Positivity of supercritical LYZ pairs
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Abstract

We introduce the roots of supercritical Leung—Yau-Zaslow pairs and prove pointwise
strong positivity of the associated Schur forms. The resulting LYZ cones contain the pliant
cone on smooth projective threefolds, with strict inclusion on a Fujino—Sato threefold.
We also establish Hard Lefschetz and Hodge—Riemann relations for the associated Chern
classes on compact Kéahler manifolds in bidegrees 1 < p + ¢ < dim X with min{p, ¢} < 1.
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Introduction

The Leung—Yau—Zaslow (LYZ) equation arises as the mirror counterpart of the special
Lagrangian equation. In the semi-flat setting of dual torus fibrations [SYZ96], Leung—Yau—
Zaslow [LYZ00] showed that the Fourier-Mukai transform translates the special Lagrangian
condition into an equation for a line-bundle connection, which we call the LYZ equation.

Let (X,w) be a compact Kahler manifold of dimension n > 2, and let « be a smooth
closed real (1,1)-form. In the supercritical phase, the equation takes the form

Zarceot/\i(x)zﬁe 0,7), z e X,
i=1

where \;(z) are the eigenvalues of o with respect to w and arccot: R — (0, 7). We call such a
solution (ov,w) a supercritical LYZ pair. A pair of cohomology classes ([a], [w]) is supercritical
if it admits such representatives.

For the solvability of the LYZ equation, Collins—Jacob—Yau [CJY20] conjectured a Nakai—
Moishezon type criterion in the supercritical phase branch and proved it for surfaces. Gao
Chen [Che21] established a criterion involving uniform stability along test families. Building
on this work, Chu-Lee-Takahashi [CLT24, Corollary 1.5] proved the conjectured criterion on
projective manifolds in the supercritical phase. The resulting inequalities express positivity
of a sequence of homogeneous polynomials in [a] and [w] on proper subvarieties.

In this paper, we organize these homogeneous polynomials appearing in Nakai—-Moishezon
type criteria as the Chern classes of a collection of real (1, 1)-classes. Schur positivity and
Hodge-Riemann properties of these classes provide a new perspective on the positivity implied
by supercriticality.

More precisely, for a cohomological supercritical LYZ pair ([a], [w]) of phase 6, we define
its collection of LYZ root classes by

0+ jm
n—1

R[a],[w} = {[D0]7 BRI [Dn—Q]}v [D]] = [a] — cot [w]

Elementary symmetric and Schur polynomials in these root classes define classes cm(R[a],[w})
and s, (Rja},[w))- Up to positive normalizing constants, the Chern classes are exactly the
classes appearing in the Nakai—-Moishezon type criteria (Corollary 1.10).

For representatives (a,w) solving the LYZ equation, these Chern forms ¢,,(«,w) are
pointwise strongly positive for 1 < m < n — 1, as follows from [CJY20, Lemma 8.2]. Our first
result shows that the Schur forms s, (a, w) are also pointwise strongly positive (Theorem 2.10).

Fulger-Lehmann [FL17] introduced the pliant cone, which is generated by products of
Schur classes of globally generated vector bundles. In [FL17, Sections 6.4-6.5], they ask how
the resulting cones compare, particularly for curves, and how other constructions of positive
classes fit into this picture.

Following this approach, we use supercritical LYZ pairs to construct such a cone on every
compact Kéahler manifold. Let C{%,(X) be the closed convex cone generated by products of
Schur classes of supercritical LYZ pairs, of total degree m. Theorem 2.11 gives

S"K(X) C CPp(X) C (B, (X)),  1<m<n.

an

The left-hand cone is generated by products of nef (1, 1)-classes, and the right-hand cone
consists of classes pairing nonnegatively with every m-dimensional analytic subvariety.

On smooth projective threefolds, our second main result gives a direct comparison with
the pliant cone. To be explicit, we prove

S?Nef!(X) C PL?(X) C Oy, (X) N N?(X)g C Nef?(X)



(Theorem 2.20). Moreover, we prove that the inclusion of the pliant cone in the LYZ cone
is strict on the smooth projective toric threefold of Fujino—Sato [FS09]. In particular, this
gives a threefold example of the separation between pliant and nef curve classes considered in
[FL17, Section 6.4].

The proof of the cone inclusion uses the Hodge—Riemann property of Chern classes of
ample vector bundles [PRT26, Proposition 3.8]. This connection suggests asking whether
the Chern classes of LYZ root classes satisfy analogous Hodge-Riemann relations or, more
generally, a Kéhler package comprising Hard Lefschetz, Hodge—Riemann relations, and
Lefschetz decomposition. In this direction, Fu—Yau-Zhang-Zhang [FYZZ26, Proposition 4.1
and Theorem 4.3] also obtained related Hodge-index inequalities on H>!(X,R), including
boundary cases of the supercritical LYZ equation.

Our third main result proves Hard Lefschetz and the Hodge—Riemann relations for the
Chern classes of LYZ root classes on compact Kéhler manifolds in bidegrees 1 < p+¢q <n
with min{p, ¢} <1 (Theorem 3.4). As a consequence, the Kéhler package holds in dimensions
three and four (Corollary 3.5). We conjecture that the Kahler package holds in arbitrary
dimension (Conjecture 3.6).

The paper is organized as follows. Section 1 introduces LYZ root classes and their
characteristic classes. Section 2 proves Schur positivity and compares the associated cones.
Section 3 establishes the Hodge—Riemann relations. Appendix A gives the toric intersection
data.
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1 LYZ root classes from supercritical LYZ pairs

Throughout this section, let X be a compact Kdhler manifold of dimension n > 2. We
write HM (X, R) := HY(X) N H2(X,R) for the space of real (1, 1)-cohomology classes and
denote the Kéahler cone by K(X).

1.1 The supercritical LYZ equation and its root polynomials

Let a be a smooth closed real (1,1)-form and let w be a Kéhler form on X. At each point
x € X, let Ai(x),...,\p(z) be the eigenvalues of o with respect to w, that is,

w=V-1) d'AdZ', a=V-1> Ndz'AdZ.
i=1 =1

When the central charge [y([a] + v —1[w])™ # 0, the topological phase § € R/(2nZ) is
determined by

eV /X([a] +VZI[w])™ € Rso.

A real lift of € is a number © € R such that # = © mod 27. For such a lift, the Leung—Yau—
Zaslow (LYZ) equation is

n
Zarccot Ai(z) =0 for every x € X,
i=1

where arccot: R — (0, 7).
Definition 1.1.

(i) A solution (a,w) of the LYZ equation is called a supercritical LYZ pair if © € (0, 7). In
this case, we denote the unique lift in (0, 7) again by 6.

(ii) A cohomological supercritical LYZ pair is a pair
([o], [w]) € VX, R) x K(X)
that admits representatives forming a supercritical LYZ pair.

For fixed classes [a] and [w], we choose a K&hler representative w and an initial represen-
tative o of [a]. Solving the LYZ equation with respect to w means finding a smooth real

function ¢ such that ~
ayp = o +V—190¢

forms a supercritical LYZ pair with w. Chu-Lee—Takahashi [CLT24, Corollary 1.5] proved
the following Nakai—Moishezon type criterion.

Theorem 1.2. Let X be a smooth projective variety of dimension n, and let
([e], (W) € HY(X,R) x K(X),
with 0 € (0,7) satisfying

/X (Re([o] + v =1[w])" ~ cot 0 Tm([a] + vV=T[u])") = 0. (1.1)

Then the pair ([a], [w]) is a cohomological supercritical LYZ pair if and only if, for every
irreducible proper subvariety Y C X of dimension 1 <m <n —1,

/Y (Re(lo] + v=T[u])™ — cot 0 Im([o] + v=1[])™) > 0.

4



The numerical inequalities in this criterion involve homogeneous polynomials in [a] and
[w]. We study these polynomials by first fixing a pair ([a],[w]) € H*(X,R) x K(X) and
0 € (0,7). For 0 < m < n, we define the real (m, m)-cohomology classes

[Pm] := Re([a] + v—1[w]))™ — cot § Tm([a] + vV —1[w])™. (1.2)

We set
s 1= cot 0, [k] :== o] — s[w].

Lemma 1.3. For every 0 < m < n,
[Pn] = Tm (s + V=1)([K] + (s = V=T)[]))™) .
Proof. Since [k] + (s — v/—1)[w] = [a] — vV=1[w] and [, [w] are real, we have
fm ((s +V=1)([] + (s = V=D)[])™) =Tm ((s + V=T)([a] + V=T[w])")

= Re([o] + v=Tw))™ — s Im([o] + v~ T])"
= [P].

With the same parameter s = cot 6, we define the homogeneous polynomials
Po(w,y) i=Tm ((s + V=T)(@ + (s = V=D)p)"),  m>0. (1.3)

Lemma 1.3 identifies the cohomology classes above as [P,| = Py ([x], [w]). In particular, (1.1)
is the equality [y[P,] = 0. We set pp,(x) := Py (z, 1). Differentiating (1.3) gives

0
%Pm(x) y) = umfl(xa y)
Setting y = 1, we obtain

a
T Pm

Example 1.4. The first four polynomials are

(x) = mpm—1(z), m > 1. (1.4)

pO(x) = 17 pl(l’) =,
po(z) =22 — (s> +1), p3(x)=a3—3(s®> + 1)z —2s(s*> +1).
Lemma 1.5. For every m > 1, the polynomial p,, has m simple real roots, given by

9+j7r)

0<j<m-—1. (1.5)

fhm,j := cot (
m

For m > 2, between each pair of consecutive roots of p,, lies exactly one root of pm—1.
FEaxplicitly,
Py > Pm—1,j > Hm,j+1, 0<j<m-—2.

Proof. For 0 < t < 7, we substitute z = cott — s into (1.3). Using s = cot #, we obtain
pm(cott — s) = Im((cot @ + v —1)(cot t — v/—1)™)
I (cos@ ++/—1sinf (cost —/—1sin t)m>
=Im

sin 6 sin™ ¢
Im eV~ 1(0-mi)
sin 0 sin™ ¢t
_ sin(0 —mt)
sin@ sin™t’



Taking t = (0 + jm)/m, 0 < j < m — 1, gives the m distinct roots in (1.5). These are all the
roots, since p,, is monic of degree m. Rolle’s theorem and (1.4) place exactly one zero of
Pm—1 between consecutive zeros of py,. O

1.2 LYZ root classes and their characteristic classes

The roots of p,_1 give the following cohomological construction.

Definition 1.6. Let n > 2 and let R := {[Do],...,[Dn—2]} be a collection of classes in
HYM(X,R). We call R a collection of LYZ root classes if the classes [D;] lie on an affine line
with Kihler direction [w] € K(X), and there exist [a] € HYY(X,R) and 6 € (0, 7) satisfying
(1.1) such that the classes can be ordered as

0+ jm
n—1

[Dj] := [a] — cot [w], 0<j<n-—2. (1.6)

If ([a], [w]) can be chosen to be a cohomological supercritical LYZ pair, we call R supercritical.

The pair ([@], [w]) and the phase € in Definition 1.6 are not a priori determined by R. On
a surface, we fix a class [x] with [k]? > 0 and a Kéhler ray. For each 6 € (0, 7), we choose [w]
on this ray so that [w]? = sin? 0 [k]?, and set [a] := [k] + cot § [w]. Then equation (1.1) holds
and R = {[x]}. Varying 0 gives infinitely many distinct pairs with the same root class [x].

Proposition 1.7. On a compact Kihler surface X, the space of cohomological supercritical
LYZ pairs is naturally identified with

{8, [w],5) € K(X) x K(X) x R = [K]2 = (14 5?)[w]?} .

Proof. Given a cohomological supercritical LYZ pair ([a], [w]) with phase 6 € (0, 7) satisfying
(1.1), its central charge [y ([a] + v/—1[w])? has positive imaginary part 2[a][w], so the pair
determines

_ [0 — [w)?

2[a][w]
By the solvability criterion on surfaces [CJY20, Proposition 8.5], the class [«] is Kéhler, and
equation (1.1) gives [x]? = (1 + s2)[w]?.
Conversely, given such a triple, we set [ := [k] + s[w] and 0 := arccot s. The Hodge index
theorem gives

= cot 0, (K] == [a] — s[w].

[a][w] = [K][w] + s[w]® > (V1 + 52+ s)[w]* > 0.

Since [a]? — [w]? = 2s[a][w], we have

] (el + V=Tw))? = 2lallel(s + V1),

whose argument is 6. The class [a] — cot 0 [w] = [k] is Kéhler, so the solvability criterion shows
that ([a], [w]) is a cohomological supercritical LYZ pair. The two constructions are inverse.
This completes the proof. ]

In contrast, for n > 3, the collection of LYZ root classes determines the triple uniquely.

Proposition 1.8. Let X be a compact Kihler manifold of dimension n > 3. There is a
natural bijection between triples ([a], [w],0) € HM(X,R) x K(X) x (0,7), with 0 satisfying
(1.1), and collections of LYZ root classes on X.



Proof. The assignment (1.6) defines the map from triples to collections of LYZ root classes.
It is surjective by Definition 1.6. N
To prove injectivity, suppose that two triples ([o], [w],#) and ([a], [©],0) give the same

collection R = {[Dy], [D1], ..., [Dn-2]}. We set
k] = [a] — cot O [w], [Q] = SE‘:L),
7l = [a] — cot 0 [@ Q) := ]
[F] == [a] — cot 0 [@], [ : g

Both [Q] and [©] are Kihler. The collection R defines Q(t) := ?;g (t + [Dj]). For the first
triple, the root factorization and the derivative identity (1.4) give

Q) = Paa(t+ (W [),  [1IQUH) = (”;L 1>Pm<m, ),

where 0 < m <n — 1 and [t*] denotes the coefficient of t*. The same formulas hold for the
second triple, with its phase 8. For every n > 3, the formulas in Example 1.4 show that
comparing the coefficients of t"~2 and t"~3 for the two triples gives

Thus [Q]? = [Q]2. We set H := [Q] + [Q] € K(X). Then
([0 - [QDHE" 2 = (O - [Q)H"® =0,

and thus the Hard Lefschetz theorem for H gives [Q)] = [€].
It remains to prove = . Suppose first that n = 3. Since pa(z) = x
classes are

2 — csc? 0, the root

[Do] =[] =[],  [D1] =[] + [2]. (1.7)
Using the common classes [k] and [€?], the phase equation (1.1) for the two triples becomes
0 = [k]® — 3[K][Q)% — 2cos 0 [Q)> = [k]® — 3[K][Y% — 2 cos O[> (1.8)

Subtracting and using [Q]? > 0 gives cos = cos 6.

Now suppose that n > 3. Comparing the coefficients of t"~# in Q(t) and cancelling the

nonzero factor ("gl) gives

[K]® — 3[K][)? — 2 cos O[> = [x]® — 3[K][)? — 2 cos O[>

The class [Q]? is nonzero because [[Q]" > 0. Subtracting therefore gives cosf = cos 0 in this
case as well. Since 60,0 € (0,7), we have § = 6. Consequently,

[w] = sin 0 [Q] = [@], [a] = [K] + cos 6 [Q] = [a].
The two triples are equal. This proves injectivity. O
For a collection of LYZ root classes R = {[Dy],...,[Dn—2]}, we define its Chern and

Schur classes by
Cm(R) = em([Do], ey [Dn_z]), SV(R) = Sy([D()], ey [Dn_z]),

where e, is the m-th elementary symmetric polynomial and s, is the Schur polynomial
associated with a partition v. We set ¢o(R) := 1 and ¢,,(R) := 0 for m <0 or m > n — 1.



Proposition 1.9. Let R be the collection of LYZ root classes defined by a triple ([a], [w], ).
We set [k] == [a] —cot O [w]. For 0 <m <n—1,

n—1
m = Pm 5 . 1.
n(R) ( - ) (15, [e) (1.9
Proof. By (1.5) and (1.6), we have P,,_;(z,y) = ?;g(:vfpn,my) and [D;] = [k] — pn—1,j]w].
Repeated differentiation of (1.3) gives 9, 1""P,_;(z,y) = (n;ﬂl)!Pm(a:, y) for0<m <n-—1.
Thus, for a formal variable t, Taylor’s formula gives

n—2

[+ [Dj]) = Puoa([s] + ¢, [w])
§=0
_ e 0 P (K] WD) et
B mZ::o (n—1—-m)! t
n—1 n—1
=2 ( . )qun], )
m=0
Comparing the coefficients of t"~1=™ gives (1.9). O

Corollary 1.10. Let X be a smooth projective variety, and let ([a], [w]) € HM (X, R) x K(X),
with 8 € (0,m) satisfying (1.1). Let R be the collection defined by (1.6) for this triple. Then
the pair ([, [w]) is a cohomological supercritical LYZ pair if and only if R is Chern positive,
that s,

/ch(R) >0

for every irreducible proper subvariety Y C X of dimension m, with 1 <m <n — 1.
Proof. This follows from Theorem 1.2 and (1.9). O

From now on, for a cohomological supercritical LYZ pair ([a], [w]), we always choose
smooth closed representatives (a, w) solving the LYZ equation with phase 6 € (0, 7). We write
Rial,jw) for the collection of LYZ root classes and Raw := {Do, .., Dyp—2} for the collection
of LYZ root forms, where we define

0 .

Dj :=a —cot —
and their Chern and Schur forms by

em(a,w) == en(Do, ..., Dp_2), sp(a,w) :=s,(Do, ..., Dp—2).

2 Positive cones from supercritical LYZ pairs
Let X be a compact Kihler manifold of dimension n > 2. We write
H™™(X,R) := H™™(X)N H*"(X,R)

for the space of real (m,m)-cohomology classes. Motivated by the mixed Schur products
defining the pliant cone [FL17, Definition 3.2], we consider the corresponding cone of Schur
classes of collections of LYZ root classes in cohomology.



Definition 2.1. For 1 <m <n, the m-th LYZ cone in H™"™(X,R) is

([evi], [wi]) are cohomological

. supercritical LYZ pairs on X,
Ci{37(X) := Cone H EN0) (R[oci],[W¢]) r>1, |V(i)| >1, . (2.1)
i=1

(DY <n—1, Z WD =m
i=1

Here each v() is a partition. We write |v/| for the sum of the parts of v and £(v) for its number
of nonzero parts.

In this section, we first establish pointwise strong positivity of the Schur forms and
compare the LYZ cone with products of nef (1,1)-classes and the dual cone of effective
analytic cycle classes. We then study its algebraic part on projective threefolds, proving that
it contains the pliant cone and that this inclusion is strict on the Fujino—Sato example.

2.1 Pointwise strong positivity of Schur forms

Let (o, w) be a supercritical LYZ pair with phase 8 € (0,7), and let Ro, = {Do, ..., Dn—2}
be its collection of LYZ root forms, where
04 i
T o<j<n-
n—1
For a partition v = (11 > --- > 1y > 0), let V// be its conjugate. The Schur forms are defined
by the determinant formula

D; =a— qjw, qj == cot

sy(a,w) 1= det(c,s iy j(a, w)) = s,(Dog, ..., Dp_2).

1<i,j<umn
We set
E (z,y) := su(x — qY, ..., T — Gn—2Yy).
Then
sp(a,w) = Fy(a,w). (2.2)
At a point p € X, we choose an w-orthonormal complex coframe dz?, ..., dz" diagonalizing
a. Then

w=+vV-1> d'AdZ', a=vV-1> MNdz'AdZ,
i=1 1=1

where \; = cot ¢;, ¢; > 0, and > i ¢; = 0.
Let v Fm with £(v) <n — 1. For angles 0 < ¢1,...,1,, < m, we define

m m
Cy(wl, oo ,¢m) = [tl ce tm] F, <Z t; cot "(bi, Ztl> . (23)
i=1 i=1
Here the notation [t - - - t,,] denotes the coefficient of ¢; - - - ,,. In this coframe, (2.2) gives

s@,w)=(=1™ 3 C((¢i)ier) dz! AdZ (2.4)
Ic{1,..,n}
|[I|=m
Here dz! := Nier dz* and dz! := dz!, with indices in increasing order.

To prove pointwise strong positivity of the Schur forms associated with R, it suffices to
show that every coefficient in (2.4) is nonnegative. We fix J C {1,...,n} with |J| = m and
consider Cy,((¢;)ics). We first prove nonnegativity when these m selected angles are all equal.
Then we use averaging to compare an arbitrary selected angle tuple with the equal-angle
tuple of the same sum.



2.1.1 Equal-angle case

Suppose that ¢; = ¢ for every ¢ € J. Since the selected angles have sum at most 6, we
have m¢ < 6, and the coefficient to be studied is C, (¢, ..., ¢).
We define the (n — 1) x (n — 1) Hermitian matrix M by

—cot =7,
M;j == ¢ —cot0 ++/—1, i>j,
—cotf —+/—1, i<},
and, for 0 < ¢ < 7, we set
Ky :=cosogl, 1 +sing M.

For the rest of this section, we write A[J] := (A;j)i jes for the principal submatrix indexed
by J, with indices in increasing order.

Lemma 2.2. The eigenvalues of M are —qo, ..., —qn—2, and those of Ky are
§i(¢) == cos ¢ — g;—1sin ¢, 1<i<n-—1

For every nonempty J C {1,...,n— 1}, with j = |J|, and x,y € R,

det(z1; + yM[J]) = Re(z + vV—1y)’ — cot 6 Tm(z + /—1y)’. (2.5)
Thus, every principal minor of K4 of order j is given by
sin(0 — jo)

sin 6

Proof. We write 1 := (1,...,1) € R/ and decompose zI; +yM|[J] = T+ (— cot 0 ++/—1)y11*,
where T is upper triangular, with diagonal x —+/—1y and entries —21/—1y above the diagonal.
By multilinearity in the columns, the determinant det(7 + ty11*) is affine in ¢. Indeed, every
term involving at least two factors of ¢ vanishes, since the corresponding columns are identical.

At t = 0 its value is (z — /—1y)/. At t = 2/—1, the matrix is lower triangular, with
determinant (z + /—1y)7. Thus,

det Ky[J] = . =4 (2.6)

det(T 4 ty11*) = (z — vV—1y)? + 2\/75_71((95 +V-1ly) — (z — V-1y)’).

Taking t = —cot 8 + /—1, we obtain
1 | 4
det(zI; + yM[J]) = 5(1 +v—1cotb)(z+v—1y) + 5(1 —+v—=1cotf)(x — v—1y)’
= Re(x +vV—1y)? — cot 0 Tm(z + v/ —1y),

which is (2.5). For j = n — 1 and y = 1, its zeros in x are precisely qo, ..., ¢,—2, which
gives the eigenvalues of M and hence of Kj. Substituting (z,y) = (cos¢,sin¢) gives
det K4[J] = cos(j¢) — cot @sin(j¢), which is (2.6). O

By homogeneity and (2.3), the eigenvalue formula gives

m)!

Cu(o,...,0) =m!F,(cotp,1) = $u(&1(d),s ... En1(9)). (2.7)

sin™

Moreover, (2.6) is nonnegative for j < min{m,n — 1}, since 0 < 6 — j¢ < m. The principal-
minor criterion therefore makes every principal submatrix of Ky of size at most m positive
semidefinite. The equal-angle case now reduces to the following linear algebra fact.

10



Lemma 2.3. Let K be an (n—1) x (n—1) Hermitian matriz with eigenvalues &1, ..., &{n—1, and
let v m with £(v) < n — 1. If every principal submatriz of K of size at most min{m,n — 1}
is positive semidefinite, then s,(&1,...,&,—1) > 0.

Proof. Let x¥ be the irreducible character of the symmetric group 5, indexed by v. For an
m X m matrix A, we define its v-immanant by

m

Imm, (A) := Z X" (o) H Aio(i)-

oESm =1

For a positive definite Hermitian matrix A, Schur’s immanant inequality [Hai93, Theorem 1.1]
states that
Imm, (A4) > x”(id) det A > 0,

where x”(id) is the dimension of the representation and is therefore positive. For A > 0,
applying this inequality to A + eI,,, and letting ¢ — 0% gives Imm, (A) > 0 by continuity.
For an ordered list of indices I = (i1,...,4y) with 1 < d1,...,4, < n — 1, allowing
repetitions, define
Kr = (Kigip)ap=1-

The immanant expansion of Schur polynomials [O098, Proposition 2.4 and Remark 2.6] gives

m!s, (&, €n—1) = Z Imm,, (K7). (2.8)

I=(i1,-yim)
1<iy,eeyim<n—1

Fix such an I, and list its distinct indices as j; < -+ < j,. Set J = {j1,...,j,} and define
R € R™*" by

1, o= jp,
Rap = { .a j.b
07 22 #]b

Then K; = RK[J]R*. Since r < min{m,n — 1}, the matrix K[J] is positive semidefinite
by hypothesis, and so is K;. Hence Imm, (K;) > 0 for every I. Every summand in (2.8) is
nonnegative, proving the claim. O

Corollary 2.4. Let v+ m with £(v) <n—1 and let 0 < ¢ < 7 satisfy m¢p < 6. Then

Cy(p,...,¢)>0.

Proof. We apply Lemma 2.3 to Ky and use (2.7). O

2.1.2 Averaging the phase angles

Let ¥1,...,%y > 0 have sum S < 0. By Corollary 2.4, C,(S/m,...,S/m) is nonnegative.
We will prove the following inequality by averaging:

Co (1, hm) > Co(S/m, ..., S/m).

Definition 2.5. The Young diagram of a partition v has v; boxes in row ¢, with rows aligned
on the left. For partitions p and v, we write u ' v if the diagram of v is obtained from
that of u by adding one box. We denote this box by v/u. If it lies in row ¢ from the top and
column j from the left, both numbered from 1, its content is

c(v/p) =7 —1i.

11



Example 2.6. For v = (3, 1), the partitions u v are (2,1) and (3). The shaded box is the
added box v/u, and its number is its content.

| — ] 2] (LT —[ ] 1]

-1

p=(2,1) v=(31) p=(3) v=(3,1)

The added boxes lie at (i,7) = (1,3) and (2, 1), respectively, so their contents are 3 — 1 = 2
and 1 —2=—1.

Lemma 2.7. With Fg := 1, for every nonempty partition v with {(v) <n —1,

OuF, = 3 (n =1+ (/) Fy,
w/v

where the coefficients
n—1+clv/p)=n—-1+v,—i>n—-i>1
are positive, with i the row of the removed box v/ .

Proof. We apply the diagonal-derivative formula [GKMK24, Remark 2.4] to s,(21,...,2n—1)
with zj := 2 — gr—1y. The chain rule gives 0, F), = >}, 0.,5,. O

Proposition 2.8. Let m > 2. Suppose that for every partition p = m — 1 with £(u) <n —1,
the coefficient C,, is nonnegative on every positive (m — 1)-tuple of sum at most 6. Let v+ m
with £L(v) <n—1, and let a,b, 3, ..., 1m > 0 satisfy a+b+ > " q1p; < 0. If ', b > 0 satisfy

a+b =a+b, la" = V| <la—1b|,
then
Cu(a, b, 93, thm) < Cyla, b, s, ... ). (2.9)
Proof. For convenience, we put 0 := a+b=a’ +b. With 13, ..., 1, fixed, the expression in

(2.3) is symmetric and affine in cot a, cot b respectively. Hence we can write

Cy(a,b, 3, ..., 0m) = A+ B(cota+ cotb) + D cotacotb
= (A+ D)+ (B+ Dcoto)(cota+ cotb),
where the second equality follows from the identity cot a cot b = 1 4 cot o(cot a + cot b), and
A, B, D are independent of a, b. To prove the desired result, it suffices to show B+ D coto > 0

and cota’ + cot b’ < cota + cot b.
To prove the first inequality, we define

P()\l, )\2) = [tl s tm]Fl, (tl)\l + tz)\g + Zti cot Q/)Z', Zt’> .
=3 =1

This is the polynomial in the first two cotangents defining C,,, so the same constants A, B, D
give

P()\l, /\2) =A+ B()\l + )\2) + DA )o.

Moreover, B + D cot o is the coefficient of u in P(u,cot o), since

P(u,cotc) = (A+ Bcoto) + u(B+ D coto).

12



To compute this coefficient from the definition of P, set

m
T = t2c0t0+2ticotwi, Y=
i=3

The coefficient of ¢; in F,(z + tiu,y +t1) is w0, Fy(z,y) + 0y F,(x,y). Taking the coeflicient
of ty---t,, then gives

P(u,coto) = [t1 - tm]Fy(z + tiu,y + t1)
= [t2 e tm] (UarF,/(ZE, y) + ayF,,(fL‘, y))
Since z,y are independent of u, comparing the coeflicients of u in these two expressions for
P(u,cot o) yields

-
I|
I\

B+ Dcoto = [ty tm]0xFu(z,y).
Applying Lemma 2.7 and then the definition (2.3) of C),, we obtain

B+ Dcoto = Z (n—1+c(v/p)Cu(o,vs, ..., 0m).
w/ v
Each weight is positive. The tuple (o,%s,...,%,,) has m — 1 positive entries and sum
o+ >t < 0, so every €, in this sum is nonnegative by the hypothesis. Hence
B+ Dcoto > 0.
Finally, since 0 < o <,
sino

sin?(o/2) — sin?((a — b)/2)’

The same formula holds for a’,’. The condition 0 < |’ — V| < |a —b| < o < 7 therefore gives
cota’ 4 cot b/ < cota + cot b. Together with B + D cot o > 0, this proves (2.9). O

cota + cotb =

Induction now gives the coefficient inequality for arbitrary angles.

Corollary 2.9. Let vt m with £(v) <n—1, and let 11, . ..,y > 0 have sum S < 6. Then

cy(zpl,...,%)zc,,(S,...,S> >0,

m m
Proof. We induct on m. For m = 1, the first inequality is equality and the second follows
from Corollary 2.4. Assume the claim for all partitions of degree m — 1. The hypotheses of
Proposition 2.8 are then satisfied. We put u := S/m. Unless all entries equal u, we choose
a < u < b among the entries and replace

(a,b) — (u,a+b—u).

At each step, one of the selected angles is replaced by u, and C), does not increase. After
finitely many steps, we obtain

C,(1,. .., 0m) > C,(S/m,...,S/m) >0,
where the last inequality is Corollary 2.4. This completes the induction. m

Theorem 2.10. Let (o,w) be a supercritical LYZ pair on a compact Kihler n-fold X, with
n > 2. For every partition v with 1 < |v| <n and {(v) < n —1, the Schur form s,(a,w) is
pointwise strongly positive.

Proof. We fix p € X and put m := |v|. For every J C {1,...,n} of size m, the angles (¢;);c.s
are positive and have sum at most 6. Corollary 2.9 therefore gives

Co((9i)ics) > 0.

By (2.4), the form s, (a,w) is a nonnegative linear combination of the strongly positive forms
(v-1) m*dz7 A dz’. This completes the proof. O
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2.2 LYZ positive cones and comparisons

We now pass from pointwise positivity to positivity of cohomological cones. For 0 < k < n,
let ﬁ:n(X ) denote the closed convex cone in H**( X, R) generated by the cohomology classes
of effective analytic cycles of codimension k. For any cone C, the notation S™C denotes the
closed convex cone generated by products of m classes in C. The dual of Eff,,, "' (X) is taken
with respect to

H™M(X,R) x H™™ (X R) — R, (€,1) — /X £Un.

Theorem 2.11. Let X be a compact Kahler manifold of dimension n > 2. Then

S"K(X) C Clp(X) C (B, (X)),  1<m<n. (2.10)
Proof. Let H be a Kéahler class. We choose a Kéhler form « representing it. We set
w = tan(m/(2n))a. All eigenangles of « relative to w equal 7/(2n), so (a,w) is a su-
percritical LYZ pair of phase /2. Proposition 1.9 gives ¢1(Rq) w]) = (n — 1)H. Applying
this construction to Kéhler classes Hy, ..., H,, yields
H,---H, HC1 il fwi]) € Cryz(X).

Taking positive combinations and limits proves the first inclusion.

By Theorem 2.10, every mixed Schur product has a smooth closed strongly positive
representative, which pairs nonnegatively with effective analytic cycles. This proves the
second inclusion. O

Corollary 2.12. Every compact Kéihler n-fold X, n > 2, satisfies Ciy,(X) = K(X).

Proof. Every generator of Cjy,(X) can be written as ¢1(R) = (n — 1)[x], where [x] is Kéhler.
Hence Cfy,(X) C K(X). The reverse inclusion is Theorem 2.11. O

2.2.1 The pliant cone and the LYZ cone on threefolds

We first express the preceding cone inclusions in terms of numerical cycle classes. Let X
be a smooth projective variety of dimension n. We write N*(X)g and Ni(X)g for the real
spaces of codimension-k and dimension-k cycles modulo numerical equivalence. The closed
cone generated by effective k-dimensional cycles is denoted by Psef;(X) C Ni(X)r. Its dual
under the intersection pairing is the nef cone Nef*(X) := (Psef;(X))Y € N*¥(X)r. We also
write Psef*(X) := Psef,,_;(X) under the identification N*(X)g = N,,_(X)r.

To relate these numerical cones to cohomology, we set

HJ™(X,R) = im cl: CH™(X)z — H*™(X,R)),
where cl is the cycle class map. The canonical surjection q: H, ;?gm(X R) - N™(X)g sends
an algebraic cohomology class to its numerical class.

Lemma 2.13. Let X be a smooth projective variety of dimensionn > 2. Then, for 1 <m < n,

S™ Nef! (X) C q(Cfiz(X) N HJ™ (X, R)) C Nef™ (X). (2.11)

Proof. The right inclusion follows from (2.10) by intersection with effective cycles. To prove
the left inclusion, let v € S Nef! (X). We choose a sequence y; — - of finite nonnegative sums
of products of ample divisor classes. Let §; be the corresponding cohomological classes. By
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(2.10), & € Cf37(X) N H ™ (X, R). We fix an ample divisor class H. Pairing positive smooth
representatives of the classes {; with smooth representatives of a fixed dual cohomology basis
gives

6l < [ U =cay-mrm

Here we use a fixed cohomology norm || - ||, and the constant C' is independent of j. The
right-hand side is bounded because 7; — . Thus a subsequence of &; converges to a class

£ € Otz (X) N H™ (X, R). Continuity of ¢ gives ¢(§) = v, proving the left inclusion. [

Now let X be a smooth projective complex threefold. In degree two, the map ¢ is an
isomorphism. Indeed, for an integral ample divisor class H, Hard Lefschetz and the Lefschetz
(1,1) theorem give Hsl’gg(X, R) = H - N'(X)g. The Hodge index theorem makes the pairing
H AB nondegenerate on N!'(X)g, so the canonical surjection is injective in this case. We
therefore identify N?(X)g with H fng (X,R). Under this identification, we will strengthen the
inclusions (2.11) by proving PL*(X) C C%,,(X) N N?(X)g.

By [FL17, Definition 3.2], the pliant cone in degree two is

PL?(X) := Cone{S(Ll)(E), s@)(E), c1(E)ei1(F) : E, F are globally generated bundles}.
The following lemma reduces these generators to second Chern classes.

Lemma 2.14. On a smooth projective threefold X,

PL?(X) = Cone{co(F) : E is a globally generated vector bundle}.

Proof. Every class on the right lies in PL?(X) by definition. For the reverse inclusion, we
express the other two types of generators as second Chern classes of globally generated
bundles. For a globally generated bundle F, let Mg denote the kernel of its evaluation map,
so that

0 — Mg — H°(E)® Ox — E — 0.

Dualizing gives a surjection H°(E)* ® Ox — M. Thus the dual bundle M) is globally
generated. The Whitney formula gives

CQ(M%) == CQ(ME) = Cl(E)2 - CQ(E).

For globally generated bundles E and F', the line bundles det £ and det F' are globally
generated, so their direct sum is globally generated and

Cg(det E @ det F) = C1(E)01(F).
This completes the proof. O

The following lemma gives a criterion for a product of two divisor classes to lie in CZy,(X).

Lemma 2.15. Let A,B € NY(X)r. Suppose that B + A and B — A are ample,
AB € int Nef?(X), and

A%(3B — A) >0, B%(B - 34) > 0.

Then AB € C%y(X).
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Proof. The two positive intersection numbers in the hypotheses determine a unique 6 € (0, )
by

A%(3B — A) — B%(B — 3A)

A2(3B— A)+ B%(B—3A)

cosf =

We set
_A+B B-A

[K] : 5 [w] = 5 sin 6, [a] == [k] + B cos 6.

Since [w]/sinf = (B — A)/2, we have

4([k]® — 3[x]([w]/sin 0)?) = A%(3B — A) — B*(B — 34),
8([w]/sin8)® = (B — A)> = A%(3B — A) + B*(B — 34).
By the choice of 6 and the identity (1.8), these equalities give [y P3([], [w]) = 0. By (1.7),
the associated LYZ root classes are A, B, so their Chern classes are ¢c; = A+ B and ¢o = AB.
The assumptions make |[w]| and ¢; ample, while ¢y pairs positively with every irreducible

surface. Corollary 1.10 therefore shows that ([a], [w]) constructed as above is a cohomological
supercritical LYZ pair with co = AB. This completes the proof. O

To apply Lemma 2.15 to a curve class, we fix an ample class H. The Hodge index theorem
makes multiplication by H an isomorphism

Lyg: NY(X)r — Ni(X)g, D+~ DH.
Following the notation in [PRT26, Definition 3.2], for a curve class I', we write

r
—:=L;T),  so that Ho =T

Definition 2.16. Let X be a smooth projective complex threefold. Let I" € N1(X)gr be a
curve class and H be an ample R-divisor. The pair (I', H) is called a Hodge—Riemann pair if

HT' >0
and )
r
H| = 0
(&) >
Corollary 2.17. Let T’ € int Nef?(X) and let H be ample. If
T 2
H| = 0
(&) >0

then T € C2y,(X).

Proof. We put A :=ul'/H and B := H. For small u > 0, the classes H = A are ample and
AB = ul € int Nef?(X). Moreover,

A%2(3H — A) 2 r 2
H*(H — 3A) = H® — 3uHT — H® > 0.

Lemma 2.15 realizes uI' as the second Chern class of a collection of LYZ root classes. Since

C%,,(X) is a cone, it also contains T'. O
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We next apply the Hodge—Riemann property of ample vector bundles to the criterion in
Corollary 2.17. We use the following threefold Chern-class case of [PRT26, Proposition 3.8].

Proposition 2.18 ([PRT26], Proposition 3.8). Let X be a smooth projective complex threefold,
let E be a vector bundle of rank v > 2, and let H € Amp'(X) and ¢ > 0. If the R-twisted
bundle E. := E ® Ox(eH) is ample, then cz(E:) € int Nef?(X) and

(ca(Ee), (r = D)er(E2))
is a Hodge—Riemann pair.

Corollary 2.19. Under the hypotheses of Proposition 2.18, the pair (c2(E:),c1(E:)) is a
Hodge-Riemann pair, and c2(E.) € C%,(X).

Proof. By Proposition 2.18, the pair (c2(E;), (r — 1)c1(E;)) is a Hodge-Riemann pair, and
by rescaling the second component by 1/(r — 1) > 0 it is clear that (ca(E:),c1(E:)) is again
a Hodge Riemann pair. Moreover, by Proposition 2.18 we have cy(E.) € int Nef?(X), and
c1(FE:) is ample since E. is ample. Then we can apply Corollary 2.17 to (c2(E:),c1(E:)) to
obtain c2(E.) € C%,(X). O

Approximating globally generated bundles by ample twists now yields the desired cone
inclusion.

Theorem 2.20. For every smooth projective complex threefold X,
S?Nef!(X) C PL?(X) C (Cfyz(X) N N?*(X)r) C Nef?(X). (2.12)

Proof. The inclusion S% Nef!(X) C PL?(X) follows from c1(L)c1 (M) = co( L& M) for globally
generated line bundles L, M.

For PL?(X) C C%,,(X), Lemma 2.14 reduces the problem to a globally generated bundle
E of rank r > 2. We fix an integral ample divisor H and for € > 0 we set E. := E® Ox(eH).
Since a globally generated bundle is nef, the twist E. is an ample R-twisted vector bundle.
Corollary 2.19 therefore gives co(E.) € CZ,(X).

A direct computation shows that

c2(E:) =co(E)+ (r—1)eHey(E) + (;) e2H?.

We have cy(E.) — c2(E) as € — 07, and thus c3(FE) € Cfy,(X). This shows the second
inclusion. The last inclusion follows from Lemma 2.13. O

2.2.2 Strict inclusion on the Fujino—Sato threefold

Let X = Xpg be the smooth projective toric threefold of [FS09, Example 4.2]. Its
cohomology is generated by divisor classes [CLS11, Theorem 12.4.4], so H?>?(X,R) = N?(X)g.

We prove that PL?(X) C C?,,(X) is strict by constructing a special class T', in the
LYZ cone. If T, belonged to the pliant cone PL?(X), Lemma 2.23 would give a sequence of
Chern classes with prescribed limiting properties. Lemma 2.24 would then yield a special
factorization of 'y, contradicting its construction. Appendix A gives the fan and intersection
data used below.
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2.2.2.1 The candidate class

Let Ni,..., N5 be the nef basis in (A.1), and let Dy,..., Dg denote the invariant prime
divisors, numbered as in [FS09, Example 4.2]. The cone computations in Appendix A give

Nef!(X) = Cone(Ny, ..., Ns),

2.13
Psef!(X) = Cone(Dy, D5, Dg, D7, Dg). (213)

We set K := Nj 4 --- 4+ Ns, an integral ample class. For our example, we choose the integral
divisor M and define Iy by

M := —3N1+ 2Ny — 4N3 + Ny + 6N5, (2.14)
T := N4M. (2.15)

The values in (A.4) and (A.5) give
M?*N; =0,  M?N;>0 (i#4), MK?>0. (2.16)

Thus the curve class M? vanishes precisely on the nef ray generated by Ny4. In particular,
MT, =0 and M2H > 0 for every ample class H.

Equation (A.3) shows that the generators of Psef!(X) pair nonnegatively with T', and
strictly positively with K M. Moreover, D1T", = 2, so Iy, # 0. By (2.13) and the duality
Nef?(X) = (Psef!(X))V, we obtain

0#T, € Nef?(X), KM ¢ int Nef?(X). (2.17)

Since the ample cone is open, K — eD; is ample, hence pseudoeffective, for sufficiently small
e > 0. Thus (K —eD;)I'x > 0, and

KT, > eDiT, = 26 > 0,
where D;I'y = 2 follows from (A.3) in Appendix A.
Lemma 2.21. The class T'x = NyM belongs to CE,,(X).
Proof. For u > 0, we set
H, = Ny +uK, ry=HM=T,+uKM.

The class H, is ample, and (2.17) gives I', € int Nef?(X). Moreover, I'y/H, = M and
H,M? = uKM? > 0 by (2.16). Corollary 2.17 gives I';, € C%y,(X), and closedness gives
I, € Cy(X)asu— 0T, O
2.2.2.2 Limits of normalized Chern classes

The weak Hodge-Riemann inequality for globally generated bundles shows that M is
nonnegative on the pliant cone.

Lemma 2.22. The divisor M satisfies M~y > 0 for every v € PL?(X), with MT, = 0.

Proof. We have MT', = M?N4 = 0 by (2.16). By Lemma 2.14, it remains to prove Mca(E) > 0
for every globally generated bundle E with co(E) # 0. For such a bundle E and a divisor
class A € N1(X)g, we first show that

A(E)=0 =— A’¢(E)<0. (2.18)
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Since FE is globally generated, the class co(E) is represented by an effective curve cycle [Ful98,
Example 14.4.3(i)]. As c2(E) # 0, ampleness of K gives Kca(E) > 0.

For ¢ > 0, the twist E. := F ® Ox(¢K) is an ample R-twisted bundle, and Proposi-
tion 2.18 gives co(E.) € int Nef?(X). Since K is ample and hence pseudoeffective, we obtain
Kcy(E:) > 0. If Aca(E) = 0, we define

A 4 AelBe) yo
KCQ(ES)
A direct computation gives
Aco(E
Acca(E.) = Aca(Ez) — KCZ((ES))KCQ(EE) = 0.
€

Then Corollary 2.19 gives A2ci(E.) < 0. Moreover, Acy(E.) — Acy(E) = 0 and
Kco(E:) — Kea(E) >0, s0 A. — A. We obtain (2.18) by passing to the limit.

Since FE is globally generated, the class ¢;(E) is nef. Hence ¢;(E)M? > 0 by (2.16). By
the definition of the pliant cone and [FL17, Lemma 3.7], we have

c1(E)? — c2(E) = s9)(E) € PL*(X) C Nef?(X).

Pairing with K gives Kci(E)? > Kca(E) > 0, so ¢1(E) # 0. The nonzero nef class c;(E) is
pseudoeffective. Since KM € int Nef?(X) by (2.17), we obtain ¢;(E)MK > 0.
If Mcy(E) <0, weset t :=—Mca(E)/(Kca(E)) > 0. Then (M +tK)ca(E) = 0, but

(M +tK)?c1(E) = c1(E)M? + 2te) (E)MK + t2¢,(E)K? > 0,
contrary to (2.18). Hence Mco(E) > 0. This completes the proof. O

We will use this supporting inequality to constrain the Chern limits of bundles whose
second Chern classes approach M~ = 0.

Lemma 2.23. Assume that 'y € PL2(X). Then there are globally generated bundles E; of
ranks at least two, with ci(E;) = >, hijNi, hij >0, and SO hi; >0, such that
E; E; I, Kceo(E;
051( i) — Ny, c2(Ej) N ’ 502( i) S
D=1l Kea(E;) KT (Xt Toe )

— 0. (2.19)

Proof. By Lemma 2.14, the cone PL?(X) is the closed convex cone generated by the classes
ca(FE) of globally generated bundles. Since T'./(KT) € PL?(X), there are finite sums

Iy
Gj = XZ: ajica(Eji) — g0 i >0,

where each F;; is globally generated and ca(E;;) # 0. In particular, rk(E; ;) > 2. Each co(E} ;)
is represented by a nonzero effective curve cycle, so ampleness of K gives Kcy(FEj;) > O
Lemma 2.22 also gives Mco(FEj;) > 0. Moreover, KGj — 1 and MG; — 0.

We choose Ej so that MQ((g)) = min {MC2 L Z)} Then

Kco(E

K
< ]\/[02(5) < Z ajiKca(Eji) Mca(Eji) — MG

= — 0.
- KCQ( ) KGJ KCQ(E]"Z‘) KGJ
By compactness of {1 € Nef?(X) : Kn = 1}, we pass to a subsequence such that
2(EJ)
— T, KT =1, MT = 0.
Keo(Ej)
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Since E; is globally generated, the class ¢1(E;) is nef. We write ¢1(E;) = E?:l h; ;j N;, with
h;; > 0. The class ¢1(E;)? — co(E;) is pliant and hence nef by [FL17, Lemma 3.7]. Pairing
with K gives

0 < Kea(Fj) < Key(Ej)*
Thus ¢;(E;) # 0 and 327_; hy; > 0. The vectors (L %7]) have nonnegative

Sy’ S ey

entries summing to one, so they lie in the compact standard simplex

5
{(l’l,...,l‘g,) ER;0:Z$121}.

i=1

Within the subsequence along which ca(E;)/(Kca(E;)) — I', we therefore choose a further
subsequence indexed by ji such that
hi j >
= —h (i=1,...,5), hi >0, > hi=1.
> =1 he i=1

Relabelling j; as j, we obtain

) 5
7651(]‘%) — H:=3 hN..
> 0=1 ha,; i=1

We claim that relation (2.18) holds for the limit pair (I, H). Indeed, suppose that a divisor

class A satisfies AI' = 0. We define A; := A — 22((% )) K. Then

Aj — A, AjCQ(Ej) =0, Agﬂ <0

by (2.18). Passing to the limit gives
AT=0 = A’H<0. (2.20)

Inequality (2.20) first determines the limit H of the normalized first Chern classes. Since
MT = 0, we can take A = M in (2.20). Using M2N; = 0 and M2N; > 0 for i # 4 from
(2.16), we obtain

0> M?*H =Y hi(M*N;) > 0.
i#4
Every summand must vanish. Thus h; = 0 for ¢ # 4, and _, h; = 1 gives hy = 1. Therefore

H = Ny.

Inequality (2.20), together with H = Ny, also determines the second Chern limit I". We
claim that every divisor class A with AI' = 0 also satisfies AI'y = 0. Indeed, for such an A,
we have (M + tA)T = 0 for every t € R. Applying (2.20) with H = N4 and using NyM? = 0
and NyM =T, gives

0> Ny(M +tA)?
= NyM? + 2tN,M A + t2 N, A*
= 2T, A+ t>N, A2,
Dividing by ¢ > 0 and letting t — 0T gives I'y A < 0. Dividing by ¢ < 0 reverses the inequality,
and letting ¢ — 0~ gives I'yA > 0. Thus I'y A = 0. By the construction of I'; we have KT = 1.
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For any divisor class A, the class A — (AT') K therefore has zero intersection with I'. By the
preceding claim, we have

0=(A— (AD)K)T, = AT, — (AT)KT,.

It follows that AT' = AT',/(KT,) for every divisor class A. By numerical equivalence of curve
classes, this means I' = T, /(KT,).
It remains to prove Kca(E;)/(39_1 hej)?> — 0. We use the effective divisor Dg. The values
in (A.3) and (A.5) give
DgNi =0,  Dgl, > 0. (2.21)

Both c3(E;) and ¢ (E;)? — ca(E;) are pliant and hence nef. Since Dy is effective, pairing these
two classes with Dg gives 0 < Dgca(Ej) < Dgcl(Ej)Q, and thus

Kcy(Ej) Dgea(Ej) c1(Ej) ’
0 Ds\ <5 — | -
= (S hey)? KealBy) = (z he,)

Since c2(E;)/(Kca(E;)) — Tw/(KT.) and ¢1(E;)/(30_1 hej) — Nu, by (2.21) we obtain

DgCQ(Ej) N DgF* =0 Dg Cl(Ej)
Key(Ej) KD, 7 521 hej

In particular, Dgca(E;) > 0 for all sufficiently large j, so

2
> — DgN} =0.

0< _KelB) g, ( c1(Ej) )2 Ke(Bj) 4 0

< < Dg
iy hz,j)Q S0 1he;) Dsca(Ej)

2.2.2.3 A decomposition of the limit classes

The following lemma turns the growth condition in Lemma 2.23 into a factorization of I',
by a pseudoeffective divisor.

Lemma 2.24. Let X be a smooth projective complex threefold, let K be an integral ample
divisor, and let E; be globally generated vector bundles of ranks r; > 2 with Kca(Ej) > 0.
Assume that H € NY(X)g, I € N*(X)g, and m; > 0 satisfy H*K > 0 and

KCQ (E )

E; E;
M — H, M — T, > 2.
my; KCQ(EJ‘) mj

Then T = HB for some B € Psef!(X).

Proof. We claim that it suffices to construct effective divisors B; such that m;B;/(Kca(E;))
has a convergent subsequence and (c2(E;) — c1(Ej)Bj)/(Kca(Ej)) — 0. Indeed, we pass to
a subsequence with m;B;/(Kca(Ej)) — B. Since each Bj is effective, the limit B lies in
Psef!(X). Using ¢1(E;)/mj — H, we obtain

oo(Ej) _ ally) mB; | eE;) —alB)B;

= + — HB.
Key(Ej) my  Key(Ej) Key(Ej)

—HB —0

By hypothesis, we also have co(E;)/(Kca(Ej)) — I', and this gives I' = HB.
To construct the desired divisors B;, we first reduce to the case where the sheaves Ej; are
reflexive of rank two. The global sections of E; span every fibre, so h%(X, E;) > r; and a
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general choice of r; — 2 global sections is linearly independent at a general point of X. These
sections give an exact sequence

0— 0Y > — E;j — F; — 0,

where F} is globally generated of rank two, with ¢ (Fj) = ¢1(E;) and ca2(F}) = c2(E;). For
rj = 2, we simply take F; = Ej;. For r; > 3, general sections become linearly dependent only
in codimension at least three, so the quotient Fj is locally free away from finitely many points.
At each such point z, the exact sequence and the depth lemma give depthe,  ((Fj)z) = 2.
Hence the sheaf F} is reflexive [Stacks, Lemmas 10.72.6 and 31.13.10]. Replacing E; by F},
we may therefore assume that each E; is a globally generated reflexive sheaf of rank two,
since its first two Chern classes are unchanged.
We write A(E;) := 4cz(E;) — c1(Ej)? for the discriminant. By hypothesis,

KA(E)) _  Kes(Ey) (CI(EJ)>2K — —H?K < 0.

2 2 .
mj mj m;

After discarding finitely many terms, we have
KA(E;) <0. (2.22)

The classical Bogomolov inequality therefore implies that every F; is p2-unstable.

Let L; C Ej be its saturated rank-one destabilizing subsheaf. Since Ej is reflexive, the
saturated subsheaf L; is reflexive [Stacks, Lemma 31.13.7], hence a line bundle. We choose a
divisor Bj such that Ox(B;) = det(£;) ® L;l. The quotient E;/L; is torsion-free of rank
one with determinant Ox (B;), so it has the form Iz, (B;). We obtain

0— det(Ej) &® Ox(—Bj) — Ej — IZj (B]) — 0,

where Z; has codimension at least two and Iz is its ideal sheaf. Since L; destabilizes Ej, we
have
(c1(Bj) = 2Bj)K* = 2(pg2(Lj) — pge>(Ej)) > 0. (2.23)

Since Iz;(B;) is globally generated, its nonzero global sections define a nonempty linear
subsystem of |B;| with no base points outside Z;. Thus we may choose B; effective, and
codim Z; > 2 implies that this subsystem has no fixed divisor. Two general members therefore
meet properly. The class of their intersection cycle is sz». Their intersection contains Z; as a
closed subscheme, so BJ2- — [Z;] is effective, where [Z;] denotes the codimension-two cycle of
Z; [Stacks, Lemmas 42.29.5 and 42.10.4]. In particular,

0< K[Zj] < KB (2.24)
By the exact sequence above, we have
c2(Ej) = (c1(E)) — By)Bj + [Zj] = e1(Ej)B; — B} + [Zj]. (2.25)

Hhos (c1(Ej) — 2B;)°K = c1(E;)*K — 4c1(E;)B;K + 4B K

= c1(E;j)?K — 4Kcy(E;) + 4K Zj]

= —KA(E)) +4K[Z;] > 0,
where the second equality follows from (2.25), and the last inequality follows from (2.22) and
K[Z;] > 0in (2.24).
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We write ¢1(E;) — 2B; = a;K + S;j and B; = bjK + T}, where S;K? = T;K? = 0. The
Hodge index theorem and Cauchy—-Schwarz give S;T;K > —\/ (—S]2K )(—T]?K ), and thus

(c1(Ej) — 2B;)B,;K = ajbjK® 4 S;T;K
> ajb;K* — \[(—~SK) (—T?K).

By (2.23), we have a; K3 = (c1(E;) — 2B;)K? > 0, so a; > 0. The effectivity of B; gives
b;K? = B;K? > 0, so bj > 0. The positivity of (c1(E;) — 2B;)*K = aszS + SJZK gives
—S}K < a5K?®. Similarly, (2.24) gives BfK = b3K® + T7K > 0, hence —~T7K < b3K>.
Combining these inequalities gives

(c1(Ej) — 2B))BiK > ajb;K® — \ /(= S3K)(~T?K) > 0.
Thus B?K < 1ci(E;)B;K, and
Key(Ej) = e1(E;)B;K — BiK + K[Z;] > $c1(E;)B;K. (2.26)

Each class ¢1(Ej)/m; is nef. Hence the limit H is nef and satisfies HK? > 0. Since H?K > 0
by hypothesis, the Hodge index theorem gives HK? > /(H2K)K3 > 0. We can therefore fix
€ > 0 sufficiently small that, for all sufficiently large 7,

2
E; E;
(Cl(])—sK) K >0, <61(J)—5K>K2>0.
m; m;

We write 5
M—aK:a;K—FS}, S;-KQ:O,
my
and use the decomposition B; = b; K + T} above. The preceding inequalities give ag- > (0 and
—(59)?K < (a)?K?®. Moreover, b; > 0 and —T7K < b3K?, as shown above. By the Hodge

index theorem and Cauchy—Schwarz, we have

E<
(Cl(ﬂ) _ 5K> BjK = djb;K* + ST} K

m;

> ajb; K — \[(—(S))2K) (-T?K)

> 0.
Together with (2.26), this yields
0< g2_miBi  _alB)BiK 2
- KCQ(E]') B 8K02(Ej) -

On Psef! (X), the K2-degree is the restriction of a norm on N'(X)g [FL17, Theorem 1.4(3)].
This inequality therefore makes m;B;/(Kc2(E;)) a bounded sequence in a finite-dimensional
space. Passing to a subsequence, we obtain m;B;/(Kc2(E;)) — B.

For the remaining estimate, (2.25) gives ca(E;) — ¢1(E;)Bj = —(BJQ- — [Z;]). It therefore
suffices to prove that (sz —12;1)/(Kc2(Ej)) — 0. On Psef?(X), the K-degree is the restriction
of a norm on N%(X)g [FL17, Theorem 1.4(3)]. Since these classes are effective, to prove
(B]2 —[Z;])/(Kca(E;)) — 0, it suffices to prove that their K-degrees tend to zero.

The Hodge index theorem gives (¢1(E;)B;K)* > (c1(E;)*K)(B;K). Combining this with
c1(Ej)B;K < 2Kcy(Ej) from (2.26), we obtain

K(B? - [Z)) K B? _ 4Kcy(E)) AK cy(Ej)/m?

Keo(Ej) : Key(Ej) ~ el(B;)PK  (a(Ej)/my)?K —0

By the reduction at the beginning of the proof, the lemma follows. O
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We now apply this factorization to the Fujino—Sato threefold. The matrix (A.2), the basis
change (A.1), and the values in (A.5) give, for the map Ny U —: NY(X)gr — N?(X)g,

ker(Ny,U—) =RDs,  NiK >0. (2.27)

The positivity allows us to apply Lemma 2.24 with H = N4, while the kernel determines all
possible divisors B in the resulting factorization.

Theorem 2.25. On the Fujino—Sato threefold Xrg, the class I'x = NgM belongs to
Ciyr(XFs) \ PL}(XFs). In particular,

PL?(XFrs) G Clyz(Xrs)-

Proof. By Lemma 2.21, T, € C%,,(X). Suppose that T, € PL?(X). By Lemmas 2.23 and 2.24,

we have
I,

KT,
Since I'y = Ny M, equation (2.28) implies B — M /(KT) € ker(N4U—). By (2.27), this kernel
is RDg, and thus B = M/(KT.) + ADg for some A € R. Using (A.1), we express M in the
pseudoeffective basis as

= N,B  for some B € Psef!(X). (2.28)

M = 5D, + 7Ds + 5D + 2D7 — 2Ds. (2.29)
Dividing (2.29) by KT, and using B = M/(KT.) + ADg gives

5 7
B D1+D5+<

2 2
= AN D — D7 — ——Dxg.
KT. KT. + > 6 + 7 8

KT, KT, KT,

By (2.13), the cone Psef!(X) is generated by the basis Dy, D5, Dg, D7, Dg. Since KT, > 0,
the negative Dg-coefficient contradicts B € Psef!(X) in (2.28). Hence I', ¢ PL?*(X), and
Theorem 2.20 gives the strict inclusion. O

3 Kaihler package from supercritical LYZ pairs

In this section, we study the Kéhler package for the Chern classes of supercritical LYZ
root classes. We first establish pointwise Hodge—Riemann relations for the associated Chern
forms, and then use the techniques in [DN13, Propositions 3.1-3.2] to prove the corresponding
cohomological results.

Let ([a], [w]) be a cohomological supercritical LYZ pair on a compact Kéahler n-fold X,
and let R := R[] (o). We say that the Chern classes ¢, (R) satisfy the Kihler package if the
following three properties hold for every bidegree (p, q), where p,q > 0 and 1 < p+¢q < n.

(1) Hard Lefschetz. Multiplication by ¢,—p—q(R) gives an isomorphism
HPY(X) — H" ¢"7P(X).
(2) Hodge—Riemann relations. We define the primitive space by
PPUX,R) = ker(ch—p_qi1(R) U —: HPY(X) — HP~0HLn=PHL (X))

where Chern classes of degree greater than n — 1 are zero. The same definition gives
PYO(X,R) = H*(X). For classes a,b € HP4(X), we put

Qi (a.b) i= (VD)7 A=)V [ aUbU Gy (R).

The Hodge-Riemann relations require this form to be positive definite on PP2(X, R).
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(3) Orthogonal Lefschetz decomposition. For p,q > 1, we set m :=n —p — g+ 1. Assuming
Hard Lefschetz in bidegree (p, q), we define

-1

Lr: HP~H71(X) — HPIY(X), Lr := (em—1(R)U =) o (en(R)U-=).  (3.1)

We require the decomposition

min{p,q} o
HPY(X) = @ LrPP™17 (X, R).
i=0

The primitive summand is Q%’-orthogonal to all other summands. When p = 0 or ¢ = 0,
the whole space is primitive.

Theorem (Theorem 3.4, Corollary 3.5). For a cohomological supercritical LYZ pair on
a compact Kdhler n-fold, the three properties above hold whenever 1 < p+q < n and
min{p, ¢} < 1. As a consequence, the Kihler package holds when n =3 or 4.

3.1 Pointwise Hodge—Riemann relations

In this subsection, we prove the pointwise Hodge-Riemann relations. Let (o, w) be LYZ
representatives with phase 6 € (0,7), and set £ := o — cot Qw = ¢1(a,w)/(n — 1). At a fixed
point, an w-orthonormal coframe diagonalizing « gives

a=vV-1) Ndz'Adz',  w=v-1) dz'AdZ.
i=1 i=1

Here \; = cot ¢;, with ¢; > 0 and >, ¢; = 6 < m. We use the notation [n] :={1,...,n} and
let AP? denote the space of complex (p, ¢)-forms at the chosen point, with AP¢ = 0 if either
index lies outside {0,...,n}. For 0 < j < n, evaluating P; from (1.3) on (k,w) and expanding
gives

ei(aw) = (vV=T) 7 (” 5 1) gy SO = Yien 0i) yon gz (3.2)

All these coeflicients are positive. For fixed 0 < 8 < m and N > 0, we write

N N
Fy(z):=Re 1_[(:1:Z +v/—1) — cot f Im H(:cl +v/-1).
i=1 i=1

For A = (cot ¢;)¥.; with 0 < ¢; < 7, substituting \; + v/—1 = e‘/?l‘m/ sin ¢; gives

I1; sin ¢; sin @ ][, sin ¢;
The first and second derivatives of Fiy give the coefficients of the primitive condition and
the pairing below. For the proof of Lemma 3.1, we follow Yuan’s techniques in the proof of
convexity for supercritical special Lagrangian level sets [Yua06, Lemma 2.1]. This argument
also appears in the proof of [FYZZ26, Proposition 4.1].

Lemma 3.1. Let N > 2 and \; = cot ¢;, where ¢; > 0 and Y, ¢; < 0 < m. The Hessian
matriz H = (0;0;FN(\)), with H(z,w) = 3, ; Hijzw;, has signature (1, N — 1) as a
Hermitian form. The following hold.

(i) The form H is negative definite on {z € CN : 3, 0;Fx(\)2z; = 0}.
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(ii) For every x € RY, the form H is negative definite on {z € CN : H(z,z) = 0}.

Proof. We first prove (i). Since the coefficients 9; Fx(\) are real, the real and imaginary parts
of a vector satisfying the primitive condition in (i) both satisfy the same condition. Writing
z=Rez++/—1Imz, we expand the Hermitian form as

H(z,z) = H(Rez,Rez) + HImz,Imz) + vV—1(H(Imz,Rez) — H(Re z,Im 2))
= H(Rez,Rez) + H(Im z,Im z),

where the cross terms cancel because the matrix H is real symmetric. For z # 0, at least one
of Re z and Im z is nonzero. It therefore suffices to prove (i) for real vectors.
Direct differentiation gives

O0iFn(z) = Re H(a:k +v/—1) — cot fITm H(a:k +/-1),

k#i k#i
8¢8jFN(a:) = Re H (a:k ++v—1) —cotfIm H (a:k +v-1) (Z #* j)
k4,5 k#i,j

Since 9;Fn(z) is independent of z;, we have H;; = 02Fn(\) = 0. We put 6 := 0 — >, ¢; > 0.
Substituting A\, + v—1 = eﬁ%/ sin ¢y, gives

‘ _sin(d + ¢;) sin ¢;
87,FN(A) - Sinﬁnk <in ¢k > 0, (3 4)
~_ sin(d + ¢; + ¢;) sin ¢; sin o :
Hij = sin9]_[,:sin¢k £>0 (i #J),

since 0 <0+ ¢; <0+ ¢ +¢; <0 <.

We take 0 # v € RY satisfying the primitive condition in (i), that is, 3, 9 Fx(A)v; = 0,
and set w; := v;sin? ¢;. By (3.4) and the identity sin(6 + ¢;) = sin ¢;(cos§ + \;siné), the
primitive condition becomes cosd Y, w; +sind >_; Ayw; = 0. By (3.4),

sin 6 <H sin @) H(v,v) = Zi#j sin(0 + ¢; + ¢j)wiwj

sin ¢; sin ¢;
. 2 2
= sm5{(zi Aiwi)” = (Zz w;) }
sin(d + 2¢;) o
2 iWi U T L gin2 gy
+2c080(Y_ Niwi) (D, wi) = ), sinZg,
We relabel the indices so that A\; < --- < Ay, or equivalently ¢q > -+ > dy > 0.

For § = 0, the primitive condition gives >, w; = 0. Substituting § = 0 into the preceding
expansion gives

_sing <H sin ¢i> H(v,v) = —2 <Z Aiwi> (Z w¢> +> S;lrg ? w?
KA A 1

=0
= 2Zcot¢>iwi2
= 22/\sz
Since 2¢9 < @1 + P2 < >, ¢ < m, we have ¢; < w/2 for i > 2, hence 0 < A\g < --- < Ay. If
A1 > 0, the conditions w # 0 and 3, w; = 0 imply (ws,...,wy) # 0, so >; Ajw? > 0. Oth-

erwise, \; < 0. The bound Y01 ¢; < 7 — ¢1 < 7/2 gives Yioq A; L < tan(Y,o; éi) < =ML
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Weighted Cauchy—Schwarz now yields
1
S Aw? > (1 +)\12X> S At > 0.
i i>1 7%/ i>1

For 6 > 0, the primitive condition gives };, \;w; = —cot d >_; w;. Substituting this equality
into the quadratic expansion gives

—sin6 (H sin qﬁi) Hw,v) =Y sin(d + 2¢z‘)w? n >, wi)2‘

sin? ¢; sin ¢
For ¢ > 2, the ordering gives
0<d+2p;<d+¢1+¢; <0<,

so the coefficients of w? are positive. We now consider the coefficient of w?. Suppose first
that § + 2¢1 < 7. Then all diagonal coefficients are nonnegative. If the right-hand side were
zero, we would have w; =0 for ¢ > 2 and ), w; = 0, hence w = 0. Thus the right-hand side
is positive for w # 0 in this case.

Suppose now that § + 2¢; > 7. Since § + ¢ < 7, we have 6§ + 2¢; < 27, so the coefficient
of w? is negative. We must show that the sum of the remaining positive terms is greater than
the absolute value of this negative term. We put o :=3%,0;¢; <7 —0 —¢1 < (7 —6)/2. On
0<u<(m—10)/2, we set

sin? u gu) 1

9(u) = sin(d + 2u)’ tanu — 2(cosd + sind cot(2u))’

Both tanwu and g(u)/tanw are positive and strictly increasing. In particular, g is strictly
increasing. Since ¢; < o for ¢ > 1 and ;. tan ¢; < tan o, we have

Zg<¢z) _ Z g(¢l)l tan ¢; < g(U) Ztan¢i < g(a).

A
i>1 i>1 tano tano =

It follows that
0 <sind + Zi>1 g(¢i) <sind + g(o)
<sind+g(mr—9 —¢1)
sin? ¢y
" sin(d + 2¢1)
If wy # 0, weighted Cauchy-Schwarz applied to w; for ¢ > 1 and — >, w;, whose sum is —wy,
gives

Z w; + (32 wi)? > wi
= 9(¢i) sind " sind + 3555 9(¢)
Sin(5 + 2¢1) 9
> T anZe & wy.
When w; = 0, we have (w2, ...,wy) # 0, 50 3,51 w?/g(¢;) > 0. Thus the right-hand side is
positive for w # 0 in this case as well, and hence H(v,v) < 0. This proves (i).
By (i), the matrix H has at least N — 1 negative eigenvalues. Since H;; = 0, we have
tr H = 0, so the remaining eigenvalue is positive. Thus the matrix H has signature (1, N —1).
We now prove (ii). We fix z € RY,. By (3.4), H;; > 0 for i # j. Since every z; > 0 and
N >2, H(z,z) = 2%, Hijjzizj > 0. Thus the form H is positive definite on Cz. In the
H-orthogonal decomposition

CN=Czp{zecCV:H(z,z) =0},
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the restriction of H to the second summand therefore has signature (0, N — 1) and is negative
definite. O

We next apply this Hessian inequality to the pairing on differential forms. For u,v € AP,
we define

@ (u, ) (V=1) " A2l A dzl = (V=T)Pa(—1) PrOWHe D2y A5 A e,y g (a,w).
We omit the superscript when the bidegree is fixed.

Proposition 3.2. Assume 1 < p+q <n and min{p,q} < 1. We set m :=n—p—q+1. The
following hold at every point.

(i) The map cpm—1(a,w) A —: AP4 — A"="7P 45 an isomorphism.

(ii) Both cpm(a,w) A — and cp_1(a,w) Ak A — from AP9 to A=9HLn=p+L gre supjective.
(iii) The form qr is positive definite on each of ker(cy, (o, w) A=) and ker(cp,—1 (v, w) AKA—).
Proof. If ¢ =0, (3.2) gives

enplonw) = (V=1) P 3y deb adzt,

|L|=n—p

with vz, > 0. For 0 # u = Z\Ilzp ur dz!, we obtain

qr(u,u) = Y yplur> > 0.
IUL=[n]
l7|=p

The case p = 0 follows by conjugation. In these cases, both maps in (ii) have zero target, so
(ii) and (iii) follow. The perfect exterior-product pairing gives (i). By conjugation, it remains
to consider g =1 and 1 <p <n —1. Then m =n — p.

For an index set L C [n], write L¢ := [n] \ L and let \j, := (\;);er, denote the tuple of

eigenvalues of o with respect to w indexed by L, in increasing index order. For u € AP'!, we
may decompose it as

u= Y ar;dz' AdZ'+ D byidz’ AdzfAdE.
[|=p |J|=p—1
i€l ieJe

The forms 7y ; := dz! Adz* and Cri = dz’ Adz* AdZF, with the indices as above, form a basis
of AP''. We compute gr with respect to this basis. Using (3.3) in (3.2) gives

ont0)__ ()0t S () deb AdsE, (8:5)
(1) (m —1)! |Lj=m—1

Using (3.5), we obtain

—dV A Y A e (o, w), =,
0, i # 7
dz/V3t A dz7V0T A e (a,w), 0 7,
0, i=j.

nri /\nT,j/\ cmfl(aaw) = {

CJ,i /\CTJ/\ Cm_1(a,w) = {
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The definition of ¢r then gives

qrR 7712,771,9 Fin— IU{Z )7 I:I/a =7,
() 11 0, otherwise,
ar (11, CJJ =0, (3.6)
ar CJZ;CJ',] —Fn-1(Agutigpe), J=J i#3,
() 11 0, otherwise.
For |J| = p— 1, we define Fy(\) := Fpq41(Aje) and Hy := (9,0, FJ()\))MGJC. Then
0;F;(\) = F(Ap), JU{i}uL =[n],
(HJ)U:mel()‘L)a JLl{Z,j}UL: [TL], Z#]a (37)
(HJ)” =0, e JC.
With by := (bj;)icse, combining (3.6) and (3.7) gives
U, U
#)‘ — Y FaaOandP = S Hybs,by). (3.8)
(1) (m = 1)! TU{i}UL=[n] |J|=p—1
l1]=p

By (3.2), Fr—1(Ar) > 0. Since |J¢| =m+ 1> 2 and > ;cjec ¢ < 6 < m, Lemma 3.1 applies
to Fy,41 at Aje and shows that H; has signature (1, m). Hence each H; is nondegenerate,
and so is the pairing gr. By the definition of ¢r,

gr (u, ) (V=1)"dzl" A a2l = (V=1) P~ (=1)PPHD2 (0 (a,w) Au) A

Consequently, if ¢, —1(c,w) Au = 0, then gr(u,v) = 0 for every v € AP!, and nondegeneracy
forces u = 0. The source and target have equal dimension, so this proves (i).

We now prove (ii) and (iii). Since x = /—13;(\; — cot #) dz* A dZ%, (3.5) gives

Cmn:i(a& = (\/jl)m2 Z (Z()\ —cot 0) Fyp— I(AL\{J})) dzF A dzh.

(mfl) (m - 1)‘ |[Ll=m \J€L

We compute the wedge-product maps in (ii) with respect to the basis 17, (; of AP and the
basis
7= (V=)™ AN (dFadEh), T =p—1,
keJe
of A""=P*+1 Using the expansion above, (3.2), and (3.7), a direct computation on these basis
forms gives
em(o,w) Anr; =0,
Cm—l(a7w) NEN nii = 0,

W — VTIOF; (N, (3.9)
cm—l(avw)/\ﬁ/\gli e (N —co T
ooV (gc(H‘])”(AJ tg))

To prove (ii), fix J with |J| =p—1 and i € J°. By (3.4), we have 0;F;(\) >0, (Hj)i; >0
for j # i, and (Hy)i; = 0. Moreover, ¢; < 6 gives Aj — cot 6 > 0. Since |J¢|=m+1 > 2, we
obtain

Z (Hy)ij(Aj — cot §) = Z (Hy)ij(Aj — cot 0) >
jese J.i{
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The last equality in (3.9) therefore shows that the map ¢,,—1(co,w) A K A — sends (j; to a
nonzero multiple of 7;. The third equality in (3.9) and 9;F;(X) > 0 give the same conclusion
for ¢, (a,w) A —. Every target basis vector 7; therefore lies in the image of each map. This
proves (ii).

For (iii), we first express the two primitive conditions in terms of the vectors b;. By
linearity, (3.9) gives

m(o,w) A
VT Y (Z &-FJ(A)bﬂ) ”

(" )m! |T|=p—1 \i€Je (3.10)
em—1(, W) NKAu :

(my) (m = 1)!

m—1

= —v/—-1 Z HJ(bJ, (/\z — cot Q)iejc)TJ.
|J|=p—1

Suppose first that ¢, (a,w) Au = 0. The forms 7; are linearly independent, so the first identity
gives
Z 0iFy(A\)by;i =0 for every J.
ieJe
Lemma 3.1(i) therefore gives H(by,bs) < 0, with equality only when b; = 0.
Now suppose that ¢,,—1(a,w) A &K Au = 0. The second identity in (3.10) and the same
linear independence give

Hy(by, (N —cot0)iege) =0 for every J.

All entries of (A; — cot 0);c e are positive, so Lemma 3.1(ii) again gives H(bs,bs) < 0, with
equality only when b; = 0.

In either kernel, every term on the right-hand side of (3.8) is nonnegative. For u # 0, its
basis expansion has either a nonzero coefficient a;; or a nonzero vector b;. In the first case,
the corresponding term F,,_1(Az)|ar;|? is positive; in the second, —H ;(bs,bs) > 0. Hence
qr(u,u) > 0 for every nonzero u in either kernel, proving (iii). O

3.2 Kahler package on cohomology

To obtain the cohomological relations, we use the construction of primitive representatives
by Dinh-Nguyén [DN13, Propositions 3.1-3.2] for a pair of closed forms. We write AP4T*X for
the smooth bundle of complex (p, ¢)-forms, whose fibre at = is AP9T¥ X . We fix a background
Kéhler form and denote its volume form by vol. For every bidegree (p, q), we equip APIT*X
with the Hermitian metric hg induced by the background Kéhler form. We denote the
associated pointwise and L? norms by || - || and || - || .2, respectively. For (p, q)-forms u,v and
areal (n—p—q,n—p— q)-form Q, we set

g5 (u, v) vol == (V=1)P=9(—1)P+)t+a=D/2 A 5 A Q)

ng(ua 1}) = /X qlgz’q(ua ’U) vol.

When € is closed, Stokes’ theorem shows that the restriction of Q57 to closed forms descends
to the cohomological pairing

P4 (), [v]) = QB (u,0).
We use the convention dd€ := /—199.

Proposition 3.3. Let X be a compact Kahler n-fold, and let ¥, ) be smooth real closed forms
of bidegrees (m,m), (m—1,m —1), where 1l <m <n. We fitp,q >0 withp+q=n—m+1.
Assume that the following hold at every point x € X.
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(i) The map W, A —: APITFX — APTATMTEX s surjective.
(ii) The form g5 is positive definite on ker(¥, A —).

Then every class in ker([V] U —) has a smooth closed representative u with W Au = 0. In
particular, the form ﬁ’ﬁ 1s positive definite on this cohomological kernel.

Proof. If p =0 or g = 0, every closed representative u is primitive by degree, and Qq(u,u) is
its squared L? norm induced by go. We therefore assume p, q > 1.
Fix a smooth closed (p, g)-form f with [U] U [f] = 0. We seek a primitive representative
u = f — dd® by solving
U Addv =T A f.

For every smooth (¢ — 1,p — 1)-form ~, testing this equation and integrating by parts gives
the required identity

/X(\Il/\ddcfy)/\v:/xfy/\\ll/\f.

Let € be the linear subspace of L?(X, A»PTLn=d+17* X) consisting of the forms ¥ A dd®y,
where 7 is a smooth (¢ —1, p—1)-form. We consider the functional £(¥ Addy) := [\ YAWA f
on £. To show that it is well defined and bounded, we will prove that there is a constant
Cy > 0 such that

[anens| e ndey
X

for every smooth (¢ — 1,p — 1)-form ~. Indeed, if ¥ A dd“y; = ¥ A dd“ys, applying this bound
to y1 — 72 gives [y (71 —72) AW¥ A f =0. Thus the two choices give the same value of ¢, so £
is well defined. The same bound gives its continuity. Once it is proved, Hahn—Banach extends
¢ to a bounded linear functional ¢ on L?(X, An—ptln—atlT Xy By L2-duality, as in [DN13,
Proposition 3.1], this extension has the form () = [y n A v for a (p — 1,q — 1)-form v in
L?. Tts agreement with £ on & is exactly the tested identity above, so v solves the desired
equation weakly. We will then prove that u is smooth by elliptic regularity.

We now establish the required estimate. For the smooth bundle map ¥ A —: AP4T*X —
APTMaEmMT X fibrewise surjectivity follows from (i), so its rank is constant. Its kernel P is

therefore a smooth subbundle of AP4T*X. By (ii), the restriction go|p is positive definite, so
APAT*X = P @ Phoo.

On the unit sphere bundle of P1ee | the continuous function z + ||¥ A z|| is strictly positive
since P = ker(¥ A —). This sphere bundle is compact. Consequently, the function attains a

positive minimum J, and the continuous function z +— |gq(z, z)| attains a finite maximum M

on the same compact sphere bundle. For nonzero z € P, *®

to obtain

, we apply these bounds to z/||z||

1e A2l 2 8lzll,  lga(z, )] < M]2|. (3.11)

On the other hand, (ii) and compactness of the unit sphere bundle of P give a uniform
constant a > 0 such that, for every w € P,,

qo(w,w) > a||wH2. (3.12)

We now fix z € X and write any ( € AP9T*X as ( = w+ 2, with w € P, and z € ijﬂ. The
go-orthogonality of the two summands and P, = ker(¥, A —) give

72(¢,¢) = qa(w,w) + qa(z, 2), UAC=TAz. (3.13)
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It follows that ) ) )
<117 < 2[jwl]” +2|=]]

1) 2

< ga(w,w) + 2|2

2) 2 2

2 200(¢.0) - Zaa(z,2) + 2|12 (3.14)

2 M
< 2¢O +2 (14 1) el
a a
< Ciga((, Q) + G| A7,
where (1) follows from (3.12) and (2) from (3.13). Here C; := 2/a and Cy := 2(1 + M/a)/5>.

Since ¥ and 2 are real, conjugation preserves the norms and satisfies ¢&” (€, &) = qg’q(_, ).
Applying (3.14) to & therefore gives the same estimate for a (g, p)-form &.

To obtain an L? estimate, we choose a smooth (¢ — 1,p — 1)-form «. Since dQ2 = 0, Stokes’
theorem gives

Q%P (dd®y, dd%y) = (v/—1)97P(—1)PFapta—1)/2 / dd®y A ddey A Q = 0.
X
By (3.14),

ldd*y|72 < CLQEP(dd%, dd*y) + Co| W A dd®y|F2 = Col| ¥ A dd*73e,

and thus
[dd“y[[rz < C[|¥ A dd™y| L2

The dd®lemma gives a smooth (n — ¢,n — p)-form g such that dd°g = ¥ A f. For every
smooth (¢ — 1,p — 1)-form -y, Stokes’ theorem gives

\/Xm v Af\ _ ’/X ddfwg\ < Cllgllz2]1¥ A ddr) 1o

This proves the required bound for £. The construction above therefore gives a (p—1, ¢—1)-form
v in L? satisfying ¥ A dd°v = W A f in the weak sense.

We set u := f — dd®v, with derivatives understood in the weak sense. Then du = du = 0
as f is d-closed. The weak equation above gives ¥ A u = 0, so u is a distributional section of
P. To prove that u is smooth, we extend ¢q|p to a positive Hermitian metric h on APIT*X.

. L . . .
For 2 =zp+ 2| and w = wp +w, in P, ® P; *, using the induced metric hy, we define

h(z,w) := qa(zp,wp) + ho(z1,w1).

For w € P,, this gives
h(z,w) = ga(zp, w) = ga(z,w). (3.15)

Let 0; denote the formal adjoint of 0, using h in bidegree (p, q) and hg in every other bidegree.
Since u is a distributional section of P, (3.15) and distributional integration by parts give,
for every smooth (p — 1, g)-form 3,

OB,z = [ 108, u)vol = [ 4a(98.u)vol
— (m)pfq(_l)(erq)(erq—l)/?/ IBANUNQ
X

_ (\/fl)p—Q(_D(erQ)(erq—l)/?/ ABANUAQ) =0,

X
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where we use 94 = Ou = 0 and 99 = 0. By the definition of the formal adjoint, for every
smooth (p — 1, ¢)-form S,

(B, 0hu) 12(ngy = (9B, u)r2(n) = 0.

Hence Oju = 0 in the distributional sense. Together with Odu = 0, it follows that
(005 + 05;0)u = 0. As in [DN13, Proposition 3.2], elliptic regularity for this Laplacian implies
that w is smooth.

Finally, for every smooth closed (n — p,n — g)-form Y, integration by parts gives

/X(U—f)/\X:—/XU/\ddCX:O

Poincaré duality therefore gives [u] = [f]. For [f] # 0, this smooth representative is nonzero,
and (ii) gives

Q1. [f]) = /X der (1, 11) vol > 0.
]

Theorem 3.4. Let ([a], [w]) be a cohomological supercritical LYZ pair on a compact Kihler
n-fold, n > 2, and let R := Rq) o). For p,q > 0 with 1 <p+q <n and min{p,q} <1, the
following hold.

(i) Multiplication by cy—p—q(R) is an isomorphism HP9(X) — H" 9" P(X).
(ii) The form Q% is positive definite on PP4(X,R).
(iii) If p,q > 1, there is a Q%"-orthogonal decomposition
HP9(X) = PP4(X,R) & Lg HP 171 (X).
If p=0 or q =0, the whole space is primitive.
Proof. Choose representatives a, w of [a], [w], respectively, such that (o, w) is a supercritical
LYZ pair. Then we set m:=n —p—¢q+ 1 and Q := ¢pp—1(a,w), so [Q] = ¢p—1(R).

By Proposition 3.2, we first apply Proposition 3.3 to (¥, Q) = (Q Ak, Q). It gives positivity
of Q[q) on the kernel of [2 A k]. If [2] Ua = 0, then a belongs to the kernel of [ A x] and
Qio)(a,a) =0, so a = 0. The source and target of [(2] U — have equal dimensions by Hodge
symmetry. Hence the map is an isomorphism, proving (i). By Proposition 3.2, we may apply
Proposition 3.3 again to (¢p (@, w), ¢m—1(,w)), which proves (ii).

For (iii), when either index is zero, the primitive map has zero target, so we may assume
p,q > 1. By (i), the form Q%7 is nondegenerate and L is defined. By (ii), its restriction to

PPA(X,R) is positive definite. Hence this subspace meets its orthogonal complement only at
zero, and nondegeneracy of Q%7 gives

HPY(X) =PPIX,R) @t (PPI(X, R))LQR'

It remains to identify the second summand with im L. For a € HP9(X), the defining identity
of Lz shows that a € (imLg)1@= if and only if

/ aUcn(R)Uy =0 for every y € HP~1471(X).
X

By Poincaré duality, this is equivalent to ¢,,(R) U a = 0. Hence

(im LR)J‘QR =ker(cp,(R)U—) = PPI(X,R).

Taking orthogonal complements gives (PP4(X, R))J'QR = im Lg, and this proves (iii). [
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Combining Theorem 3.4 with the classical middle-degree relations gives the following
consequence in dimensions three and four.

Corollary 3.5. Let ([a],[w]) be a cohomological supercritical LYZ pair on a compact Kihler
n-fold, where n =3 or 4. We set R := Rjq),j]- For p,q > 0, the following hold.

(i) For 1 < p+ q <n, multiplication by c¢,—p—q(R) is an isomorphism

HPI(X) — B9 P(X).

(ii) For 1 <p+q <n, the form Q% is positive definite on PP4(X,R).
(iii) For 0 < p+ q < n, there is a Lefschetz decomposition
min{p,q}

HP(X)= @ LgPP ™ "(X,R).
r=0

Proof. Theorem 3.4 proves (i) and (ii) except in bidegree (p,q) = (2,2) when n = 4. In
this remaining case, we have ¢o(R) = 1, and the class ¢;(R) = 3[x] is Kédhler. Thus the
Lefschetz map is the identity, while the primitive space and pairing are those of the classical
Hodge—Riemann relations. Moreover, Lg = ¢1(R) U —, so classical Lefschetz decomposition
gives

H>*?(X) =P**(X,R) ®' Lp HY(X).

Substituting the decomposition of H%!(X) from Theorem 3.4(iii) gives (iii), since multi-
plication by c1(R) is injective on H'!(X) by classical Hard Lefschetz. In degree zero, the
decomposition is H(X) = P*0(X, R) by definition. O

These low-dimensional cases suggest that the same package should hold in arbitrary
dimension.

Conjecture 3.6. Let ([a], [w]) be a cohomological supercritical LYZ pair on a compact Kdhler
n-fold, n > 2, and let R := Riq) (] For p,q > 0, the following hold.

(i) For 1 < p+ q <n, multiplication by cp—p—q(R) is an isomorphism
HPI(X) — H'"P(X).

(ii) For 1 < p+q <n, the form QR" is positive definite on PP4(X,R).

(iii) For 0 < p+ q < n, there is a Lefschetz decomposition
min{p,q}
HP(X)= @ LpPP ™ "(X,R).
r=0

Remark 3.7. For every dimension n > 2, we can prove Conjecture 3.6 when the phase is
sufficiently small. Work on the general case is in progress.

A Toric data for the Fujino—Sato example

We give the data used in Section 2.2.2. The variety and the ray numbering are those of
[F'S09, Example 4.2].
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Fan and divisor classes

The primitive ray generators are

vy = (1,0,0), =(1,-1,-2),
=(0,1,0), =(1,0,—1),

vs = (0,0, 1), =(0,—-1,-2),

vy =(—1,-1,-1) = (0,0, —1).

We write ijk for Cone(v;, vj,vx). The maximal cones are

123, 126, 134, 145, 156, 234,
248, 256, 258, 457, 478, 578.

They arise from the successive subdivisions in [FS09, Example 4.2]. The linear divisor relations
are
Dy — Dy + D5 + Dg = 0,
Dy — Dy — Ds — D7 =0,
D3 — Dy —2Ds — Dg — 2D7 — Dg = 0.

Together with the Stanley—Reisner relations and deg(D;D;Dy,) = 1 for every maximal cone
ijk, these determine the Chow ring and its intersection numbers [CLS11, Theorem 12.5.3
and (12.5.9)].

The following table gives the nef basis and the expressions of the pseudoeffective generators
in that basis.

Nef generators Pseudoeffective generators

Ny = Dy Dy = —2N1 + No

Ny =Dy +2Dj3 Ds = Ny + Ny — N3+ Ny (A1)
N3 =2D1+4D3 + Dg Dg = —2Ny + N3

Ny = D3+ Dy D7 = —2N4 + Nj

N5 =2D3+ 2Dy + Dy Dg = N3+ Ny — 2Nj5

The nef cone is computed from invariant curves using the wall relations [CLS11, Proposi-
tion 6.4.4], the primitive relations in [FS09, Example 4.2], and the nef-cone criterion [CLS11,
Theorem 6.3.12]. By [CLS11, Lemma 15.1.8], the pseudoeffective cone is generated by the
invariant prime divisor classes. Together these computations give (2.13).

Intersection numbers

The Chow ring gives the following intersection matrix.

2 6 12 4 8
6 15 30 10 20
(NiNjNg), o= {12 30 60 20 40]. (A.2)
4 10 20 6 13
8§ 20 40 13 26
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We obtain the following pairings of I'y and KM with the pseudoeffective generators.

Dy D5 D6 D7 D8
I, 2 0 0 1 6 (A.3)
KM 19 12 2 1 19
The next table lists the values of M? on the nef generators.
N N. N N. N,
1 2 3 4 5 (A.4)
M? 25 41 86 0 1
The remaining triple intersections are recorded below.
MK? NZ2K DgN?
(A.5)
959 53 0
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