= λ +
2at

(t + a)2
, g(t)=

( 2a
a + 1

) ( t − 1
t + a

)
are bounded functions. Thus, the solutions of (10) are all entire solutions. Furthermore, by Lemma 2.3.,
u, v cannot oscillate infinitely many times. Especially, since g(0) = �2/(a + 1), g(∞)= 2a/(a + 1), and
g′ > 0, it follows that
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v ′(r)> 0, for all r > 0, provided v(0)> 2/λ(a + 1),

v ′(r)< 0, for all r > 0, provided v(0)<−2a/λ(a + 1).
(16)

By the way, from Lemma 2.1. and Lemma 2.2., we have

−2a/λ(a + 1) ≤ v ≤ 2/λ(a + 1) (17)

whenever u, v satisfy one of the boundary conditions (11)–(13). It is not difficult to observe that all
the possible solution types are included as follows:

Type I: u(r)→ 0 and v(r)→ 0 as r→∞,
type II: u(r)→−∞ and v(r)→ 2/λ(a + 1) as r→∞,
type III: u(r)→+∞ and v(r)→−2a/λ(a + 1) as r→∞,
type IV: u(r)→−∞ and v(r)→−∞ as r→∞,
type V: u(r)→+∞ and v(r)→+∞ as r→∞.

Let β = (1/2π) ∫R2 F12, where F12 is given in (7). We have

β = β(u, v)=
∫ ∞

0
−2q

[
λv +

2a(eu − 1)
(a + 1)(eu + a)

]
r dr.

Assume | β | <∞. Clearly, u(r)= (2d − β) log r + O(1) as r→∞. Since v(r)→ constant, we have
rv ′(r)→ 0 as r→∞; thus, β has an alternative expression

β =

∫ ∞
0

4q
aeu

(eu + a)2
v r dr. (18)

If u, v are of type I, then β = 2d. If u, v are of type II, we have∫ ∞
0

r2d−β+1 dr < c
∫ ∞

0

eu

a + 1
r dr < c′

∫ ∞
0

eu

(eu + a)2
v r dr <∞

and thus β > 2d + 2. Let u, v belong to type III, in which v(r)< 0 in (R,∞) for some large R > 0.
Then ∫ ∞

R
rβ−2d+1 dr < c

∫ ∞
R

e−u r dr < c′
∫ ∞

R

eu

(eu + a)2
(−v) r dr <∞.

So β < 2d − 2. Besides, type IV and V solutions are characterized by β =+∞ and −∞, respectively.
We summarize the above remark as follows:




β = 2d, for type I solutions,
β > 2d + 2, for type II solutions,
β < 2d − 2, for type III solutions,
β =+∞, for type IV solutions,
β =−∞, for type V solutions.

(19)

The paper is organized as follows. In Sec. II, we establish the non-degeneracy for the linearized
equation of Eq. (10) and show the uniqueness of the topological solution. In Sec. III, we locate the
regions of the initial data which account for each solution type we introduce as above and carry out
a classification of the radially symmetric solutions of Eq. (9).

II. NON-DEGENERACY AND UNIQUENESS

In this section, we will establish the non-degeneracy property for the linearized equations of (10).
By introducing a functional deformation method and the non-degeneracy property, we can prove the
uniqueness of the topological solutions.
Consider the linearized equation of (10){

φ′′ + r−1φ′ =F1(φ,ψ),

ψ ′′ + r−1ψ ′ =F1(φ,ψ) + F2(φ,ψ),
(20)
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where

F1(φ,ψ)= 4q
aeu

(eu + a)2
φ + 2qλψ,

F2(φ,ψ)= 4q
aeu(a − eu)

(eu + a)3
vφ + 4q

aeu

(eu + a)2
ψ.

Then the non-degeneracy property of (20) is in the following:

Theorem 2.1. If (u, v) is a solution of (10) and (11), then (φ,ψ)≡ (0, 0) is the only bounded
solution of (20).

Remark 2.1. If (u, v) is a solution of (10), then, by ∆v(0)= 2q
[
λv(0) − 2a

a(a+1)

]
, r = 0 cannot be

a non-positive local minimum point of v(r).

In the following, we first prove the monotone property of the solution of type I.

Lemma 2.1. Let (u(r), v(r)) be a solution of (10). Then the following conditions are valid.

(i) Both u(r) and �v(r) cannot attain any non-negative local maximum on (0,∞).
(ii) Both u(r) and �v(r) cannot attain any non-positive local minimum on (0,∞).

(iii) If (u(r), v(r)) is a solution of type I, then u′(r)> 0 and v ′(r)< 0 on (0,∞).

Proof. Let (u(r), v(r)) be a solution of (10). First, we show the result of part (i). On the contrary,
we assume that r∗u and r∗v are the respective first non-negative local maximum points of u(r) and �v(r)

on [0,∞). By Remark 2.1, we have r∗v , 0. From (10) and
[

2a(ex − 1)
(a + 1)(ex + a)

] ′
> 0 ∀x ∈R, we easily obtain

that u(r) [respectively, �v(r)] does not possess a non-negative local minimum on (0, r∗v ] (respectively,(
0, r∗u

]
), and the following equations hold:




λv(r∗u) +
2a(eu(r∗u) − 1)

(a + 1)(eu(r∗u) + a)
≤ 0,

λv(r∗v ) +
2a(eu(r∗v ) − 1)

(a + 1)(eu(r∗v ) + a)
≥ −

2aeu(r∗v )

(a + 1)(eu(r∗v ) + a)2
v(r∗v ) ≥ 0.

By the first inequality and
[

2a(ex − 1)
(a + 1)(ex + a)

] ′
> 0 ∀x ∈R, we easily get

λv(r∗v ) +
2a(eu(r∗v ) − 1)

(a + 1)(eu(r∗v ) + a)
< λv(r∗u) +

2a(eu(r∗u) − 1)

(a + 1)(eu(r∗u) + a)
≤ 0

which contradicts with the second inequality. This completes the proof of (i). Similarly, we can show
the result of part (ii).

Next, in order to show the result of part (iii), we need the following claim.

Claim. If (u(r), v(r)) is a solution of type I, then u(r)< 0 and −v(r)< 0 ∀r ∈ (0,∞).

Proof of Claim. On the contrary, since (u(r), v(r))→ (0, 0) as r→∞ and by the boundary condi-
tions of (10), we easily obtain that u(r) and �v(r) possess a respective non-negative local maximum
point which contradicts to the result of part (i).

This proves our Claim. Now, suppose the result of part (iii) is not true. Then by above Claim, we
obtain that u(r) and �v(r) possess a respective non-positive local minimum point which contradicts
to the result of part (ii).

This shows part (iii), and the proof of Lemma 2.1. is complete. �
Next, we establish the range of v(r) for solutions of type II and III as follows.

Lemma 2.2. Let (u(r), v(r)) be a solution of (10). Then the following conditions are valid.
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(i) If (u(r), v(r)) is a solution of type II, then

u(r)< 0 and 0 ≤ v(r) ≤ 2/λ(a + 1) ∀r ∈ (0,∞).

(ii) If (u(r), v(r)) is a solution of type III, then −2a/λ(a + 1) ≤ v(r) ≤ 2/λ(a + 1) ∀r ∈ [0,∞).

Proof. (i) Let (u, v) be a solution of type II for Eq. (10). Then u(r)→−∞ and v(r)→ 2/λ(a + 1)
as r→∞. By (i) and (ii) of Lemma 2.1. and the boundary conditions of (10), we easily obtain u(r)< 0
and v(r) ≥ 0 ∀r ∈ (0,∞). From (10), we have

(*) ∆v = 2q[f (eu)v + g(eu)],
where f (t)= λ + 2at

(t+a)2 and g(t)=
(

2a
a+1

) (
t−1
t+a

)
are bounded functions.

If v(0)> 2
λ(a+1) then, since g′(t)> 0, lim

t→0
g(t)=− 2

a+1 and v(r)→ 2/λ(a + 1) as r→∞, by (10) and (*),

we obtain that v(r) possesses a non-negative local maximum which contradicts with (ii) of Lemma 2.1.
Hence, we have 0 < v(0) ≤ 2

λ(a+1) and v(r)→ 2
λ(a+1) as r→∞. By using (ii) of Lemma 2.1. again, we

finally obtain 0 ≤ v(r) ≤ 2/λ(a + 1) on (0,∞). This proves part (i) of this lemma.
(ii) Let (u, v) be a solution of type III for Eq. (10). Then, we have u(r)→+∞ and v(r)

→−2a/λ(a + 1) as r→∞. Similar to the proof of above part (i), by above (*), g′(t)> 0, lim
t→0

g(t)

=− 2
a+1 , lim

t→∞
g(t)= 2a

a+1 , the boundary conditions of (10) and (i) and (ii) of Lemma 2.1., we obtain

that −2a/λ(a + 1) ≤ v(0) ≤ 2/λ(a + 1), and v(r) does not possess a local minimum (respectively,
local maximum) at rv ∈ (0,∞) such that v(rv) ≥ 2

λ(a+1)

(
respectively, v(rv) ≤ − 2a

λ(a+1)

)
. These imply

that
−2a/λ(a + 1) ≤ v(r) ≤ 2/λ(a + 1) ∀r ∈ [0,∞).

Thus, we get the result of part (ii). The proof of Lemma 2.2. is complete. �

Now for each solution of (10), we have the following non-oscillation result.

Lemma 2.3. Let (u(r), v(r)) be a solution of (10). Then u, v cannot oscillate infinitely many
times.

Proof. By the results of (i) and (ii) in Lemma 2.1., we easily obtain the conclusion. �

Let ϕ11, ϕ12 and ϕ21, ϕ22 solve (20), respectively, with the initial data{
ϕ11(0)= 0, ϕ′11(0)= 0,

ϕ21(0)= 1, ϕ′21(0)= 0,
and

{
ϕ12(0)= 1, ϕ′12(0)= 0,

ϕ22(0)= 0, ϕ′22(0)= 0.
(21)

Lemma 2.4. ϕij > 0 and ϕ′ij > 0 for all i, j = 1, 2.

Proof. Since F1(φ,ψ), F2(φ,ψ)> 0 whenever φ,ψ > 0, it follows readily that each ϕij is an
increasing function. �

We introduce the auxiliary functions A= ru′ and B(r)= rv ′. Then

A′′ + r−1A′ =F1(A, B) + G1,

B′′ + r−1B′ =F1(A, B) + F2(A, B) + G2,

in which G1, G2 are given by

G1 = 4q
[
λv +

2a(eu − 1)
(a + 1)(eu + a)

]
,

G2 = 4q
[
λv +

2a(eu − 1)
(a + 1)(eu + a)

]
+ 8q

aeu

(eu + a)2
v .

Lemma 2.5. Let φ,ψ solve (20). Set Λ= (φ − ψ)A′ − A(φ′ − ψ ′) − (φB′ − Bφ′). Then

Λ(τ)=
1
τ

∫ τ

0
r

[
(G1 − G2)φ − G1ψ

]
dr, τ > 0. (22)
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Proof. Let ξ = φ − ψ. From (20), (rξ ′)′ =−rF2(φ,ψ). Making use of the expression

f (rg′)′ − g(rf ′)′ =
d
dr

[r(fg′ − gf ′)],

we have

τ[ξA′ − Aξ ′](τ)=
∫ τ

0
ξ(rA′)′ − A(rξ ′)′ dr

=

∫ τ

0
r

[
(φ − ψ)F1(A, B) + AF2(φ,ψ) + (φ − ψ)G1

]
dr

=

∫ τ

0
r

[
F1(Aφ − Aψ, Bφ − Bψ) + F2(Aφ, Aψ) + G1(φ − ψ)

]
dr,

τ[φB′ − Bφ′](τ)=
∫ τ

0
φ(rB′)′ − B(rφ′)′ dr

=

∫ τ

0
r

[
φ(F1 + F2)(A, B) − BF1(φ,ψ) + G2φ

]
dr

=

∫ τ

0
r

[
F1(Aφ − Bφ, Bφ − Bψ) + F2(Aφ, Bφ) + G2φ

]
dr.

Hence

τΛ(τ)=
∫ τ

0
r

[
F1(Bφ − Aψ, 0) + F2(0, Aψ − Bφ) + G1(φ − ψ) − G2φ

]
dr

=

∫ τ

0
r

[
(G1 − G2)φ − G1ψ

]
dr.

�
We use the notation Q0, Q1 to denote the following functions:

Q0 =
ϕ11

ϕ12
and Q1 =

ϕ21

ϕ22
.

Clearly, Q0(0) = 0, Q1(0) = 1, and Q0, Q1 > 0 (Lemma 2.4.).

Lemma 2.6. Let u, v satisfy (10) and (11). Then Q′0(r)> 0, Q′1(r)< 0, and Q0(r)<Q1(r) for all
r ∈ (0,∞).

Proof. We construct the proof by two steps.
(A1) If there is M > 0 such that Q0(r)<Q1(r) for r ∈ (0, M), then Q′0(r)> 0 and Q′1(r)< 0 whenever
r ∈ (0, M).

Assume there is r1 ∈ (0, M) such that Q′0(r1)= 0 and Q0(r)<Q1(r) for all r ∈ (0, r1). Without loss
of generality, we may assume

Q0(r)<Q0(r1), r ∈ (0, r1). (23)

Set Q0(r1) = c. Consider the solution φ,ψ of (20) given by(
φ
ψ

)
=

(
ϕ11

ϕ21

)
− c

(
ϕ12

ϕ22

)
. (24)

Note that

φ(r1)= 0, φ′(r1)= 0, and ψ(r1)> 0.

So φ′′(r1)> 0 by virtue of (20). This contradicts (23). Therefore, Q′0 > 0.
Since lim

r→0+
Q1(r)=∞, Q′1(r)< 0 for a sufficiently small r > 0. Hence, we have Q′1 < 0 according

to the similar argument of the proof as in the case Q′0 > 0.
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(A2) Q1 and Q0 cannot meet.

Suppose (A2) fails. Select M > 0 such that Q0(M)=Q1(M)= c∗ and Q1(r)> c∗ >Q0(r) whenever
r ∈ (0, M). Consider the solution φ,ψ given by (24) with c= c∗. Note that{

φ(r)< 0 and ψ(r)> 0, r ∈ (0, M),

φ(M)=ψ(M)= 0.
(25)

Applying (15) and (22),

0 >−M
[
−A(φ′ − ψ ′) + Bφ′

]
(M)=

∫ M

0
r

[
(G1 − G2)φ − G1ψ

]
dr > 0,

which is a contradiction. The proof is completed. �

Proof of Theorem 2.1. Let φ,ψ be a nontrivial solution of (20) which is characterized by (24)
with some c > 0. If φ,ψ are bounded, then rφ′(r), rψ ′(r)→ 0 as r→∞. Since ϕ12, ϕ22→∞ as r→∞,
it follows that

Q0 − c= φ/ϕ12→ 0, r→∞,

Q1 − c=ψ/ϕ22→ 0, r→∞.

By Lemma 2.6., Q0(r)↗ c and Q1(r)↘ c as r→∞. In particular, φ < 0 and ψ > 0. On the other hand,
since A, B are bounded, we have rA′, rB′→ 0 as r→∞. Therefore,

0= lim
τ→0

τ[(φ − ψ)A′ − A(φ′ − ψ ′) − (φB′ − Bφ′)]

=

∫ ∞
0

r
[
(G1 − G2)φ − G1ψ

]
dr > 0.

This yields a contradiction. So Eq. (24) cannot possess any non-trivial bounded solution. �

Lemma 2.7. Assume d = 0. Let u, v satisfy (10) and (11). Then u= v ≡ 0.

Proof. ∆u ≤ 0 in R2 and u(x)→ 0 as |x | →∞. So u, v ≡ 0 by the maximum principle. �

Function Spaces. Define the scalar products 〈, 〉Xα and 〈, 〉Yα , 0 < α < 1, for functions in the spaces
L2

loc(R2) and W2,2
loc (R2),

〈u, v〉Xα =
∫
R2

(1 + |x |2+α) uv dx, u, v ∈ L2
loc(R2),

〈u, v〉Yα = 〈∆u,∆v〉Xα +
∫
R2

uv

1 + |x |2+α
dx, u, v ∈W2,2

loc (R2).

Let Xα, Yα be the Hilbert spaces given by

Xα =
{
u ∈ L2

loc(R2) : 〈u, u〉Xα < +∞
}
, Yα =

{
u ∈W2,2

loc (R2) : 〈u, u〉Yα < +∞
}
.

The Xα-norm and Yα-norm are induced by

‖u‖Xα =
√
〈u, u〉Xα , ‖u‖Yα =

√
〈u, u〉Yα .

We observe that Xα ↪→L1(R2) and Yα ⊂C0
loc(R2) by Hölder’s inequality and the local regularity of

the Laplace operator, respectively. Let the product spaces Xα × Xα and Yα × Yα be equipped with
inner products 〈u, v〉Xα×Xα and 〈u, v〉Yα×Yα which are given by

〈 f , g〉Xα×Xα = 〈 f1, g1〉Xα + 〈 f2, g2〉Xα , 〈u, v〉Yα×Yα = 〈u1, v1〉Yα + 〈u2, v2〉Yα ,

where f = (f1, f2), g= (g1, g2) ∈ Xα ×Xα and u= (u1, u2), v = (v1, v2) ∈ Yα ×Yα. In the following con-
tent, we denote the subspaces consisting of radially symmetric functions by Xr

α and Y r
α.
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We introduce the mapping P(d, ξ, η)= (P1,P2)(d, ξ, η) for d ≥ 0, ξ, η ∈ Y r
α,

P1 = ρ
−1

{
∆ξ − 2q

[
λη +

2a(|x |2deξ − 1)

(a + 1)(|x |2deξ + a)

] }
,

P2 = ρ
−1

{
∆η − 2q

[
λη +

2a(|x |2deξ − 1)

(a + 1)(|x |2deξ + a)

]
− 4q

a|x |2deξ

(|x |2deξ + a)2
η

}
,

where ρ= 1 + |x |4d+4. The triplet (d, ξ + 2d log r, η) solving (10) is equivalent to P(d, ξ, η)= 0.
According to Ref. 1, Lemma 1.1, there exists C > 0 such that

|u(x)| ≤C ‖u‖Yα (log+ |x | + 1), x ∈R2, (26)

for all u ∈ Yα, where log+ |x | =max{ 0, log |x |}. Then

P(d, ξ, η) ∈ Xr
α × Xr

α

whenever d ≥ 0 and ξ, η ∈ Y r
α. Consider the partial derivative L = ∂P(d, ξ, η)/∂(ξ, η) at a fixed d > 0

and (ξ, η) ∈ Y r
α × Y r

α,

L :

(
φ
ψ

)
7→ ρ−1

(
∆φ − L1(φ,ψ)
∆ψ − L1(φ,ψ) − L2(φ,ψ)

)
, φ,ψ ∈ Y r

α, (27)

in which

L1(φ,ψ)= 4q
a|x |2deξ

(|x |2deξ + a)2
φ + 2qλψ,

L2(φ,ψ)= 4q
a|x |2deξ (a − |x |2deξ )

(|x |2deξ + a)3
ηφ + 4q

a|x |2deξ

(|x |2deξ + a)2
ψ.

Lemma 2.8. Let d > 0 and ξ, η ∈ Y r
α. If (ξ, η)= (u − 2d log r, v), where (u, v) solves (10) and

(11) with d, then L is a surjective mapping from Y r
α × Y r

α to Xr
α × Xr

α.

Proof. Let ImL = {g ∈ Xr
α × Xr

α : Lf = g, ∃f ∈ Y r
α × Y r

α}. We claim that ImL =Xr
α × Xr

α. Suppose
the assertion fails. Let ζ = (ζ1, ζ2) be a non-zero element of Xr

α ×Xr
α and ζ < ImL. Since ImL is closed

(via Ref. 1, Proposition 2.1), we may decompose Xr
α × Xr

α = ImL ⊕ (ImL)⊥. Assume (without loss of
generality) that ζ ⊥ ImL. We have

0= 〈L(φ,ψ), ζ〉=
∫
R2

{ [
∆φ − L1(φ,ψ)

]
f +

[
∆ψ − L1(φ,ψ) − L2(φ,ψ)

]
g

}
dx (28)

whenever φ,ψ ∈ Y r
α, in which f = ρ−1(1 + |x |2+α)ζ1 ≥ 0 and g= ρ−1(1 + |x |2+α)ζ2 ≥ 0. Since C∞0 (R2)

⊂ Yα, by elliptic regularity, f, g are C2-functions. For φ,ψ ∈C∞0 (R2),

0=
∫
R2
φ∆f + ψ∆g − L1(f φ + gφ, fψ + gψ) − L2(gφ, gψ) dx

=

∫
R2

[
∆f − L1(f + g, 0) − L2(g, 0)

]
φ +

[
∆g − L1(0, f + g) − L2(0, g)

]
ψ dx.

So f, g solve {
∆f − L1(f + g, 0) − L2(g, 0)= 0,

∆g − L1(0, f + g) − L2(0, g)= 0.
(29)

Let θ = f + g. Note that θ→ 0 as |x | →∞. Since Xα ⊂ L1(R2), we get f , g→ 0 as |x | →∞. By (29),
(g, θ) satisfies (20). Thus by Theorem 2.1., we have g≡ 0 and θ ≡ 0; hence f = g = 0, that is, ζ1 = ζ2 = 0,
which contradicts our assumption. Therefore, ImL =Xr

α × Xr
α. �

Assume u0, v0 solve (10) and (11) with d = d0 > 0. Let u0 = ξ0 + 2d log r and v0 = η0. Clearly,
ξ0, η0 satisfy the assumption of Lemma 2.8. and P(d0, ξ0, η0)= 0. By applying a specific version of
the implicit function theorem ([Ref. 14, Theorem 2.7.5]) to P, we find a continuous mapping

h : d 7→ (ξ(d), η(d))
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from a neighborhood N(d0) of d0 to Y r
α × Y r

α such that ξ(d0)= ξ0, η(d0)= η0, and

P(d, ξ(d), η(d))= 0 for all d ∈N. (30)

This establishes the existence of a family of solutions ud , vd to (10) which are given by

ud = ξ(d) + 2d log r, vd = η(d), d ∈N(d0). (31)

Lemma 2.9. Assume u0, v0 solve (10) and (11) with d = d0 > 0. Then there exists δ > 0 such that
the solutions ud , vd given by (31) satisfy the boundary condition (11) whenever |d − d0 | < δ.

Proof. Since Xα ↪→L1(R2), by the continuity of h, we have

2π���
β(d)

2
− d0

��� ≤ ‖∆(ξ(d) − ξ0)‖L1(R2) ≤C‖∆(ξ(d) − ξ0)‖Xα ≤C‖ξ(d) − ξ0‖Yα → 0

as d→ d0 for some constant C > 0. From (19), ud , vd must belong to type I solutions as d is sufficiently
close to d0. �

Proof of Theorem 1.1. If d = 0, the only type I solution of (10) is the trivial solution by
Lemma 2.7. Assume that there is d1 ∈ (0,∞) such that Eq. (10) with d = d1 possesses at least two
solutions satisfying the boundary condition (11). Let

J= {σ ≥ 0 : ∀d ∈ [0,σ], ∃ a unique (u, v) satisfying (10) and (11)}.

Set d∗ = supJ. Then 0 ≤ d∗ ≤ d1. We claim that d∗ ∈J. In fact, if d∗ <J, there exist two (different)
solutions (u, v), (ū, v̄) of (10) and (11) with d = d∗. By virtue of Lemma 2.9., there are two sequences
(ud , vd) and (ūd , v̄d) of type I solutions which converge to (u, v), (ū, v̄) as d→ d∗, which indicates
supJ< d∗, a contradiction. Let (u, v) be the unique solution of (10) and (11) with d = d∗. We select
two sequences (dj, uj, v j) and (dj, ūj, v̄j) such that

(i) dj > d∗ and dj→ d∗ as j→∞;
(ii) for each j, (uj, v j) and (ūj, v̄j) are two different solutions which solve (10) and (11) with

d = dj.

Let

φj = (uj − ūj)/mj and ψj = (vj − v̄j)/mj,

where mj =max{‖uj − ūj ‖L∞ , ‖vj − v̄j ‖L∞ }. Then

1< ‖φj ‖L∞ + ‖ψj ‖L∞ < 2 (32)

and φj,ψj satisfy

∆φj = 2q
[
λψj +

2aeaj

(eaj + a)2
φj

]
,

∆ψj = 2q
[
λψj +

2aeaj

(eaj + a)2
φj

]

+ 4q
[ aeuj

(euj + a)2
ψj +

aebj (a − ebj )

(ebj + a)3
v̄jφj

]
,

where aj, bj are located between uj and ūj. Let xj, yj be the maximum points given by

(uj − ūj)(xj)= ‖uj − ūj ‖L∞ and (vj − v̄j)(yj)= ‖vj − v̄j ‖L∞ .

By Ref. 4, Lemma 3.2, xj, yj are bounded sequences. So φj,ψj converge. Let φj→ φ,ψj→ψ. Note
that φ,ψ are bounded functions which solve (20). Hence φ=ψ = 0 by Theorem 2.1. This contradicts
(32). So d∗ =∞. Moreover, the continuous deformation follows readily from (31) and Lemma 2.9.
Theorem 1.1 is concluded. �
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III. LOCATE THE SOLUTION SETS

Using the uniqueness result shown in Sec. II, we are going to identify each solution set in the
present section.

Let u(·, α1, α2), v(·, α1, α2) satisfy Eq. (10) with the initial dataα1, α2 ∈R. Consider the functions
φ= ∂u/∂α2,ψ = ∂v/∂α2. (φ,ψ) solve Eq. (20) with (φ,ψ)(0)= (0, 1). From Lemma 2.4., φ,ψ > 0 and
thus, we have

u(·, α1, α2)< u(·, α1, α′2), v(·, α1, α2)< v(·, α1, α′2) (33)

whenever α2 < α
′
2. Let

Ei = {(α1, α2) : u(·, α1, α2), v(·, α1, α2) solve (10) and satisfy type i boundary condition},

for i = I, II, III, IV, V as given in Sec. I. Note that
⋃

i Ei =R2 and Ei ∩ Ej = ∅ for i, j.

Theorem 3.1. For each α1 ∈R, there exists exactly one α2 ∈R such that

(α1, α2) ∈ EI ∪ EII ∪ EIII .

Lemma 3.1. EIV ∩ EV = ∅ and EV ∩ EIV = ∅, where E denotes the closure of E.

Proof. Assume (α1, α2) ∈ EIV ∩EV . Note that v(r, α1, α2)→−∞ as r→∞. In particular, there is
R > 0 so large that v(R, α1, α2)<−2a/λ(a+1). By continuity, we may extract (α′1, α′2) ∈ EV sufficiently
close to (α1, α2) such that v(R, α′1, α′2)<−2a/λ(a + 1). However, v(r, α′1, α′2)→∞ as r→∞ and
v(0, α′1, α′2) ≥ −2a/λ(a + 1) [by (16)], which indicates that v(·, α′1, α′2) has a negative minimum which
is less than −2a/λ(a + 1) at some r =R′. Thus,

0 ≤ v ′′(R′, α′1, α′2)= 2q
[
λv +

2a(eu − 1)
(a + 1)(eu + a)

+
2aeu

(eu + a)2
v

]
(R′, α′1, α′2)< 0.

That is a contradiction. So EIV ∩ EV must be empty. Similarly, EV ∩ EIV = ∅. We omit the
details. �

Lemma 3.2. EII ∩ EIII = ∅ and EIII ∩ EII = ∅.

Proof. EIII ∩ EII = ∅ is evident because v > 0 [by (14)] for type II solutions but v(r)< 0 as
r→∞ from type III boundary condition. To show that EII ∩ EIII = ∅, we let (α1, α2) ∈ EII ∩ EIII .
Note that u(r; α1, α2)→−∞ as r→ 0,∞ and u(r; α1, α2)< 0, v(r; α1, α2)> 0 for all r > 0 from
(14). By continuity, we may pick an interval [r1, r2] ⊂ (0,∞) and (α′1, α′2) ∈ EIII in a sufficiently
small neighborhood of (α1, α2) such that u(r; α′1, α′2) has a local maximum at r = r ′ ∈ (r1, r2)
and

u(r ′; α′1, α′2)> u(r1; α′1, α′2)> u(r2; α′1, α′2), v(r2; α′1, α′2)> 0.

Since u(r; α′1, α′2)→∞ as r→∞, there is R ≥ r2 such that

u(R; α′1, α′2)= inf {u(r; α′1, α′2) : r ∈ [r1,∞)}.

Note that u′′(r ′; α′1, α′2) ≤ 0 and u′′(R; α′1, α′2) ≥ 0. From (10), we deduce that v(r ′; α′1, α′2)
< v(R; α′1, α′2). Since v(r; α′1, α′2)→−2a/λ(a + 1)< 0 as r→∞, it is possible to pick R′ > r ′ such
that

v(R′; α′1, α′2)= sup{v(r; α′1, α′2) : r ∈ [r ′,∞)}.

Hence v ′′(R′; α′1, α′2) ≤ 0. On the other hand, since u(R′; α′1, α′2) ≥ u(R; α′1, α′2) and v(R′; α′1, α′2)
≥ v(R; α′1, α′2), it follows from (10) that(

λv +
2a(eu − 1)

(a + 1)(eu + a)

)
(R′; α′1, α′2) ≥

(
λv +

2a(eu − 1)
(a + 1)(eu + a)

)
(R; α′1, α′2)

= u′′(R; α′1, α′2) ≥ 0.
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From v(R′; α′1, α′2) ≥ v(r2; α′1, α′2)> 0 it implies that

v ′′(R′; α′1, α′2)=
(
2q

[
λv +

2a(eu − 1)
(a + 1)(eu + a)

]
+ 4q

aeu

(eu + a)2
v
)
(R′; α′1, α′2)> 0,

which leads to a contradiction. Therefore, EII cannot contain any boundary point of EIII . �

Lemma 3.3. Let L(α1)= {(α1, α2) : α2 ∈R} and E =EI ∪ EII ∪ EIII .

(a) If (α1, α2) ∈ Ei, then L(α1) ∩ E ⊂ Ei for i = I, II, III.
(b) If (α1, α2), (α1, α′2) ∈ Ei, then (α1, c) ∈ Ei whenever c ∈ (α2, α′2) for i = I, II, III.

Proof. It is an immediate consequence of the monotonicity property (33). �

Proof of Theorem 3.1. In view of Lemmas 3.1 and 3.3, it suffices to show that L(α1)∩E contains
no interval for i = I, II, III. Since EI contains exactly one point by Theorem 1.1, the assertion is
immediate for i = I. Assume there are α2, α′2 such that (α1, c) ∈ EII for all c ∈ (α2, α′2). In terms of
Lemma 2.4.,

∂ β

∂α2
=− lim

r→∞
r
∂u
∂α2

(r)< 0 in the interval (α2, α′2). (34)

However, since v > 0, 0 < eu < 0 for type II solutions, this together with (18) and (33) indicates that
β(α1, s)< β(α1, t) whenever s < t, s, t ∈ (α2, α′2), which contradicts (34). Now assume that there are
α2, α′2 such that (α1, c) ∈ EIII for all c ∈ (α2, α′2). Then, we have rv ′(r, α1, c)→ 0 as r→∞, that
is,

S(c) :=
∫ ∞

0
2q

[
λv +

2a(eu − 1)
(a + 1)(eu + a)

+
2aeu

(eu + a)2
v

]
(r, α1, c) r dr = 0

for all c ∈ (α2, α′2). Thus, dS/dc≡ 0 on (α2, α′2). On the other hand, by the definition of φ,ψ,

dS
dc

(c′)=
∫ ∞

0

{
4q

aeu

(eu + a)2

[
1 +

a − eu

a + eu v
]
φ + 2q

[
λ +

2aeu

(eu + a)2

]
ψ

}
(r, α1, c′)r dr > 0.

That is a contradiction. Here, we make use of the facts that |(a − t)/(a + t)| < 1 whenever t ∈R, and
that |v | ≤ 1 [via (17) with λ= κ2q/2 ≥ 2]. The theorem is proved. �

For α1 ∈R, we let Γ(α1) be such that (α1, Γ(α)) ∈ L(α1) ∩ (EI ∪ EII ∪ EIII ). From Theorem 3.1,
Γ is a function from R to R. From (17), −2a/λ(a + 1) ≤ Γ ≤ 2/λ(a + 1). Besides, we conclude the
following property.

Lemma 3.4. The function Γ is continuous. Moreover, Γ(α)→−2a/λ(a + 1) as α→∞ and Γ(α)
→ 2/λ(a + 1) as α→−∞.

Proof. The continuity of Γ follows immediately from Lemma 3.1. Now we define auxiliary
functions as follows:

ū(r)= ū(r, α)= u(r; α, Γ(α)) − α,

v̄(r)= v̄(r, α)= v(r; α, Γ(α)) − Γ(α).

Then ū, v̄ satisfy the following equation:




ū′′ + r−1ū′ = 2q
[
λ(v̄ + Γ(α)) +

2a(eαeū − 1)
(a + 1)(eαeū + a)

]
,

v̄ ′′ + r−1 v̄ ′ = 2q
[
λ(v̄ + Γ(α)) +

2a(eαeū − 1)
(a + 1)(eαeū + a)

]
+ 4q

aeαeū

(eαeū + a)2
(v̄ + Γ(α)),

ū(r)= 2d log r + o(1), as r→ 0,

v̄(0)= 0.

(35)

Assume Γ(α) 6→−2a/λ(a + 1) as α→∞. We can obtain a number

−2a/λ(a + 1)< c < 2/λ(a + 1) (36)
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and a sequence αj→∞ such that Γ(αj)→ c as j→∞. Let uj = ū(·, αj), vj = v̄(·, αj). From (35), uj, v j

approach û, v̂ (on any compact interval), which solves the equation




û′′ + r−1û′ = 2qλ(v̂ + C),

v̂ ′′ + r−1 v̂ ′ = 2qλ(v̂ + C),

û(r)= 2d log r + o(1), as r→ 0,

v̂(0)= 0,

where C = c + (2a/λ(a + 1))> 0. In terms of (17), v j is uniformly bounded. However, v̂(r)→∞ as
r→∞. So there is a contradiction. Hence Γ(α)→−2a/λ(a+1) as α→∞. Similarly, if Γ(α) 6→ 2/λ(a+
1) as α→−∞, we pick c′ [satisfying (36)] and αj→−∞with Γ(αj)→ c′ as j→∞. Thus, uj, vj→ û, v̂
and




û′′ + r−1û′ = 2qλ(v̂ + C ′),

v̂ ′′ + r−1 v̂ ′ = 2qλ(v̂ + C ′),

û(r)= 2d log r + o(1), as r→ 0,

v̂(0)= 0,

where C ′ = c − (2/λ(a + 1))< 0. Note that v̂(r)→−∞ as r→∞. This also contradicts the uniform
boundedness of v j. The lemma is concluded. �

Proof of Theorem 1.2. From Theorem 3.1, the curve C= (α, Γ(α)), α ∈R, compartmentalize the
planeR2 into two 2-dimensional regions. The upper region is EV and the lower region is EIV according
to the monotonicity property (33). C consists of the sets EI , EII , and EIII . Lemma 3.2 reveals that the
boundary points of EII , EIII can only belong to EI . By the uniqueness of the topological solutions, there
exists α∗ ∈R such that EI = {

(
α∗, Γ(α∗)}. So EII and EIII are connected sets. Since v(·, α1, α2)> 0

for (α1α2) ∈ EII , it follows from Lemma 3.4 that

EII = {(α, Γ(α)) : α < α∗}, EIII = {(α, Γ(α)) : α > α∗}.

With the substitution

s=
a − 1
a + 1

, α1 = c1 + log a, α2 =−
2

κ2q
c2, λ=

κ2q
2

,

we conclude Theorem 1.2. �

ACKNOWLEDGMENTS

The authors would like to express their gratitude to the anonymous referees for helpful
suggestions and comments to improve the exposition of the article.

Work was partially supported by the Ministry of Science and Technology of Taiwan under
Grant Nos. MOST 105-2115-M-008-012-MY3, MOST 103-2115-M-018-002-MY3, and MOST
104-2115-M-008-010-MY3.

1 Chae, D. and Imanuvilov, O. Yu., “The existence of non-topological multivortex solutions in the relativistic self-dual
Chern-Simons theory,” Commun. Math. Phys. 215, 119–142 (2000).

2 Chae, D. and Kim, N., “Topological multivortex solutions of the self-dual Maxwell-Chern-Simons-Higgs system,” J. Differ.
Equations 134, 154–182 (1997).

3 Chae, D. and Imanuvilov, O. Yu., “Non-topological multivortex solutions to the self-dual Maxwell-Chern-Simons-Higgs
systems,” J. Funct. Anal. 196, 87–118 (2002).

4 Chern, J.-L., Chen, Z.-Y., and Lin, C.-S., “Uniqueness of topological solutions and the structure of solutions for the
Chern-Simons system with two Higgs particles,” Commun. Math. Phys. 296, 323–351 (2010).

5 Chern, J.-L. and Yang, S.-G., “Evaluating solutions on an elliptic problem in a gravitational gauge field theory,” J. Funct.
Anal. 265, 1240–1263 (2013).

6 Chern, J.-L. and Yang, S.-G., “The non-topological fluxes of a two-particle system in the Chern-Simons theory,” J. Differ.
Equations 256, 3417–3439 (2014).

7 Choe, K. and Han, J., “Existence and properties of radial solutions in the self-dual Chern-Simons O(3) sigma model,”
J. Math. Phys. 52, 082301 (2011).

8 Choe, K., Han, J., Lin, C.-S., and Lin, T.-C., “Uniqueness and solution structure of nonlinear equations arising from the
Chern-Simons gauged O(3) sigma models,” J. Differ. Equations 255, 2136–2166 (2013).

http://dx.doi.org/10.1007/s002200000302
http://dx.doi.org/10.1006/jdeq.1996.3224
http://dx.doi.org/10.1006/jdeq.1996.3224
http://dx.doi.org/10.1006/jfan.2002.3988
http://dx.doi.org/10.1007/s00220-010-1021-z
http://dx.doi.org/10.1016/j.jfa.2013.05.041
http://dx.doi.org/10.1016/j.jfa.2013.05.041
http://dx.doi.org/10.1016/j.jde.2014.02.006
http://dx.doi.org/10.1016/j.jde.2014.02.006
http://dx.doi.org/10.1063/1.3618327
http://dx.doi.org/10.1016/j.jde.2013.06.010


071503-15 Yang, Chen, and Chern J. Math. Phys. 58, 071503 (2017)

9 Han, J. and Song, K., “Existence and asymptotics of topological solutions in the self-dual Maxwell-Chern-Simons O(3)
sigma model,” J. Differ. Equations 250, 204–222 (2011).

10 Han, J., “Radial symmetry of topological one-vortex solutions in the Maxwell-Chern-Simons-Higgs model,” Commun.
Korean Math. Soc. 19, 283–291 (2004).

11 Han, J. and Nam, H.-S., “On the topological multivortex solutions of the self-dual Maxwell-Chern-Simons gauged O(3)
sigma model,” Lett. Math. Phys. 73, 17–31 (2005).

12 Huang, H.-Y. and Lin, C.-S., “Classification of the entire radial self-dual solutions to non-Abelian Chern-Simons systems,”
J. Funct. Anal. 266, 6796–6841 (2014).

13 Kimm, K., Lee, K., and Lee, T., “Anyonic Bogomolnyi solitons in a gauged O(3) sigma model,” Phys. Rev. D 53, 4436–4440
(1996).

14 Nirenberg, L., Topics in Nonlinear Analysis, Courant Lecture Notes in Mathematics Vol. 6 (American Mathematical Society,
2001).

15 Ricciardi, T. and Tarantello, G., “Vortices in the Maxwell-Chern-Simons theory,” Commun. Pure Appl. Math. 53, 811–851
(2000).

http://dx.doi.org/10.1016/j.jde.2010.08.003
http://dx.doi.org/10.4134/ckms.2004.19.2.283
http://dx.doi.org/10.4134/ckms.2004.19.2.283
http://dx.doi.org/10.1007/s11005-005-8443-0
http://dx.doi.org/10.1016/j.jfa.2014.03.007
http://dx.doi.org/10.1103/physrevd.53.4436
http://dx.doi.org/10.1002/(sici)1097-0312(200007)53:7<811::aid-cpa2>3.0.co;2-f

