On the Reverse Projection Inequality
Yibin Feng, Shengnan Hu, Weiru Liu, and Lei Xu

ABSTRACT. In [6], a reverse projection inequality for general convex bodies was established in
three dimensions. In this paper, we completely characterize the equality cases of this inequality.
We further show that the reverse projection inequality fails in every dimension n > 9. The
counterexamples are constructed as full-dimensional polytopes with at most n + 2 facets.

1. INTRODUCTION AND MAIN RESULTS

The setting of this paper is the n-dimensional Euclidean space R™. The unit sphere in R" is
denoted by S"~!. A convex body in R" is a compact convex set that has a non-empty interior.
Let K™ denote the set of all convex bodies in R". We write K7 for the class of convex bodies
containing the origin in their interiors and K for the class of origin-symmetric convex bodies. We
use H* to denote the k-dimensional Hausdorff measure.

For K € K", its projection body IIK is the origin-symmetric convex body with support function

hrk(u) = Vo (K | ul), we S

Here V; denotes j-dimensional volume and K | u" is the orthogonal projection of K onto u'; see
[7, Chapter 3| and [21, Section 9.1]. The projection body operator satisfies

(¢K) = |det ¢| ¢ 'TIK, ¢ € GL(n).

It follows immediately that
Po(K) = V,(IIK)/V,(K)"* (1.1)
is invariant under nonsingular affine transformations. The affine invariant gives rise to two
extremal problems.
For n > 3, the minimization problem defined in (1.1) is Petty’s conjectured projection inequality

n

nol (1.2)

n—2"
Wn,

S

Pu(K) >

where w; is the volume of the Euclidean unit ball in R7, and ellipsoids are the conjectured equality
cases; see [14, 15, 11]. In R3, the constant in (1.2) is 37%/4, and the sharp inequality, including its
equality cases, was recently established in [6, Theorem 1.1].

The present paper is concerned with the maximization problem for the affine invariant defined in
(1.1). This problem arises from Schneider’s study of random hyperplanes meeting a convex body
[19]. In its original setting of origin-symmetric convex bodies, the problem, commonly known
as Schneider’s projection problem, asks for the optimal upper bound of P,(K)*™. Schneider
conjectured that P,(K) < 2" for every origin-symmetric convex body K, with equality if and
only if K is a Weil body (an affine images of a Cartesian products whose factors are either line
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segments or centrally symmetric planar convex bodies). Brannen [4] disproved this conjecture by
constructing a counterexample.
This paper focuses on the inequality by Brannen [4] for arbitrary convex bodies. That is, for

every convex body K € K",

Pui) < U (2, (13)

with equality only for simplices Z. Several impoftant estimates related to Schneider’s projection
problem were obtained in [3, 8 12]. In particular, Lutwak-Yang-Zhang [12] established the
following non-sharp upper bounds:

2"(n"/n!)1/2, for K € K7,
Pu(K) <

n™(n + 1)"D2(n)=32 for K € K,

which are asymptotically optimal on the exponential scale. They also introduced a related
centro-affine functional and established a modified version of Schneider’s projection problem
for which parallelotopes are the equality cases [12]. Brannen [5] investigated certain classes of
three-dimensional projection bodies. Later, Saroglou [17] determined the sharp maximum of Ps
within the classes of three-dimensional zonoids, cones, and double cones, and characterized the
corresponding equality cases; see also [18] for the role of the second projection body and class-
reduction arguments. Henk [10] proved that every n-dimensional zonotope Z with exactly n + 1
generators satisfies P,(Z) = 2", and constructed origin-symmetric examples showing that the
symmetric supremum is at least 27(9/8)l"/3) where |n/3| is the greatest integer not exceeding
n/3.

The sharp upper bound for Ps over the class K? was established in [6, Theorem 1.2]. We recall
the result below.

Theorem 1.1. [6, Theorem 1.2] For every convez body K € K3,
V3(TTK) < 18 V3(K)*. (1.4)
The constant is sharp, and every tetrahedron attains equality.

Our first result shows that equality in (1.4) holds only for tetrahedron.

Theorem 1.2. Let K € K3. If
VA(IIK) = 18V (K.

then K 1s a tetrahedron.
Our second result shows that inequality (1.3) fails in every dimension n > 9.

Theorem 1.3. For every integer n > 9, there exists a full-dimensional polytope Q,, C R™ with at
most n + 2 facets, such that
(n+1)n"
Pu(@n) > ——— (1.5)
The known results reviewed above, together with our findings, show that whether inequality
(1.3) holds depends on the dimension. The simplex bound in inequality (1.3) is valid and sharp
in dimensions two and three, and Theorem 1.2 completes the equality classification in dimension
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three. On the other hand, Theorem 1.3 shows that the bound fails in every dimension n > 9. The
remaining cases 4 < n < 8 are still unresolved.

Plan of the paper. Section 2 introduces the notation and preliminary results used throughout
the paper and presents the equality reduction derived from the known three-dimensional upper
bound. Section 3 establishes the complete equality characterization in dimension three by reducing
the equality cases to generalized pyramids and computing their projection volumes. Section 4
constructs a counterexample in dimension nine through a geometric first-variation argument, and
then extends the construction to every dimension n > 9 by means of a lifting procedure.

2. PRELIMINARIES

In this section, we collect some basic facts and notation concerning convex bodies. For further
background, we refer the reader to the monographs by Schneider [21] and Gardner [7] and the
paper [6].

Let K € K7'. The polar body of K is defined by

K°={yeR": (x,y) <1 forevery z € K}.
The correspondence K — K° is called polarity. It reverses inclusions and satisfies
(K°)° =K.
When K is a polytope, polarity induces an inclusion-reversing correspondence between the
nonempty proper faces of K and those of K°. More precisely, a k-dimensional face of K corresponds
to an (n — k — 1)-dimensional face of K°. In particular, in dimension three, facets of K correspond

to vertices of K°, edges correspond to edges, and vertices correspond to facets.
For w1, us, us € S?, write

pos{uy, ug, ug} := {A\ug + Agug + Agug : Ay, Ag, Az > 0}

This is their positive hull, equivalently the smallest convex cone containing wuy, us, u3. We define
the normalized solid angle of this cone by

H? (pos{uy, ug, us} NS?
T(u1, g, ug) = (P {1472 3} )

Then, Schneider’s mixed translative functional is given by

3
B(K1, K, K3) = / D(ur, ug, uz) [det(ur, uz, uz)| HdSQ<Kiaui)7

S2xS2xS2? =1

where K, Ky, K3 € K3. The functional B is symmetric and invariant under simultaneous reflection
of all three arguments. Hence, for K € K? we have

B(-K,-K,—-K)=B(K,K,K), B(K,-K,—K)=B(K,K,—K).
Let Ly, ..., L, C R™ be compact convex sets. Their mixed volumes are defined by the Minkowski

polynomial identity

Vm()\lL1+"'+)\rLr): Z )\il"'Ai”LVm(Lilj...,Lim), )\17...,)\7:20.

i1yeim=1
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We write L;[a;] when L; occurs «; times among the arguments. In particular,
Vin(LIm]) = Vi (L).

In RS = R? x R3. we define that for K € K3,

v=V3(K), b=90Vs((— L2 K)[2],uK[2],12K[2]), ¢=90V5(A2K[2], 1K [2],12K([2]).

Here,
DK ={(z,x):x € K}, uK=Kx{0}, 10K ={0} x K.
By [6, Lemma 5.1], we see that
b=B(-K,—K,~K), ¢=B(K,—K,—K).
Equations (5.5), (5.6) and (5.9) in [6] give

b
V3(IIK) = 3te b<2m?, ¢ <N

This implies
V3(IIK) < 180
Since
180° — V3(IIK) = —27”;_ b
noting that 27v? — b > 0 and 9v? — ¢ > 0, we obtain

V3(IIK) = 18* <= b=27Tv* and c= N’

+ (90 —¢),

3. PROOF OF THEOREM 1.2

A finite multiset of compact convex sets Lq,..., L, C R" is called essential if
dim(z Li> > |1
iel
for every nonempty index set I C {1,...,r}. Here,
ZLZ = {ZIZ X € Lz} s
il i€l
and |I| denotes the number of selected indices.
We first characterize the equality case b = 27v? for polytopes K.

Proposition 3.1. Let K C R? be a convex polytope. Then

b=2TVs(K)* <= every three distinct facets of K have a common point.

In particular, if V3(ILK) = 18V3(K)? then K is a tetrahedron.
Proof. Let K € K3. In R3 x R? x R3, we write
D ={(z,z,z) :z € K},
Jo = K x {0} x {0},
J1 ={0} x K x {0},
Jo = {0} x {0} x K,
Q=Jo+ 1+ =K x KxK,

(2.1)

(3.1)
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where the addition is Minkowski addition. Define
M = Vy(DI3], Jo[2], J1[2], J2[2]),

N = Vo(Q[3], Jo[2], 11[2], J2[2])-

The calculation leading to equations (5.7) and (5.8) in [6] and the derivation of (5.9) in [6]
therein yield

3
YL VP VA

7560 280

Therefore,
7560
27v* — b = (N — M).
v

Thus

b=2Tv> <= M=N. (3.2)

Consider the ordered nine-tuples
y - (Da Da D7 J07 ‘]07 ‘]17 ‘]17 JQa ‘]2)7 Q - (Q? Q7 Qa J07 ‘]07 le J17 J27 JQ)
Let u = (ug, u1,us) € (R* x R® x R?) \ {0}. Define
F,=F(K ) ={r€ K : (x,u) =hg(u,)}, F(K,0) := K.
Then
Q" = F(Q,u) = Fo x Fi X I3,
and
Let (P;){_, and (Q;)}_, be the members of & and 2, respectively, and define T, = {i : B;NQY #

@}. The strict-monotonicity criterion of Bihan and Soprunov [2, Theorem 3.3] implies that M < N
if and only if, for some u # 0, the collection

is essential.

If (3.3) holds, every member of & touches the exposed face of the corresponding member of 2.
The nine exposed faces lie in translates of the common hyperplane u', Therefore, {Q¥ : 1 <14 < 9}
is not essential. If (3.3) fails, the multiset tested by the criterion is

{Q7 Q,Q, tokFo, toly, ti 1, 11 Fr, 10F, L2F2}7

where ¢; embeds R? into the ith coordinate subspace of R3 x R3 x R3. Any subcollection containing
a copy of ) has nine-dimensional Minkowski sum. For a subcollection containing no copy of @,
all its members lie in the three coordinate subspaces, which form a direct sum. Examining the
two repeated copies in each coordinate shows that the displayed multiset is essential if and only if

dimF, >2  (i=0,1,2).

Thus, the inequality M < N is strict precisely when there exist Fy, F, Fy, each of which is either
a facet of K or K itself, such that

FENEFNF =0,
where repetitions among the facets are allowed. If one F; equals K, then the other two facets must
be disjoint. If two of the F; coincide, then the repeated facet must be disjoint from the remaining
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one. In either case, replacing the occurrence of K, or one of the repeated copies, by another facet
yields three distinct facets with empty intersection. Conversely, if three distinct facets of K have
empty intersection, then choosing an outer normal for each of them yields the strict inequality
M < N. Therefore,

M =N <= every three distinct facets of K have a common point.

In view of (3.2), this proves (3.1).

To prove the final assertion of the proposition, it remains to show that every three-dimensional
polytope satisfying this condition is a tetrahedron. Translate K so that 0 € int K, and let L = K°.
Under polarity, the facets of K correspond to the vertices of L, and condition (3.1) becomes the
assertion that every three vertices of L lie in a common proper face. Fix a facet GG of L and choose
a vertex z ¢ G. For any two distinct vertices x,y of G, the preceding property yields a proper
face H of L containing z,y,z. Since z ¢ G, whereas x,y € G, the three vertices x,y, z are not
collinear. Consequently, H is two-dimensional and hence is a facet of L. Moreover, H # G, and
H NG is a face containing both x and y. Since two distinct facets of a three-dimensional polytope
intersect in at most an edge, H N G must be an edge. Thus x and y are adjacent. It follows that
every pair of vertices of GG is adjacent, forcing G to be a triangle. Since G was arbitrary, L is
simplicial. Finally, every triple of vertices of L lies in a proper face, which, by simpliciality, must
be the triangular facet spanned by those three vertices. Hence, every triple of vertices of L forms
a facet.

Let m = fy(L) denote the number of vertices of L. Since every triple of vertices of L forms a

fo(L) = (7;)

Since L is a simplicial, each facet has three edges, and each edge belongs to exactly two facets.

triangular facet, we have

Counting the edge-facet incidences yields
3fa(L) = 2/1(L).
Combining this identity with Euler’s relation
fo(L) = fi(L) + fo(L) =2

and using fo(L) = m, we obtain

5)-om-

Since every three-dimensional polytope has at least four vertices, we have m > 4. Hence
m(m — 1)(m — 2)
6

Consequently,

=2(m —2),
and division by m — 2 > 0 yields
m(m — 1) = 12.
Thus m = 4. This implies that L is a tetrahedron. Since the polar of a tetrahedron is again a
tetrahedron, K is also a tetrahedron. The final assertion now follows from (2.1). O
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We next characterize the equality case ¢ = 9v? among convex bodies K € K3.
Translate K such that 0 € int K. Let

L:KO, C:AQK, E1:L1K, EQZLQK, Q:E1+E2:KXK

Equation (5.1) in [6] gives
2

ValC. Br[2), Bul3)) = Vo(C. Brl8), Baf2) = . "
Vi(C[2), B, Exf3)) = Vo(C[2], BAf3), Ba) = .

Indeed, it follows from the complementary-subspace factorization to each term that the three
bodies contained in one coordinate subspace have intrinsic mixed volume V53(K) = v, while the
projections of the remaining three bodies onto the complementary coordinate subspace also have
mixed volume v. Thus, each mixed volume in (3.4) equals v? /20 since the normalization introduces
the binomial coefficient (g) = 20.

Expanding each copy of () = F; + E5 by multilinearity and discarding the terms that vanish by
dimensionality, it follows from (3.4) and the definition of ¢ that

V(€. QD) = (5 ) el B2l B + () We(C: Bl Eal2)
=02, (3.5)
V(C12). Q) = Vo (C12). Br, Ba8]) + OVi(CT2). B [2], Eof2]) + AVi(C). By [3). By
- 2?”2 + % (3.6)
Since C C Q, we have
V(€. C.QU) < 1h(Q.C.QU)) = (C.Ql5). 37)
By subtracting (3.6) from (3.5), it follows that
9? —c=15[V5(Q, C, Q[4]) — V6(C, C, Q4])]. (38)

Thus, ¢ = 9v? if and only if equality holds in (3.7).

Let H C R™ be a nonempty compact convex set and let w # 0. The touching cone T(H,w) is
defined as the unique cone that is a face of some normal cone of H and satisfies w € relint T'(H, w).
We use the homogeneous convention T'(H, tw) = T'(H,w) for t > 0, and define

T(H,0) =lin(H — H)" .
A direction w € S° is called (Q[4], C')-extreme if every submultiset I of the multiset {Q, Q, Q, @, C'}

satisfies
dim (ﬂ T(H,w)) <6—|I],
Hel
Note that || denotes the cardinality of I, with multiplicities taken into account. Let Sy c be
the mixed area measure associated with four copies of () and one copy of C. Using the support
theorem of Handel and Wang [9, Theorem 1.10] for arbitrary nonempty compact convex sets,

including the lower-dimensional diagonal C, it follows that

supp Sgpu,c = {w € S° : w is (Q[4], C)-extreme}. (3.9)
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For w = (p,q) € R3 x R3, we define

9, q) = hq(p,q) — he(p. ) = hi(p) + hi(q) — hi(p+4q) = 0.
The representation of mixed volume yields

Vs(Q,C,Q[4]) — Ve(C, C,Q[4])
1

= - ds, .
6/s5g Q[4],c

Thus, equality in (3.7) holds if and only if g vanishes on supp Sop)c-
Write 7(r) = T(K,r) and let s : R® x R® — R3 be s(a,b) = a +b. Using Q = K x K,
C ={(z,z) € K}, and the definitions of the normal and touching cones, we obtain

T(Q,(p.q) =7(p) x7(q), T(C,(p,q) =s"(r(p+q)). (3.11)

Here, s~ denotes the inverse image under s. Since the multiset associated with the mixed area

(3.10)

measure in (3.9) consists of four copies of () and one copy of C', the extremality condition reduces
to three cases: the four copies of (), the single copy of €', and all five bodies together. In fact,
repeating () does not change the corresponding intersection of touching cones, but it decreases the
upper bound 6 — |I|. Therefore, w is (Q[4], C)-extreme if and only if

dim T(Q,w) < 2, dim T(C,w) < 5, dim(7(Q, w) N T(C,w)) < 1. (3.12)
We denote by ext L the set of extreme points of L. A point = € L is called an extreme point if
x=(1—-1t)y+tz, y,z€ L, 0<t<l1,

implies x = y = z. In particular, when L is a polytope, ext L is precisely its set of vertices. The
following proposition characterizes the equality case ¢ = 9v? in terms of the facial structure of L.

Proposition 3.2. Let L = K° as above. Then,

c=9? < every two points of ext L lie in a common proper exposed face of L. (3.13)

Proof. Assume that ¢ = 9v?, and let x,y € ext L. If x and y lie in no common proper exposed
face, then
(x,y) C int L.
Suppose first that x and y are linearly independent. Take P = span{z,y} and W = L N P.
Then every z € P can be written uniquely as z = ax + fy. Since x and y are extreme points of
L, the affine line {« + 8 = 1} intersects W precisely in the segment [z, y]. That is,

Wn{a+p=1} =[x,y

Since (z,y) C relint W, W has points in {a+ § > 1}. Choose an extreme point z of the exposed
face of W on which a + 8 is maximal. Then

z = ax + By, a>0, >0, a+5>1. (3.14)

The point z lies on OL. Let F' be the unique minimal face of L whose relative interior contains
z. Since z is extreme in the planar section W, we must have dim F' < 1. If F' is a segment, its
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linear span cannot equal P. Moreover, since 0 € int L the convex cone generated by F' is pointed.
Hence,
7(r) = Ryx, 7(y) = Ry, 7(z) = pos F, posFNP =R,z (3.15)
Here, we use the duality between faces of L = K° and touching cones of K.
Let
w = (az, fy) and w=—€S§".

Equations (3.11), (3.14), and (3.15) give
dim7(Q,w) =2, dimT(C,w)=3+dim7(z) <5, dim(T(Q,w)NT(C,w)) = 1.

Therefore, w is (Q[4], C)-extreme, and z € OL satisfies hx(z) = 1. Thus, by homogeneity we
obtain
9(w) = hx(ax) + hx(By) — hx(2) =a+ B -1>0.
This contradicts (3.9), (3.10), and equality in (3.7).
Suppose now that x and y are linearly dependent. Since each ray emanating from the origin
meets JL in exactly one point, two distinct points of 0L cannot be positive multiples of one
another. Hence, y = —Az for some A > 0. Let w = (x, —z). Then,

T(Q,w) =R,z x R (—x), T(C,w) = kers,
and
T(Q,w)NT(C,w) =Ry (x,—x)
which is one-dimensional. Therefore, w determines a (Q[4], C')-extreme direction after normaliza-
tion. On the other hand,
g(z, —z) = hg(x) + hxg(—z) > 0,
yielding the same contradiction. This proves the forward implication.

Conversely, assume that every pair of extreme points of L lies in a common proper exposed
face, and let w = (p,q) € S° be (Q[4], C)-extreme. If p = 0 or ¢ = 0, then g(p,q) = 0. We may
therefore assume that p,q # 0. The first condition in (3.12), together with the product formula
for T'(Q,w), yields

dim 7(p) + dim7(¢) = dim 7T(Q, w) < 2.
Since p, q # 0, both 7(p) and 7(gq) have dimension at least one. The preceding inequality therefore
implies
dim7(p) = dim7(q) = 1.
By polar duality,
p q

and
hx (p) hi(q)
are extreme points of L. Choose £ to expose a common proper face of L containing these points,

and scale £ so that hy(§) = 1. It follows that
§ € F(K,p)NF(K,q).

Therefore,
hi(p+4q) 2 (&, p+q) = hx(p) + hi ().
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The reverse inequality follows from the subadditivity of hg. Thus,
9, q) = hx(p) + hi(q) — hx(p+4q) =0

for every (Q[4], C)-extreme direction. By continuity, ¢ vanishes on its closure in (3.9). Equations
(3.10) and (3.8) now give ¢ = 9v?. O

The facial condition obtained above leads naturally to the notion of weak neighborliness. A
three-dimensional polytope is weakly neighborly if any two of its vertices belong to a common
proper face. The classification theorem [1, Theorem 15] states that every weakly neighborly three-
dimensional polytope is either a pyramid or a triangular prism. More generally, a generalized
pyramid is the convex hull of a two-dimensional compact convex body and one point outside its
affine hull.

The facial characterization obtained above, together with the classification of weakly neighborly
three-dimensional polytopes, yields the following necessary geometric condition for equality.

Proposition 3.3. Assume that K satisfies equality in (1.4). Then K is a generalized pyramid.

Proof. By translation invariance, we may assume that 0 € int K and let L = K°. It follows from
(2.1) and Proposition 3.2 that every pair of extreme points of L is contained in a common proper
exposed face. Let E C ext L be finite with dim conv E = 3, and define

Pr = conv E.

Every point of E is a vertex of Pg. Given x,y € E, choose a proper exposed face F' of L containing
both points. Then F'N Pg is an exposed face of Pg containing x and y. Since every proper face
of L has dimension at most two, this face is proper. Thus, x and y lie in a common facet of Pg.
Hence, Pg is weakly neighborly. By the classification theorem, it is combinatorially equivalent to
either a pyramid or a triangular prism.

If ext L is finite, then L is a polytope. Since L is weakly neighborly, the classification theorem
shows that L is either a pyramid or a triangular prism. We therefore assume that ext L is infinite.
Choose a seven-element subset £y C ext L such that

dim conv Ey = 3.

Since every point of Ej is a vertex of Pg, = conv Ej, the polytope Ppg, has seven vertices. It
cannot be a triangular prism, which has only six vertices, and must therefore be a pyramid over a
hexagon. Denote its unique apex by a, and let H be the plane containing the other six vertices.

For any = € ext L \ Ey, define P, = conv(Ey U z). Since all eight points are extreme points of
L, they are vertices of P,. Moreover, P, is weakly neighborly. As a triangular prism has only six
vertices, the classification theorem implies that P, is a pyramid. Let H, denote its base plane,
which contains seven of its eight vertices.

We claim that H, = H. Otherwise, H, N H would be a line and could contain at most two of
the six base vertices of Pp,, since no three distinct extreme points of L are collinear. The only
remaining vertices are a and x, so H, could contain at most four vertices, contradicting the fact
that it contains seven. Hence H, = H. Since a ¢ H, it follows that x € H.

Let B= LN H. Since ext L C B U {a}, the finite-dimensional Krein-Milman theorem gives

L =conv(ext L) C conv(B U {a}) C L.
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Here, B is compact. Thus, conv(B U {a}) is closed and both inclusions are equalities. Moreover,
B is a two-dimensional compact convex body in H. Hence, L is a generalized pyramid. We have
shown that L is either a generalized pyramid or a triangular prism.

Polarity preserves generalized pyramids. Indeed, after a linear normalization we may write

L = conv((B x {—1}) U{(0,1)}), 0€int BCR? t>0.
For (y,s) € R? x R, the polar inequalities are
he(y) —s <1, ts < 1.

Hence,
L° =conv ({(0,-1)}U (1+¢t "B x {t7'})) . (3.16)
Thus, K = L° is either a generalized pyramid or, by face-lattice duality, a triangular bipyramid.
It remains to exclude the possibility that K is a triangular bipyramid. Let a and b be its apices,
and let pi, po, p3 be its equatorial vertices. The three facets

COHV{(Z,pl,pQ}, COHV{baPQaPB}a Conv{aap?npl}

have no common point. Since equality in (1.4) implies b = 27v?, Proposition 3.1 implies that every
three distinct facets of K to have a nonempty intersection. This contradiction excludes the case
of a triangular bipyramid. Hence, K must be a generalized pyramid. 0J

The following proposition expresses the projection volume of a generalized pyramid in terms of
its base and height.

Proposition 3.4. Let

K = conv((B x {0}) U{(0,h)}), h >0, A =Vy(B) > 0. (3.17)
Then )
V(1K) = A (1a(B - B) + 24), (3.18)
and

Vo(IK) _ 9 (—VQ(B —B) | 2) . (3.19)

Va(K)? 4 A

Proof. We first consider the case in which B is a polygon (a two-dimensional polytope). By
composing a horizontal translation with a volume-preserving shear, we may assume that 0 &€
int B without changing the representation in (3.17). Let py,...,p, denote the vertices of B in
counterclockwise order, with indices taken modulo m. Define

€; = Pi+1 — Dis d; = det(p;, pit1) > 0.
Then

> d; =24, (3.20)
i=1
Let R(a,b) = (b, —a). The outer area vectors of the facets of K are

1
g = (0,0, —A), Q4 = §(hRei>di)7 1 <i<m.
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By Cauchy’s formula, IIK is the zonotope generated by these area vectors. The zonotope volume
formula gives

V() = 3 [det(q g 00)] (3.21)

0<i<j<k<m
Since B — B is a translate of the planar zonotope ) [0, ;], whose area is the determinant sum in
(3.22), the sum of all terms involving ¢q is
2 2
ATh > I det(e; ;)] = ATth - B). (3.22)
1<)
It remains to sum the terms involving three side facets. Take w; = 2¢; = (hRe;, d;). The points
Re; /d; are the vertices of B° in counterclockwise order. Hence,

det(w;, w;,wg) >0 (i <j<k).

Expanding the determinant in the last coordinates, the coefficient of h?d, in the sum of these
determinants is

Cy = Z det(ej, ex) — Z det(e;, ex) + Z det(e;, €5).
l<j<k 1<b<k 1<j<l

To prove that Cy = 2A, we define

E_ = Zei, E, = Zei, S = Zdet(ei,ej).

i</l (4 1<j
Since £_ 4+ ey + E, = 0, we have

det(E_, E,) = —det(E_,ey), det(ep, Ey) = det(E_, ep).

Decomposing S according to the positions of the indices relative to ¢, and then using the preceding
two identities, we obtain

S = Z det(e;, ;) + Z det(e;, e;) —det(E_, E)

1<j<l 1<i<j
= Cy.
Finally, using
pi:pl+Z€j and ZQ’ZO,
j<i i

together with the polygonal area formula and the bilinearity of the determinant, we obtain
2A = Zdet(pi,piﬂ) = Zdet(pi,ei) = Zdet(ej,ei) =S

i i j<i

Thus, Cy = 2A for every ¢. Together with (3.20), this yields
Z det(w;, wj, wy) = h? Z Cod, = 4AR2.

i<j<k ¢
Since ¢; = w;/2, the terms in (3.21) involving only side facets contribute a total of A2h?/2.
Combining this identity with (3.22) proves (3.18) for polygons.

To extend (3.18) to an arbitrary planar convex body B, we choose a sequence of polygons By,
converging to B in the Hausdorff metric, and let

Ay, = Vo(By), Ky, = conv((By x {0}) U{(0,h)}).
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Then Ay — A, K, - K, By — By =& B — B, and 1K, — IIK in the Hausdorff metric. By the
continuity of volume, passing to the limit in (3.18) for K} establishes the same formula for K.
Since

Ah

substituting this into (3.18) yields (3.19). O

Proof of Theorem 1.2. Assume that equality holds in (1.4). Proposition 3.3 implies that K is a
generalized pyramid. By affine invariance, after applying a suitable shear parallel to the base, we
may assume that K has the representation in (3.17). Combining (3.19) with the equality in (1.4),
we obtain

Vo(B — B) = 6V42(B). (3.23)
By the equality characterization in the planar Rogers-Shephard difference-body inequality [16],
identity (3.23) holds if and only if B is a triangle. Therefore, the generalized pyramid K with
base B is a tetrahedron. 0J

4. PROOF OF THEOREM 1.3

In this section, we construct counterexamples to the conjectured simplex bound in every
dimension n > 9, thereby proving Theorem 1.3.
Let

ser=fremminzo Sacth amppe
=1

Here, A,,_; denotes the standard (m —1)-dimensional simplex in R™, and C,,, denotes the centered
unit cube in R™. For a linear subspace F' C R™, let Vp denote the intrinsic Euclidean volume
on F'. When several arguments are given, Vr denotes the corresponding mixed volume in F'. We
write Pp for the orthogonal projection onto F. When dim F' = n, we define P,, for convex bodies
in I through an isometric identification of F with R™. Let 1+ denote the orthogonal complement
of the vector 1 =(1,...,1) € R™.

The following proposition converts suitable section projection estimates into counterexamples
to the conjectured bound.

Proposition 4.1. Letn > 2 and X € relint A,,,_;. Suppose that F C 1+ C R™ is an n-dimensional
subspace and

S=A+F)NA,_1.
Then, there exists a full-dimensional n-polytope Q) C F' such that

In particular, if
n+1

n! "’

then @Q wviolates the conjectured inequality (1.3).

(4.2)
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Proof. Let eq, ..., e, be the standard basis of R™, and define
q; = Ppe; € F), 1<i<m.

Since Pr maps R™ onto F, the vectors qi, ..., ¢ span F. Moreover, it follows from F C 1+ that

=1

Suppose that v € F satisfies
(v,q;) > 0 for every i.
Taking the inner product of v with Y ", ¢; = 0 shows that

m

Z(v, ¢) = 0.

i=1
Hence (v, q;) = 0 for every i. Since the ¢; span F', it follows that v = 0. After we remove the zero
vectors and combining positively parallel vectors by addition, Minkowski’s existence theorem [21]
yields a full-dimensional polytope () C F whose facet-area vectors are the corresponding vectors
—¢q;. Cauchy’s projection formula then gives

1Q = Z[_%qh 5] = PrCry. (4.3)
i=1
Translate the section S by —\. That is,
ng—Az{zEF:ziz —\; for every i}. (4.4)
Since z € F', we have (g;, z) = z;. Hence,
hg(—qi) < Ai. (4.5)

By the mixed-volume integral representation we yield

Ve(Qln — 11,8) = %ZH%H%(— L ) DL RSP S IY)
q:#0 i

il 770

Since every \; > 0, the origin lies in relint S. Thus, S is an n-dimensional convex body in F. It
follows from Minkowski’s first inequality that

Ve(@Q)"'Ver(S) < VR(Qn —1],8)" <n™" (4.7)
Since Vi(S) = Vi(S), equations (4.3)-(4.7) imply that
Vr(I1Q)
TECE) S Y (SYVe(PeCly),
T = WV (S)Ve(PECy)
which is (4.1). The last assertion follows immediately. O

Proposition 4.1 provides a concrete geometric construction rather than merely an abstract
existence argument. After zero vectors are omitted and positively parallel vectors are merged, the
resulting area vectors — Pre; determine () uniquely up to translation. Hence, the data considered
below determine a polytope with at most m facets. In our applications, m = n + 2.
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Let m = n + 2. We now consider a subspace of codimension one in 11, or equivalently, of
codimension two in R™. For a nonzero vector a = (ay,...,a,,) € 11, define
F,={1,a}*.
Then, dim F, = m — 2 = n. We also define
D(a)= Y l|ai—a.
1<i<j<m

The normalized Cavalieri profile associated with the family of parallel sections of the simplex is
defined by

 (m—=1)!
fol®) = al

The coarea formula shows that

H™ (A 1N {s:{(a,s) =t}), minag; <t < maxa;. (4.8)

[ b=t

min; a;

We use this normalization as a convenient shorthand for the FEuclidean volumes of these sections.

Proposition 4.2. Let A € relint A, 1 and t = (a,\). Then

Vi, (A F)) N A1) Vi, (PR, Cry) = %. (4.9)

Since m = n + 2, the strict inequality in (4.2) holds if and only if
D(a)fa(t) > (m — 1)

Proof. The intrinsic (m — 1)-volume of the standard simplex is

Jm

(m—1)I"

The gradient of s — (a, s) on the affine hull of the simplex has norm ||a||. The coarea formula and

Hm—l (Am—l) _

the definition of f, therefore give

vm |la]
Ve, (AN Fo) NA 1) = ——— fu(). 4.10
Fa(( + ) l) (m_1)|f() ( )
We next compute the cube projection. Choose an m x (m — 2) matrix U whose columns form

an orthonormal basis of F,. The zonotope determinant formula [13] gives

Vi (Pp,Cr) = Y | detUy]. (4.11)

[I|=m—2
Adding the two orthonormal vectors m~'/21 and ||a||"'a as columns to U produces an orthogonal
matrix. For any index set I whose complement is I¢ = {i, j}, the complementary-minor identity

for orthogonal matrices yields
|ai — a;|

|det Uy| = ——. (4.12)
vm |a]
Summing (4.12) in (4.11), we obtain
D(a)
Vi, (Pr,Cp) = . (4.13)
m||all

Multiplication of (4.10) and (4.13) proves (4.9).
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Since n =m — 2, we get
n+l m—-1 _ (m—1)?

n! (m—-2)! (m—1)
which proves the last assertion, 0

We next obtain the desired strict inequality by perturbing a section from a degenerate critical

configuration. Let
b= (j )?:—4~
For 0 < ¢ < 1/4, we define
a. = (—1,eb,1) € 1+.
After computing the first variation, we may decrease ¢ further if necessary. The condition € < 1/4
ensures that the nine middle coordinates of a. lie strictly between its two outer coordinates. At
€ = 0, these nine coordinates all coincide at zero. For € > 0, the nine middle coordinates split into
nine equally spaced levels. Let
Fo={La}', AO— 1—111. (4.14)

For p = (p_4,...,p4) € Ag, we define

L(p) = Z ;.

Here, dp denotes normalized Euclidean volume on the simplex.

Lemma 4.3. Let
10 = [ (L)) do
Ag
Then,
Ja(0) = 5I(e).

Moreover,
_ Ve + F) N AwVE (PrCu) _ D(a)

10/9! D(ayp)

Proof. For a point of Ayg, let w denote the sum of its nine middle barycentric coordinates. When

To(e) :

1(2). (4.15)

w > 0, write these coordinates as wp, where p € Ag. The two outer coordinates, whose sum is
1 — w, can then be parametrized as
1—w

1—
T(l—v) and Tw(1+v), —-1<v <1

Note that the degenerate boundary cases w = 0 and w = 1 have measure zero and do not affect
the subsequent integration. The normalized simplex volume element is
dv
90w®(1 — w) dw dp 5
Indeed, because Ag has dimension 8, scaling the middle simplex by w contributes the factor
w®, while the outer one-dimensional simplex contributes the factor 1 — w. The constant 90 is

determined by
1
8(1 —w)dw = —
/Ow( w) dw 90’
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and dv/2 is the normalized uniform measure on the interval [—1,1]. On the other hand,
(az,uy = (1 —w)v + ewL(p).

For fixed p and w, the corresponding central slice is nonempty when
< 1
~ 1+elL(p)|

Its one-dimensional coarea factor is [2(1 — w)]~!. Cavalieri’s principle therefore gives

(1+elL(p))) "
fa.(0) 245/ / w® dw dp = 51(e).
Ag Jo

At ¢ = 0 we have D(ag)fa,(0) = 100. Proposition 4.2 now yields (4.15). O

We now establish the key strict geometric comparison needed in the argument. In the proof
below, all integrals are taken with respect to normalized volume measure on the relevant cubes or
simplices.

Lemma 4.4. Let C = [-1/2,1/2]® and h(z) = z; + -+ + x5. Then

/|h |da;</ h(z)? d. (4.16)

Proof. On the four-cube Cy = [—1/2,1/2]*, take
T(x)=a1+ -+ x4,

and let g be the nondecreasing rearrangement of 7" on the unit interval. Central reflection in the
second factor of C' = Cy x Cy shows that T'(z) +T(y) and T'(x) — T'(y) have the same distribution.
Using equimeasurability and decomposing the unit square into the two regions s > t and s < ¢,
we obtain

/C ) |T(m)+T(y)|dxdy—/0/O |q(s)—q(t)|dsdt—2/0 (25 — 1)q(s) ds. (4.17)

By symmetry under coordinate reflections, all cross terms in the expansion of T'(z)? integrate to

1 1/2 1
/ q(s)*ds = / T(x)*dx = 4/ r?dr = / (25 — 1)*ds.
0 Cy -1/2 0

Applying the Cauchy-Schwarz inequality to (4.17) and using the equality of the second moments

zero. Hence,

above, it follows that

/ T(2) + T(y)| da dy < 2 / a(s)? ds
CyxCy 0
[ @@+ 1) dedy
C4><C4

We claim that the first inequality above is strict. Equality in the Cauchy—Schwarz inequality would
imply that ¢(s) is proportional to 2s — 1 almost everywhere. Since ¢ is the quantile function of
T, this would force T' to be uniformly distributed on an interval. This conclusion is incompatible
with the geometry of the upper level sets of T" near its maximum value 2. For every sufficiently
small § > 0, the set

(2 - 8,2)
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is a vertex cap of C; and is homothetic to a fixed four-dimensional simplex with homothety ratio
§. Its volume is therefore proportional to 6*. By contrast, a uniformly distributed random variable
would assign mass of order ¢ to the interval (2 — 6, 2]. Hence equality cannot occur, and the first
inequality is strict. Since T'(x) 4+ T'(y) is the diagonal coordinate h on C', this proves (4.16). O

Combining the preceding strict comparison with the perturbative construction, we now establish
the desired violation in dimension nine.

Proposition 4.5. For every sufficiently small € > 0, the section specified by (4.14) satisfies

Vi, (A + Fo) N Ao) Vi (Pr.C) > %
Proof. Introduce ordered variables
0<a <~ <ag<1
and parametrize p = (p_4, ..., ps) € Ag by the successive gaps between these variables
(p—ay---,pa) = (xl,xg —T1,...,08 — T7,1 —xg).

In affine coordinates, this change of variables has Jacobian determinant one, and a straightforward
telescoping calculation yields

L(p) =4— sz

Let
O={ze€[0,1]?:0<z <+ <y <1},
Under the gap parametrization above, the normalized volume measure dp on Ag pulls back to

8!'dxr on O. Up to a set of measure zero, the cube [0, 1]® is the disjoint union of the 8! coordinate
permutations of O. Since the functions

8

i=1

Tr+—

3 2
and = — <4 — le>
i=1

are invariant under coordinate permutations, it follows that

8 3 2
/ IL(p)Idﬁz/ 4= x| dr and / L(p)de:/ 1-3"a; | da.
Ag [0,1]8 i=1 Ag [0,1]8 i=1

Under the translation z; = x; — %, we obtain
8 8
-y
i=1 i=1

Hence, it follows from Lemma 4.4 that

/ |L|dp</ L? dp. (4.18)
Ag Ag

For 0 < e < %, the nine middle coordinates €7, —4 < j < 4, lie strictly between the two outer
coordinates —1 and 1. For each middle coordinate, the sum of its distances to the two outer
coordinates is

(1+ej)+(1—ej)=2.
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Thus, the contributions involving at least one outer coordinate remain unchanged, and only the
pairwise distances among the middle coordinates depend on . Therefore,

D(a.) = D(ay) +D(b).

Since the coordinates of b = (j )?:_ 4 are ordered, it follows that
4
by = Y (G-in=23 7
—4<i<j<4 j=—4

For normalized volume on the standard simplex, we have

2 1
2 71— _ .
p;dp = ——, /pz-p dp=——= (i # k).

/As 9-10 ag 910 7R

Using the standard second-moment formula for normalized volume on Ag, together with

Since D(ag) = 20, this is equivalent to D(b)/D(ag) =9 [, L? dp. Moreover, differentiation under
the integral sign gives

r'0+) = —9/ |L| dp.
Ag
Differentiating (4.15) from the right at ¢ = 0, and using I(0) = 1, we therefore conclude that

D(b)
D(a

0)
=9A(um%ﬂum0@>a

where the strict inequality follows from (4.18). Since I'g(0) = 1, the desired strict inequality holds

Iy(04) = + I'(0+)

for every sufficiently small positive ¢. O

The nine-dimensional counterexample can be lifted to every higher dimension by an elementary
pyramidal construction.
Let a = (ay,...,a,) € R™\ {0} satisfy

m

Zai:(),

i=1
and define

S, =A,_1Nat.
Adjoining a zero coordinate to a produces a corresponding section that is exactly the pyramid
over S, with apex e,, ;. More precisely, identifying S, with S, x {0} C R™"! we have

S(a,0) = conv(Sy; €m1).
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Since a L 1, the orthogonal projection of e,, 1 onto the affine hull aff(S, x {0}) is
1
(_1, 0) |
m
Hence the height of the pyramid S(, ), with base S, x {0}, is

dist(ensr, aff(S, x {0})) = ’/mTH'

Since S, has dimension m — 2, the pyramid S, ) has dimension m — 1. Therefore, the pyramid

m— 1 m+1_
H 1(5(“’0)):771—1” - H"2(S,).

Applying (4.8) and the preceding volume identity, we obtain
m
a0 (0) = ——14(0). 4.19
fa0)(0) = —— fa(0) (4.19)

Thus, the lifting step follows directly from the Euclidean volume formula for a pyramid.

volume formula yields

Choose ¢ > 0 sufficiently small such that the conclusion of Proposition 4.5 holds. For r > 0,
extend a. by r zero coordinates and define

1
a" = (a.,0"), m,=114r, n,=94+r, F.={1,a"} N\ =_—1. (4.20)
my

Write
Da:D(aa)a A5:Z|(aa)i|a

and let D, = D(ag)). Repeated application of (4.19) yields

10 +7r
fagr) (O) = Tfag (0), DT = Ds + TAg.

Define
Drfa(r) (O)
r,=—————.
(10 +7)?
Then,
fa.(0)  10A. — D.
10 (1047r)(11+7r)
INAOEEVICEY)
10 (104+7)(11 +17)
Thus, the sequence I', with r» > 0 is strictly increasing. Therefore, I, > I'g > 1 for every r > 0.

Fr—l—l - Fr -

>0,

The preceding computation shows that the strict violation persists under repeated application
of the lifting construction, leading to the following proposition.

Proposition 4.6. For every r > 0,
n,+1
n,!

VF,.(()\(T) + Fr) M Amr—l)VF,-(PF,-CmT) >
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Proof. Since m, —1 =10+ r and n,, = m, — 2, Proposition 4.2 and definition of I', imply that
VFT((A(T) + FT) m Amr_1>VFT(PFTCmr)

=I,>1
(n, +1)/n,!

O

Proof of Theorem 1.53. Fix n > 9 and let r = n — 9. Applying Proposition 4.1 to the data defined
in (4.20), we obtain a full-dimensional polytope

Qn C F, =R"
with at most m, = n + 2 facets. Combining the estimate in Proposition 4.1 with Proposition 4.6,
we have
Pa(@n) 2 0"V, (A7 + F) 0 Ani1) Vi, (PrCrsa)
- (n+1)n .
n!
Thus, @, satisfies (1.5), completing the proof. O
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