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Abstract

We introduce the roots of supercritical Leung–Yau–Zaslow pairs and prove pointwise
strong positivity of the associated Schur forms. The resulting LYZ cones contain the pliant
cone on smooth projective threefolds, with strict inclusion on a Fujino–Sato threefold.
We also establish Hard Lefschetz and Hodge–Riemann relations for the associated Chern
classes on compact Kähler manifolds in bidegrees 1 ≤ p+ q ≤ dimX with min{p, q} ≤ 1.
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Introduction
The Leung–Yau–Zaslow (LYZ) equation arises as the mirror counterpart of the special

Lagrangian equation. In the semi-flat setting of dual torus fibrations [SYZ96], Leung–Yau–
Zaslow [LYZ00] showed that the Fourier–Mukai transform translates the special Lagrangian
condition into an equation for a line-bundle connection, which we call the LYZ equation.

Let (X,ω) be a compact Kähler manifold of dimension n ≥ 2, and let α be a smooth
closed real (1, 1)-form. In the supercritical phase, the equation takes the form

n∑︂
i=1

arccotλi(x) = θ ∈ (0, π), x ∈ X,

where λi(x) are the eigenvalues of α with respect to ω and arccot : R → (0, π). We call such a
solution (α, ω) a supercritical LYZ pair. A pair of cohomology classes ([α], [ω]) is supercritical
if it admits such representatives.

For the solvability of the LYZ equation, Collins–Jacob–Yau [CJY20] conjectured a Nakai–
Moishezon type criterion in the supercritical phase branch and proved it for surfaces. Gao
Chen [Che21] established a criterion involving uniform stability along test families. Building
on this work, Chu–Lee–Takahashi [CLT24, Corollary 1.5] proved the conjectured criterion on
projective manifolds in the supercritical phase. The resulting inequalities express positivity
of a sequence of homogeneous polynomials in [α] and [ω] on proper subvarieties.

In this paper, we organize these homogeneous polynomials appearing in Nakai–Moishezon
type criteria as the Chern classes of a collection of real (1, 1)-classes. Schur positivity and
Hodge–Riemann properties of these classes provide a new perspective on the positivity implied
by supercriticality.

More precisely, for a cohomological supercritical LYZ pair ([α], [ω]) of phase θ, we define
its collection of LYZ root classes by

R[α],[ω] := {[D0], . . . , [Dn−2]}, [Dj ] := [α] − cot θ + jπ

n− 1 [ω].

Elementary symmetric and Schur polynomials in these root classes define classes cm(R[α],[ω])
and sν(R[α],[ω]). Up to positive normalizing constants, the Chern classes are exactly the
classes appearing in the Nakai–Moishezon type criteria (Corollary 1.10).

For representatives (α, ω) solving the LYZ equation, these Chern forms cm(α, ω) are
pointwise strongly positive for 1 ≤ m ≤ n− 1, as follows from [CJY20, Lemma 8.2]. Our first
result shows that the Schur forms sν(α, ω) are also pointwise strongly positive (Theorem 2.10).

Fulger–Lehmann [FL17] introduced the pliant cone, which is generated by products of
Schur classes of globally generated vector bundles. In [FL17, Sections 6.4–6.5], they ask how
the resulting cones compare, particularly for curves, and how other constructions of positive
classes fit into this picture.

Following this approach, we use supercritical LYZ pairs to construct such a cone on every
compact Kähler manifold. Let Cm

LYZ(X) be the closed convex cone generated by products of
Schur classes of supercritical LYZ pairs, of total degree m. Theorem 2.11 gives

SmK(X) ⊆ Cm
LYZ(X) ⊆

(︁
Effn−m

an (X)
)︁∨
, 1 ≤ m ≤ n.

The left-hand cone is generated by products of nef (1, 1)-classes, and the right-hand cone
consists of classes pairing nonnegatively with every m-dimensional analytic subvariety.

On smooth projective threefolds, our second main result gives a direct comparison with
the pliant cone. To be explicit, we prove

S2 Nef1(X) ⊆ PL2(X) ⊆ C2
LYZ(X) ∩N2(X)R ⊆ Nef2(X)
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(Theorem 2.20). Moreover, we prove that the inclusion of the pliant cone in the LYZ cone
is strict on the smooth projective toric threefold of Fujino–Sato [FS09]. In particular, this
gives a threefold example of the separation between pliant and nef curve classes considered in
[FL17, Section 6.4].

The proof of the cone inclusion uses the Hodge–Riemann property of Chern classes of
ample vector bundles [PRT26, Proposition 3.8]. This connection suggests asking whether
the Chern classes of LYZ root classes satisfy analogous Hodge–Riemann relations or, more
generally, a Kähler package comprising Hard Lefschetz, Hodge–Riemann relations, and
Lefschetz decomposition. In this direction, Fu–Yau–Zhang–Zhang [FYZZ26, Proposition 4.1
and Theorem 4.3] also obtained related Hodge-index inequalities on H1,1(X,R), including
boundary cases of the supercritical LYZ equation.

Our third main result proves Hard Lefschetz and the Hodge–Riemann relations for the
Chern classes of LYZ root classes on compact Kähler manifolds in bidegrees 1 ≤ p+ q ≤ n
with min{p, q} ≤ 1 (Theorem 3.4). As a consequence, the Kähler package holds in dimensions
three and four (Corollary 3.5). We conjecture that the Kähler package holds in arbitrary
dimension (Conjecture 3.6).

The paper is organized as follows. Section 1 introduces LYZ root classes and their
characteristic classes. Section 2 proves Schur positivity and compares the associated cones.
Section 3 establishes the Hodge–Riemann relations. Appendix A gives the toric intersection
data.

Acknowledgments
The second named author would like to thank the Chinese Academy of Sciences for financial

support through the Project for Young Scientists in Basic Research (Grant No. YSBR-032).

AI disclosure
The construction of the LYZ root classes and the ideas of defining the LYZ cones and

studying the Hodge–Riemann properties of supercritical LYZ pairs originated with the authors.
The strict-inclusion example on the Fujino–Sato threefold was found by GPT-5.6 Sol Pro.
The authors also used AI tools to improve the exposition, and take full responsibility for the
paper.

3



1 LYZ root classes from supercritical LYZ pairs
Throughout this section, let X be a compact Kähler manifold of dimension n ≥ 2. We

write H1,1(X,R) := H1,1(X) ∩H2(X,R) for the space of real (1, 1)-cohomology classes and
denote the Kähler cone by K(X).

1.1 The supercritical LYZ equation and its root polynomials

Let α be a smooth closed real (1, 1)-form and let ω be a Kähler form on X. At each point
x ∈ X, let λ1(x), . . . , λn(x) be the eigenvalues of α with respect to ω, that is,

ω =
√

−1
n∑︂

i=1
dzi ∧ dz̄i, α =

√
−1

n∑︂
i=1

λi dzi ∧ dz̄i.

When the central charge
∫︁

X([α] +
√

−1[ω])n ̸= 0, the topological phase θ ∈ R/(2πZ) is
determined by

e−
√

−1θ
∫︂

X
([α] +

√
−1[ω])n ∈ R>0.

A real lift of θ is a number Θ ∈ R such that θ = Θ mod 2π. For such a lift, the Leung–Yau–
Zaslow (LYZ) equation is

n∑︂
i=1

arccotλi(x) = Θ for every x ∈ X,

where arccot : R → (0, π).

Definition 1.1.

(i) A solution (α, ω) of the LYZ equation is called a supercritical LYZ pair if Θ ∈ (0, π). In
this case, we denote the unique lift in (0, π) again by θ.

(ii) A cohomological supercritical LYZ pair is a pair

([α], [ω]) ∈ H1,1(X,R) × K(X)

that admits representatives forming a supercritical LYZ pair.

For fixed classes [α] and [ω], we choose a Kähler representative ω and an initial represen-
tative α0 of [α]. Solving the LYZ equation with respect to ω means finding a smooth real
function φ such that

αφ := α0 +
√

−1∂∂̄φ
forms a supercritical LYZ pair with ω. Chu–Lee–Takahashi [CLT24, Corollary 1.5] proved
the following Nakai–Moishezon type criterion.

Theorem 1.2. Let X be a smooth projective variety of dimension n, and let

([α], [ω]) ∈ H1,1(X,R) × K(X),

with θ ∈ (0, π) satisfying∫︂
X

(︂
Re([α] +

√
−1[ω])n − cot θ Im([α] +

√
−1[ω])n

)︂
= 0. (1.1)

Then the pair ([α], [ω]) is a cohomological supercritical LYZ pair if and only if, for every
irreducible proper subvariety Y ⊂ X of dimension 1 ≤ m ≤ n− 1,∫︂

Y

(︂
Re([α] +

√
−1[ω])m − cot θ Im([α] +

√
−1[ω])m

)︂
> 0.
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The numerical inequalities in this criterion involve homogeneous polynomials in [α] and
[ω]. We study these polynomials by first fixing a pair ([α], [ω]) ∈ H1,1(X,R) × K(X) and
θ ∈ (0, π). For 0 ≤ m ≤ n, we define the real (m,m)-cohomology classes

[Pm] := Re([α] +
√

−1[ω])m − cot θ Im([α] +
√

−1[ω])m. (1.2)

We set
s := cot θ, [κ] := [α] − s[ω].

Lemma 1.3. For every 0 ≤ m ≤ n,

[Pm] = Im
(︂
(s+

√
−1)([κ] + (s−

√
−1)[ω])m

)︂
.

Proof. Since [κ] + (s−
√

−1)[ω] = [α] −
√

−1[ω] and [α], [ω] are real, we have

Im
(︂
(s+

√
−1)([κ] + (s−

√
−1)[ω])m

)︂
= Im

(︂
(s+

√
−1)([α] +

√
−1[ω])m

)︂
= Re([α] +

√
−1[ω])m − s Im([α] +

√
−1[ω])m

= [Pm].

With the same parameter s = cot θ, we define the homogeneous polynomials

Pm(x, y) := Im
(︂
(s+

√
−1)(x+ (s−

√
−1)y)m

)︂
, m ≥ 0. (1.3)

Lemma 1.3 identifies the cohomology classes above as [Pm] = Pm([κ], [ω]). In particular, (1.1)
is the equality

∫︁
X [Pn] = 0. We set pm(x) := Pm(x, 1). Differentiating (1.3) gives

∂

∂x
Pm(x, y) = mPm−1(x, y).

Setting y = 1, we obtain
d

dxpm(x) = mpm−1(x), m ≥ 1. (1.4)

Example 1.4. The first four polynomials are

p0(x) = 1, p1(x) = x,

p2(x) = x2 − (s2 + 1), p3(x) = x3 − 3(s2 + 1)x− 2s(s2 + 1).

Lemma 1.5. For every m ≥ 1, the polynomial pm has m simple real roots, given by

µm,j := cot
(︃
θ + jπ

m

)︃
− s, 0 ≤ j ≤ m− 1. (1.5)

For m ≥ 2, between each pair of consecutive roots of pm lies exactly one root of pm−1.
Explicitly,

µm,j > µm−1,j > µm,j+1, 0 ≤ j ≤ m− 2.

Proof. For 0 < t < π, we substitute x = cot t− s into (1.3). Using s = cot θ, we obtain

pm(cot t− s) = Im
(︁
(cot θ +

√
−1)(cot t−

√
−1)m)︁

= Im
(︄

cos θ +
√

−1 sin θ
sin θ

(cos t−
√

−1 sin t)m

sinm t

)︄

= Im e
√

−1(θ−mt)

sin θ sinm t

= sin(θ −mt)
sin θ sinm t

.
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Taking t = (θ + jπ)/m, 0 ≤ j ≤ m− 1, gives the m distinct roots in (1.5). These are all the
roots, since pm is monic of degree m. Rolle’s theorem and (1.4) place exactly one zero of
pm−1 between consecutive zeros of pm.

1.2 LYZ root classes and their characteristic classes

The roots of pn−1 give the following cohomological construction.

Definition 1.6. Let n ≥ 2 and let R := {[D0], . . . , [Dn−2]} be a collection of classes in
H1,1(X,R). We call R a collection of LYZ root classes if the classes [Dj ] lie on an affine line
with Kähler direction [ω] ∈ K(X), and there exist [α] ∈ H1,1(X,R) and θ ∈ (0, π) satisfying
(1.1) such that the classes can be ordered as

[Dj ] := [α] − cot θ + jπ

n− 1 [ω], 0 ≤ j ≤ n− 2. (1.6)

If ([α], [ω]) can be chosen to be a cohomological supercritical LYZ pair, we call R supercritical.

The pair ([α], [ω]) and the phase θ in Definition 1.6 are not a priori determined by R. On
a surface, we fix a class [κ] with [κ]2 > 0 and a Kähler ray. For each θ ∈ (0, π), we choose [ω]
on this ray so that [ω]2 = sin2 θ [κ]2, and set [α] := [κ] + cot θ [ω]. Then equation (1.1) holds
and R = {[κ]}. Varying θ gives infinitely many distinct pairs with the same root class [κ].

Proposition 1.7. On a compact Kähler surface X, the space of cohomological supercritical
LYZ pairs is naturally identified with{︂

([κ], [ω], s) ∈ K(X) × K(X) × R : [κ]2 = (1 + s2)[ω]2
}︂
.

Proof. Given a cohomological supercritical LYZ pair ([α], [ω]) with phase θ ∈ (0, π) satisfying
(1.1), its central charge

∫︁
X([α] +

√
−1[ω])2 has positive imaginary part 2[α][ω], so the pair

determines
s := [α]2 − [ω]2

2[α][ω] = cot θ, [κ] := [α] − s[ω].

By the solvability criterion on surfaces [CJY20, Proposition 8.5], the class [κ] is Kähler, and
equation (1.1) gives [κ]2 = (1 + s2)[ω]2.

Conversely, given such a triple, we set [α] := [κ] + s[ω] and θ := arccot s. The Hodge index
theorem gives

[α][ω] = [κ][ω] + s[ω]2 ≥
(︁√︁

1 + s2 + s
)︁
[ω]2 > 0.

Since [α]2 − [ω]2 = 2s[α][ω], we have∫︂
X

([α] +
√

−1[ω])2 = 2[α][ω](s+
√

−1),

whose argument is θ. The class [α] − cot θ [ω] = [κ] is Kähler, so the solvability criterion shows
that ([α], [ω]) is a cohomological supercritical LYZ pair. The two constructions are inverse.
This completes the proof.

In contrast, for n ≥ 3, the collection of LYZ root classes determines the triple uniquely.

Proposition 1.8. Let X be a compact Kähler manifold of dimension n ≥ 3. There is a
natural bijection between triples ([α], [ω], θ) ∈ H1,1(X,R) × K(X) × (0, π), with θ satisfying
(1.1), and collections of LYZ root classes on X.
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Proof. The assignment (1.6) defines the map from triples to collections of LYZ root classes.
It is surjective by Definition 1.6.

To prove injectivity, suppose that two triples ([α], [ω], θ) and ([˜︁α], [˜︁ω], ˜︁θ) give the same
collection R = {[D0], [D1], . . . , [Dn−2]}. We set

[κ] := [α] − cot θ [ω], [Ω] := [ω]
sin θ ,

[˜︁κ] := [˜︁α] − cot ˜︁θ [˜︁ω], [˜︁Ω] := [˜︁ω]
sin ˜︁θ .

Both [Ω] and [˜︁Ω] are Kähler. The collection R defines Q(t) :=
∏︁n−2

j=0 (t+ [Dj ]). For the first
triple, the root factorization and the derivative identity (1.4) give

Q(t) = Pn−1(t+ [κ], [ω]), [tn−1−m]Q(t) =
(︄
n− 1
m

)︄
Pm([κ], [ω]),

where 0 ≤ m ≤ n− 1 and [tk] denotes the coefficient of tk. The same formulas hold for the
second triple, with its phase ˜︁θ. For every n ≥ 3, the formulas in Example 1.4 show that
comparing the coefficients of tn−2 and tn−3 for the two triples gives

[κ] = [˜︁κ], [κ]2 − [Ω]2 = [˜︁κ]2 − [˜︁Ω]2.

Thus [Ω]2 = [˜︁Ω]2. We set H := [Ω] + [˜︁Ω] ∈ K(X). Then

([Ω] − [˜︁Ω])Hn−2 = ([Ω]2 − [˜︁Ω]2)Hn−3 = 0,

and thus the Hard Lefschetz theorem for H gives [Ω] = [˜︁Ω].
It remains to prove θ = ˜︁θ. Suppose first that n = 3. Since p2(x) = x2 − csc2 θ, the root

classes are
[D0] = [κ] − [Ω], [D1] = [κ] + [Ω]. (1.7)

Using the common classes [κ] and [Ω], the phase equation (1.1) for the two triples becomes

0 = [κ]3 − 3[κ][Ω]2 − 2 cos θ [Ω]3 = [κ]3 − 3[κ][Ω]2 − 2 cos ˜︁θ [Ω]3. (1.8)

Subtracting and using [Ω]3 > 0 gives cos θ = cos ˜︁θ.
Now suppose that n > 3. Comparing the coefficients of tn−4 in Q(t) and cancelling the

nonzero factor
(︁n−1

3
)︁

gives

[κ]3 − 3[κ][Ω]2 − 2 cos θ [Ω]3 = [κ]3 − 3[κ][Ω]2 − 2 cos ˜︁θ [Ω]3.

The class [Ω]3 is nonzero because
∫︁

X [Ω]n > 0. Subtracting therefore gives cos θ = cos ˜︁θ in this
case as well. Since θ, ˜︁θ ∈ (0, π), we have θ = ˜︁θ. Consequently,

[ω] = sin θ [Ω] = [˜︁ω], [α] = [κ] + cos θ [Ω] = [˜︁α].

The two triples are equal. This proves injectivity.

For a collection of LYZ root classes R = {[D0], . . . , [Dn−2]}, we define its Chern and
Schur classes by

cm(R) := em([D0], . . . , [Dn−2]), sν(R) := sν([D0], . . . , [Dn−2]),

where em is the m-th elementary symmetric polynomial and sν is the Schur polynomial
associated with a partition ν. We set c0(R) := 1 and cm(R) := 0 for m < 0 or m > n− 1.
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Proposition 1.9. Let R be the collection of LYZ root classes defined by a triple ([α], [ω], θ).
We set [κ] := [α] − cot θ [ω]. For 0 ≤ m ≤ n− 1,

cm(R) =
(︄
n− 1
m

)︄
Pm([κ], [ω]). (1.9)

Proof. By (1.5) and (1.6), we have Pn−1(x, y) =
∏︁n−2

j=0 (x−µn−1,jy) and [Dj ] = [κ]−µn−1,j [ω].
Repeated differentiation of (1.3) gives ∂ n−1−m

x Pn−1(x, y) = (n−1)!
m! Pm(x, y) for 0 ≤ m ≤ n− 1.

Thus, for a formal variable t, Taylor’s formula gives

n−2∏︂
j=0

(t+ [Dj ]) = Pn−1([κ] + t, [ω])

=
n−1∑︂
m=0

(︁
∂ n−1−m

x Pn−1
)︁
([κ], [ω])

(n− 1 −m)! tn−1−m

=
n−1∑︂
m=0

(︄
n− 1
m

)︄
Pm([κ], [ω])tn−1−m.

Comparing the coefficients of tn−1−m gives (1.9).

Corollary 1.10. Let X be a smooth projective variety, and let ([α], [ω]) ∈ H1,1(X,R)×K(X),
with θ ∈ (0, π) satisfying (1.1). Let R be the collection defined by (1.6) for this triple. Then
the pair ([α], [ω]) is a cohomological supercritical LYZ pair if and only if R is Chern positive,
that is, ∫︂

Y
cm(R) > 0

for every irreducible proper subvariety Y ⊂ X of dimension m, with 1 ≤ m ≤ n− 1.

Proof. This follows from Theorem 1.2 and (1.9).

From now on, for a cohomological supercritical LYZ pair ([α], [ω]), we always choose
smooth closed representatives (α, ω) solving the LYZ equation with phase θ ∈ (0, π). We write
R[α],[ω] for the collection of LYZ root classes and Rα,ω := {D0, . . . , Dn−2} for the collection
of LYZ root forms, where we define

Dj := α− cot θ + jπ

n− 1 ω, 0 ≤ j ≤ n− 2,

and their Chern and Schur forms by

cm(α, ω) := em(D0, . . . , Dn−2), sν(α, ω) := sν(D0, . . . , Dn−2).

2 Positive cones from supercritical LYZ pairs
Let X be a compact Kähler manifold of dimension n ≥ 2. We write

Hm,m(X,R) := Hm,m(X) ∩H2m(X,R)

for the space of real (m,m)-cohomology classes. Motivated by the mixed Schur products
defining the pliant cone [FL17, Definition 3.2], we consider the corresponding cone of Schur
classes of collections of LYZ root classes in cohomology.
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Definition 2.1. For 1 ≤ m ≤ n, the m-th LYZ cone in Hm,m(X,R) is

Cm
LYZ(X) := Cone

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
r∏︂

i=1
sν(i)(R[αi],[ωi])

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

([αi], [ωi]) are cohomological
supercritical LYZ pairs on X,

r ≥ 1, |ν(i)| ≥ 1,

ℓ(ν(i)) ≤ n− 1,
r∑︂

i=1
|ν(i)| = m

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (2.1)

Here each ν(i) is a partition. We write |ν| for the sum of the parts of ν and ℓ(ν) for its number
of nonzero parts.

In this section, we first establish pointwise strong positivity of the Schur forms and
compare the LYZ cone with products of nef (1, 1)-classes and the dual cone of effective
analytic cycle classes. We then study its algebraic part on projective threefolds, proving that
it contains the pliant cone and that this inclusion is strict on the Fujino–Sato example.

2.1 Pointwise strong positivity of Schur forms

Let (α, ω) be a supercritical LYZ pair with phase θ ∈ (0, π), and let Rα,ω = {D0, . . . , Dn−2}
be its collection of LYZ root forms, where

Dj = α− qjω, qj := cot θ + jπ

n− 1 , 0 ≤ j ≤ n− 2.

For a partition ν = (ν1 ≥ · · · ≥ νℓ > 0), let ν ′ be its conjugate. The Schur forms are defined
by the determinant formula

sν(α, ω) := det
(︁
cν′

i−i+j(α, ω)
)︁

1≤i,j≤ν1
= sν(D0, . . . , Dn−2).

We set
Fν(x, y) := sν(x− q0y, . . . , x− qn−2y).

Then
sν(α, ω) = Fν(α, ω). (2.2)

At a point p ∈ X, we choose an ω-orthonormal complex coframe dz1, . . . , dzn diagonalizing
α. Then

ω =
√

−1
n∑︂

i=1
dzi ∧ dz̄i, α =

√
−1

n∑︂
i=1

λi dzi ∧ dz̄i,

where λi = cotϕi, ϕi > 0, and
∑︁n

i=1 ϕi = θ.
Let ν ⊢ m with ℓ(ν) ≤ n− 1. For angles 0 < ψ1, . . . , ψm < π, we define

Cν(ψ1, . . . , ψm) := [t1 · · · tm]Fν

(︄
m∑︂

i=1
ti cotψi,

m∑︂
i=1

ti

)︄
. (2.3)

Here the notation [t1 · · · tm] denotes the coefficient of t1 · · · tm. In this coframe, (2.2) gives

sν(α, ω) = (
√

−1) m2 ∑︂
I⊂{1,...,n}

|I|=m

Cν((ϕi)i∈I) dzI ∧ dz̄I . (2.4)

Here dzI :=
⋀︁

i∈I dzi and dz̄I := dzI , with indices in increasing order.
To prove pointwise strong positivity of the Schur forms associated with Rα,ω, it suffices to

show that every coefficient in (2.4) is nonnegative. We fix J ⊆ {1, . . . , n} with |J | = m and
consider Cν((ϕi)i∈J). We first prove nonnegativity when these m selected angles are all equal.
Then we use averaging to compare an arbitrary selected angle tuple with the equal-angle
tuple of the same sum.
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2.1.1 Equal-angle case

Suppose that ϕi = ϕ for every i ∈ J . Since the selected angles have sum at most θ, we
have mϕ ≤ θ, and the coefficient to be studied is Cν(ϕ, . . . , ϕ).

We define the (n− 1) × (n− 1) Hermitian matrix M by

Mij :=

⎧⎪⎪⎨⎪⎪⎩
− cot θ, i = j,

− cot θ +
√

−1, i > j,

− cot θ −
√

−1, i < j,

and, for 0 < ϕ < π, we set
Kϕ := cosϕ In−1 + sinϕM.

For the rest of this section, we write A[J ] := (Aij)i,j∈J for the principal submatrix indexed
by J , with indices in increasing order.

Lemma 2.2. The eigenvalues of M are −q0, . . . ,−qn−2, and those of Kϕ are

ξi(ϕ) := cosϕ− qi−1 sinϕ, 1 ≤ i ≤ n− 1.

For every nonempty J ⊆ {1, . . . , n− 1}, with j = |J |, and x, y ∈ R,

det(xIj + yM [J ]) = Re(x+
√

−1y)j − cot θ Im(x+
√

−1y)j . (2.5)

Thus, every principal minor of Kϕ of order j is given by

detKϕ[J ] = sin(θ − jϕ)
sin θ , |J | = j. (2.6)

Proof. We write 1 := (1, . . . , 1)t ∈ Rj and decompose xIj +yM [J ] = T+(− cot θ+
√

−1)y11∗,
where T is upper triangular, with diagonal x−

√
−1y and entries −2

√
−1y above the diagonal.

By multilinearity in the columns, the determinant det(T + ty11∗) is affine in t. Indeed, every
term involving at least two factors of t vanishes, since the corresponding columns are identical.

At t = 0 its value is (x −
√

−1y)j . At t = 2
√

−1, the matrix is lower triangular, with
determinant (x+

√
−1y)j . Thus,

det(T + ty11∗) = (x−
√

−1y)j + t

2
√

−1
(︁
(x+

√
−1y)j − (x−

√
−1y)j)︁.

Taking t = − cot θ +
√

−1, we obtain

det(xIj + yM [J ]) = 1
2(1 +

√
−1 cot θ)(x+

√
−1y)j + 1

2(1 −
√

−1 cot θ)(x−
√

−1y)j

= Re(x+
√

−1y)j − cot θ Im(x+
√

−1y)j ,

which is (2.5). For j = n − 1 and y = 1, its zeros in x are precisely q0, . . . , qn−2, which
gives the eigenvalues of M and hence of Kϕ. Substituting (x, y) = (cosϕ, sinϕ) gives
detKϕ[J ] = cos(jϕ) − cot θ sin(jϕ), which is (2.6).

By homogeneity and (2.3), the eigenvalue formula gives

Cν(ϕ, . . . , ϕ) = m!Fν(cotϕ, 1) = m!
sinm ϕ

sν
(︁
ξ1(ϕ), . . . , ξn−1(ϕ)

)︁
. (2.7)

Moreover, (2.6) is nonnegative for j ≤ min{m,n− 1}, since 0 ≤ θ − jϕ < π. The principal-
minor criterion therefore makes every principal submatrix of Kϕ of size at most m positive
semidefinite. The equal-angle case now reduces to the following linear algebra fact.
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Lemma 2.3. Let K be an (n−1)×(n−1) Hermitian matrix with eigenvalues ξ1, . . . , ξn−1, and
let ν ⊢ m with ℓ(ν) ≤ n− 1. If every principal submatrix of K of size at most min{m,n− 1}
is positive semidefinite, then sν(ξ1, . . . , ξn−1) ≥ 0.

Proof. Let χν be the irreducible character of the symmetric group Sm indexed by ν. For an
m×m matrix A, we define its ν-immanant by

Immν(A) :=
∑︂

σ∈Sm

χν(σ)
m∏︂

i=1
Ai,σ(i).

For a positive definite Hermitian matrix A, Schur’s immanant inequality [Hai93, Theorem 1.1]
states that

Immν(A) ≥ χν(id) detA > 0,

where χν(id) is the dimension of the representation and is therefore positive. For A ≥ 0,
applying this inequality to A+ εIm and letting ε → 0+ gives Immν(A) ≥ 0 by continuity.

For an ordered list of indices I = (i1, . . . , im) with 1 ≤ i1, . . . , im ≤ n − 1, allowing
repetitions, define

KI := (Kia,ib
)m
a,b=1.

The immanant expansion of Schur polynomials [OO98, Proposition 2.4 and Remark 2.6] gives

m! sν(ξ1, . . . , ξn−1) =
∑︂

I=(i1,...,im)
1≤i1,...,im≤n−1

Immν(KI). (2.8)

Fix such an I, and list its distinct indices as j1 < · · · < jr. Set J = {j1, . . . , jr} and define
R ∈ Rm×r by

Rab :=
{︄

1, ia = jb,

0, ia ̸= jb.

Then KI = RK[J ]R∗. Since r ≤ min{m,n − 1}, the matrix K[J ] is positive semidefinite
by hypothesis, and so is KI . Hence Immν(KI) ≥ 0 for every I. Every summand in (2.8) is
nonnegative, proving the claim.

Corollary 2.4. Let ν ⊢ m with ℓ(ν) ≤ n− 1 and let 0 < ϕ < π satisfy mϕ ≤ θ. Then

Cν(ϕ, . . . , ϕ) ≥ 0.

Proof. We apply Lemma 2.3 to Kϕ and use (2.7).

2.1.2 Averaging the phase angles

Let ψ1, . . . , ψm > 0 have sum S ≤ θ. By Corollary 2.4, Cν(S/m, . . . , S/m) is nonnegative.
We will prove the following inequality by averaging:

Cν(ψ1, . . . , ψm) ≥ Cν(S/m, . . . , S/m).

Definition 2.5. The Young diagram of a partition ν has νi boxes in row i, with rows aligned
on the left. For partitions µ and ν, we write µ ↗ ν if the diagram of ν is obtained from
that of µ by adding one box. We denote this box by ν/µ. If it lies in row i from the top and
column j from the left, both numbered from 1, its content is

c(ν/µ) := j − i.
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Example 2.6. For ν = (3, 1), the partitions µ ↗ ν are (2, 1) and (3). The shaded box is the
added box ν/µ, and its number is its content.

2

µ = (2, 1) ν = (3, 1)

−1

µ = (3) ν = (3, 1)

The added boxes lie at (i, j) = (1, 3) and (2, 1), respectively, so their contents are 3 − 1 = 2
and 1 − 2 = −1.

Lemma 2.7. With F∅ := 1, for every nonempty partition ν with ℓ(ν) ≤ n− 1,

∂xFν =
∑︂
µ↗ν

(︁
n− 1 + c(ν/µ)

)︁
Fµ,

where the coefficients

n− 1 + c(ν/µ) = n− 1 + νi − i ≥ n− i ≥ 1

are positive, with i the row of the removed box ν/µ.

Proof. We apply the diagonal-derivative formula [GKMK24, Remark 2.4] to sν(z1, . . . , zn−1)
with zk := x− qk−1y. The chain rule gives ∂xFν =

∑︁
k ∂zk

sν .

Proposition 2.8. Let m ≥ 2. Suppose that for every partition µ ⊢ m− 1 with ℓ(µ) ≤ n− 1,
the coefficient Cµ is nonnegative on every positive (m− 1)-tuple of sum at most θ. Let ν ⊢ m
with ℓ(ν) ≤ n− 1, and let a, b, ψ3, . . . , ψm > 0 satisfy a+ b+

∑︁m
i=3 ψi ≤ θ. If a′, b′ > 0 satisfy

a′ + b′ = a+ b, |a′ − b′| ≤ |a− b|,

then
Cν(a′, b′, ψ3, . . . , ψm) ≤ Cν(a, b, ψ3, . . . , ψm). (2.9)

Proof. For convenience, we put σ := a+ b = a′ + b′. With ψ3, . . . , ψm fixed, the expression in
(2.3) is symmetric and affine in cot a, cot b respectively. Hence we can write

Cν(a, b, ψ3, . . . , ψm) = A+B(cot a+ cot b) +D cot a cot b
= (A+D) + (B +D cotσ)(cot a+ cot b),

where the second equality follows from the identity cot a cot b = 1 + cotσ(cot a+ cot b), and
A,B,D are independent of a, b. To prove the desired result, it suffices to show B+D cotσ ≥ 0
and cot a′ + cot b′ ≤ cot a+ cot b.

To prove the first inequality, we define

P (λ1, λ2) := [t1 · · · tm]Fν

(︄
t1λ1 + t2λ2 +

m∑︂
i=3

ti cotψi,
m∑︂

i=1
ti

)︄
.

This is the polynomial in the first two cotangents defining Cν , so the same constants A,B,D
give

P (λ1, λ2) = A+B(λ1 + λ2) +Dλ1λ2.

Moreover, B +D cotσ is the coefficient of u in P (u, cotσ), since

P (u, cotσ) = (A+B cotσ) + u(B +D cotσ).
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To compute this coefficient from the definition of P , set

x := t2 cotσ +
m∑︂

i=3
ti cotψi, y :=

m∑︂
i=2

ti.

The coefficient of t1 in Fν(x+ t1u, y + t1) is u ∂xFν(x, y) + ∂yFν(x, y). Taking the coefficient
of t2 · · · tm then gives

P (u, cotσ) = [t1 · · · tm]Fν(x+ t1u, y + t1)
= [t2 · · · tm]

(︁
u ∂xFν(x, y) + ∂yFν(x, y)

)︁
.

Since x, y are independent of u, comparing the coefficients of u in these two expressions for
P (u, cotσ) yields

B +D cotσ = [t2 · · · tm]∂xFν(x, y).
Applying Lemma 2.7 and then the definition (2.3) of Cµ, we obtain

B +D cotσ =
∑︂
µ↗ν

(︁
n− 1 + c(ν/µ)

)︁
Cµ(σ, ψ3, . . . , ψm).

Each weight is positive. The tuple (σ, ψ3, . . . , ψm) has m − 1 positive entries and sum
σ +

∑︁m
i=3 ψi ≤ θ, so every Cµ in this sum is nonnegative by the hypothesis. Hence

B +D cotσ ≥ 0.
Finally, since 0 < σ < π,

cot a+ cot b = sin σ
sin2(σ/2) − sin2((a− b)/2)

.

The same formula holds for a′, b′. The condition 0 ≤ |a′ − b′| ≤ |a− b| < σ < π therefore gives
cot a′ + cot b′ ≤ cot a+ cot b. Together with B +D cotσ ≥ 0, this proves (2.9).

Induction now gives the coefficient inequality for arbitrary angles.
Corollary 2.9. Let ν ⊢ m with ℓ(ν) ≤ n− 1, and let ψ1, . . . , ψm > 0 have sum S ≤ θ. Then

Cν(ψ1, . . . , ψm) ≥ Cν

(︃
S

m
, . . . ,

S

m

)︃
≥ 0.

Proof. We induct on m. For m = 1, the first inequality is equality and the second follows
from Corollary 2.4. Assume the claim for all partitions of degree m− 1. The hypotheses of
Proposition 2.8 are then satisfied. We put u := S/m. Unless all entries equal u, we choose
a < u < b among the entries and replace

(a, b) ↦−→ (u, a+ b− u).

At each step, one of the selected angles is replaced by u, and Cν does not increase. After
finitely many steps, we obtain

Cν(ψ1, . . . , ψm) ≥ Cν(S/m, . . . , S/m) ≥ 0,

where the last inequality is Corollary 2.4. This completes the induction.

Theorem 2.10. Let (α, ω) be a supercritical LYZ pair on a compact Kähler n-fold X, with
n ≥ 2. For every partition ν with 1 ≤ |ν| ≤ n and ℓ(ν) ≤ n− 1, the Schur form sν(α, ω) is
pointwise strongly positive.
Proof. We fix p ∈ X and put m := |ν|. For every J ⊆ {1, . . . , n} of size m, the angles (ϕi)i∈J

are positive and have sum at most θ. Corollary 2.9 therefore gives

Cν((ϕi)i∈J) ≥ 0.

By (2.4), the form sν(α, ω) is a nonnegative linear combination of the strongly positive forms
(
√

−1) m2dzJ ∧ dz̄J . This completes the proof.
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2.2 LYZ positive cones and comparisons

We now pass from pointwise positivity to positivity of cohomological cones. For 0 ≤ k ≤ n,
let Effk

an(X) denote the closed convex cone in Hk,k(X,R) generated by the cohomology classes
of effective analytic cycles of codimension k. For any cone C, the notation SmC denotes the
closed convex cone generated by products of m classes in C. The dual of Effn−m

an (X) is taken
with respect to

Hm,m(X,R) ×Hn−m,n−m(X,R) −→ R, (ξ, η) ↦−→
∫︂

X
ξ ∪ η.

Theorem 2.11. Let X be a compact Kähler manifold of dimension n ≥ 2. Then

SmK(X) ⊆ Cm
LYZ(X) ⊆

(︁
Effn−m

an (X)
)︁∨
, 1 ≤ m ≤ n. (2.10)

Proof. Let H be a Kähler class. We choose a Kähler form α representing it. We set
ω := tan(π/(2n))α. All eigenangles of α relative to ω equal π/(2n), so (α, ω) is a su-
percritical LYZ pair of phase π/2. Proposition 1.9 gives c1(R[α],[ω]) = (n − 1)H. Applying
this construction to Kähler classes H1, . . . ,Hm yields

H1 · · ·Hm = 1
(n− 1)m

m∏︂
i=1

c1(R[αi],[ωi]) ∈ Cm
LYZ(X).

Taking positive combinations and limits proves the first inclusion.
By Theorem 2.10, every mixed Schur product has a smooth closed strongly positive

representative, which pairs nonnegatively with effective analytic cycles. This proves the
second inclusion.

Corollary 2.12. Every compact Kähler n-fold X, n ≥ 2, satisfies C1
LYZ(X) = K(X).

Proof. Every generator of C1
LYZ(X) can be written as c1(R) = (n− 1)[κ], where [κ] is Kähler.

Hence C1
LYZ(X) ⊆ K(X). The reverse inclusion is Theorem 2.11.

2.2.1 The pliant cone and the LYZ cone on threefolds

We first express the preceding cone inclusions in terms of numerical cycle classes. Let X
be a smooth projective variety of dimension n. We write Nk(X)R and Nk(X)R for the real
spaces of codimension-k and dimension-k cycles modulo numerical equivalence. The closed
cone generated by effective k-dimensional cycles is denoted by Psefk(X) ⊂ Nk(X)R. Its dual
under the intersection pairing is the nef cone Nefk(X) := (Psefk(X))∨ ⊂ Nk(X)R. We also
write Psefk(X) := Psefn−k(X) under the identification Nk(X)R = Nn−k(X)R.

To relate these numerical cones to cohomology, we set

Hm,m
alg (X,R) := im

(︂
cl : CHm(X)R −→ H2m(X,R)

)︂
,

where cl is the cycle class map. The canonical surjection q : Hm,m
alg (X,R) ↠ Nm(X)R sends

an algebraic cohomology class to its numerical class.

Lemma 2.13. Let X be a smooth projective variety of dimension n ≥ 2. Then, for 1 ≤ m ≤ n,

Sm Nef1(X) ⊆ q
(︂
Cm

LYZ(X) ∩Hm,m
alg (X,R)

)︂
⊆ Nefm(X). (2.11)

Proof. The right inclusion follows from (2.10) by intersection with effective cycles. To prove
the left inclusion, let γ ∈ Sm Nef1(X). We choose a sequence γj → γ of finite nonnegative sums
of products of ample divisor classes. Let ξj be the corresponding cohomological classes. By
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(2.10), ξj ∈ Cm
LYZ(X) ∩Hm,m

alg (X,R). We fix an ample divisor class H. Pairing positive smooth
representatives of the classes ξj with smooth representatives of a fixed dual cohomology basis
gives

∥ξj∥ ≤ C

∫︂
X
ξj ∪Hn−m = C γj ·Hn−m.

Here we use a fixed cohomology norm ∥ · ∥, and the constant C is independent of j. The
right-hand side is bounded because γj → γ. Thus a subsequence of ξj converges to a class
ξ ∈ Cm

LYZ(X) ∩Hm,m
alg (X,R). Continuity of q gives q(ξ) = γ, proving the left inclusion.

Now let X be a smooth projective complex threefold. In degree two, the map q is an
isomorphism. Indeed, for an integral ample divisor class H, Hard Lefschetz and the Lefschetz
(1, 1) theorem give H2,2

alg (X,R) = H ·N1(X)R. The Hodge index theorem makes the pairing
HAB nondegenerate on N1(X)R, so the canonical surjection is injective in this case. We
therefore identify N2(X)R with H2,2

alg (X,R). Under this identification, we will strengthen the
inclusions (2.11) by proving PL2(X) ⊆ C2

LYZ(X) ∩N2(X)R.
By [FL17, Definition 3.2], the pliant cone in degree two is

PL2(X) := Cone
{︂
s(1,1)(E), s(2)(E), c1(E)c1(F ) : E,F are globally generated bundles

}︂
.

The following lemma reduces these generators to second Chern classes.

Lemma 2.14. On a smooth projective threefold X,

PL2(X) = Cone{c2(E) : E is a globally generated vector bundle}.

Proof. Every class on the right lies in PL2(X) by definition. For the reverse inclusion, we
express the other two types of generators as second Chern classes of globally generated
bundles. For a globally generated bundle E, let ME denote the kernel of its evaluation map,
so that

0 −→ ME −→ H0(E) ⊗ OX −→ E −→ 0.

Dualizing gives a surjection H0(E)∗ ⊗ OX ↠ M∨
E . Thus the dual bundle M∨

E is globally
generated. The Whitney formula gives

c2(M∨
E) = c2(ME) = c1(E)2 − c2(E).

For globally generated bundles E and F , the line bundles detE and detF are globally
generated, so their direct sum is globally generated and

c2(detE ⊕ detF ) = c1(E)c1(F ).

This completes the proof.

The following lemma gives a criterion for a product of two divisor classes to lie in C2
LYZ(X).

Lemma 2.15. Let A,B ∈ N1(X)R. Suppose that B + A and B − A are ample,
AB ∈ int Nef2(X), and

A2(3B −A) > 0, B2(B − 3A) > 0.

Then AB ∈ C2
LYZ(X).
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Proof. The two positive intersection numbers in the hypotheses determine a unique θ ∈ (0, π)
by

cos θ = A2(3B −A) −B2(B − 3A)
A2(3B −A) +B2(B − 3A) .

We set
[κ] := A+B

2 , [ω] := B −A

2 sin θ, [α] := [κ] + B −A

2 cos θ.

Since [ω]/ sin θ = (B −A)/2, we have

4
(︁
[κ]3 − 3[κ]([ω]/ sin θ)2)︁ = A2(3B −A) −B2(B − 3A),

8([ω]/ sin θ)3 = (B −A)3 = A2(3B −A) +B2(B − 3A).

By the choice of θ and the identity (1.8), these equalities give
∫︁

X P3([κ], [ω]) = 0. By (1.7),
the associated LYZ root classes are A,B, so their Chern classes are c1 = A+B and c2 = AB.
The assumptions make [ω] and c1 ample, while c2 pairs positively with every irreducible
surface. Corollary 1.10 therefore shows that ([α], [ω]) constructed as above is a cohomological
supercritical LYZ pair with c2 = AB. This completes the proof.

To apply Lemma 2.15 to a curve class, we fix an ample class H. The Hodge index theorem
makes multiplication by H an isomorphism

LH : N1(X)R −→ N1(X)R, D ↦−→ DH.

Following the notation in [PRT26, Definition 3.2], for a curve class Γ, we write

Γ
H

:= L−1
H (Γ), so that H

Γ
H

= Γ.

Definition 2.16. Let X be a smooth projective complex threefold. Let Γ ∈ N1(X)R be a
curve class and H be an ample R-divisor. The pair (Γ, H) is called a Hodge–Riemann pair if

HΓ > 0

and
H

(︃ Γ
H

)︃2
> 0.

Corollary 2.17. Let Γ ∈ int Nef2(X) and let H be ample. If

H

(︃ Γ
H

)︃2
> 0,

then Γ ∈ C2
LYZ(X).

Proof. We put A := uΓ/H and B := H. For small u > 0, the classes H ±A are ample and
AB = uΓ ∈ int Nef2(X). Moreover,

A2(3H −A)
u2 =

(︃ Γ
H

)︃2 (︃
3H − u

Γ
H

)︃
−→ 3H

(︃ Γ
H

)︃2
> 0,

H2(H − 3A) = H3 − 3uHΓ −→ H3 > 0.

Lemma 2.15 realizes uΓ as the second Chern class of a collection of LYZ root classes. Since
C2

LYZ(X) is a cone, it also contains Γ.
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We next apply the Hodge–Riemann property of ample vector bundles to the criterion in
Corollary 2.17. We use the following threefold Chern-class case of [PRT26, Proposition 3.8].

Proposition 2.18 ([PRT26], Proposition 3.8). Let X be a smooth projective complex threefold,
let E be a vector bundle of rank r ≥ 2, and let H ∈ Amp1(X) and ε ≥ 0. If the R-twisted
bundle Eε := E ⊗ OX(εH) is ample, then c2(Eε) ∈ int Nef2(X) and(︁

c2(Eε), (r − 1)c1(Eε)
)︁

is a Hodge–Riemann pair.

Corollary 2.19. Under the hypotheses of Proposition 2.18, the pair (c2(Eε), c1(Eε)) is a
Hodge–Riemann pair, and c2(Eε) ∈ C2

LYZ(X).

Proof. By Proposition 2.18, the pair (c2(Eε), (r − 1)c1(Eε)) is a Hodge–Riemann pair, and
by rescaling the second component by 1/(r − 1) > 0 it is clear that (c2(Eε), c1(Eε)) is again
a Hodge–Riemann pair. Moreover, by Proposition 2.18 we have c2(Eε) ∈ int Nef2(X), and
c1(Eε) is ample since Eε is ample. Then we can apply Corollary 2.17 to (c2(Eε), c1(Eε)) to
obtain c2(Eε) ∈ C2

LYZ(X).

Approximating globally generated bundles by ample twists now yields the desired cone
inclusion.

Theorem 2.20. For every smooth projective complex threefold X,

S2 Nef1(X) ⊆ PL2(X) ⊆
(︁
C2

LYZ(X) ∩N2(X)R
)︁

⊆ Nef2(X). (2.12)

Proof. The inclusion S2 Nef1(X) ⊆ PL2(X) follows from c1(L)c1(M) = c2(L⊕M) for globally
generated line bundles L,M .

For PL2(X) ⊆ C2
LYZ(X), Lemma 2.14 reduces the problem to a globally generated bundle

E of rank r ≥ 2. We fix an integral ample divisor H and for ε > 0 we set Eε := E ⊗ OX(εH).
Since a globally generated bundle is nef, the twist Eε is an ample R-twisted vector bundle.
Corollary 2.19 therefore gives c2(Eε) ∈ C2

LYZ(X).
A direct computation shows that

c2(Eε) = c2(E) + (r − 1)εHc1(E) +
(︄
r

2

)︄
ε2H2.

We have c2(Eε) → c2(E) as ε → 0+, and thus c2(E) ∈ C2
LYZ(X). This shows the second

inclusion. The last inclusion follows from Lemma 2.13.

2.2.2 Strict inclusion on the Fujino–Sato threefold

Let X = XF S be the smooth projective toric threefold of [FS09, Example 4.2]. Its
cohomology is generated by divisor classes [CLS11, Theorem 12.4.4], so H2,2(X,R) = N2(X)R.

We prove that PL2(X) ⊆ C2
LYZ(X) is strict by constructing a special class Γ∗ in the

LYZ cone. If Γ∗ belonged to the pliant cone PL2(X), Lemma 2.23 would give a sequence of
Chern classes with prescribed limiting properties. Lemma 2.24 would then yield a special
factorization of Γ∗, contradicting its construction. Appendix A gives the fan and intersection
data used below.
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2.2.2.1 The candidate class
Let N1, . . . , N5 be the nef basis in (A.1), and let D1, . . . , D8 denote the invariant prime

divisors, numbered as in [FS09, Example 4.2]. The cone computations in Appendix A give

Nef1(X) = Cone(N1, . . . , N5),
Psef1(X) = Cone(D1, D5, D6, D7, D8).

(2.13)

We set K := N1 + · · · +N5, an integral ample class. For our example, we choose the integral
divisor M and define Γ∗ by

M := −3N1 + 2N2 − 4N3 +N4 + 6N5, (2.14)
Γ∗ := N4M. (2.15)

The values in (A.4) and (A.5) give

M2N4 = 0, M2Ni > 0 (i ̸= 4), MK2 > 0. (2.16)

Thus the curve class M2 vanishes precisely on the nef ray generated by N4. In particular,
MΓ∗ = 0 and M2H > 0 for every ample class H.

Equation (A.3) shows that the generators of Psef1(X) pair nonnegatively with Γ∗ and
strictly positively with KM . Moreover, D1Γ∗ = 2, so Γ∗ ≠ 0. By (2.13) and the duality
Nef2(X) = (Psef1(X))∨, we obtain

0 ̸= Γ∗ ∈ Nef2(X), KM ∈ int Nef2(X). (2.17)

Since the ample cone is open, K − εD1 is ample, hence pseudoeffective, for sufficiently small
ε > 0. Thus (K − εD1)Γ∗ ≥ 0, and

KΓ∗ ≥ εD1Γ∗ = 2ε > 0,

where D1Γ∗ = 2 follows from (A.3) in Appendix A.

Lemma 2.21. The class Γ∗ = N4M belongs to C2
LYZ(X).

Proof. For u > 0, we set

Hu := N4 + uK, Γu := HuM = Γ∗ + uKM.

The class Hu is ample, and (2.17) gives Γu ∈ int Nef2(X). Moreover, Γu/Hu = M and
HuM

2 = uKM2 > 0 by (2.16). Corollary 2.17 gives Γu ∈ C2
LYZ(X), and closedness gives

Γ∗ ∈ C2
LYZ(X) as u → 0+.

2.2.2.2 Limits of normalized Chern classes
The weak Hodge–Riemann inequality for globally generated bundles shows that M is

nonnegative on the pliant cone.

Lemma 2.22. The divisor M satisfies Mγ ≥ 0 for every γ ∈ PL2(X), with MΓ∗ = 0.

Proof. We have MΓ∗ = M2N4 = 0 by (2.16). By Lemma 2.14, it remains to prove Mc2(E) ≥ 0
for every globally generated bundle E with c2(E) ̸= 0. For such a bundle E and a divisor
class A ∈ N1(X)R, we first show that

Ac2(E) = 0 =⇒ A2c1(E) ≤ 0. (2.18)
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Since E is globally generated, the class c2(E) is represented by an effective curve cycle [Ful98,
Example 14.4.3(i)]. As c2(E) ̸= 0, ampleness of K gives Kc2(E) > 0.

For ε > 0, the twist Eε := E ⊗ OX(εK) is an ample R-twisted bundle, and Proposi-
tion 2.18 gives c2(Eε) ∈ int Nef2(X). Since K is ample and hence pseudoeffective, we obtain
Kc2(Eε) > 0. If Ac2(E) = 0, we define

Aε := A− Ac2(Eε)
Kc2(Eε)K.

A direct computation gives

Aεc2(Eε) = Ac2(Eε) − Ac2(Eε)
Kc2(Eε)Kc2(Eε) = 0.

Then Corollary 2.19 gives A2
εc1(Eε) ≤ 0. Moreover, Ac2(Eε) → Ac2(E) = 0 and

Kc2(Eε) → Kc2(E) > 0, so Aε → A. We obtain (2.18) by passing to the limit.
Since E is globally generated, the class c1(E) is nef. Hence c1(E)M2 ≥ 0 by (2.16). By

the definition of the pliant cone and [FL17, Lemma 3.7], we have

c1(E)2 − c2(E) = s(2)(E) ∈ PL2(X) ⊆ Nef2(X).

Pairing with K gives Kc1(E)2 ≥ Kc2(E) > 0, so c1(E) ̸= 0. The nonzero nef class c1(E) is
pseudoeffective. Since KM ∈ int Nef2(X) by (2.17), we obtain c1(E)MK > 0.

If Mc2(E) < 0, we set t := −Mc2(E)/(Kc2(E)) > 0. Then (M + tK)c2(E) = 0, but

(M + tK)2c1(E) = c1(E)M2 + 2tc1(E)MK + t2c1(E)K2 > 0,

contrary to (2.18). Hence Mc2(E) ≥ 0. This completes the proof.

We will use this supporting inequality to constrain the Chern limits of bundles whose
second Chern classes approach Mγ = 0.

Lemma 2.23. Assume that Γ∗ ∈ PL2(X). Then there are globally generated bundles Ej of
ranks at least two, with c1(Ej) =

∑︁5
i=1 hi,jNi, hi,j ≥ 0, and

∑︁5
i=1 hi,j > 0, such that

c1(Ej)∑︁5
ℓ=1 hℓ,j

−→ N4,
c2(Ej)
Kc2(Ej) −→ Γ∗

KΓ∗
,

Kc2(Ej)(︁∑︁5
ℓ=1 hℓ,j

)︁2 −→ 0. (2.19)

Proof. By Lemma 2.14, the cone PL2(X) is the closed convex cone generated by the classes
c2(E) of globally generated bundles. Since Γ∗/(KΓ∗) ∈ PL2(X), there are finite sums

Gj :=
∑︂

i

aj,ic2(Ej,i) −→ Γ∗
KΓ∗

, aj,i > 0,

where each Ej,i is globally generated and c2(Ej,i) ̸= 0. In particular, rk(Ej,i) ≥ 2. Each c2(Ej,i)
is represented by a nonzero effective curve cycle, so ampleness of K gives Kc2(Ej,i) > 0.
Lemma 2.22 also gives Mc2(Ej,i) ≥ 0. Moreover, KGj → 1 and MGj → 0.

We choose Ej so that Mc2(Ej)
Kc2(Ej) = mini

{︁Mc2(Ej,i)
Kc2(Ej,i)

}︁
. Then

0 ≤ Mc2(Ej)
Kc2(Ej) ≤

∑︂
i

aj,iKc2(Ej,i)
KGj

Mc2(Ej,i)
Kc2(Ej,i)

= MGj

KGj
−→ 0.

By compactness of {η ∈ Nef2(X) : Kη = 1}, we pass to a subsequence such that

c2(Ej)
Kc2(Ej) −→ Γ, KΓ = 1, MΓ = 0.
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Since Ej is globally generated, the class c1(Ej) is nef. We write c1(Ej) =
∑︁5

i=1 hi,jNi, with
hi,j ≥ 0. The class c1(Ej)2 − c2(Ej) is pliant and hence nef by [FL17, Lemma 3.7]. Pairing
with K gives

0 < Kc2(Ej) ≤ Kc1(Ej)2.

Thus c1(Ej) ̸= 0 and
∑︁5

ℓ=1 hℓ,j > 0. The vectors
(︁ h1,j∑︁5

ℓ=1 hℓ,j

, . . . ,
h5,j∑︁5
ℓ=1 hℓ,j

)︁
have nonnegative

entries summing to one, so they lie in the compact standard simplex{︄
(x1, . . . , x5) ∈ R5

≥0 :
5∑︂

i=1
xi = 1

}︄
.

Within the subsequence along which c2(Ej)/(Kc2(Ej)) → Γ, we therefore choose a further
subsequence indexed by jk such that

hi,jk∑︁5
ℓ=1 hℓ,jk

−→ hi (i = 1, . . . , 5), hi ≥ 0,
5∑︂

i=1
hi = 1.

Relabelling jk as j, we obtain

c1(Ej)∑︁5
ℓ=1 hℓ,j

−→ H :=
5∑︂

i=1
hiNi.

We claim that relation (2.18) holds for the limit pair (Γ, H). Indeed, suppose that a divisor
class A satisfies AΓ = 0. We define Aj := A− Ac2(Ej)

Kc2(Ej)K. Then

Aj −→ A, Ajc2(Ej) = 0, A2
j

c1(Ej)∑︁5
ℓ=1 hℓ,j

≤ 0

by (2.18). Passing to the limit gives

AΓ = 0 =⇒ A2H ≤ 0. (2.20)

Inequality (2.20) first determines the limit H of the normalized first Chern classes. Since
MΓ = 0, we can take A = M in (2.20). Using M2N4 = 0 and M2Ni > 0 for i ≠ 4 from
(2.16), we obtain

0 ≥ M2H =
∑︂
i̸=4

hi(M2Ni) ≥ 0.

Every summand must vanish. Thus hi = 0 for i ̸= 4, and
∑︁

i hi = 1 gives h4 = 1. Therefore

H = N4.

Inequality (2.20), together with H = N4, also determines the second Chern limit Γ. We
claim that every divisor class A with AΓ = 0 also satisfies AΓ∗ = 0. Indeed, for such an A,
we have (M + tA)Γ = 0 for every t ∈ R. Applying (2.20) with H = N4 and using N4M

2 = 0
and N4M = Γ∗ gives

0 ≥ N4(M + tA)2

= N4M
2 + 2tN4MA+ t2N4A

2

= 2tΓ∗A+ t2N4A
2.

Dividing by t > 0 and letting t → 0+ gives Γ∗A ≤ 0. Dividing by t < 0 reverses the inequality,
and letting t → 0− gives Γ∗A ≥ 0. Thus Γ∗A = 0. By the construction of Γ, we have KΓ = 1.

20



For any divisor class A, the class A− (AΓ)K therefore has zero intersection with Γ. By the
preceding claim, we have

0 = (A− (AΓ)K)Γ∗ = AΓ∗ − (AΓ)KΓ∗.

It follows that AΓ = AΓ∗/(KΓ∗) for every divisor class A. By numerical equivalence of curve
classes, this means Γ = Γ∗/(KΓ∗).

It remains to prove Kc2(Ej)/(
∑︁5

ℓ=1 hℓ,j)2 → 0. We use the effective divisor D8. The values
in (A.3) and (A.5) give

D8N
2
4 = 0, D8Γ∗ > 0. (2.21)

Both c2(Ej) and c1(Ej)2 − c2(Ej) are pliant and hence nef. Since D8 is effective, pairing these
two classes with D8 gives 0 ≤ D8c2(Ej) ≤ D8c1(Ej)2, and thus

0 ≤ Kc2(Ej)(︁∑︁5
ℓ=1 hℓ,j

)︁2 D8c2(Ej)
Kc2(Ej) ≤ D8

(︄
c1(Ej)∑︁5
ℓ=1 hℓ,j

)︄2

.

Since c2(Ej)/(Kc2(Ej)) → Γ∗/(KΓ∗) and c1(Ej)/(
∑︁5

ℓ=1 hℓ,j) → N4, by (2.21) we obtain

D8c2(Ej)
Kc2(Ej) −→ D8Γ∗

KΓ∗
> 0, D8

(︄
c1(Ej)∑︁5
ℓ=1 hℓ,j

)︄2

−→ D8N
2
4 = 0.

In particular, D8c2(Ej) > 0 for all sufficiently large j, so

0 ≤ Kc2(Ej)(︁∑︁5
ℓ=1 hℓ,j

)︁2 ≤ D8

(︄
c1(Ej)∑︁5
ℓ=1 hℓ,j

)︄2
Kc2(Ej)
D8c2(Ej) −→ 0.

2.2.2.3 A decomposition of the limit classes
The following lemma turns the growth condition in Lemma 2.23 into a factorization of Γ∗

by a pseudoeffective divisor.

Lemma 2.24. Let X be a smooth projective complex threefold, let K be an integral ample
divisor, and let Ej be globally generated vector bundles of ranks rj ≥ 2 with Kc2(Ej) > 0.
Assume that H ∈ N1(X)R, Γ ∈ N2(X)R, and mj > 0 satisfy H2K > 0 and

c1(Ej)
mj

−→ H,
c2(Ej)
Kc2(Ej) −→ Γ, Kc2(Ej)

m2
j

−→ 0.

Then Γ = HB for some B ∈ Psef1(X).

Proof. We claim that it suffices to construct effective divisors Bj such that mjBj/(Kc2(Ej))
has a convergent subsequence and (c2(Ej) − c1(Ej)Bj)/(Kc2(Ej)) → 0. Indeed, we pass to
a subsequence with mjBj/(Kc2(Ej)) → B. Since each Bj is effective, the limit B lies in
Psef1(X). Using c1(Ej)/mj → H, we obtain

c2(Ej)
Kc2(Ej) = c1(Ej)

mj

mjBj

Kc2(Ej)⏞ ⏟⏟ ⏞
−→HB

+ c2(Ej) − c1(Ej)Bj

Kc2(Ej)⏞ ⏟⏟ ⏞
−→0

−→ HB.

By hypothesis, we also have c2(Ej)/(Kc2(Ej)) → Γ, and this gives Γ = HB.
To construct the desired divisors Bj , we first reduce to the case where the sheaves Ej are

reflexive of rank two. The global sections of Ej span every fibre, so h0(X,Ej) ≥ rj and a
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general choice of rj − 2 global sections is linearly independent at a general point of X. These
sections give an exact sequence

0 −→ O rj−2
X −→ Ej −→ Fj −→ 0,

where Fj is globally generated of rank two, with c1(Fj) = c1(Ej) and c2(Fj) = c2(Ej). For
rj = 2, we simply take Fj = Ej . For rj ≥ 3, general sections become linearly dependent only
in codimension at least three, so the quotient Fj is locally free away from finitely many points.
At each such point x, the exact sequence and the depth lemma give depthOX,x

((Fj)x) ≥ 2.
Hence the sheaf Fj is reflexive [Stacks, Lemmas 10.72.6 and 31.13.10]. Replacing Ej by Fj ,
we may therefore assume that each Ej is a globally generated reflexive sheaf of rank two,
since its first two Chern classes are unchanged.

We write ∆(Ej) := 4c2(Ej) − c1(Ej)2 for the discriminant. By hypothesis,

K∆(Ej)
m2

j

= 4Kc2(Ej)
m2

j

−
(︄
c1(Ej)
mj

)︄2

K −→ −H2K < 0.

After discarding finitely many terms, we have

K∆(Ej) < 0. (2.22)

The classical Bogomolov inequality therefore implies that every Ej is µK2-unstable.
Let Lj ⊂ Ej be its saturated rank-one destabilizing subsheaf. Since Ej is reflexive, the

saturated subsheaf Lj is reflexive [Stacks, Lemma 31.13.7], hence a line bundle. We choose a
divisor Bj such that OX(Bj) = det(Ej) ⊗ L−1

j . The quotient Ej/Lj is torsion-free of rank
one with determinant OX(Bj), so it has the form IZj (Bj). We obtain

0 −→ det(Ej) ⊗ OX(−Bj) −→ Ej −→ IZj (Bj) −→ 0,

where Zj has codimension at least two and IZj is its ideal sheaf. Since Lj destabilizes Ej , we
have

(c1(Ej) − 2Bj)K2 = 2
(︁
µK2(Lj) − µK2(Ej)

)︁
> 0. (2.23)

Since IZj (Bj) is globally generated, its nonzero global sections define a nonempty linear
subsystem of |Bj | with no base points outside Zj . Thus we may choose Bj effective, and
codimZj ≥ 2 implies that this subsystem has no fixed divisor. Two general members therefore
meet properly. The class of their intersection cycle is B2

j . Their intersection contains Zj as a
closed subscheme, so B2

j − [Zj ] is effective, where [Zj ] denotes the codimension-two cycle of
Zj [Stacks, Lemmas 42.29.5 and 42.10.4]. In particular,

0 ≤ K[Zj ] ≤ KB2
j . (2.24)

By the exact sequence above, we have

c2(Ej) = (c1(Ej) −Bj)Bj + [Zj ] = c1(Ej)Bj −B2
j + [Zj ]. (2.25)

Thus
(c1(Ej) − 2Bj)2K = c1(Ej)2K − 4c1(Ej)BjK + 4B2

jK

= c1(Ej)2K − 4Kc2(Ej) + 4K[Zj ]
= −K∆(Ej) + 4K[Zj ] > 0,

where the second equality follows from (2.25), and the last inequality follows from (2.22) and
K[Zj ] ≥ 0 in (2.24).
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We write c1(Ej) − 2Bj = ajK + Sj and Bj = bjK + Tj , where SjK
2 = TjK

2 = 0. The
Hodge index theorem and Cauchy–Schwarz give SjTjK ≥ −

√︂
(−S2

jK)(−T 2
j K), and thus

(c1(Ej) − 2Bj)BjK = ajbjK
3 + SjTjK

≥ ajbjK
3 −

√︂
(−S2

jK)(−T 2
j K).

By (2.23), we have ajK
3 = (c1(Ej) − 2Bj)K2 > 0, so aj > 0. The effectivity of Bj gives

bjK
3 = BjK

2 ≥ 0, so bj ≥ 0. The positivity of (c1(Ej) − 2Bj)2K = a2
jK

3 + S2
jK gives

−S2
jK < a2

jK
3. Similarly, (2.24) gives B2

jK = b2
jK

3 + T 2
j K ≥ 0, hence −T 2

j K ≤ b2
jK

3.
Combining these inequalities gives

(c1(Ej) − 2Bj)BjK ≥ ajbjK
3 −

√︂
(−S2

jK)(−T 2
j K) ≥ 0.

Thus B2
jK ≤ 1

2c1(Ej)BjK, and

Kc2(Ej) = c1(Ej)BjK −B2
jK +K[Zj ] ≥ 1

2c1(Ej)BjK. (2.26)

Each class c1(Ej)/mj is nef. Hence the limit H is nef and satisfies HK2 ≥ 0. Since H2K > 0
by hypothesis, the Hodge index theorem gives HK2 ≥

√︁
(H2K)K3 > 0. We can therefore fix

ε > 0 sufficiently small that, for all sufficiently large j,(︄
c1(Ej)
mj

− εK

)︄2

K > 0,
(︄
c1(Ej)
mj

− εK

)︄
K2 > 0.

We write
c1(Ej)
mj

− εK = a′
jK + S′

j , S′
jK

2 = 0,

and use the decomposition Bj = bjK + Tj above. The preceding inequalities give a′
j > 0 and

−(S′
j)2K < (a′

j)2K3. Moreover, bj ≥ 0 and −T 2
j K ≤ b2

jK
3, as shown above. By the Hodge

index theorem and Cauchy–Schwarz, we have(︄
c1(Ej)
mj

− εK

)︄
BjK = a′

jbjK
3 + S′

jTjK

≥ a′
jbjK

3 −
√︂(︁

−(S′
j)2K

)︁
(−T 2

j K)

≥ 0.

Together with (2.26), this yields

0 ≤ K2 mjBj

Kc2(Ej) ≤ c1(Ej)BjK

εKc2(Ej) ≤ 2
ε
.

On Psef1(X), the K2-degree is the restriction of a norm on N1(X)R [FL17, Theorem 1.4(3)].
This inequality therefore makes mjBj/(Kc2(Ej)) a bounded sequence in a finite-dimensional
space. Passing to a subsequence, we obtain mjBj/(Kc2(Ej)) → B.

For the remaining estimate, (2.25) gives c2(Ej) − c1(Ej)Bj = −(B2
j − [Zj ]). It therefore

suffices to prove that (B2
j −[Zj ])/(Kc2(Ej)) → 0. On Psef2(X), the K-degree is the restriction

of a norm on N2(X)R [FL17, Theorem 1.4(3)]. Since these classes are effective, to prove
(B2

j − [Zj ])/(Kc2(Ej)) → 0, it suffices to prove that their K-degrees tend to zero.
The Hodge index theorem gives (c1(Ej)BjK)2 ≥ (c1(Ej)2K)(B2

jK). Combining this with
c1(Ej)BjK ≤ 2Kc2(Ej) from (2.26), we obtain

0 ≤
K(B2

j − [Zj ])
Kc2(Ej) ≤

KB2
j

Kc2(Ej) ≤ 4Kc2(Ej)
c1(Ej)2K

=
4Kc2(Ej)/m2

j

(c1(Ej)/mj)2K
−→ 0.

By the reduction at the beginning of the proof, the lemma follows.
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We now apply this factorization to the Fujino–Sato threefold. The matrix (A.2), the basis
change (A.1), and the values in (A.5) give, for the map N4 ∪ − : N1(X)R → N2(X)R,

ker(N4 ∪ −) = RD6, N2
4K > 0. (2.27)

The positivity allows us to apply Lemma 2.24 with H = N4, while the kernel determines all
possible divisors B in the resulting factorization.

Theorem 2.25. On the Fujino–Sato threefold XF S, the class Γ∗ = N4M belongs to
C2

LYZ(XF S) \ PL2(XF S). In particular,

PL2(XF S) ⊊ C2
LYZ(XF S).

Proof. By Lemma 2.21, Γ∗ ∈ C2
LYZ(X). Suppose that Γ∗ ∈ PL2(X). By Lemmas 2.23 and 2.24,

we have
Γ∗
KΓ∗

= N4B for some B ∈ Psef1(X). (2.28)

Since Γ∗ = N4M , equation (2.28) implies B−M/(KΓ∗) ∈ ker(N4 ∪ −). By (2.27), this kernel
is RD6, and thus B = M/(KΓ∗) + λD6 for some λ ∈ R. Using (A.1), we express M in the
pseudoeffective basis as

M = 5D1 + 7D5 + 5D6 + 2D7 − 2D8. (2.29)

Dividing (2.29) by KΓ∗ and using B = M/(KΓ∗) + λD6 gives

B = 5
KΓ∗

D1 + 7
KΓ∗

D5 +
(︃ 5
KΓ∗

+ λ

)︃
D6 + 2

KΓ∗
D7 − 2

KΓ∗
D8.

By (2.13), the cone Psef1(X) is generated by the basis D1, D5, D6, D7, D8. Since KΓ∗ > 0,
the negative D8-coefficient contradicts B ∈ Psef1(X) in (2.28). Hence Γ∗ /∈ PL2(X), and
Theorem 2.20 gives the strict inclusion.

3 Kähler package from supercritical LYZ pairs
In this section, we study the Kähler package for the Chern classes of supercritical LYZ

root classes. We first establish pointwise Hodge–Riemann relations for the associated Chern
forms, and then use the techniques in [DN13, Propositions 3.1–3.2] to prove the corresponding
cohomological results.

Let ([α], [ω]) be a cohomological supercritical LYZ pair on a compact Kähler n-fold X,
and let R := R[α],[ω]. We say that the Chern classes cm(R) satisfy the Kähler package if the
following three properties hold for every bidegree (p, q), where p, q ≥ 0 and 1 ≤ p+ q ≤ n.

(1) Hard Lefschetz. Multiplication by cn−p−q(R) gives an isomorphism

Hp,q(X) −→ Hn−q,n−p(X).

(2) Hodge–Riemann relations. We define the primitive space by

Pp,q(X,R) := ker
(︁
cn−p−q+1(R) ∪ − : Hp,q(X) −→ Hn−q+1,n−p+1(X)

)︁
,

where Chern classes of degree greater than n − 1 are zero. The same definition gives
P0,0(X,R) = H0,0(X). For classes a, b ∈ Hp,q(X), we put

Qp,q
R (a, b) := (

√
−1) p−q(−1)(p+q)(p+q−1)/2

∫︂
X
a ∪ b̄ ∪ cn−p−q(R).

The Hodge–Riemann relations require this form to be positive definite on Pp,q(X,R).
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(3) Orthogonal Lefschetz decomposition. For p, q ≥ 1, we set m := n− p− q + 1. Assuming
Hard Lefschetz in bidegree (p, q), we define

LR : Hp−1,q−1(X) −→ Hp,q(X), LR :=
(︁
cm−1(R) ∪ −

)︁−1 ◦
(︁
cm(R) ∪ −

)︁
. (3.1)

We require the decomposition

Hp,q(X) =
min{p,q}⨁︂

i=0
L i

RPp−i,q−i(X,R).

The primitive summand is Qp,q
R -orthogonal to all other summands. When p = 0 or q = 0,

the whole space is primitive.

Theorem (Theorem 3.4, Corollary 3.5). For a cohomological supercritical LYZ pair on
a compact Kähler n-fold, the three properties above hold whenever 1 ≤ p + q ≤ n and
min{p, q} ≤ 1. As a consequence, the Kähler package holds when n = 3 or 4.

3.1 Pointwise Hodge–Riemann relations

In this subsection, we prove the pointwise Hodge–Riemann relations. Let (α, ω) be LYZ
representatives with phase θ ∈ (0, π), and set κ := α− cot θ ω = c1(α, ω)/(n− 1). At a fixed
point, an ω-orthonormal coframe diagonalizing α gives

α =
√

−1
n∑︂

i=1
λi dzi ∧ dz̄i, ω =

√
−1

n∑︂
i=1

dzi ∧ dz̄i.

Here λi = cotϕi, with ϕi > 0 and
∑︁

i ϕi = θ < π. We use the notation [n] := {1, . . . , n} and
let Λp,q denote the space of complex (p, q)-forms at the chosen point, with Λp,q = 0 if either
index lies outside {0, . . . , n}. For 0 ≤ j < n, evaluating Pj from (1.3) on (κ, ω) and expanding
gives

cj(α, ω) = (
√

−1) j2
(︄
n− 1
j

)︄
j!
∑︂

|H|=j

sin(θ −
∑︁

i∈H ϕi)
sin θ

∏︁
i∈H sinϕi

dzH ∧ dz̄H . (3.2)

All these coefficients are positive. For fixed 0 < θ < π and N ≥ 0, we write

FN (x) := Re
N∏︂

i=1
(xi +

√
−1) − cot θ Im

N∏︂
i=1

(xi +
√

−1).

For λ = (cotϕi)N
i=1 with 0 < ϕi < π, substituting λi +

√
−1 = e

√
−1ϕi/ sinϕi gives

FN (λ) = cos(
∑︁

i ϕi) − cot θ sin(
∑︁

i ϕi)∏︁
i sinϕi

= sin(θ −
∑︁

i ϕi)
sin θ

∏︁
i sinϕi

. (3.3)

The first and second derivatives of FN give the coefficients of the primitive condition and
the pairing below. For the proof of Lemma 3.1, we follow Yuan’s techniques in the proof of
convexity for supercritical special Lagrangian level sets [Yua06, Lemma 2.1]. This argument
also appears in the proof of [FYZZ26, Proposition 4.1].

Lemma 3.1. Let N ≥ 2 and λi = cotϕi, where ϕi > 0 and
∑︁

i ϕi ≤ θ < π. The Hessian
matrix H := (∂i∂jFN (λ)), with H(z, w) :=

∑︁
i,j Hijziw̄j, has signature (1, N − 1) as a

Hermitian form. The following hold.

(i) The form H is negative definite on {z ∈ CN :
∑︁

i ∂iFN (λ)zi = 0}.
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(ii) For every x ∈ RN
>0, the form H is negative definite on {z ∈ CN : H(z, x) = 0}.

Proof. We first prove (i). Since the coefficients ∂iFN (λ) are real, the real and imaginary parts
of a vector satisfying the primitive condition in (i) both satisfy the same condition. Writing
z = Re z +

√
−1 Im z, we expand the Hermitian form as

H(z, z) = H(Re z,Re z) +H(Im z, Im z) +
√

−1
(︁
H(Im z,Re z) −H(Re z, Im z)

)︁
= H(Re z,Re z) +H(Im z, Im z),

where the cross terms cancel because the matrix H is real symmetric. For z ≠ 0, at least one
of Re z and Im z is nonzero. It therefore suffices to prove (i) for real vectors.

Direct differentiation gives

∂iFN (x) = Re
∏︂
k ̸=i

(xk +
√

−1) − cot θ Im
∏︂
k ̸=i

(xk +
√

−1),

∂i∂jFN (x) = Re
∏︂

k ̸=i,j

(xk +
√

−1) − cot θ Im
∏︂

k ̸=i,j

(xk +
√

−1) (i ̸= j).

Since ∂iFN (x) is independent of xi, we have Hii = ∂2
i FN (λ) = 0. We put δ := θ −

∑︁
i ϕi ≥ 0.

Substituting λk +
√

−1 = e
√

−1ϕk/ sinϕk gives

∂iFN (λ) = sin(δ + ϕi) sinϕi

sin θ
∏︁

k sinϕk
> 0,

Hij = sin(δ + ϕi + ϕj) sinϕi sinϕj

sin θ
∏︁

k sinϕk
> 0 (i ̸= j),

(3.4)

since 0 < δ + ϕi ≤ δ + ϕi + ϕj ≤ θ < π.
We take 0 ̸= v ∈ RN satisfying the primitive condition in (i), that is,

∑︁
i ∂iFN (λ)vi = 0,

and set wi := vi sin2 ϕi. By (3.4) and the identity sin(δ + ϕi) = sinϕi(cos δ + λi sin δ), the
primitive condition becomes cos δ

∑︁
iwi + sin δ

∑︁
i λiwi = 0. By (3.4),

sin θ
(︄∏︂

i

sinϕi

)︄
H(v, v) =

∑︂
i̸=j

sin(δ + ϕi + ϕj)
sinϕi sinϕj

wiwj

= sin δ
[︂(︁∑︂

i
λiwi

)︁2 −
(︁∑︂

i
wi
)︁2]︂

+ 2 cos δ
(︁∑︂

i
λiwi

)︁(︁∑︂
i
wi
)︁

−
∑︂

i

sin(δ + 2ϕi)
sin2 ϕi

w2
i .

We relabel the indices so that λ1 ≤ · · · ≤ λN , or equivalently ϕ1 ≥ · · · ≥ ϕN > 0.
For δ = 0, the primitive condition gives

∑︁
iwi = 0. Substituting δ = 0 into the preceding

expansion gives

− sin θ
(︄∏︂

i

sinϕi

)︄
H(v, v) = −2

(︄∑︂
i

λiwi

)︄(︄∑︂
i

wi

)︄
⏞ ⏟⏟ ⏞

=0

+
∑︂

i

sin(2ϕi)
sin2 ϕi

w2
i

= 2
∑︂

i

cotϕiw
2
i

= 2
∑︂

i

λiw
2
i .

Since 2ϕ2 ≤ ϕ1 + ϕ2 ≤
∑︁

i ϕi < π, we have ϕi < π/2 for i ≥ 2, hence 0 < λ2 ≤ · · · ≤ λN . If
λ1 ≥ 0, the conditions w ̸= 0 and

∑︁
iwi = 0 imply (w2, . . . , wN ) ̸= 0, so

∑︁
i λiw

2
i > 0. Oth-

erwise, λ1 < 0. The bound
∑︁

i>1 ϕi < π − ϕ1 < π/2 gives
∑︁

i>1 λ
−1
i ≤ tan(

∑︁
i>1 ϕi) < −λ−1

1 .
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Weighted Cauchy–Schwarz now yields

∑︂
i

λiw
2
i ≥

(︄
1 + λ1

∑︂
i>1

1
λi

)︄∑︂
i>1

λiw
2
i > 0.

For δ > 0, the primitive condition gives
∑︁

i λiwi = − cot δ
∑︁

iwi. Substituting this equality
into the quadratic expansion gives

− sin θ
(︄∏︂

i

sinϕi

)︄
H(v, v) =

∑︂
i

sin(δ + 2ϕi)
sin2 ϕi

w2
i + (

∑︁
iwi)2

sin δ .

For i ≥ 2, the ordering gives

0 < δ + 2ϕi ≤ δ + ϕ1 + ϕi ≤ θ < π,

so the coefficients of w2
i are positive. We now consider the coefficient of w2

1. Suppose first
that δ + 2ϕ1 ≤ π. Then all diagonal coefficients are nonnegative. If the right-hand side were
zero, we would have wi = 0 for i ≥ 2 and

∑︁
iwi = 0, hence w = 0. Thus the right-hand side

is positive for w ̸= 0 in this case.
Suppose now that δ + 2ϕ1 > π. Since δ + ϕ1 < π, we have δ + 2ϕ1 < 2π, so the coefficient

of w2
1 is negative. We must show that the sum of the remaining positive terms is greater than

the absolute value of this negative term. We put σ :=
∑︁

i>1 ϕi < π − δ − ϕ1 < (π − δ)/2. On
0 < u < (π − δ)/2, we set

g(u) := sin2 u

sin(δ + 2u) ,
g(u)
tan u = 1

2
(︁
cos δ + sin δ cot(2u)

)︁ .
Both tan u and g(u)/ tan u are positive and strictly increasing. In particular, g is strictly
increasing. Since ϕi ≤ σ for i > 1 and

∑︁
i>1 tanϕi ≤ tan σ, we have∑︂

i>1
g(ϕi) =

∑︂
i>1

g(ϕi)
tanϕi

tanϕi ≤ g(σ)
tan σ

∑︂
i>1

tanϕi ≤ g(σ).

It follows that
0 < sin δ +

∑︂
i>1

g(ϕi) ≤ sin δ + g(σ)
< sin δ + g(π − δ − ϕ1)

= − sin2 ϕ1
sin(δ + 2ϕ1) .

If w1 ̸= 0, weighted Cauchy–Schwarz applied to wi for i > 1 and −
∑︁

iwi, whose sum is −w1,
gives ∑︂

i>1

w2
i

g(ϕi)
+ (

∑︁
iwi)2

sin δ ≥ w2
1

sin δ +
∑︁

i>1 g(ϕi)

> −sin(δ + 2ϕ1)
sin2 ϕ1

w2
1.

When w1 = 0, we have (w2, . . . , wN ) ̸= 0, so
∑︁

i>1w
2
i /g(ϕi) > 0. Thus the right-hand side is

positive for w ̸= 0 in this case as well, and hence H(v, v) < 0. This proves (i).
By (i), the matrix H has at least N − 1 negative eigenvalues. Since Hii = 0, we have

trH = 0, so the remaining eigenvalue is positive. Thus the matrix H has signature (1, N − 1).
We now prove (ii). We fix x ∈ RN

>0. By (3.4), Hij > 0 for i ≠ j. Since every xi > 0 and
N ≥ 2, H(x, x) = 2

∑︁
i<j Hijxixj > 0. Thus the form H is positive definite on Cx. In the

H-orthogonal decomposition

CN = Cx⊕ {z ∈ CN : H(z, x) = 0},
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the restriction of H to the second summand therefore has signature (0, N − 1) and is negative
definite.

We next apply this Hessian inequality to the pairing on differential forms. For u, v ∈ Λp,q,
we define

qp,q
R (u, v)(

√
−1) n2dz[n] ∧ dz̄[n] := (

√
−1) p−q(−1)(p+q)(p+q−1)/2u ∧ v̄ ∧ cn−p−q(α, ω).

We omit the superscript when the bidegree is fixed.

Proposition 3.2. Assume 1 ≤ p+ q ≤ n and min{p, q} ≤ 1. We set m := n− p− q+ 1. The
following hold at every point.

(i) The map cm−1(α, ω) ∧ − : Λp,q → Λn−q,n−p is an isomorphism.

(ii) Both cm(α, ω) ∧ − and cm−1(α, ω) ∧ κ ∧ − from Λp,q to Λn−q+1,n−p+1 are surjective.

(iii) The form qR is positive definite on each of ker(cm(α, ω)∧−) and ker(cm−1(α, ω)∧κ∧−).

Proof. If q = 0, (3.2) gives

cn−p(α, ω) = (
√

−1) (n−p)2 ∑︂
|L|=n−p

γL dzL ∧ dz̄L,

with γL > 0. For 0 ̸= u =
∑︁

|I|=p uI dzI , we obtain

qR(u, u) =
∑︂

I⊔L=[n]
|I|=p

γL|uI |2 > 0.

The case p = 0 follows by conjugation. In these cases, both maps in (ii) have zero target, so
(ii) and (iii) follow. The perfect exterior-product pairing gives (i). By conjugation, it remains
to consider q = 1 and 1 ≤ p ≤ n− 1. Then m = n− p.

For an index set L ⊂ [n], write Lc := [n] \ L and let λL := (λi)i∈L denote the tuple of
eigenvalues of α with respect to ω indexed by L, in increasing index order. For u ∈ Λp,1, we
may decompose it as

u =
∑︂

|I|=p
i∈Ic

aI,i dzI ∧ dz̄i +
∑︂

|J |=p−1
i∈Jc

bJ,i dzJ ∧ dzi ∧ dz̄i.

The forms ηI,i := dzI ∧ dz̄i and ζJ,i := dzJ ∧ dzi ∧ dz̄i, with the indices as above, form a basis
of Λp,1. We compute qR with respect to this basis. Using (3.3) in (3.2) gives

cm−1(α, ω)(︁n−1
m−1

)︁
(m− 1)!

= (
√

−1) (m−1)2 ∑︂
|L|=m−1

Fm−1(λL) dzL ∧ dz̄L. (3.5)

Using (3.5), we obtain

ηI,i ∧ ηI,j ∧ cm−1(α, ω) =
{︄

−dzI∪{i} ∧ dz̄I∪{i} ∧ cm−1(α, ω), i = j,

0, i ̸= j,

ζJ,i ∧ ζJ,j ∧ cm−1(α, ω) =
{︄

dzJ∪{i,j} ∧ dz̄J∪{i,j} ∧ cm−1(α, ω), i ̸= j,

0, i = j.
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The definition of qR then gives

qR(ηI,i, ηI′,j)(︁n−1
m−1

)︁
(m− 1)!

=
{︄
Fm−1(λ(I∪{i})c), I = I ′, i = j,

0, otherwise,
qR(ηI,i, ζJ,j) = 0,

qR(ζJ,i, ζJ ′,j)(︁n−1
m−1

)︁
(m− 1)!

=
{︄

−Fm−1(λ(J∪{i,j})c), J = J ′, i ̸= j,

0, otherwise.

(3.6)

For |J | = p− 1, we define FJ(λ) := Fm+1(λJc) and HJ :=
(︁
∂i∂jFJ(λ)

)︁
i,j∈Jc . Then

∂iFJ(λ) = Fm(λL), J ⊔ {i} ⊔ L = [n],
(HJ)ij = Fm−1(λL), J ⊔ {i, j} ⊔ L = [n], i ̸= j,

(HJ)ii = 0, i ∈ Jc.

(3.7)

With bJ := (bJ,i)i∈Jc , combining (3.6) and (3.7) gives

qR(u, u)(︁n−1
m−1

)︁
(m− 1)!

=
∑︂

I⊔{i}⊔L=[n]
|I|=p

Fm−1(λL)|aI,i|2 −
∑︂

|J |=p−1
HJ(bJ , bJ). (3.8)

By (3.2), Fm−1(λL) > 0. Since |Jc| = m+ 1 ≥ 2 and
∑︁

i∈Jc ϕi ≤ θ < π, Lemma 3.1 applies
to Fm+1 at λJc and shows that HJ has signature (1,m). Hence each HJ is nondegenerate,
and so is the pairing qR. By the definition of qR,

qR(u, v)(
√

−1) n2dz[n] ∧ dz̄[n] = (
√

−1) p−1(−1)p(p+1)/2(︁cm−1(α, ω) ∧ u
)︁

∧ v̄.

Consequently, if cm−1(α, ω) ∧ u = 0, then qR(u, v) = 0 for every v ∈ Λp,1, and nondegeneracy
forces u = 0. The source and target have equal dimension, so this proves (i).

We now prove (ii) and (iii). Since κ =
√

−1
∑︁

i(λi − cot θ) dzi ∧ dz̄i, (3.5) gives

cm−1(α, ω) ∧ κ(︁n−1
m−1

)︁
(m− 1)!

= (
√

−1) m2 ∑︂
|L|=m

⎛⎝∑︂
j∈L

(λj − cot θ)Fm−1(λL\{j})

⎞⎠dzL ∧ dz̄L.

We compute the wedge-product maps in (ii) with respect to the basis ηI,i, ζJ,i of Λp,1 and the
basis

τJ := (
√

−1) m+1dzJ ∧
⋀︂

k∈Jc

(dzk ∧ dz̄k), |J | = p− 1,

of Λn,n−p+1. Using the expansion above, (3.2), and (3.7), a direct computation on these basis
forms gives

cm(α, ω) ∧ ηI,i = 0,
cm−1(α, ω) ∧ κ ∧ ηI,i = 0,

cm(α, ω) ∧ ζJ,i(︁n−1
m

)︁
m!

= −
√

−1 ∂iFJ(λ)τJ ,

cm−1(α, ω) ∧ κ ∧ ζJ,i(︁n−1
m−1

)︁
(m− 1)!

= −
√

−1

⎛⎝∑︂
j∈Jc

(HJ)ij(λj − cot θ)

⎞⎠ τJ .

(3.9)

To prove (ii), fix J with |J | = p− 1 and i ∈ Jc. By (3.4), we have ∂iFJ(λ) > 0, (HJ)ij > 0
for j ̸= i, and (HJ)ii = 0. Moreover, ϕj < θ gives λj − cot θ > 0. Since |Jc| = m+ 1 ≥ 2, we
obtain ∑︂

j∈Jc

(HJ)ij(λj − cot θ) =
∑︂
j∈Jc

j ̸=i

(HJ)ij(λj − cot θ) > 0.
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The last equality in (3.9) therefore shows that the map cm−1(α, ω) ∧ κ ∧ − sends ζJ,i to a
nonzero multiple of τJ . The third equality in (3.9) and ∂iFJ(λ) > 0 give the same conclusion
for cm(α, ω) ∧ −. Every target basis vector τJ therefore lies in the image of each map. This
proves (ii).

For (iii), we first express the two primitive conditions in terms of the vectors bJ . By
linearity, (3.9) gives

cm(α, ω) ∧ u(︁n−1
m

)︁
m!

= −
√

−1
∑︂

|J |=p−1

(︄∑︂
i∈Jc

∂iFJ(λ)bJ,i

)︄
τJ ,

cm−1(α, ω) ∧ κ ∧ u(︁n−1
m−1

)︁
(m− 1)!

= −
√

−1
∑︂

|J |=p−1
HJ

(︁
bJ , (λi − cot θ)i∈Jc

)︁
τJ .

(3.10)

Suppose first that cm(α, ω)∧u = 0. The forms τJ are linearly independent, so the first identity
gives ∑︂

i∈Jc

∂iFJ(λ)bJ,i = 0 for every J.

Lemma 3.1(i) therefore gives HJ(bJ , bJ) ≤ 0, with equality only when bJ = 0.
Now suppose that cm−1(α, ω) ∧ κ ∧ u = 0. The second identity in (3.10) and the same

linear independence give

HJ

(︁
bJ , (λi − cot θ)i∈Jc

)︁
= 0 for every J.

All entries of (λi − cot θ)i∈Jc are positive, so Lemma 3.1(ii) again gives HJ(bJ , bJ) ≤ 0, with
equality only when bJ = 0.

In either kernel, every term on the right-hand side of (3.8) is nonnegative. For u ≠ 0, its
basis expansion has either a nonzero coefficient aI,i or a nonzero vector bJ . In the first case,
the corresponding term Fm−1(λL)|aI,i|2 is positive; in the second, −HJ(bJ , bJ) > 0. Hence
qR(u, u) > 0 for every nonzero u in either kernel, proving (iii).

3.2 Kähler package on cohomology

To obtain the cohomological relations, we use the construction of primitive representatives
by Dinh–Nguyên [DN13, Propositions 3.1–3.2] for a pair of closed forms. We write Λp,qT ∗X for
the smooth bundle of complex (p, q)-forms, whose fibre at x is Λp,qT ∗

xX. We fix a background
Kähler form and denote its volume form by vol. For every bidegree (p, q), we equip Λp,qT ∗X
with the Hermitian metric h0 induced by the background Kähler form. We denote the
associated pointwise and L2 norms by ∥ · ∥ and ∥ · ∥L2 , respectively. For (p, q)-forms u, v and
a real (n− p− q, n− p− q)-form Ω, we set

qp,q
Ω (u, v) vol := (

√
−1) p−q(−1)(p+q)(p+q−1)/2u ∧ v̄ ∧ Ω,

Qp,q
Ω (u, v) :=

∫︂
X
qp,q

Ω (u, v) vol.

When Ω is closed, Stokes’ theorem shows that the restriction of Qp,q
Ω to closed forms descends

to the cohomological pairing

Qp,q
[Ω]([u], [v]) := Qp,q

Ω (u, v).

We use the convention ddc :=
√

−1∂∂̄.

Proposition 3.3. Let X be a compact Kähler n-fold, and let Ψ, Ω be smooth real closed forms
of bidegrees (m,m), (m− 1,m− 1), where 1 ≤ m ≤ n. We fix p, q ≥ 0 with p+ q = n−m+ 1.
Assume that the following hold at every point x ∈ X.
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(i) The map Ψx ∧ − : Λp,qT ∗
xX → Λp+m,q+mT ∗

xX is surjective.

(ii) The form qp,q
Ω is positive definite on ker(Ψx ∧ −).

Then every class in ker([Ψ] ∪ −) has a smooth closed representative u with Ψ ∧ u = 0. In
particular, the form Qp,q

[Ω] is positive definite on this cohomological kernel.

Proof. If p = 0 or q = 0, every closed representative u is primitive by degree, and QΩ(u, u) is
its squared L2 norm induced by qΩ. We therefore assume p, q ≥ 1.

Fix a smooth closed (p, q)-form f with [Ψ] ∪ [f ] = 0. We seek a primitive representative
u = f − ddcv by solving

Ψ ∧ ddcv = Ψ ∧ f.

For every smooth (q − 1, p− 1)-form γ, testing this equation and integrating by parts gives
the required identity ∫︂

X

(︁
Ψ ∧ ddcγ

)︁
∧ v =

∫︂
X
γ ∧ Ψ ∧ f.

Let E be the linear subspace of L2(X,Λn−p+1,n−q+1T ∗X) consisting of the forms Ψ ∧ ddcγ,
where γ is a smooth (q−1, p−1)-form. We consider the functional ℓ

(︁
Ψ∧ddcγ

)︁
:=
∫︁

X γ∧Ψ∧f
on E . To show that it is well defined and bounded, we will prove that there is a constant
Cf > 0 such that ⃓⃓⃓⃓∫︂

X
γ ∧ Ψ ∧ f

⃓⃓⃓⃓
≤ Cf ∥Ψ ∧ ddcγ∥L2

for every smooth (q− 1, p− 1)-form γ. Indeed, if Ψ ∧ ddcγ1 = Ψ ∧ ddcγ2, applying this bound
to γ1 − γ2 gives

∫︁
X(γ1 − γ2) ∧ Ψ ∧ f = 0. Thus the two choices give the same value of ℓ, so ℓ

is well defined. The same bound gives its continuity. Once it is proved, Hahn–Banach extends
ℓ to a bounded linear functional ˜︁ℓ on L2(X,Λn−p+1,n−q+1T ∗X). By L2-duality, as in [DN13,
Proposition 3.1], this extension has the form ˜︁ℓ(η) =

∫︁
X η ∧ v for a (p − 1, q − 1)-form v in

L2. Its agreement with ℓ on E is exactly the tested identity above, so v solves the desired
equation weakly. We will then prove that u is smooth by elliptic regularity.

We now establish the required estimate. For the smooth bundle map Ψ ∧ − : Λp,qT ∗X →
Λp+m,q+mT ∗X, fibrewise surjectivity follows from (i), so its rank is constant. Its kernel P is
therefore a smooth subbundle of Λp,qT ∗X. By (ii), the restriction qΩ|P is positive definite, so

Λp,qT ∗X = P ⊕ P⊥qΩ .

On the unit sphere bundle of P⊥qΩ , the continuous function z ↦→ ∥Ψ ∧ z∥ is strictly positive
since P = ker(Ψ ∧ −). This sphere bundle is compact. Consequently, the function attains a
positive minimum δ, and the continuous function z ↦→ |qΩ(z, z)| attains a finite maximum M

on the same compact sphere bundle. For nonzero z ∈ P
⊥qΩ
x , we apply these bounds to z/∥z∥

to obtain
∥Ψ ∧ z∥ ≥ δ∥z∥, |qΩ(z, z)| ≤ M∥z∥2. (3.11)

On the other hand, (ii) and compactness of the unit sphere bundle of P give a uniform
constant a > 0 such that, for every w ∈ Px,

qΩ(w,w) ≥ a∥w∥2. (3.12)

We now fix x ∈ X and write any ζ ∈ Λp,qT ∗
xX as ζ = w+ z, with w ∈ Px and z ∈ P

⊥qΩ
x . The

qΩ-orthogonality of the two summands and Px = ker(Ψx ∧ −) give

qΩ(ζ, ζ) = qΩ(w,w) + qΩ(z, z), Ψ ∧ ζ = Ψ ∧ z. (3.13)
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It follows that
∥ζ∥2 ≤ 2∥w∥2 + 2∥z∥2

(1)
≤ 2
a
qΩ(w,w) + 2∥z∥2

(2)= 2
a
qΩ(ζ, ζ) − 2

a
qΩ(z, z) + 2∥z∥2

≤ 2
a
qΩ(ζ, ζ) + 2

(︃
1 + M

a

)︃
∥z∥2

≤ C1qΩ(ζ, ζ) + C2∥Ψ ∧ ζ∥2,

(3.14)

where (1) follows from (3.12) and (2) from (3.13). Here C1 := 2/a and C2 := 2(1 +M/a)/δ2.
Since Ψ and Ω are real, conjugation preserves the norms and satisfies qq,p

Ω (ξ, ξ) = qp,q
Ω (ξ̄, ξ̄).

Applying (3.14) to ξ̄ therefore gives the same estimate for a (q, p)-form ξ.
To obtain an L2 estimate, we choose a smooth (q− 1, p− 1)-form γ. Since dΩ = 0, Stokes’

theorem gives

Qq,p
Ω (ddcγ,ddcγ) = (

√
−1) q−p(−1)(p+q)(p+q−1)/2

∫︂
X

ddcγ ∧ ddcγ ∧ Ω = 0.

By (3.14),

∥ddcγ∥2
L2 ≤ C1Q

q,p
Ω (ddcγ,ddcγ) + C2∥Ψ ∧ ddcγ∥2

L2 = C2∥Ψ ∧ ddcγ∥2
L2 ,

and thus
∥ddcγ∥L2 ≤ C∥Ψ ∧ ddcγ∥L2 .

The ddc-lemma gives a smooth (n − q, n − p)-form g such that ddcg = Ψ ∧ f . For every
smooth (q − 1, p− 1)-form γ, Stokes’ theorem gives⃓⃓⃓⃓∫︂

X
γ ∧ Ψ ∧ f

⃓⃓⃓⃓
=
⃓⃓⃓⃓∫︂

X
ddcγ ∧ g

⃓⃓⃓⃓
≤ C∥g∥L2∥Ψ ∧ ddcγ∥L2 .

This proves the required bound for ℓ. The construction above therefore gives a (p−1, q−1)-form
v in L2 satisfying Ψ ∧ ddcv = Ψ ∧ f in the weak sense.

We set u := f − ddcv, with derivatives understood in the weak sense. Then ∂u = ∂̄u = 0
as f is d-closed. The weak equation above gives Ψ ∧ u = 0, so u is a distributional section of
P . To prove that u is smooth, we extend qΩ|P to a positive Hermitian metric h on Λp,qT ∗X.
For z = zP + z⊥ and w = wP + w⊥ in Px ⊕ P

⊥qΩ
x , using the induced metric h0, we define

h(z, w) := qΩ(zP , wP ) + h0(z⊥, w⊥).

For w ∈ Px, this gives
h(z, w) = qΩ(zP , w) = qΩ(z, w). (3.15)

Let ∂∗
h denote the formal adjoint of ∂, using h in bidegree (p, q) and h0 in every other bidegree.

Since u is a distributional section of P , (3.15) and distributional integration by parts give,
for every smooth (p− 1, q)-form β,

⟨∂β, u⟩L2(h) =
∫︂

X
h(∂β, u) vol =

∫︂
X
qΩ(∂β, u) vol

= (
√

−1) p−q(−1)(p+q)(p+q−1)/2
∫︂

X
∂β ∧ ū ∧ Ω

= (
√

−1) p−q(−1)(p+q)(p+q−1)/2
∫︂

X
∂(β ∧ ū ∧ Ω) = 0,
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where we use ∂ū = ∂̄u = 0 and ∂Ω = 0. By the definition of the formal adjoint, for every
smooth (p− 1, q)-form β,

⟨β, ∂∗
hu⟩L2(h0) = ⟨∂β, u⟩L2(h) = 0.

Hence ∂∗
hu = 0 in the distributional sense. Together with ∂u = 0, it follows that

(∂∂∗
h + ∂∗

h∂)u = 0. As in [DN13, Proposition 3.2], elliptic regularity for this Laplacian implies
that u is smooth.

Finally, for every smooth closed (n− p, n− q)-form χ, integration by parts gives∫︂
X

(u− f) ∧ χ = −
∫︂

X
v ∧ ddcχ = 0.

Poincaré duality therefore gives [u] = [f ]. For [f ] ̸= 0, this smooth representative is nonzero,
and (ii) gives

Q[Ω]([f ], [f ]) =
∫︂

X
qΩ(u, u) vol > 0.

Theorem 3.4. Let ([α], [ω]) be a cohomological supercritical LYZ pair on a compact Kähler
n-fold, n ≥ 2, and let R := R[α],[ω]. For p, q ≥ 0 with 1 ≤ p+ q ≤ n and min{p, q} ≤ 1, the
following hold.

(i) Multiplication by cn−p−q(R) is an isomorphism Hp,q(X) −→ Hn−q,n−p(X).

(ii) The form Qp,q
R is positive definite on Pp,q(X,R).

(iii) If p, q ≥ 1, there is a Qp,q
R -orthogonal decomposition

Hp,q(X) = Pp,q(X,R) ⊕⊥ LRH
p−1,q−1(X).

If p = 0 or q = 0, the whole space is primitive.

Proof. Choose representatives α, ω of [α], [ω], respectively, such that (α, ω) is a supercritical
LYZ pair. Then we set m := n− p− q + 1 and Ω := cm−1(α, ω), so [Ω] = cm−1(R).

By Proposition 3.2, we first apply Proposition 3.3 to (Ψ,Ω) = (Ω∧κ,Ω). It gives positivity
of Q[Ω] on the kernel of [Ω ∧ κ]. If [Ω] ∪ a = 0, then a belongs to the kernel of [Ω ∧ κ] and
Q[Ω](a, a) = 0, so a = 0. The source and target of [Ω] ∪ − have equal dimensions by Hodge
symmetry. Hence the map is an isomorphism, proving (i). By Proposition 3.2, we may apply
Proposition 3.3 again to (cm(α, ω), cm−1(α, ω)), which proves (ii).

For (iii), when either index is zero, the primitive map has zero target, so we may assume
p, q ≥ 1. By (i), the form Qp,q

R is nondegenerate and LR is defined. By (ii), its restriction to
Pp,q(X,R) is positive definite. Hence this subspace meets its orthogonal complement only at
zero, and nondegeneracy of Qp,q

R gives

Hp,q(X) = Pp,q(X,R) ⊕⊥ (︁Pp,q(X,R)
)︁⊥QR .

It remains to identify the second summand with im LR. For a ∈ Hp,q(X), the defining identity
of LR shows that a ∈ (im LR)⊥QR if and only if∫︂

X
a ∪ cm(R) ∪ ȳ = 0 for every y ∈ Hp−1,q−1(X).

By Poincaré duality, this is equivalent to cm(R) ∪ a = 0. Hence(︁
im LR

)︁⊥QR = ker
(︁
cm(R) ∪ −

)︁
= Pp,q(X,R).

Taking orthogonal complements gives
(︁
Pp,q(X,R)

)︁⊥QR = im LR, and this proves (iii).

33



Combining Theorem 3.4 with the classical middle-degree relations gives the following
consequence in dimensions three and four.

Corollary 3.5. Let ([α], [ω]) be a cohomological supercritical LYZ pair on a compact Kähler
n-fold, where n = 3 or 4. We set R := R[α],[ω]. For p, q ≥ 0, the following hold.

(i) For 1 ≤ p+ q ≤ n, multiplication by cn−p−q(R) is an isomorphism

Hp,q(X) −→ Hn−q,n−p(X).

(ii) For 1 ≤ p+ q ≤ n, the form Qp,q
R is positive definite on Pp,q(X,R).

(iii) For 0 ≤ p+ q ≤ n, there is a Lefschetz decomposition

Hp,q(X) =
min{p,q}⨁︂

r=0
L r

RPp−r,q−r(X,R).

Proof. Theorem 3.4 proves (i) and (ii) except in bidegree (p, q) = (2, 2) when n = 4. In
this remaining case, we have c0(R) = 1, and the class c1(R) = 3[κ] is Kähler. Thus the
Lefschetz map is the identity, while the primitive space and pairing are those of the classical
Hodge–Riemann relations. Moreover, LR = c1(R) ∪ −, so classical Lefschetz decomposition
gives

H2,2(X) = P2,2(X,R) ⊕⊥ LRH
1,1(X).

Substituting the decomposition of H1,1(X) from Theorem 3.4(iii) gives (iii), since multi-
plication by c1(R) is injective on H1,1(X) by classical Hard Lefschetz. In degree zero, the
decomposition is H0,0(X) = P0,0(X,R) by definition.

These low-dimensional cases suggest that the same package should hold in arbitrary
dimension.

Conjecture 3.6. Let ([α], [ω]) be a cohomological supercritical LYZ pair on a compact Kähler
n-fold, n ≥ 2, and let R := R[α],[ω]. For p, q ≥ 0, the following hold.

(i) For 1 ≤ p+ q ≤ n, multiplication by cn−p−q(R) is an isomorphism

Hp,q(X) −→ Hn−q,n−p(X).

(ii) For 1 ≤ p+ q ≤ n, the form Qp,q
R is positive definite on Pp,q(X,R).

(iii) For 0 ≤ p+ q ≤ n, there is a Lefschetz decomposition

Hp,q(X) =
min{p,q}⨁︂

r=0
L r

RPp−r,q−r(X,R).

Remark 3.7. For every dimension n ≥ 2, we can prove Conjecture 3.6 when the phase is
sufficiently small. Work on the general case is in progress.

A Toric data for the Fujino–Sato example
We give the data used in Section 2.2.2. The variety and the ray numbering are those of

[FS09, Example 4.2].
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Fan and divisor classes

The primitive ray generators are

v1 = (1, 0, 0), v5 = (1,−1,−2),
v2 = (0, 1, 0), v6 = (1, 0,−1),
v3 = (0, 0, 1), v7 = (0,−1,−2),
v4 = (−1,−1,−1), v8 = (0, 0,−1).

We write ijk for Cone(vi, vj , vk). The maximal cones are

123, 126, 134, 145, 156, 234,
248, 256, 258, 457, 478, 578.

They arise from the successive subdivisions in [FS09, Example 4.2]. The linear divisor relations
are

D1 −D4 +D5 +D6 = 0,
D2 −D4 −D5 −D7 = 0,

D3 −D4 − 2D5 −D6 − 2D7 −D8 = 0.

Together with the Stanley–Reisner relations and deg(DiDjDk) = 1 for every maximal cone
ijk, these determine the Chow ring and its intersection numbers [CLS11, Theorem 12.5.3
and (12.5.9)].

The following table gives the nef basis and the expressions of the pseudoeffective generators
in that basis.

Nef generators Pseudoeffective generators

N1 = D3 D1 = −2N1 +N2

N2 = D1 + 2D3 D5 = N1 +N2 −N3 +N4

N3 = 2D1 + 4D3 +D6 D6 = −2N2 +N3

N4 = D3 +D4 D7 = −2N4 +N5

N5 = 2D3 + 2D4 +D7 D8 = N3 +N4 − 2N5

(A.1)

The nef cone is computed from invariant curves using the wall relations [CLS11, Proposi-
tion 6.4.4], the primitive relations in [FS09, Example 4.2], and the nef-cone criterion [CLS11,
Theorem 6.3.12]. By [CLS11, Lemma 15.1.8], the pseudoeffective cone is generated by the
invariant prime divisor classes. Together these computations give (2.13).

Intersection numbers

The Chow ring gives the following intersection matrix.

(︁
NiNjN4

)︁
i,j

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 6 12 4 8
6 15 30 10 20
12 30 60 20 40
4 10 20 6 13
8 20 40 13 26

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A.2)
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We obtain the following pairings of Γ∗ and KM with the pseudoeffective generators.

D1 D5 D6 D7 D8

Γ∗ 2 0 0 1 6

KM 19 12 2 1 19

(A.3)

The next table lists the values of M2 on the nef generators.

N1 N2 N3 N4 N5

M2 25 41 86 0 1
(A.4)

The remaining triple intersections are recorded below.

MK2 N2
4K D8N

2
4

959 53 0
(A.5)
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