ABJM/BMN Index Matching in the Plane-Wave Limit
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We establish coefficientwise equality between the refined supersymmetric indices of ABJM theory
and the BMN matrix model in the plane-wave limit at every fixed positive Chern—Simons level
k. For multi-membrane families with fixed multiplicities—and hence fixed finite ABJM gauge
rank—the equality holds as all longitudinal momenta tend to infinity with their pairwise differences
fixed. Scalar-dressed equal-flux ABJM monopoles correspond to BMN vacua of fuzzy-sphere mem-
branes: multiplicities count coincident membranes, whereas flux magnitudes give the momentum
per membrane along the M-theory circle. At the index level, the associated Higgs residues yield a
diagonal-holonomy integral for the ABJM plane-wave contribution, whose monopole-harmonic kernel
agrees with the BMN matrix-harmonic kernel up to the finite BMN upper-spin cutoff. At finite
momentum, the full index difference splits into the non-plane-wave remainder and the harmonic
tail above this cutoff. Increasing k shifts the former to higher fugacity grade without changing the
surviving kernel or the cutoff contribution. This gives a coefficientwise, multi-membrane extension of

the earlier single-membrane index relation.

The plane-wave limit of the AdSy/CFT; correspon-
dence provides a tractable setting in which a large-charge
sector of ABJM theory can be compared with the BMN
matrix model. On the bulk side, taking the Penrose limit
of M-theory on AdS, x S7/Zj, about a trajectory with
large momentum along the M-theory circle isolates excita-
tions of finite light-cone energy and yields the maximally
supersymmetric eleven-dimensional plane wave [1, 2]. On
the ABJM side, the dual sector is represented in radial
quantization by scalar-dressed monopole states whose
monopole charges encode this circle momentum [3, 4].
The BMN matrix model, in turn, describes M-theory on
the same plane-wave background in discrete light-cone
quantization [5-7]. Together, these observations motivate
testing the correspondence through a direct comparison
of the ABJM and BMN supersymmetric indices.

The two descriptions package the same membrane de-
grees of freedom differently. The BMN model is the max-
imally supersymmetric mass deformation of the U(N)
BFSS matrix quantum mechanics [5, 6]. Its fields include
nine Hermitian matrix coordinates X7 (t), I = 1,...,9,
their fermionic partners, and a one-dimensional gauge
connection. The mass and Myers couplings single out
a triplet X%, a = 1,2,3, which can form fuzzy spheres;
the remaining six coordinates vanish in the vacua [6, 7].
ABJM theory is a three-dimensional Chern—-Simons mat-
ter theory with gauge group U(r)x x U(r)_k, gauge con-
nections A, and /T“, four complex bifundamental scalars
YA A=1,...,4, and their fermionic partners [8].

Previous work established the vacuum correspondence
between scalar-dressed ABJM monopoles and BMN fuzzy-
sphere membranes [2-4]. Berenstein and Park studied
quadratic fluctuations about half-BPS ABJM monopole
backgrounds [9]. In the large-r semiclassical Penrose

regime r'/% < J < r'/2 with k = O(1), Ref. [2] matched
the complete tree-level single-membrane BMN spectrum
to the leading large-flux ABJM spectrum and compared
selected two-membrane modes. To our knowledge, an
analogous full-spectrum comparison for general multi-
membrane backgrounds remains open.

Protected indices provide a complementary test of the
correspondence. In the special case of ABJM rank r =
1 and level &k = 1, Ref. [10] found that, after fugacity
specialization, the ABJM index summed over monopole
sectors agrees with the large-N index about an irreducible
BMN vacuum up to a divergent factor. Here we extend
the comparison to fixed monopole sectors at arbitrary
fixed finite ABJM rank and every fixed positive integer k.

Let IfﬁTMk(a,b, ¢) and Zhy\(a,b,c) denote, respec-
tively, the refined supersymmetric index in a fixed ABJM
Goddard-Nuyts—Olive (GNO) sector (1, 71) and the in-
dex about a BMN vacuum labeled by a partition p of the
BMN rank N, both expressed in the common fugacities
a,b,c. We restrict throughout to sectors with equal left
and right GNO charges, m = mi, relevant to the BMN
vacuum dictionary. Their trace definitions and charge
map are given in the Supplemental Material [10-12].

The main result of this paper is, for every fixed k € Z+y,

Ah_I,I;O I:\né\iyl\r/lll,\k (a7 bv C) = Ah—{%o I]%%/IN (CL, b7 C)' (1)

The equality in Eq. (1) is coeflicientwise as a formal
series in nonnegative half-powers of a,b,c. Explicitly,
for every fixed r; € %sz the coefficients of a™b™¢"
in the two finite-A indices agree for all sufficiently large
A. Equivalently, for every fixed D, all coefficients with
r1 + 19 + 13 < D eventually agree.



To define the large-momentum family appearing in
Eq. (1), choose the fixed number s of distinct block sizes,
their fixed positive multiplicities n,, and pairwise-distinct
fixed integer offsets v,. For A € Z large enough that
A + v, > 0 for every a, set

Ny =A+v,,
mp = T?LA = ((7]\7(!)”0‘)5 (2)

a=1’

a=1,...,s,

S

pa = {(nayNa)}a=1~

Equation (1) takes A — oo at fixed ng, Va, so the ABJM
rank 7 = ) n, stays finite while N grows.

We now explain the physical background. A BMN
vacuum is labeled by a partition of the matrix size,

N=Yn.Na,  X& = %@ (1% ® J(“Na)> . (3)
a=1 a=1

where p is the plane-wave mass and J(“Na) are the gen-
erators of the N,-dimensional irreducible SU(2) rep-
resentation. Each irreducible block is a supersymmet-
ric fuzzy-sphere saddle: the matrix regularization of a
spherical M2-brane in the eleven-dimensional plane wave
[6, 7]. For AdSy x S7/Zy, let ¢ denote the covering-space
Hopf-fiber angle, with period 27. The orbifold identifies
@ ~ p+2m/k. We denote the angular momentum on the
covering space as J = i0,. In the pp-wave matrix descrip-
tion, the longitudinal quotient is implemented through
momentum quantization: each irreducible block carries
covering-space charge JP°* = kN, and quotient-circle
momentum PPk = N, while n, counts coincident
membranes of that size [2]. The unbroken gauge group
of this BMN vacuum is [[, U(nq). The corresponding
ABJM sector has gauge rank r = ) n, and equal left
and right GNO charges with n, copies of —N,. Thus the
BMN block multiplicity n, becomes the multiplicity of an
ABJM monopole flux, while the block size N, becomes
its flux magnitude and, as shown below, the quotient
M-circle momentum per membrane. The monopole is
dressed by a rotating bifundamental scalar zero mode
whose condensate breaks the two gauge factors to the
diagonal subgroup, matching the unbroken gauge group
of the BMN vacuum. The vacuum in Eq. (3) is therefore
the finite-A member of the family defined in Eq. (2).

The coefficientwise agreement in Eq. (1) occurs only
in the A — oo limit. For the finite-A member of
this family, abbreviate Zapym ka = Izléxjﬂfk (a,b,c) and
Tpunia = Ihan(a, b, c). Let IXV];JM,I@;A denote the con-
tribution to Zagjm,k;a obtained by retaining only the
plane-wave Higgs residues; its explicit residue sum is
given in Eq. (13). The two finite-A sector indices then
differ by two corrections whose large-A behavior can be

analyzed independently:

— pw
Zapimea — Iemnia = (ZaBav,ksa — Zapgn ken)

non-plane-wave remainder
pPW
+ (ZTRBonpn — Ievna) - (4)

harmonic tail

The first correction measures the remainder after selecting
the plane-wave Higgs residues of the fixed-GNO ABJM
index, which involves two sets of gauge holonomies, z, and
wp. This remainder vanishes below a fugacity grade grow-
ing linearly with £A. The second correction comes from
the fuzzy-sphere cutoff: at finite matrix size, the BMN
harmonics truncate the continuum ABJM monopole-
harmonic tower at a finite upper spin. This correction is
independent of k.

ABJM half-BPS solutions.— To make the ABJM side
of the vacuum dictionary explicit and identify the Higgs
residues entering Zh JM ko> We summarize the relevant
scalar-dressed half-BPS monopole saddles on R; x S%,
where L is the sphere radius [3, 4]. Write Y4 = u4Z,
with @au® = 1, and let F,ﬁ be the two gauge-field
strengths, with GNO flux matrices M = (2m)~' [, F
and M = (2m)~1 sz F. The BPS equations and the

flux-intertwining condition MZ = ZM are derived in
the Supplemental Material [12]. On this branch, the
Chern—Simons Gauss laws reduce to the moment-map
constraints

kM = —4nLZZ', kM =—-4xLZ'Z. (5

Since ZZ' and ZTZ have the same nonzero eigenvalues
and the two gauge groups have equal rank, a right Weyl
permutation can therefore be used to set M = M. In
the negative-flux convention, the most general half-BPS
solution associated with Eq. (3) is [4]

M=M= —éNaLW
a=1

) : kN,
VA (1) = yAeit/ (1) U, 2= e g
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Equivalently, the left and right GNO eigenvalues are
Map = Map = —No, p = 1,...,nq, reproducing the
sector vector in Eq. (2). The matrices U, € U(n,) are
removed by blockwise left-right gauge transformations.
We set U, = 1,, and use a global SU(4) rotation to
choose u? = §44. The resulting condensate is invariant
only under g1, o = gr,» and breaks the gauge factors to
the diagonal subgroup:

H [U(na)r x U(na)r] — H U(na)diag- (7)

This residual group is isomorphic to the unbroken gauge
group of the corresponding BMN vacuum. For the ath



stack, the Gauss law fixes the total covering-space scalar
charge and quotient M-circle momentum to be JStak =
Na IR = kn, N, and Pstack = p pblock — pn N re-
spectively. Hence the total quotient M-circle momentum
is ), Pstak = M. The GNO magnitude N, is the quo-
tient M-circle longitudinal momentum per membrane and
is identified as the dimension of the BMN block [12].

Higgs pole selection.— In the fixed-GNO sector specified
by Eq. (6), let z, and wq, be the corresponding left
and right gauge holonomies. The U(r), x U(r)_r ABJM
index [11] has the schematic form

Nea,Na 1
IiBJM,k} = m f[dz dU)] Zvec

z w kN
I o,p o,p
x II d”ﬂ(w />Il(z ) ’
B/ ap a,p

a,B;p,p’
(8)

Here and below,
dap = [Na — Npg|. (9)

Here Z,.. denotes the two vector-multiplet determinants,
while @, is the bifundamental matter one-loop factor in
relative flux d. The one-loop factors are independent of k;
all explicit level dependence in this fixed sector is carried
by the classical Chern—Simons monomial. The full factors
and contour are recorded in the Supplemental Material
[12]. Evaluating the w contours first, the relevant polar
part is

1

d
() o (q%%u; q) o0 (cq¥?u; ) oo

) q = abc, (10)

where (2;¢)oc = [[,—o(1 — 2¢™). The enclosed matter
poles are

ap/2+L ap/2+¢
b

£>0.

(11)
At such a residue, the Chern—Simons monomial con-
tributes p*Vs. In the regulated plane-wave family of
Eq. (2), the common boost is large, while relative mem-
brane momenta and the corresponding light off-diagonal
modes remain finite. In the formal expansion about
a = b = c =0, every enclosed pole other than p = 1
has an exact ratio p of positive fugacity grade. The zero-
grade ratio occurs precisely at dog =0, £ =0, and p =1,
selecting

d d
Wa,p' = PZa,p, P=4q or cq

Wa,p = Za,o4(p)> Oa € Sp,- (12)

All permutations give the same contribution, so we choose
the identity permutation, wq,, = 24, and cancel one of
the two Weyl factors [ [, no! in the denominator in Eq. (8).
The pole at w = z equates the left and right holonomies,
as expected from the breaking to the diagonal gauge group

in Eq. (7).

The factor p*N8 has a simple physical interpretation. In
a sector with monopole charge Vg, the Gauss law requires
the bare monopole to be dressed by £Ng bifundamental
quanta so that the dressed state is gauge invariant. A
pole wg ,y = pzap selects the mode used for this macro-
scopic dressing and gives one factor of p for every charge
unit. For p = 1, the dressing mode is the lowest Y* zero
mode, and the resulting condensate is the plane-wave
saddle chosen above. A pole with p # 1 instead places
O(kNpg) charge units in another mode and describes a dif-
ferent macroscopic large-charge background rather than
a perturbative fluctuation around this saddle.

Define the plane-wave contribution by summing these
residues,

PW _
Tagivka = Z ReSw, =20 00i)
{Ua}

Na,Na
T\ - (13)

On these residues the Chern—Simons monomial is exactly
one, and the remaining integrand is level-independent.
Consequently,

pw _ 7DpwW
IABJM,k;A = IABJM,l;A' (14)

The full remainder is controlled by expanding the one-
loop integrand at fixed total grade D. After removing
the zero-grade matter factors and within-block vector
determinants, each coefficient is a finite Laurent poly-
nomial whose exponent in any wg,, is at least —|D]|.
The removed factors, together with the Chern—Simons
monomial and measure, then make the w,,, integrand
regular at the origin whenever kN, > |D]. Its only
remaining poles are those in Eq. (12). Thus every coef-
ficient of Zapym g:n — IXVI;JM,IC;A at total grade less than
1+ k£ min, N, vanishes. The proof, including the remain-
ing holonomy projection, is given in the Supplemental
Material [12]. Since N, = A + v, with fixed offsets, this
finite-grade bound proves coeflicientwise decoupling for
every fixed k.

After the residue sum, the comparison can be writ-
ten as a single diagonal-holonomy integral. Set un, =
(—1)Noz, , and A(u,) = [ (1 = tap/tia,y ), and de-
fine

1 du
I|H| = P A
1] Hw&fg%mwg<%>

Na NB
< [TTI I Hes (“ﬁp> . (15)
a,8p=1p/=1 Hanp

Then IX‘%JM,IC;A = Z[H™°"°], whereas Ipmn;a = Z[H™].
The kernels H™°"® and H™2' are defined below in
Eqgs. (19) and (20), respectively. The surviving ABJM
kernel is therefore universal across fixed levels, and the
comparison reduces to a mode-by-mode comparison of two
block kernels. The detailed derivation of the reduction of
the two-matrix integral of the ABJM index to the single



diagonal-holonomy integral is given in the Supplemental
Material [12].

Monopole harmonics versus matriz harmonics.— After
taking the residues in Eq. (12), both indices are matrix
integrals over the same diagonal holonomies. Their re-
maining distinction can be read directly from the angular
harmonics connecting blocks o and 3. With d,g defined
in Eq. (9), let

LQB = min(Na,NB). (16)

Let £%# be the monopole line bundle over S? of degree
dag, and let T'(L%5) denote its space of sections. On
the BMN side, let Hom(CNe, CNe) denote the N, x Ng
rectangular matrix block connecting the Sth and ath
irreducible fuzzy-sphere blocks. The two harmonic spaces
decompose as

[(L£%5) ~

@ R /2405

a[il

Hom(CNB7CN @ Ra.s/2+05 (17)

where R; is the spin-j representation of spatial SU(2).
The towers have the same lower endpoint, while the fuzzy-
matrix tower terminates at j = (No + Ng)/2 — 1 [2, 13].
Physically, ABJM uses continuum monopole harmonics
on the spherical membrane, whereas BMN uses their
fuzzy-sphere matrix regularization. The relative flux fixes
the common lower spin, while finite matrix size truncates
the tower only from above. Their cubic fusion algebras
converge as well: the continuum monopole vertex contains
two Wigner 3j symbols, whereas the fuzzy-matrix vertex
replaces the charge 3j symbol by a Wigner 65 symbol
whose large-A asymptotic restores the monopole coeffi-
cient; explicit formulas are given in the Supplemental
Material [12].

This statement persists for the fully refined one-loop
index [10, 14]. Define

(1 —y)(1 = aby)(1 — acy)(1 — bey)

K = . 18

W= i wi-mi—ai—g
The kernels in Eq. (15) are
(r]né)no( ) 1—3? dap H]C( aaqda5/2+€x>7
(19)
Laog—1

H"’at( )= (1 —z) %¢ H IC( ‘*f’qd‘lﬁ/%’em) )

(20)

All dependence on a, b, ¢ and on the relative flux is iden-
tical mode by mode. Consequently,

Hmono o0
Hmat H ( aﬁq a3/2+€$) 9 (21)
=Lq

which shows that, after Higgs pole selection, the remaining
difference is solely the matrix-harmonic upper cutoff. At
finite momentum, the complete discrepancy separates
as in (4). The first term vanishes coeflicientwise by the
fixed-grade argument above. The second is controlled by
Eq. (21), starts at a fugacity grade growing with Lyg ~
A, and is independent of k. Thus the Chern—Simons
level moves the non-plane-wave correction to higher grade
but does not change the finite-matrix harmonic cutoff.
Moreover, in the scaling of Eq. (2), dag stays finite while
L.s — co. The tail in Eq. (21) tends coefficientwise to
one. Using the shorthand in Eq. (2), this coefficientwise
selection together with Eqs. (15), (19), and (20) gives (1).

ABJM, BMN, and three-dimensional SYM.— The cor-
respondence above does not require an intermediate Yang—
Mills description. Two complementary limits nevertheless
relate its ingredients to maximally supersymmetric Yang—
Mills theory on R x S2. On the ABJM side, the novel
Higgs mechanism sends both the monopole charge and the
Chern—Simons level k to infinity at fixed ratio, keeping the
Yang—Mills coupling finite and producing A" = 8 SYM on
R x S? [4]. This differs from the fixed-k plane-wave limit
used here. On the BMN side, the model expanded about n
copies of an N-dimensional fuzzy-sphere vacuum becomes
U(n) maximally supersymmetric Yang-Mills theory on
R x S? as N — oo, with the noncommutativity scale
removed at fixed sphere radius and Yang—Mills coupling
[15]. The BMN model thus provides a supersymmetric
fuzzy-sphere regularization of the curved-space SYM, and
the disappearance of the matrix-harmonic cutoff is the
protected-index counterpart of this continuum limit.

At k = 1, a separate proposed relation identifies the
infrared fixed point of flat-space three-dimensional N = 8
U(N) SYM with U(N); x U(N)_; ABJM. It has been
tested by comparing S partition functions and super-
conformal indices in the mirror-dual description of the
SYM [16, 17]. This relation concerns the full infrared
SCFT and the sum over its sectors. It is distinct from
both the curved-space SYM above, which contains the
sphere-induced mass and ¢F couplings, and the fixed-
GNO, selected-residue plane-wave index studied here. It
remains open to identify the SYM image of the fixed
monopole sector and the w = z Higgs pole, and to de-
termine whether taking the plane-wave residue and the
A — oo limit commutes with the duality and whether
the BMN index emerges directly from an appropriate
large-charge sector of the SYM index.

Conclusion.— We have established a coefficientwise cor-
respondence between the refined supersymmetric indices
of large-monopole sectors of ABJM theory and the BMN
matrix model around general multi-fuzzy-sphere vacua,
establishing a precise index relation between large-charge
ABJM monopole backgrounds and multi-membrane BMN
vacua.

Beyond the index itself, this construction furnishes
a new duality platform in which a nontrivial sector of



a three-dimensional interacting CFT can be compared
directly with matrix quantum mechanics. One natural di-
rection is to study the @-cohomology of ABJM theory in
monopole sectors and match individual BPS classes with
those around the corresponding BMN fuzzy-sphere vacua,
including the fortuitous classes introduced in Ref. [18]
and recently studied in ABJM [19, 20]. The matching
of the cubic harmonic algebra further suggests extending
the correspondence to protected correlation functions and
operator products. More broadly, this framework may
provide a microscopic description of interacting multi-
membrane dynamics and a controlled setting for under-
standing how continuum membrane geometry emerges
from matrix degrees of freedom.
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This Supplemental Material presents the ABJM/BMN index conventions, charge and
fugacity maps, and finite-partition BMN and general-level ABJM index formulas. It reviews
the scalar-dressed ABJM half-BPS background and its Gauss-law constraints, constructs the
fixed-GNO index with its contour prescription, and evaluates the Higgs residues that yield
the plane-wave contribution. It also compares the fusion coefficients of continuum monopole

and finite matrix harmonics and provides an explicit two-block index check.

INDEX CONVENTIONS

We follow the index conventions of Refs. [1, 2]. On the BMN side, let H be the Hamiltonian
and M2, M* M5 M3 the commuting rotation generators. Choose Q = Q* and set

2
2ApuN = {Q7QT} —92H — ?pd‘]w12 _ % (M45 + M7 + Msg) ‘ (1)

For ABJM theory at level k, let D be the cylinder energy, J, the spatial spin, and
M2 M3* M M™ the four commuting charges used in the index. The subscript on J,o
distinguishes it from the covering-space charge J in Eq. (49). Here M2, M3* M are the
Cartans of SO(6)g, while M%® is the monopole charge. The Poincaré supercharges Q’, Q%
and conformal supercharges S™*, S®* are neutral under M® and belong to the OSp(6]4)

subalgebra present for every k. Their anticommutator defines the BPS grading
1
Appin = 3 {QT +iQ%, 8" —iS* } =D — Jos — M. (2)

At k =1, the BMN SU(4|2) superalgebra embeds into the enhanced OSp(8]4) supercon-
formal algebra of ABJM theory [2, 3]. With A =1,...,8 labeling the ABJM supercharges,
the embedding gives

b= [B@ra). (@) =5 i),

In particular, the supercharge in Eq. (1) corresponds to

0 = \/g @ +iQ8), (@) \/g (87— ish).

The corresponding BMN and ABJM charges obey

H 1
M _p- 7 (M M 4 M 4 MT) M® =y,

M
M45 — % (M12 o M34 o M56 + M78) 7 M67 — % (_M12 T M34 o M56 T M78) 7
M89 _ % (_M12 _ M34 + M56 + M78) )



Substitution into Eqs. (1) and (2) gives Apyun = §£Axpm. At k& = 1, these relations
follow from the SU(4|2) € OSp(8|4) embedding above. For general k, they specify the
correspondence between the mutually commuting charges that occur in the two traces; no
0OSp(8l4) superalgebra embedding is assumed.
In the equal left-right flux sectors used in the Letter, with m,, = M, = —N,, the flux
convention of Ref. [2] gives the ABJM charge that carries the M-theory circle momentum:
k k =~ kg ke~

47 52 g 47 52 g 2 — i 2 i

M6 = anaNa = % 2ME > naNa.

Thus 2M®° /k is the integer quotient M-circle momentum used in the Letter [1, 2].
With the charges fixed, let Ay, As, A3 be the three independent chemical potentials
conjugate to M2 + M* M2 + M5 and M + M®, respectively. We define the common

fugacities
a=e "1, b=e 52, c=e "3, q = abc. (3)
For a BMN vacuum p, the trace used in the Letter is
Thun(a,b,c) = Try,, [(—1)2M12efﬁABMNaMm*M%bMH*MmchQ*Msg} . (4)

With chemical potentials 1, ..., 74, the ABJM sector trace is

Ijxn]é?M L=Try |:(_I)FG_BAABJM6_’YIM12_’72M34_73M56_’Y4(2Jr0t+M78):| ) (5)

Substituting the charge relations above into Eq. (4) and comparing its charge weights

with those in Eq. (5) gives

Ay — Ay — Ay —A; + Ay — Ay
Y= 9 ) Y2 = 9 )
(6)
—A — Ay + As A+ Ay + As
V3= 5 ) Y4 = 5 .

The energy fugacity ¢ and flavor fugacities vy, 42, y3 in the standard BMN and ABJM

formulas are

a
5 — e — q1/27 Y = e~ — b_’
‘ (7)
Yo =€ = ﬁ; ys =€ B = -
ac ab



These identifications express both indices in the common variables (g, a, b, ¢) [2]. We work in
the chamber |a|, |b], ||, |¢| < 1, or equivalently Ay o3 > 0.

For a complex variable x and a nonnegative integer n, we use

n—1 00
(@) = [ —2¢"),  (#0)0 = [ J(1 — 2d"), (8)
=0 =0
and
=1
PE = — f(a} i 9
[f(xb 7xt)] exXp lmz_l mf(xl ) y» Ly )] ( )
We repeatedly use
x 1 x
T3 q)oo = (1 — 2)(q%; @) oo, PE{ }: : PE{— 1:x;Qm- 10
(7 0)oe = (1 = 2)(g3.0) i e | = @aon (10)
Finite index formulas
For two partition blocks labeled by o and [, define
dag = |Na—ng|, Lagzmin(Na,N/g). (11)
Let wqp, p = 1,...,n4, be the eigenvalue holonomies of the unbroken U(n,) factor, integrated

counterclockwise on the unit circle. The BMN index for the partition data specified in the

Letter is [2, 4]

{nouNa} _ 1 dua’p
Tonx ™ = I, 7! j[H 20U, HA(UQ)
« a,p e

— 1 ~(m) o ug,p/ "
>< - 9.
exp [Z - Los ZZ (“ap ; (12)
m=1 a,f p=1p/'=1 p
where
U
Alugy) = j— 13
(u ) Hl ( ua,P,) ’ ( )
DPFD
and
~m) m m m mdag ,md /21_qua6
) = B — (1= a™)(1 = bm)(1 = (-~ 1)mesgres/2 2 (14)
_qm

Here 0,4 is the Kronecker delta.
For U(r)y x U(r)_ ABJM theory, let m;,m; € Z, I = 1,...,r, denote the left and
right GNO charges. The ABJM index is a sum over GNO sectors and an integral over the
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corresponding gauge holonomies [1, 2]. In the angular variables ay, &y € [—m, 7] used in [2],

the multiplicative holonomies are
Zp = e, W; = e, (15)

We distinguish the holonomy variables Z; from the bifundamental scalar Z used in the
half-BPS derivation below. Equivalently,

dOé[ - dZ] da] dW[

— — ik(m[aj—ﬁl[a[) — kajwfkmj‘ 16
or  omiZ;’ o omiW, € Wi (16)

The full ABJM index is

T

m dz; dW; -
0 5 Sim 7{ ZEmayy;
ABIM,k — 74 Z Ys H 2T 2mW1 H

myp,mrEL

X €9 exp [Z Ryt (2, {W?})] . (17)

The fugacities in this formula were defined in Eq. (7). The zero-point energy is

60—Z|m1 gl = my—my| = |y —myl. (18)

I<J 1<J

The single-letter expression is

Z€|m1 mJ| Z £|m1 my| 7S WJ

I£J I#J
£ 3 gl (f7 ¥ f%) , (19)
1.J
where
1
f+(& Y1, y2) = 1—¢2 {51/2 (\/E—l— \/%)
—&¥? (\/ylyz + \/1_3/)} (20)
f=(& ) = fe(& ). (21)

DERIVATION OF THE ABJM HALF-BPS BACKGROUND

The Letter states the BMN/ABJM vacuum and momentum dictionary. Here we review

the derivation of the ABJM half-BPS solutions following [5, 6]. The theory has gauge group
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U(r)i, x U(r)_g, Hermitian gauge connections A4, and A\w and four complex bifundamental

scalars Y4. We use
DYA =0, YA 4iA YA —iYAA,  F=dA+iAANA,  F=dA+iAANA  (22)

Repeated SU(4) R-symmetry indices A, B,C' =1, ..., 4 are summed. The potential V5(Y) is
positive-semidefinite as it can be rewritten as a sum of squares; it also vanishes when all Y4
are proportional to a single commuting matrix. On R; x S%, the bosonic action is

k 2i ~ o~ 2N~

Shos =— [ Tr |l ANdA+ —ANANA—ANdA——ANANA
4 3 3
3 trpvA L L iva 3

— | &z/—g Tr | DY, D'Y " + EYAY — | &z/—g Vs(Y), (23)
where the conformal mass is fixed by the sphere radius and Vj is the positive-semidefinite
sextic scalar potential [7]. The spherically symmetric ABJM saddle used in the Letter lies
on the half-BPS moduli space derived below.

A point on the half-BPS moduli space is specified by a unit vector u* in the scalar
R-symmetry space, normalized by @iqu” = 1. Define Z = i,Y* and Y = (645 — u?up)Y?.
The BPS Hamiltonian is understood to use the U(1) charge that rotates this complex
direction. The BPS bound relevant for this chiral branch can be made explicit as follows.

Restricting first to bosonic configurations, the Chern—Simons gauge fields carry no local

Hamiltonian density, and the scalar contribution to the cylinder Hamiltonian is

. 1
Hycal = / d’z /g {Tr |:D0Y/];DOYA + Dz‘YjDzYA + EYJYA] + V6(Y>} : (24)
SQ

Here g denotes the determinant of the metric on S?. The term 1/(4L?) is the conformal
mass of a scalar on R; x S%. The temporal gauge fields Ay and go instead act as Lagrange
multipliers and impose the Chern—Simons Gauss constraints, which will be discussed below.

For a chosen unit vector u#, the U(1) C SU(4)g that defines the chiral direction is

generated by the traceless matrix

(T.)" s = guAuB - %5%. (25)
With
YA=utZ4+YA, Z=u,Y",  a.Y{ =0, (26)
its action is
T,(uZ)=uZ,  T,(Y.)= —%YL. (27)



Thus our normalization assigns U(1), charge +1 to the scalar along the chiral direction and
charge —1/3 to each of the three orthogonal complex scalars.

For any complex scalar matrix ®, define its phase charge by

jl@] = —i /S d*z /g Tr [(Dy®)®" — ®(Dy®")] . (28)
The Noether charge associated with T, is therefore
1o = jl2) - 5ilYal, (29)
where
Wil = =i [ g T (ViYL - VEDaYL)] (30)

with the orthogonal SU(4) index summed.

For the spinless chiral sector preserving SO(3), the superconformal BPS bound is

1
Hy > —J,. 1
scal — QLJu (3 )

On the bosonic scalar configurations considered here, it is therefore convenient to define

1
H = Hy — —Ju. 2
BPS ] 2LJ (32)

The coefficient 1/(2L) is fixed by the cylinder energy of a chiral scalar: a scalar of U(1),
charge one has conformal energy 1/(2L).

Using the decomposition in Eq. (26), the quadratic part of the scalar Hamiltonian separates
into the Z and Y| sectors. For the chiral scalar Z one finds

1 1 ‘
Tr [DOZTDOZ + mZTZ} — 57 {—iTr (Dy2)Z" — Z(Doy2Z")] }

. t )
) )
(DOZ - EZ) (DOZ - EZ>

The conformal mass is therefore exactly absorbed into the time-derivative square in the

=Tr . (33)

charge-one direction.
For the orthogonal scalars, whose U(1), charge is —1/3, the corresponding combination is
instead

1 1 .
Tr [DOYIADOYf + EYIAYJI_L‘} ter {—Z Tr [(DOYf)YJJ[A - Yf(DOYIA)]}

=Tr . (34)

. ¥ .
2
(DOYf 4 GLLYLA> <D0Yf 4 GLLYLA) + @YL‘Yf




The last term is strictly positive for nonzero Y*. Combining Eqgs. (33) and (34), together

with the spatial gradients and the positive-semidefinite sextic potential, gives

. 1 .
Hpps = / d*z /g { Tt (DoZ - LZ) (DOZ - iZ) +D,ZiD'Z
S2

2L 2L

. ¥ .
+ (DOYf + 6LLYf) <D0Yf + 6%1@“) +DY!, DY

2
+ @YIAYf

+ V(YY) } (35)

Every term on the right-hand side is nonnegative. Saturation of the BPS bound, Hgpg = 0,

therefore requires

DiZ =0, DoZ= ﬁz, YA=0, Vi(Y)=0. (36)

Here and below i = 1,2 labels directions on S?. In addition to the algebraic condition Vg = 0,
the spatial equation constrains how the scalar zero mode can connect magnetic bundles.
Acting with the R-symmetry changes v and the associated BPS generator but leaves the
orbit of solutions unchanged.

Define the two GNO matrices by

1 — 1 ~
M:—/ F M:—/ a (37)
2m J g2 2w J g2
To spell out the integrability step, commuting two spatial covariant derivatives gives
0=[D;,D}|Z = i(F;Z — ZFy).
Thus the covariantly constant bundle map Z intertwines the two curvature operators. For diag-

onal GNO representatives in the standard polar coordinates (6, ¢) on S?, F = %M sin @ dOAdo

and F = %]\/4\ sinfdf A d¢, so the preceding pointwise identity gives MZ = Z M. Writing
M = diag(m,...,m,) and M= diag(my, ..., m,) then gives, component by component,

MZ=27ZM,  (m;—m;)Z; =0. (38)
where Z;; maps the jth right GNO eigenspace to the ith left one. Thus Z;; # 0 requires
equal left and right flux eigenvalues, m; = m;.

The matter charge densities are
p=iy [(DOYA)Yj . YA(DOYX)} :
A

pr=1Y [(DOY;{)Y“‘ - Yj(DOYA)} . (39)



Variation of Ay and Eo gives the two matrix-valued Gauss laws

k k ~
%F = pr, volgz, %F = —pp volge. (40)

On the half-BPS branch in Eq. (36), these reduce to the two moment-map equations
kM = —ArL Z2%, kM = —4xL Z'Z. (41)

The nonzero spectra of ZZ' and Z1Z agree, so the left and right multiplicities of every nonzero
flux agree. Since the two gauge groups have equal rank, the zero-flux multiplicities agree as

well. Hence the GNO spectra coincide up to permutation, and a right Weyl permutation can

—~

be used to set M = M.
For the fixed-GNO sector associated with the block data (n,, V,) in the Letter, take

B ”
a=1 a=l

where the sign is the convention used in the index calculation and consistent with (41). A

northern-patch representative is

A0 — A0) _ _% <@ Nalna) (1 —cosf) do. (43)

A scalar dressing is required for the flux to satisfy Eq. (40). For arbitrary unit u*, the most
general half-BPS dressing compatible with the unsplit multiplicities n,, is parametrized by

complex amplitudes v, and unitary relative orientations U,:
Yo (t) = e PoUs,  Ua€Una), A =AY =0. (44)
a=1

The unitary matrices U, are removed by blockwise left-right gauge transformations. We
henceforth set U, = 1,,, and use a global SU(4) rotation to choose u?* = §44, so that Y(‘é) # 0
and Y(‘g)# = 0. The Gauss law (41) fixes, block by block,

kN,
o= —2 45
ouf? = 72 (15)
This is a solution of the complete classical equations.
The bare monopole flux preserves
[[U(re)r x Una)s. (46)
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The scalar condensate is invariant only when

91.0Y(0) IR0 = Y(0)» (47)

which, in the gauge chosen above, requires g; o = gr.o. It therefore breaks the two gauge

factors to the diagonal subgroup

[T V(e x Utna)al — ] U(a) dias- (48)

«

On the chosen representative, the covering-space scalar charge is realized as
= i [ g T (D))" - Vi Dol

= Z 4 Lng|val?. (49)
a=1

The contribution of the ath stack and the corresponding quotient M-circle momentum are

therefore
Jstack
Jgtack — k,naNO“ P;taCk — aT = naNa' (50>

This establishes the charge and momentum dictionary stated in the Letter. In the remainder
we use the Letter’s fixed-difference large-momentum family and hold the Chern—Simons level

fixed.

FINITE-SECTOR KERNELS AND FIXED-GNO ABJM REDUCTION

For the BMN index in Eq. (12), define

(1 —y)(1 —aby)(1 — acy)(1 — bey)
(1 —ay)(1—by)(1 —cy)(1 —qy) ’
Lag—1 (51)
Hyg'(x) = (1 — ) ~0ap H K(( aﬂqd“ﬁﬂ“x) .

K(y) =

Introduce the common diagonal-holonomy integral
duap
— A(u,
o Na! %H 2MiUq p 1;[ (o)
Na u
XHHHHM( ﬁp). (52)

a,B p=1p'=1

I|H
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Then the BMN index is
Nea,Na ma
T = Z[H™™), (53)

For a = f and p = p/, Eq. (52) sets = 1. The factors at = = 1 are evaluated together:

Nal

mat
Haa (1)_91621}1_:[ H ’CQZL‘

B (1—ab)(1—ac)(1—bc) Mot
S 000 -00=00—q) g K(g"). (54)

The product terminates because an N, x Nz rectangular matrix contains only finitely many

angular harmonics.

For the ABJM index in Eq. (17), we are interested in the fixed-GNO sector
Map = Map = —Na, p=1,...,n4. (55)
This impliesey = 0. The residual Weyl factor is 1/ [ (na!)?. Rescale

Zop = Y3 Zaps Weap = Wap- (56)

Substituting Egs. (55) and (56) into the y3 and holonomy powers in Eq. (17) gives

5 Za naNa a a
ZR (TR
o H —kNg kNa‘ (57)

Moreover, Eq. (7) gives

—1/2 _a+b—ab—q 1/2 _1+c—ac—bc
Ys f+——1_q ;g = e (58)
For d > 0, define
b—ab— l4+c—ac—b
®4(u) = PE [qd/2 (wul poreza Cu)}
1—gq 1—gq
~(abg™? u; @)oo (02 /15 Q) oo (acq™u; ) oo (beq??u; @) o (59)

(aq®? /u; @)oo (bg™? /15 €)oo (07?15 @)oo (g™ u; @)
The fixed-sector index is then [1

2]
T, N dza,p, dwg,
Iz{xBJM k} = , j{H —F —

(N 220 p 2TIWa, p

X H (1 — qdaﬁ/z_’zﬁ’p/) (1 — qda5/2367p1>
a,p a,p

(a,p)#(B; p)
<M e (2 ) Tty (60)
a,B p=1p'=1 a,p
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The last product in Eq. (60) is the right-hand side of Eq. (57); every other factor in Eq. (60) is
independent of k. All holonomy contours are oriented counterclockwise; the ABJM contours

are nested according to the prescription below.

CONTOUR PRESCRIPTION FROM THE ORIGINAL HOLONOMIES

The variables Z; and Wy in Eq. (17) are integrated on unit circles. Equation (56) therefore
sends that cycle to

Zapl =72 = sl % (wapl = e =1 (61)
We first define the integral in the real reference chamber
a=b=c=t% q =15, ys =71, 0<t<l, (62)
for which
r,=tY2<r, =1 (63)

For fixed z and generic fugacities, the denominator of ®4(z/w) in Eq. (59) gives the four

pole families

w:qd/2+£2’ wIqu/2+ZZ7 6:0’1’2’___7 (64)
z z
w:W’ w:W’ (=0,1,2,.... (65)

The first two families lie inside the w contour and the last two lie outside whenever |¢| < 1
and

max(1, [c|)r. < 7, < min(|a]™!, [b]7)r.. (66)

At Eq. (62), the largest radius in Eq. (64) is t'/? and the smallest radius in Eq. (65) is ¢~%/2,
so the unit w circle separates the two sets strictly.

Equation (60) is defined first in the connected reference chamber specified by Egs. (61)
and (66). For other fugacity values, it is the analytic continuation from this chamber with
the cycles deformed continuously so that the pole families in Eq. (64) remain enclosed and
those in Eq. (65) remain excluded. If a pole crosses a fixed geometric circle, the circle is
deformed with it; the continuation does not change which of the two sets is enclosed. The
path is restricted to avoid pinch loci at which an enclosed and an excluded pole collide. This
prescription preserves the homology class of the original unit-circle cycle and also defines the

index coefficientwise by expansion about Eq. (62).
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PLANE-WAVE POLE SELECTION

We use the finite-family abbreviations of the Letter throughout. With the contour
prescription above, the plane-wave contribution retains the d = 0, £ = 0 poles of the first
family in Eq. (64),

Wap = Za,ou(p)s O € Sh,- (67)

Since d,, = 0, the right vector determinant in Eq. (60) contains the within-block factor

Na Way
[IL(-5) ©
7

which vanishes if two w variables in the same block select the same z variable. The contributing
assignments are therefore one-to-one within each block.

All permutations give the same contribution. We fix the identity assignment wq , = za,p
and cancel one of the two Weyl factors [ [, n.!. The pole at w = z equates the left and right
holonomies, as expected from the breaking to the diagonal gauge group in Eq. (48). At this
assignment the last product in Eq. (60) is

—kNa. kN, _ —kNa _kNa _
Hza»p W = Hza,p Zapt = L. (69)
a?p a?p

Wa,p=Za,p

Coefficientwise selection at finite momentum

The full index agrees with the selected residues below an explicit grade: for r; € %Zzo,
(a1 02" (IABJMJM — IXVéJM’k;A) =0, ri+1ry+1r3 <1+ kminN,. (70)

Here brackets extract a monomial coefficient in the formal expansion specified by the contour
prescription. This statement holds for every finite set of distinct positive N, and positive
multiplicities n,, at each positive integer level k.
To prove it, isolate the zero-grade matter factor
N - —1

C(z,w) 1;[%])111 (1 wa’p/) : (71)
Let F(z,w;a,b,c) be the remaining one-loop factor after removing C(z,w) and both within-
block vector determinants [, A(zq)A(wg) from Eq. (60). Equivalently, replace each within-
block ®g(u) by (1 — u)®Po(u) and retain all cross-block vector factors. The factor C is
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expanded with |2, ,| < |wa,|. The other factors are expanded in nonnegative half-powers
of a, b, c. For sufficiently small fugacities these expansions converge on fixed nested circles
satisfying Eq. (66), so coefficient extraction may be performed before contour integration.
Every remaining elementary factor in Eq. (59) and the vector determinants has the form
(1 — Mv)*!, where M is a fugacity monomial of total grade at least one and v is a ratio of
two holonomies. In particular, cross-block vector factors have grade 3d,s/2 > 3/2, since the
block sizes are distinct.

Fix r = (ry,re,r3) and write |r| = 71 + ro + 75 and Fp = [a"0™¢"3]F. Only finitely many
factors of the Pochhammer products and finitely many terms of their geometric expansions can
contribute to this coefficient. Thus F, is a finite Laurent polynomial, symmetric separately
in each set of block holonomies. A monomial contributing to it contains at most |[|r|]
positive-grade factors, counted with multiplicity. Its exponent in any individual z or w
therefore lies between —||r|| and ||r|]. This bound controls the complete one-loop coefficient
before any pole is substituted.

Consider one w,, contour at this fixed grade, keeping the other holonomies nonzero and
generic. The factor C has a zero of order n,, at w,, = 0, whereas A(w, ) has a pole of order at
most n, — 1. Including the Chern—-Simons power and the measure, the part of the integrand
that can be singular at the origin obeys

Na -1
Zo,p!
wkzo‘ "A(w )H (1 — —p> Fe(z,w)

p/:1 waap

= O(wEh=~lry . (72)

Consequently the origin is regular whenever kN, > ||r||. At fixed grade the integrand is
rational in the w variables, and its only other poles are w,, = 2o Within the same block.
The same bound applies successively to every w integral.

Only permutation assignments survive the within-block vector zeros. For any such
assignment, the non-pole factors of C cancel [[, A(w,) at the residue, while the product
of Chern—Simons monomials is one. Summing the permutations cancels one Weyl factor.

Hence, if kmin, N, > ||r|],

dz
rlbrg 3 I o,p o fr
[a JZaBanga = TN /(I{H%mza,p g A(za) Fr(z, 2)
:[ 1y TS]ZXV];JMICA (73)
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This proves Eq. (70), including the remaining z-holonomy projection. For any fixed total-
grade cutoff D, all coefficients through that grade agree once k(A + min, v,) > | D|. The
expansion at fixed grade reduces the contour calculation to finitely many poles, so the proof
requires no exchange of the large-A limit with the infinite pole families accumulating at
w = 0. Equation (70) is a formal coefficientwise statement; it does not assert uniform analytic

convergence in the fugacities.

Evaluation of the selected Higgs residues

We now reduce the selected residues to the one-holonomy integral in Eq. (52).

With N, = A + v, and fixed v,, Eq. (51) gives

Hgg’“o(x) = lim Hgg"t(:n)

A—oo

= (1 —a) %> HIC )das qlan/ 2 | (74)
=0

The following calculation identifies their remaining integrand with Z|H™°"°].
We begin with the simple pole responsible for each individual w residue. Setting d = 0 in

Eq. (59) gives
(ab/x; q)oo(q/7; q) oo (aCT; @) oo (bCT; q) o

o) = ) (0 ) ) (50 )
The only factor singular at x = 1 is (z;¢)2!. Using
(@3 @)oo = (1 = 2)(47; ) ox; (76)
we find
() = (80T Doo(a/3 @)oo (021 ) oo (e ¢) o
DBl = ) b ) ) 7
Taking  — 1, the two factors (¢; )~ cancel, so
Tl — o _(ab; @)oo(ac; ) oo (b¢; @)oo
pl — @)Bole) = (@5 @)oo (b5 @)oo (€5 @)oo (78)
For a = g, Eq. (74) gives
He () = —— [ Kla'n)
_ (abz; Q) (acw Q) (bew; g)oo. (79)
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Here the factor 1 — z in KC(z) is canceled against the displayed 1 — 2 in the denominator

before setting x = 1. Hence

oo (1) — (ab; @)oo (ac; @)oo (b€ @)oo

80
(@ @)oo (b5 @)oo (€ @)oo (80)
Consequently,
lm(1 - ) () = H2(1). 1)
z—
This is the residue needed for one diagonal pair (24,,Wap). Set © = z4,/Wa,. Near
Wa,p = Za,p;
l—gp=1——22 _ Jor” Zop (82)
Wep Wap
Therefore
dwap ’ZCYP mono
Resw, =20, L dg ’ = H2o"(1). (83)
PP Wayp Weap

We next prove the identity that combines the remaining matter factors with the two
vector determinants. For any pair of blocks a, 8, direct multiplication of Eq. (59) and its

x — 71 image gives

[(1 . qdaﬁ/2x) (1 . qdaB/Qx—l)]z (I)daﬁ(x)q)daﬁ(x—l)

_ (1 _ qdaﬁ/zx) (1 _ qdaﬁ/%*l)
(abq®s/%x; q) oo (acq?s/21; q) oo (beq®# /%25 q) o
(aq®8/2x; q) oo (bq®s/2x; q) oo (cq?s 2 x5 @) 0o
(abq®#/? | z; q) oo (acq?r/? | z; @)oo (beg®h % |15 ) oo
(agq?es/? | 2; q) oo (bg?s/2 |25 q) oo (cq@8/2 25 )

(84)

The reduction from the first line to the remaining lines uses Eq. (76) twice. For example,

(" 25q)s 1

(¢¥21;9)0e 1 —q¥22’

(85)

with d = d,g, and similarly for #='. The right-hand side can now be recognized from the

limiting BMN kernel. Multiplying the infinite product in Eq. (74) gives

H ((—1)%72)

 1—q®Pr (abg®?x; q) oo (acq®t 2 a; q) oo (boger P a; q) o (86)
(1= (=1)dasz)’? (aqs2a; q)oo(bglesx; q) o (cqerPas @)oo
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Here the factor 1 — ¢%#/2z comes from the ratio (¢%#/?2; q)s/(q'T%#/%2; ¢)os. Multiplying
Eq. (86) by its x + 27! counterpart and comparing with Eq. (84) proves

[(1 . qda6/2x) (1 . qda/ﬁ/QI—l)}Q q)da (C(])q)d (1’_1)
= [(1—2)(1 — 2] HIgvo((—1)%e ) Hyoro((—1)%sa") (87)

For a = f3, the factor (1 — z)(1 — x~!) on the second line is one of the factors in A(ug) in
Eq. (13). For a # 3, 05 = 0, so no such factor remains between different blocks.
We can now carry out the w integrations. Consider first the n, matter factors whose

poles are taken,

Tn(5). S

Equation (83) shows that their residues give
H Hmono (89)

Next choose two distinct eigenvalues 2, ,/, 20, With p # p’ in the same block «. Before taking
the residue, this unordered pair appears once in each orientation. After setting w = z, its

complete contribution is
Zap! zZ, 2 Zap! zZ,
(-2 (-2 ()0
Za,p Za,p! Za,p Za,p!
Zap! Za Za,p! RZa
() (e ()
Za,p Za,p Za,p Za,p!
where Eq. (87) was used with d,, = 0. Taking the product over all unordered pairs p, p’ gives

Aza) [T Hze (Za—p) . (91)

z
D wp

Combining this with Eq. (89) fills in the missing p = p’ terms and yields

Atea) TT e (222, (92)

pp'=1 Fap

For two different blocks v # (3, there is again one factor in each orientation. Since now

dop = 0, Eq. (87) gives

;ngono ((_1)%6@) Hm;no ((_Ddaﬁ@) ) (93)

Za,p ZB,p'
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This accounts for the complete unordered pair of cross-block eigenvalues.

Finally set

Ua,p = (_1)Naza,p- (94)

The measure and the within-block Vandermonde are unchanged because all variables in a

fixed block are multiplied by the same sign. Moreover,

Upp _ (_1)N5—Na B _ (_1)daﬁ <8, (95)
Uev,p Za,p Zap
where Ng — N, and |[Ns — N,| have the same parity. The resulting integrand depends only
on holonomy ratios. Its common radius can therefore be changed from r, to one without
changing any ratio or crossing a pole. Therefore Eqs. (92) and (93), together with the

permutation sum, give

1 du
IpW — o,p A “
ABJIM,k;A —Ha ol ]{g O itie 1;[ (ua)

— Z[H™]. (96)

This is exactly the form of Eq. (52): on the selected residues, the w variables have been
eliminated, one ABJM Weyl factor has been canceled by the permutation sum, and the two
original gauge holonomies have become the single diagonal holonomy w.

This proves the level-independent common-integral identification for the plane-wave
contribution. Equation (70) controls its difference from the full two-holonomy index at finite

momentum.

FUSION COEFFICIENTS

The Letter compares the continuum monopole-harmonic and finite matrix-harmonic
ranges. Here we supply the additional comparison of their product algebras. Let ?j(riva_Nﬁ)/ 2
be normalized scalar monopole harmonics and let ?}%'B ) € Hom(CY#,CN+) be normalized

rectangular matrix harmonics. In a standard phase convention, the continuum fusion
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coefficient is

/ e (g(zva—szw)* (Ve Np) /297 (N5=N-) /2
S2

4:7T Jimi J2ma Jsms
(2ja + )23+ 1) iim J1,(Na—N2) /2
- \/ 21n+1 Cj?lm;j?’mi*Oﬂé7(Na—N;)/2j3v(Nﬁ—Nv)/2' (97)

Each Clebsch-Gordan coefficient can equivalently be written as a Wigner 35 symbol,

j1im io—j34m - jQ j3 jl
Clamagams = (Z1272 /25 41 - (98)

mo M3 —My

The finite matrix coefficient is

1n {(yw)* f/(aﬁ)?w}

A Jimy J2ma ~ jzms

i1+ (Ny—1)/2+(Na—1)/2 ~j1m
(_1)31 (Ny=1)/2+( )/ C_gglmgljgmg

jl j2 j3
(Ng —=1)/2 (Ny = 1)/2 (Na = 1)/2

x /A (255 +1)(2j5 + 1) (99)

where N, = A + v,. At fixed j; and fixed differences N, — N3, the Wigner 6j symbol obeys
8]

i J2 J3
(Ng=1)/2 (Ny =1)/2 (No —1)/2

J1,(Na—N~)/2
— CjQ,(Na*N;)/ng,(Nngw)/Q' (100)

(=1 H D2+ Na1)/2 /5T

Substitution into Eq. (99) reproduces Eq. (97). Thus the large common momentum removes

both the upper harmonic cutoff and the finite-matrix deformation of the fusion coefficients.

LOW-RANK CHECKS BY CONSTANT-TERM EXTRACTION

Consider two sectors with n; = ny =1 and (Ny, Na) = (3,4) or (4,5). Their BMN ranks
are N = 7 and 9, respectively; both have ABJM gauge rank r = 2 and m = 11} = (— Ny, —Ns).
Seta=b=c=t?>and ¢ =1% with 0 <t < 1.

The common shift (3,4) — (4,5) keeps d12 = 1 and therefore leaves the plane-wave index
unchanged. The theoretical onsets of the two corrections in Eq. (4) of the Letter follow from

the cutoff and pole factors. Comparing Eqgs. (51) and (74), the earliest omitted factor comes
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from the smaller diagonal block: K(¢™) = 1 — t%" 4 O(t%"+2). All other omitted factors
start at higher degree, so the harmonic tail is predicted to begin with —¢6"t,
For the non-plane-wave correction, the lowest competing diagonal pole in Eq. (64) is

wy = czp, with wy = 2z5. Its Chern—Simons weight is

—kNa, kN _ kN
Hza:p Wy =" (101)
a7p

wi=cz1, wa=z2

After taking the pole from (1 — cz;/w;)™! in Eq. (75), the remaining factor gives

(1—21/11}1)_1‘ = — = —t2+0(t4)

w1=Cz21 1 —c

All other factors and the remaining holonomy integral have leading term one. This residue

—t2kN1+2  The analogous pole in the larger block

therefore predicts the leading correction
starts at t2*V2+2_ Every other nontrivial pole ratio has t-degree at least three; power counting
the complete one-loop prefactors in Eq. (60) gives nonnegative degree. For the sectors and
levels considered here, 3k N7 > 2kN; + 2, so these residues cannot contribute earlier.

Thus the predicted harmonic-tail onsets are '8 and ¢** for (3,4) and (4, 5), respectively.
The predicted non-plane-wave corrections start at t2 and ¢! for k£ = 1, and t'* and ¢*® for
k = 2; all predicted leading coefficients are —1. We expand the two sectors through ¢'* and
t2* to test both predicted corrections.

We use the constant-term extraction method described in Sec. 4.4 of Ref. [4]. We first
expand the integrand with respect to ¢t to a finite order before integration, keeping the
holonomies as Laurent monomials. For the given finite order of ¢, only finitely many factors

in the integrand contribute, as shown later. The contour integrals then select the terms with

zero power of every holonomy, since

dz
= dpp. 102
j{ 2mix o &0 (102)
We denote this projection by [zY].
On the BMN side, write u, = 14,1 and & = ug/uy. The overall holonomy decouples, and
Eq. (52) reduces to

T[H] = [°] [H1y(1) Hyo(1) Hyo () Hyy (z7)] (103)

Inserting H™?* from Eq. (51) gives the finite BMN index; inserting H™"° from Eq. (74) gives

the ABJM plane-wave contribution. The removable diagonal factors are canceled before
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expansion, as in Eq. (54). The overall U(1) multiplet contribution is retained. All Weyl
factors are one for ny = ny = 1.
For the full ABJM sector, abbreviate z, = 2,1 and w, = w,,1. Equation (60) becomes

w kNy w k‘Nz
R ONG
21 Z9

A0e) ()
. (I)O(wl) (I)O(ub) b (Z_lz) . (%) ]7 (104)

where @, is evaluated at a = b = ¢ = t* in Eq. (59). The Laurent expansion is fixed by the
contour chamber |2;| = |2| = t'/? and |w;| = |w;| = 1. Each denominator factor is expanded
geometrically in this chamber; in particular, the two factors of t-degree zero are expanded as

1 Za ha
=y (=) ., a=12 (105)
ha>0

1 — zo/w, We

Their truncation is fixed by holonomy charge balance. The classical Chern—Simons monomial
in the first line on the RHS of Eq. (104) has total z-power —k(N; + N3), and each inverse
matter ratio wg/z, in the last line costs at least t2. Consequently, h; + hy < 7k + 9 suffices
through t'® for (N1, Ny) = (3,4), and hy + hy < 9k + 12 suffices through t** for (4,5).
All remaining factors have finite expansions at the chosen order. After multiplying them,
including the Chern—Simons monomial, we keep only the coefficient of 2929w{w3.

The constant-term results in Tables I and II test these predicted leading corrections and

coeflicients.
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TABLE L. Coefficients of #/ for (nq, N7) = (1,3) and (ng, No) = (1,4). The common sector label is

suppressed in the column headings. All odd-power coefficients through ¢'® vanish.

J IpMN I EIM ZaBIM,1 IaBIM,2
0 1 1 1 1
2 6 6 6 6
4 15 15 15 15
6 21 21 21 21
8 21 21 20 21
10 30 30 27 30
12 Y Y 52 Y
14 57 57 50 51§
16 12 12 3 10
18 38 37 27 33
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TABLE II. Coefficients of t/ for (n1, N1) = (1,4) and (n2, No) = (1,5), with the same column

conventions as Table I. All odd-power coefficients through ¢?* vanish.

J IpMN I EIM ZaBIM,1 IaBIM,2
0 1 1 1 1
2 6 6 6 6
4 15 15 15 15
6 21 21 21 21
8 21 21 21 21
10 30 30 29 30
12 Y Y 54 Y
14 57 57 52 57
16 12 12 5 12
18 37 37 28 36
20 150 150 139 148
22 108 108 96 104
24 -78 -79 -95 -85

* Contact author: cmchang@tsinghua.edu.cn
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