ON A CONJECTURE OF FURUSHO OVER FUNCTION FIELDS
CHIEH-YU CHANG AND YOSHINORI MISHIBA

AsstrACT. In the classical theory of multiple zeta values (MZV’s), Furusho proposed a
conjecture asserting that the p-adic MZV's satisfy the same Q-linear relations that their
corresponding real-valued MZV counterparts satisfy. In this paper, we verify a stronger
version of a function field analogue of Furusho’s conjecture in the sense that we are
able to deal with all linear relations over an algebraic closure of the given rational
function field, not just the rational linear relations. To each tuple of positive integers
s = (sq,...,8r), we construct a corresponding t-module together with a specific rational
point. The fine resolution (via fiber coproduct) of this construction actually allows us
to obtain nice logarithmic interpretations for both the co-adic MZV and v-adic MZV at
s, completely generalizing the work of Anderson-Thakur [AT90] in the case of r = 1.
Furthermore it enables us to apply Yu’s sub-t-module theorem [Yu97], connecting any
oo-adic linear relation on MZV'’s with a sub-t-module of a corresponding giant t-module.
This makes it possible to arrive at the same linear relation for v-adic MZV's.

1. INTRODUCTION

1.1. A conjecture of Furusho. Let IN be the set of positive integers. Recall that the
classical multiple zeta values are defined for s = (sg,...,s:) € IN" with s; > 2,

((s) == Z E——— cR*.

n>ng>->ne>1 0 1

The weight and depth of the presentation ((s) are defined by wt(s) := Y [ ;s; and
dep(s) := r respectively. In the past two decades, there have been a considerable amount
of interest and vast developments in the topic of MZV’s, which have arisen in various
contexts in number theory and arithmetical algebraic geometry, etc. It is known that
there are many Q-linear relations among the MZV’s produced by the regularized double
shuffle relations in [IKZ06], but their exact structure remains mysterious. We refer the
reader to the books [An04, Zh16, BGF19].

Let p be a prime number. We first briefly review Furusho’s p-adic MZV's in [FO4].
Fix an r-tuple s = (sg,...,8y) € IN" with s; > 2 and note that the MZV ((s) is a
specialization at 1 of the one-variable multiple polylogarithm

ni

. z
LL(SI,...,Sr) (z) == Z —TLSI

e nST ’
n>ng>-->n,y>1 1 T
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which are generalizations of the classical logarithms. Furusho considered the one-
variable p-adic multiple polylogarithm Lis(z),, which is the same power series as Lis(z),
but treated p-adically. This function converges on the open unit disk centered at O of
Cp, where C,, is the p-adic completion of a fixed algebraic closure of Q,. We note that
the open unit disk centered at 0 of Cp and the one centered at 1 of Cp are disjoint, and
so it does not make sense when taking limit z — 1 on C,. However, Furusho applied
Coleman’s p-adic iterated integration theory [Co82] to make an analytic continuation
of p-adic multiple polylogarithms and then defined the p-adic MZV (,(s) to be a certain
limit value at 1 of the analytically continued p-adic multiple polylogarithm. The weight
and depth of the presentation of the p-adic MZV (,(s) are defined by wt(s) and dep(s)
respectively. Note that in the case of depth one, Furusho’s p-adic zeta value Cp(s) is
identical tlo the Kubota-Leopoldt p-adic zeta value at s up to a scalar multiplication by
(I—p%).

In [FJO7], it was shown that the p-adic MZV's satisfy the regularized double shuffle
relations [IKZ06]. One precise connection between real-valued MZV’s and p-adic MZV's
is conjectured by Furusho: the p-adic MZV’s satisfy the same Q-linear relations that
their corresponding real-valued MZV's satisfy.

Conjecture 1.1.1 (Furusho). Let p be a prime number. Let n > 2 be an integer and let
3n be the Q-vector space spanned by all real-valued MZV’s of weight n, and 3., be the
Q-vector space spanned by all p-adic MZV's of weight n. Then we have a well-defined
surjective Q-linear map

3n —» 3n,p
given by
C(s) = Cpls).

The conjecture above is implicit in the two papers [FO6, FO7]. Considering the graded
algebra 3 := Q @ @,,>23n (resp. 3p = Q ® P >2 3np), Furusho [FO6, Conj. A] con-
jectured that ¢(GRT,) is isomorphic to 3/(n?) and in [FO7, Sec. 3.1] he explained that
there is a surjection from &(GRT;) to 3,. Here GRT, is the unipotent part of the
Grothendieck-Teichmiiller group GRT, which is a pro-algebraic group over Q. For more
details, see [FO6, FO7].

Note that the lhara-Kaneko-Zagier conjecture [IKZ06] asserts that the regularized
double shuffle relations generate all the Q-linear relations among real-valued MZV's.
However, the IKZ conjecture is a very difficult problem in classical transcendence theory
and it would imply Conjecture 1.1.1 because of the result in [FJO7]. To date, Conjec-
ture 1.1.1 is still open. In this paper, we come up with new ideas through logarithmic
points of view to verify a stronger version of Furusho’s conjecture in the setting of
function fields in positive characteristic.

1.2. The main result. Let A = IFq[G] be the polynomial ring in the variable 0 over
the finite field IFq of q elements with characteristic p. Let k be the fraction field of A
equipped with the normalized absolute value |- |, associated with the infinite place oo
for which |0l = q. Let koo be the completion of k with respect to |- |, and let Co, be
the completion of a fixed algebraic closure of ko, with respect to the canonical absolute
value extending |- | on Keo. Let k be the algebraic closure of k in Cx.
In what follows, we will review the co-adic multiple zeta values initiated by Thakur [TO4].

For a finite place v of k, we will define one kind of v-adic multiple zeta values and
abbreviate them as “v-adic MZV’s . To distinguish between the oo-adic and v-adic
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settings, throughout this paper we will use “MZV’s” for Thakur’s co-adic multiple zeta
values unless we state the contrary. We further mention that Thakur [T04, p. 196] de-
fined v-adic MZV’s using Goss-Kummer congruences but his definition of v-adic MZV's
is different from ours.

Fixing any r-tuple s = (s1,...,sy) € IN", Thakur [T04] defined the following positive
characteristic MZV'’s:

1
1 T

Here ay,...,a; run over all monic polynomials in A satisfying the strict inequalities:
la1loo > 1a2]oo > - -+ > |ar|oo. Note that since our absolute value |- |5 is non-archimedean,
the series Ca(s) converges oo-adically in ko, for all s € IN". Furthermore it is shown by
Thakur [T09] that every (a(s) is non-vanishing. We call wt(s) := Y i_; s; the weight and
dep(s) := r the depth of the presentation of (s(s). Depth one MZVS were introduced
by Carlitz [Ca35] and so are called Carlitz zeta values.

Unlike the simple identity between real-valued MZV’s and the specialization at 1 of
multiple polylogarithms in the classical theory, in the function field setting for any
tuple s € IN" there are some explicit constants by € A, tuples of indices s; with wt(sy) =
wt(s), dep(sy) < dep(s) and integral points uy € AP 5o that (a(s) can be expressed
as the following formula (see Theorem 5.2.5):

CAls) r Zbe DIPETILE, (o).

Here T, stands for the Carlitz factorials in A given in (5.1.2) and Li;e is the spth Carlitz
multiple star polylogarithm (in several variables), abbreviated as CMSPL and defined
in (4.1.2). Note that this identity was due to Anderson-Thakur [AT90] in the depth
one case, where CMSPL’s are reduced to Carlitz polylogarithms. For more details, see
Sec. 5.1.

Fix a finite place v of k and let k, be the completion of k at v. Let C, be the v-adic
completion of a fixed algebraic closure of k,. In analogy with Kubota-Leopoldts p-
adic zeta function, Goss [Go79] defined a v-adic zeta function that interpolates Carlitz
zeta values at non-positive integers and obtained v-adic zeta values at positive integers,
which are simply called Goss’ v-adic zeta values.

Our definition of v-adic MZV's is inspired by Furusho’s definition of p-adic MZV's.
We first note that the CMSPL Li;, converges v-adically on the open unit ball centered

at the zero of C3PY . In [CM19, Sec. 4], by using twists of certain t-module actions we

showed that Li;, can be analytically continued to the closed unit ball centered at the

zero of Cd P 5“), and so it can be evaluated v-adically at uy and we denote this value

by Lig,(u¢)v. This leads naturally to the definition of v-adic MZV (a(s)y parallel to
Furusho’s approach in Definition 6.1.1:

Cals)y == r Zbe DAPEOTLE (ug)y € Ky,

The weight and depth of this presentation (a(s), are defined to be wt(s) and dep(s)
respectively.

Note that here we do not exclude the v-part and so for each s € IN, our v-adic zeta
value (a(s)y is identical to Goss’ v-adic zeta value [Go79] at s multiplied by (1—v %)~
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(see [AT90, Theorem 3.8.3. (II)]). This phenomenon is surprisingly parallel to the p-
adic case mentioned above. The main theorem of this paper stated as Theorem 6.4.1
is to establish a stronger version of a function field analogue of Conjecture 1.1.1 in the
following result as it holds over algebraic coefficients.

Theorem 1.2.2 (Theorem 6.4.1). Let v be a finite place of k and fix an embedding k — C,,.
Let 1 be a positive integer and let %, be the k-vector space spanned by all co-adic MZV’s
of weight n, and Z v, be the k-vector space spanned by all v-adic MZV's of weight n.
Then we have a well-defined surjective k-linear map

?n - §n,v
given by
Ca(s) — Cals)y

and its kernel contains the one-dimensional vector space k - {(n) when n is divisible by
q—1L

Since by [Go79] we have Ca(n), = 0 when n is divisible by q —1, an interesting
consequence of the theorem above is that if (a(s) is “Eulerian”, ie., (a(s) is a k-
multiple of the wt(s)th power of the Carltiz period, then (a(s)y = 0. We mention
that for fixed weight, the spirit of the result above is that v-adic MZV’s satisfy the
same k-linear relations as their corresponding oco-adic MZV's satisfy. For example,
Thakur [TO9b, Thm. 5] showed that (a(m,m(q—1)) = Ca(mq)/(6 —069)™ for m < q,
and so by Theorem 1.2.2 we have (a(m,m(q—1)), = Ca(mq),/ (6 —069)™. Note that
in [C14], we have that all k-linear relations among MZV's are generated by k-linear
relations among MZV’s of the same weight. This is Baker’s phenomenon for MZV’s
over function fields and it is out of reach for the classical MZV'’s as it is still very
difficult to prove transcendence results in the classical case.

Finally, we mention that Thakur [T10] showed that co-adic MZV’s form a k-algebra.
From numerical evidence using Sage, it seems that our v-adic MZV'’s form a k-algebra
and the map from the space of MZV’s to the space of v-adic MZV'’s is a k-algebra
homomorphism. These questions are listed at the end of this paper and we plan to
tackle them in a future project.

Remark 1.2.3. Let s = (s1,...,s;) € IN" and suppose that (a(s) is “Eulerian”. By [CPY19,
Cor. 4.2.3], we have that each s; is divisible by q—1 for i =1,...,r, and that each of
the MZV'’s

CA(s2,. .5 81), CAls3, v es) oo Calsy)

is “Eulerian”. Therefore, under the assumption that (a(s) is “Eulerian” we have the
simultaneous vanishing of the v-adic MZV'’s

CA(St,-vssr)v = CalS2,+. s 8r)y = =Calsr)y =0

by Theorem 1.2.2, but we do not know whether the reverse direction is valid. This
phenomenon matches with one direction of the criterion [CM19, Cor. 5.1.3] for when
Carlitz multiple polylogarithms at algebraic points are “Eulerian”.

1.3. Strategy of proof. In this section, we describe our strategy in proving Theo-
rem 6.4.1. We first recall Wiistholz’s analytic subgroup theorem in classical transcen-
dence theory.
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Theorem 1.3.1 (Wiistholz [W89]). Let G be a connected commutative algebraic group
defined over Q. Let expg be the exponential map of G when regarding G(C) as a Lie group.
Let u € Lie G(C) satisfy expg(u) € G(Q), and put T, to be the smallest linear subspace
of Lie G(C) that is defined over Q and that contains the vector w. Then T, = LieH for

some algebraic subgroup H of G that is defined over Q.

Note that Wiistholz’s theorem is one of the most powerful tools in classical tran-
scendence theory when tackling transcendence question about generalized logarithms.
The spirit of the theorem above is to assert that the Q-linear relations among the co-
ordinates of the generalized logarithm u of an algebraic point arise from the defining
equations of LieH over Q. One can derive Baker’s celebrated theorem on linear forms
in logarithms of algebraic numbers as well as its elliptic analogue using this analytic
subgroup theorem of Wiistholz. See [BWO7].

In the function field setting, we have an analogue of Wiistholz’s theorem, called Yu'’s
sub-t-module theorem (see Sec. 6.3 for related definitions).

Theorem 1.3.2 ([Yu97, Thm. 0.1]). Let G be a regular t-module defined over k. Let Z
be a vector in Lie G(Co) such that expg(Z) € G(k). Then the smallest linear subspace
in Lie G(Cy) defined over k, which is invariant under 0[t] and contains Z, is the tangent
space at the origin of a sub-t-module H of G over k.

The key ideas in proving Theorem 1.2.2 arise from the following observation. Suppose
that we have G,Z,H given in Theorem 1.3.2. We put v := expg(Z) € H(k) and assume
that log; converges v-adically at v denoted by logs (v), and suppose further that logg(v),
lies in Lie H(C,). Regarding Lie H as a linear subvariety of AYmE over k, we see that
the coordinates of Z and logg(v), satisfy the defining equations of Lie H over k since
Z € LieH(Cy) and logg(v), € LieH(C,). Therefore, to prove Theorem 1.2.2 our aim
is to create suitable G, Z,v,H as above and then relate the MZV's (resp. v-adic MZV's)
in question to ‘suitable’ coordinates of Z (resp. corresponding coordinates of logg(v)y).
This novel method fully illustrates the spirit of the result in Theorem 1.2.2 through
logarithms in a robust way, which simultaneously deals with both oco-adic and v-adic
special values and which is completely different from the point of view in the theory
of classical MZV’s. We believe that this kind of strategy via Lie H will explain more
fundamental phenomena in a broader context.

1.4. Logarithmic interpretations for MZV’s. In the seminal paper [AT90], Anderson
and Thakur gave logarithmic interpretations for Carlitz zeta values and v-adic Goss
zeta values, where v is a finite place of k. For each Carlitz zeta value (a(s), we
consider the sth tensor power of the Carlitz module denoted by (C®%,[]5) in (2.2.7).
Anderson and Thakur explicitly constructed a special point v¢ € C®%(k) and a vector
Zs € LieC®%(Cy) so that up to an explicit multiple Ts in A, (a(s) occurs as the sth
coordinate of Zs and expcss(Zs) = vs, where expces is the exponential map of C®S (see
Sec. 2.2). It is further shown that the logarithm of C®% converges v-adically at [a]svs
for some nonzero a € Fg[t] and the last coordinate of this v-adic logarithmic vector
gives a(6)lsCa(s)y.

Around that time, Yu [Yu9l] developed a transcendence theory for the last coordi-
nate of the logarithm of C®% at algebraic points. As an important consequence, Yu
combined his work with that of Anderon-Thakur to derive the transcendence of all
Carlitz zeta values as well as transcendence of (a(s), for positive integers s not divis-
ible by q —1. Yu’s transcendence results surpass the classical situation. Later on, Yu
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extensively generalized the oo-adic transcendence theory in [Yu9l] to the most general
setting stated as Theorem 1.3.2. The transcendence of arbitrary MZV was obtained by
the first author of the present paper [Cl4] using the current t-motivic transcendence
theory, in particular the so-called ABP criterion, developed by Anderson, Brownawell
and Papanikolas [ABP0O4].

In [C16, Thm. 4.1.1], the first author of the present paper gave a logarithmic interpreta-
tion for those MZV’s (a(sq,...,Sr) which have the property that Ca(so,...,s;) is Euler-
ian. The following two theorems are complete generalizations of Anderson-Thakur’s
work described above to arbitrary co-adic MZV'’s and v-adic MZV's (see Sec. 2.2 for the
related definitions).

Theorem 1.4.1 (Theorem 5.1.3). Given any r-tuple s = (sq,...,s;) € IN", we put n :=
wt(s). We explicitly construct a uniformizable t-module G that is defined over k, a special
point vs; € G4(k) and a vector Z; € Lie G5(C) so that

@) Ts, - - - Ts,.Ca(s) occurs as the nth coordinate of Z;.
(b) expg, (Zs) = vs.

Theorem 1.4.2 (Theorem 6.2.4). Fix a finite place v of k and let notation be given in
Theorem 1.4.1. We take a nonzero a € Fqy[t] for which |la]vs|, < 1. Then the nth
coordinate of logg_(lalvs)y is given by a(0)TsCa(s)y.

With the two theorems above, one is naturally lead to the naive question whether
classical MZV's can be interpreted via generalized logarithms at algebraic points fitting
into Wuestholz’s analytic subgroup theorem. However, the category of mixed Tate
motives in characteristic zero is certainly much more subtle than our category of t-
motives in positive characteristic. Therefore the dream of connecting classical MZV'’s
with p-adic MZV's is currently far beyond reach.

As mentioned above, the result of Theorem 1.4.1 for the depth one case was established
by Anderson-Thakur [AT90]. However, we have not been able to find an easier way
to generalize their methods to the higher depth case. In [AT90], there are two crucial
points in the scheme of their proof:

(1) Interpolation of power sums (see [AT90, (3.7.4)]).
(2) Formulas for the right lower corner of coefficient matrices of the logarithm of
C®s (see [AT90, Prop. 2.1.5]).

Property (1) enables one to connect (a(s) with a k-linear combination of the sth Carlitz
polylogarithm at certain integral points, and (2) allows one to express the last coordinate
of the logarithm of C®% at a specific special point as an evaluation of the sth Carlitz
polylogarithm. Note that the interpolation property (1) was used by the first author
of the present paper to express each MZV (a(s) as a k-linear combination of the sth
Carlitz multiple polylogartihm at integral points [C14].

Inspired by the period interpretation of MZV’s in [AT09], for each MZV (a(s) the
authors of [CPY19] constructed a t-module E. defined over A and a special point v, €
E/(A) to establish a criterion in terms of (E/,vs) for determining when (a(s) is a
k-rational multiple of (a(wt(s)). It is natural to ask or predict whether (a(s) can be
connected to the logarithm of E.. The difficulty along this direction is that in general the
t-module E/ is complicated, and so far we do not know how to spell out a rule of writing
it down explicitly except case by case (see [CPY19, Sec. 6.1.1]). Therefore, it is difficult
to compute the coefficient matrices of the logarithm of E/ following Anderson-Thakur’s
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methods, which involve recursive matrix calculations. For other instances involving
calculations of the logarithm of a higher dimensional t-module, see [CM19, G17].

To circumvent the difficulty mentioned above, we introduce new techniques based on
fiber coproducts of Anderson dual t-motives and we sketch the ideas to prove Theo-
rem 1.4.1 below. Fix an r-tuple s = (sq,...,s;) € N" with n := wt(s).

(). Based on the formula [C14, Thm. 5.5.2] we further express T, ---T5.Ca(s) as an
explicit A-linear combination of CMSPL’s at some integral points. See Theo-
rem 35.2.5.

(I). For each triple (bg,sg u¢) occurring in the right hand side of the identity in
Theorem 5.2.5, following [CM19] we explicitly construct a uniformizable t-module
G¢ defined over k and a special point v; € Gy(k) and show that the logarithm
logg, of Gg converges at the special point v¢, and that the nth coordinate of

logGg(w) gives (—1)deplse)—1 Li;, (ug). See Theorem 4.2.3.

(IIT). We mention that Gy comes from a rigid analytically trivial Anderson dual t-
motive ., with C®" as a sub-t-motive, where C®™ is the nth tensor power
of the Carlitz t-motive (see Remark 4.1.10). We then define .#Z to be the fiber
coproduct of those .#/ over C®" and show that it is rigid analytically trivial
in Proposition 2.5.3. Such .# corresponds to a uniformizable t-module G; and
one has a natural morphism 7 : $,G; — G; defined over k (see Lemma 3.2.3).
We then define Z; := logg, (ve), Zs := 97 ((0[be(t)]1Z)e) € Lie Gs(Coo), and vg :=
7t (([be(t)lve)e) € Gs(k), where by € A are given in Theorem 5.2.5 and 0[] is given
in (2.2.1).

(IV). In Lemma 3.3.2, we show that the nth coordinate of Z; is exactly the summation
of the nth coordinate of 9[by(t)]Z;. Then by the formula in Theorem 5.2.5 the
desired result follows.

1.5. Organization of this paper. We mention that one of our goals in writing this
paper has been to introduce our techniques in as general and robust a form as possible.
Therefore we do not organize this paper in order matching the steps from (I) to (IV)
above. We first review the related theory of Anderson t-modules and Anderson dual
t-motives in Section 2, and then consider the fiber coproducts of Anderson dual t-
motives in a setting as general as possible. The purpose of Section 3 is to establish the
key result in Lemma 3.3.2 for handling tractable coordinates of logarithmic vectors with
respect to the fiber coproduct in question. Then step (IV) above becomes a consequence
of Lemma 3.3.2. Section 4 is devoted to verify Step (II) above. In Section 5 we set
the stage for our MZV’s: to any given MZV we associate a fiber coproduct family
of Anderson dual t-motives satisfying the hypothesis of Lemma 3.3.2; furthermore an
explicit integral point is picked up on the t-module associated to each of the t-motives
in this coproduct family. This set up then enables us to prove Theorem 1.4.1.

Finally, we define v-adic MZV’s in Section 6 and prove Theorem 1.4.2. We then
use these logarithmic interpretations for co-adic and v-adic MZV’s (Theorems 1.4.1 and
6.2.4) as well as Yu’s sub-t-module theorem [Yu97] to prove Theorem 1.2.2. At the
end we list three natural and interesting questions in Remark 6.4.4, which we will
investigate in a future project.
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2. FIBER COPRODUCT OF ANDERSON DUAL t-MOTIVES

Throughout this paper, we will call Anderson dual t-motives for those called dual
t-motives in [ABP04] and called Anderson t-motives in [P0O8].

2.1. Anderson dual t-motives. Let C((t)) be the field of Laurent series in the variable
t over C,. For an integer i, we define the ith fold twisting automorphism on C((t))

given by f — f¥, where ft) .= ajqitj for f=>_ ajtj € Co((t)). We extend the ith fold
twisting to an operator on matrices with entries in C((t)) by entry-wise action.

We define the twisted polynomial ring k[t, o] generated by the two variables t and o
subject to the relations

of = f Vs for f € k[t].

Definition 2.1.1. An Anderson dual t-motive is a left k[t, o]-module .# satisfying that

(1) A is a free left E[t]-module of finite rank.
(2) A is a free left klo]-module of finite rank.
3) (t—0)5# C o for all sufficiently large integers s.

We note that the above notion of Anderson dual t-motives can be defined over any
perfect field L containing k, but for our purpose from the point of view of transcendence
theory the field k is the most suitable. For an Anderson dual t-motive .# of rank t
over k[t] and of rank d over k[o], we call the vector X = (x1,...,X;) € Mat;x.(.#) (resp.
v =(vy,...,vq) € Matyq(.#)) a k[t]-basis (resp. a k[o]-basis) for .# if xq,...,%, (resp.
vi,...,vq) form a k[t]-basis (resp. k[o]-basis) of .#. Fixing a k[t]-basis x for .#, then

there exists a unique matrix ® € Mat,(k[t]) N GL,(k(t)) satisfying that
O.xtl‘ — (Dxtr

where ox' is defined via entry-wise action. We say that the matrix @ represents
multiplication by o on .#Z with respect to x (cf. [PO8, Sec. 3.2.3]).

A typical example is the nth tensor power of the Carlitz t-motive denoted by C®™" for
a positive integer n. The underlying module of C®™ is k[t], on which o acts by

of := (t—0)" "D for f € k[t].

It is not hard to check that C®™ is an Anderson dual t-motive with a k[o]-basis given
by

(u—GWA”“,u—eLQ.

As a left Fqltl-module the quotient C¥"/ (o —1)C®™ gives the k-valued points of the
nth tensor power C®" of the Carlitz module defined in (2.2.7). This fact was known by
Anderson, and the reader can consult [T04] and [CPY19, Sec. 5.2].
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2.2. Anderson t-modules. We quickly review the theory of t-modules developed by
Anderson in [A86]. For any field extension L/k, we let T: L — L be the Frobenius qth
power operator, and one naturally extends it to an operator on L*® by entry-wise action.
Let L[t] be the twisted polynomial ring generated by T over L subject to the relation:

T = 97 for x € L.

Given a d-dimensional additive algebraic group G4 s1 over L, we denote by Endp,, (Gg /L)
the ring of endomorphisms of Gg /L that are IF4-linear and defined over L, and we nat-
urally identify Endg, (G§,;) with the matrix ring Matq(L[t]).

A d-dimensional t-module defined over L is a pair G = (GS,[,p), where G¢ | is

the d-dimensional additive group G¢ that is defined over L and p is an Fq-linear ring
homomorphism

p: Fylt] - Endr, (GS,1)

so that dpy — 014 is a nilpotent matrix, where dp¢ is defined to be the induced morphism
of p; at the identity on the Lie algebra Lie G4 s of G¢ /1~ For a nonzero polynomial

a € Fqlt], we write po = > i a;t" with a; € Matg(L), where we understand that the
symbols a; and m depend on a. Then the differential of p, at the identity is explicitly
expressed as

(2.2.1) 0pq = Qyp.

Note that G(F) = G4(F) has a left F4[tl-module structure via the map p for any field
extension F/L.

Given such a d-dimensional t-module G over L, Anderson [A86] showed the existence
of a d-variable power series expg with coefficients in L for which

(@) expg(z) =z (mod deg q);
(b) for any a € IF4[t], the following identity holds:

2.2.2) Pa © EXpPg = €XPg ©0Pq.

We mention that when we work over the field Coo, expg : Lie G(Cx) — G(Cx) is entire.
Such as the classical terminology for Lie groups, we call expg the exponential map of
the t-module G. The formal inverse of the power series expg is called the logarithm of
G denoted by logg and it satisfies:

(2.2.3) expg o logg(z) =z = logg o expg(z) (as power series identities).

2.2.4) logg opa = 0pq o logg for every a € Fylt].

Note that logg is the power series expansion around the origin of the multi-valued
inverse map to expg.

In fact, the exponential map expg is functorial in G in the following sense. Let G
and G’ be two t-modules defined over L. By a morphism from G to G’ over L, we mean
a morphism as algebraic groups ¢ : G — G’ that is defined over L and that commutes
with IF4[t]-actions. The functoriality property [A86, p. 473] means that we have the
following functional equation:

(2.2.5) ¢ oexpg = expgr 00,



10 CHIEH-YU CHANG AND YOSHINORI MISHIBA

where 0¢ is the differential of the morphism ¢ at the identity. The functional equation
for exponential maps and (2.2.3) imply the following functional equation for logarithms:

(2.2.6) logg op =0 ologg .

An example of a t-module is the sth tensor power of the Calitz module denoted by
C®s = (G} . [-]s) for any positive integer s. The underlying space of C** is G} )i
equipped with the IF4[t]-module structure given (and so uniquely determined) by

e 1 0 --- 0
0 1 .o

2.2.7) [t]s = . .0 | € Mats(k[T]).
T 0

We call a t-module G over k uniformizable if its exponential map expg : Lie G(Co) —
G(Cq) is surjective. We mention that there are examples of t-modules which are not
uniformizable, see [A86, Sec. 2.2]. Note that C®% is uniformizable for each s € IN,
see [G096, Cor. 5.9.38].

2.3. From Anderson dual t-motives to t-modules. Here we review how one con-
structs a t-module from an Anderson dual t-motive following Anderson’s approach (see
[CPY19, Sec. 5.2], [BP16, Sec. 4.4] and [HIJ16, Sec. 5.2]). Let .# be an Anderson dual

t-motive with a k[t]-basis (xi,...,x;), and a k[o]-basis (vi,...,vq). For any y € .#, we
express y = Y_ & giv; with g; € k[o] and then define the map A : .# — Matg, (k) by
2.3.) Aly) = (8(g1),...,8(ga))" € Matqy1(k),

where for g = Z]- ajoj(: Z]- Gjajqj) € klo], 6 : k[o] — k is defined by
5(g) == Z ajq].
j

It is clear that A is Fg-linear and surjective. One further checks that Ker A = (0 —1).#,
and therefore we have the induced isomorphism

A: M/ (0—1).#4 =Matgxi(k).
As TF4[t] is contained in the center of klt,ol, #/(0c —1).# has a left Fq[tl-module

structure, which allows us to induce an IFg[t]-module structure on Matgy (k) from the
isomorphism above. One thereby has a unique [Fg-linear ring homomorphism

p : Fq[t] — Matq(k[7]),
whence defining a t-module G = (Gg /% p) associated to the Anderson dual t-motive .#
since the group of k-valued points is Zariski dense in G§ .

2.4. The fiber coproduct. In this section, we will construct a fiber coproduct of certain
Anderson dual t-motives, which will play the key role when proving Theorem 1.4.1.
Here, we deal with the situation as general as possible, and expect it to have wide
applications for the related issues.
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2.4.1. The set up. Let .4/ be an Anderson dual t-motive of rank v over k[t], and we
fix a k[t]-basis X = (x1,...,%) € Matiy.(A4) as well as a k[o]-basis o« = (oq, ..., 0n) €
Matixn(A) for 4. Let B := B, € Mat.(k[t]) N GL.(k(t)) be the matrix presenting
multiplication by o on .4~ with respect to x, ie.,

ox'" = Bx".

Suppose that {//el }gT:1 is a family of Anderson dual t-motives equipped with the
property that .#; contains .4~ as k[t, o]-submodule for which either

2.4.1) M= N
or
(2.4.2) ] fits into the short exact sequence of left k[t, o]-modules

0— N — .M — ] — 0,

where .#] is an Anderson dual t-motive of rank my; > 1 over k[t]l. Welet 7 ={1,...,T}
and decompose it as the disjoint union

T =AU %,

where 7] consists of those indexes £ for which .#, satisfies (2.4.1) and 7, consists of
those indexes { for which .| satisfies (2.4.2). We let s := |.7j], and for convenience we
rearrange the indexes so that

A={1,...,s} and 5 ={s+1,...,T}.

It is allowed to be the case that s =0, ie., .71 = © and % = .7, or the case that s =T,
ie., 1 =7 and 9 = @. In the latter case when s = T, it means that ///e/ is isomorphic
to 4" for all €. In the former case when s = 0, every .#, is an extension of .#/" by A
in (2.4.2).

For convenience we put my = 0 for 1 < { < s. For each 1 < { < T, we denote
by x¢ = (Xe1, ..., %) € Matyu(#]) the image of the k[t]-basis x = (xq,...,x;) for A
under the map A — /. Since .4/ is free of rank my over k[t], there exist vectors
Yo = (Ygts - -+, Yem,) € Matym, (4]), where yp = @ for 1 < € <'s, so that (xg,y¢) is a
k[t]-basis for .#. For the k[t]-basis (x¢,y¢), the action of o is given by the form

x\ (B 0 Xy
“\yi) T \De o) \yi)-

Here @ € Matm, (k[t]) N GLy, (k(t)) is the matrix representing multiplication by ¢ on
A" with respect to the k[t]-basis as the image of y; in M.

For each 1 < { < T, we denote by & := (&q,...,0un) € Matj n(.#/) the image of the
kl[o]-basis o« = («y,..., an) for 4 under the map A — //fe/ . We understand that for
1 <<s, & is a k[o]-basis for M| since A = A, and since " is free of finite
rank over k[o] for s +1 < € < T, & can be extended to a k[o]-basis (&, B¢) for My for
some B¢ € Matyun,(.#]) with hy := rankg, .#,". Note that the image of 3, under the

quotient map .#; — .#;' forms a k[o]-basis for A]'. By convenience, for 1 <€ <s we
put hy =0 and 3, =@.
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We note that to prove Theorem 1.4.1, we will take 4" to be the nth tensor power of the
Carlitz t-motive and take {.#,'} to be the Anderson dual t-motives constructed in [C14,
CPY19], whose periods involve Carlitz multiple polylogarithms at specific integral points.
Related details are given in Sec. 35.3.

2.4.2. The definition. We continue with the notation and set up as above. We define
A to be the fiber coproduct of all .#, over .4 denoted by

M= My MYy Dy MY
More precisely, as a left k[t]-module, .# is defined by the quotient:
2.4.3) = (L) | (Spangy {xa—xell LU ST 1<i<1}).

Without confusion, we denote by x; the image of x¢; in the quotient module .#Z for any
(, and 1 < 1i < r. This is well defined from the description of .#Z above, and it makes
sense to use the notation as one has the natural embedding .4/~ — .#Z. We still denote
by y¢ the image of yy in the quotient module M for s+1<{<T,and 1 <j<my, as
it is well-defined due to (2.4.3). Under such notation, it is clear to see that .# is a free

k[t]-module and

(2.4.4) m:= (X,Ysitfs--->YT)

is a k[t]-basis for .Z.

Proposition 2.4.5. The left k[t]-module .# defined above is an Anderson dual t-motive.

Proof. We first claim that the k[t]-submodule Spang, e —xill < U <T, 1<1< 7}

is stable under the o-action, whence a left k[t, o]-submodule of 69_{:1//8’ . To show this,
we note that x¢ — X/ is the ith component of (x; —x/)". By definition, o(x¢ —xg/)"" is
the vector

B- (Xg —Xg/)tr.
By expanding the above vector we see that

o(xg —xpi) € Spanyg {xa —xpill <L <T, 1<i<r}.

To show that .Z is free of finite rank over k[o], we first note that the following matrix

B
2.4.6) © Dgy1 @7
Dy o

is the matrix representing the action of o on .# with respect to the k[t]-basis m given
in (2.4.4). It follows that we have the following short exact sequence of Anderson dual
t-motives:

0= N — M — Oyt — 0.

By hypothesis, each .# is an Anderson dual t-motive, so is ®]_ . ;.#". Since A

and ®_, . are Anderson dual t-motives, . is a finitely generated k[o]-module.

_By [ABPO4, Prop. 4.3.4], we know that k[t]-torsion submodgle of .# is as same as the
k[o]-torsion submodule of .#Z, and hence .# is free over kl[o] since .Z is a free left

k[t]-module.
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Finally, one directly checks that (t —0).# C o.# for sufficiently large integers i,
whence .# is an Anderson dual t-motive. [

Remark 2.4.7. Note that we can write down the ranks of .# over k[t] and over k[o]
respectively. Precisely, we have

T
rankyy 4 = rankgy A + Z (rankﬂﬂ .///e'—rankﬂt] N )
{=s+1
and

T
rankyy 4 = rankgg A + Y <rankﬂ(ﬂ My —ranky N ) .
{=s+1
2.5. Rigid analytic trivialization. Let T C C((t)) be the subring consisting of power
series that are convergent on the closed unit disk centered at the zero of Cs. More
precisely, every element f in T is of the form f = ) °;a;t' with the property that

lailoo — 0 as 1 — oco. We follow [ABP04, P0O8] to introduce the following terminology
(cf. [A86]).

Definition 2.5.1. Let M be an Anderson dual t-motive of rank v over k[t]. Let © €
Mat, (k[t]) N GL.(k(t)) be the matrix representing multiplication by o on certain k[t]-basis
for M. We say that M is rigid analytically trivial if there exists a matrix ¥ € GL,(T) so
that

vl — oy,

Such a V¥ is called a rigid analytic trivialization of ©.

Remark 2.5.2. If an Anderson dual t-motive is rigid analytically trivial, then its associ-
ated t-module is uniformizable. See [BP16, Sec. 4.5] and [HJ16, Thm. 5.2.8].

Proposition 2.5.3. Let A, {4/ }Ll be the Anderson dual t-motives given in Sec. 2.4.1
and suppose that all of them are rigid analytically trivial. Then so is the fiber coproduct

M of {///{}Ll over N .

Proof. We continue with the above notation that B is the matrix representing multipli-
cation by o on x for .4/, and for each s +1<{ < T,

B
D, O/

is the matrix representing multiplication by o on (x¢,y,) for .Z, .
Since /" and .| are rigid analytically trivial, there exist rigid analytic trivializations

Q and

Q

R W/
for which QY = BQ and

R ) =6 o) (% )
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Since @ given in (2.4.6) is the matrix representing multiplication by o on m for .Z, we
put

Yo Rs.+1 Y

Ry wr

and find that ¥ is a rigid analytic trivialization of ®. So the desired result follows. [J

3. THE KEY LEMMA

We continue with the setting and notation given in Sec. 2.4.1 and Sec. 2.4.2. As . is
a quotient of @Ll///f’ , we have the natural projection map u: @Ll///e’ — . In fact,
according to the definition of .Z we can write down the map p explicitly as

T my T T T my
30 u| O fultxa+ Y fytyge| =Y (Z fﬁ(t)> X+ Y>> fy(thyy
i=1 =1

i=1 \({=1 {=s+1 j=1

According to the set up in Sec. 2.4.1 that « is identified with &; in ///,Z’ , it follows that
3.0.2)
Spang, {xe —xpill <6< T, 1<1 <1} =Spangg {os — ol < LU < T, 1<i<n},

hence it is well-defined so that we can denote by «; the image of oy for any 1 < ¢ < T
and 1 < i1 < n. Note that such a fact can be also seen from the definition of fiber
coproduct.

We denote by «; the image of oy in .#, by « the image of & € Matjxn(4/) in
Matyxn (), and by By the image of B¢ € A in A, which are well-defined by (3.0.2)
and the condition of k[o]-basis (o, B¢) for M. From the setting in Sec. 2.4.1, we see
that (&, Bsi1s-..,BT) is a k[o]-basis for ..

3.1. The setting. For each 1 < ¢ < T, we let Gy be the t-module associated to the
Anderson dual t-motive ///,/ , ..e., we have the ]Fq[t]-module isomorphism

Ge(K) = .4 /(o —1).4.

To simplify the notation, we denote by [—] the Fq[t]-action on any t-module without
confusions. We denote by H the t-module associated to the Anderson dual t-motive
. By our hypothesis that .4~ = ///e/ for 1 < £ < s and the identification of k[o]-bases
« and &y, H is the t-module associated to ///{ forl1<{<s.

By Proposition 2.4.5 we know that .# is an Anderson dual t-motive. We let G
be the t-module associated to .#, ie., G(k) = .# /(0 —1).# as F4[tl-modules. Recall
that (o, Bsit,---,BT) is a kl[o]-basis of .# and the rank of .#] over k[o] is n+h for
s+1<¢<T. So the dimension of G is

3.1.1) dimG =n+hgyg+ -+ hy.

3.2. The main diagram.
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Definition 3.2.1. Let n be the rank of .# over k[o]. For any integer m > n and any
vector z = (z1,...,zm)" € C, we put

Z1 Zn+1
2= :| andz_ := :
Zn Zm

(1)

Definition 3.2.2. We define a morphism m: EBLl G¢ — G of algebraic groups by

and so z is expressed as

.
n((zf,...,z2")") = (Z 20,z ... 2 )"
=1

Recall that p : @Lljfel — . is the natural quotient map, which is a left k[t, o]-
module homorphism by (3.0.2). Via p we find from the following Lemma that 7 is
indeed a morphism of t-modules.

Lemma 3.2.3. Let notation be given as above. Then the following diagram

B M —2- Bl Gu(k)

ul |

M A .Gk

commutes. In particular, 1t is a morphism of t-modules.

Proof. Recall that for each 1 < ¢ < T, (&, B¢) is a k[o]-basis for //l,z’ . Since the maps
A, and p are additive, it suffices to show the commutativity of the diagram on elements
of the form

(3.2.4) w = f(0)ogy € MY — Di_p M for 1<L<T,1<i<n
and
(3.2.5) W = gui(0)Be € M — DM for s+1<L<T,1<i<h,

Let w = fy(0)oy; be given in (3.2.4). We write
0 A

5 (fei(0)) n
Alw) = : € Gy — ®i_;Ge.

; bh
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Then by the definition of 7t we have

O )\
: 1
5 (fei (o)) n
n(Alw)) = ; €G.
0 7/
0 }hs+1+---+hT

On the other hand, we recall that the image of oy under the projection map p :
B M} — A is denoted by oy. As p is a left k[t, o]-module homomorphism, we
have

w (fei(0)ogi) = fei(0) o
Recall further that («q,..., &n, Bsits--., BT) is a k[o]-basis for .#. Hence by the defini-
tion of A, we see that

A(p(w)) = A(fe(o)oy)

is equal to
O \
i
6 (fui(o)) n
n(Alw)) = : e G.
0 7/
0 }hs+1+"'+hT

Now we consider the case of w = g (0)Be in (3.2.5). We denote by

Lo

7= Alw) = i € Gy— @;{:166-
5 (gei(0)) hy

0
Since s+1 << T and 1 <1< hy, by the definition of m we have

b

}hs+1+"'+he—1 ca

Z

0 }h€+1+"'+hT
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Recall that we identify p(B¢) with Bg. Since u is a left k[t, o]-module homomorphism,
we have

r(w) = gei(o)u(Bei) = gei(o)Bei-
Since (o4, ..., %n, Bst+1,-- -, BT) is a klo]-basis for .#, via this basis we see that A(u(w))
is the same as 7 (A(w)).

Since the map p induces an Fq[t]-module homomorphism

T
(///e’/(a—l).//lgl) — M/ (c—1)4,
=1
the diagram above shows that 7t : &]_;Ge(k) — G(k) is a left Fq[t]-module homomor-
phism, and hence 7 is a morphism of t-modules since the group of k-valued points is

Zariski dense inside the algebraic group in question.
U

Corollary 3.2.6. Let notation be given as above. Let pg be the map defining the IFqlt]-
module structure of Gy for 1 < € < T, and p be the map defining the F4[t]-module of G.
If pet € Matqim g, (AlT]) for every 1 <€ < T, then py € Matgimg(AlT]).

Proof. It is clear to see that the map 7t is surjective. Since 7t is qu[t]-l'mear, the result
is derived from Definition 3.2.2. U

3.3. The key lemma. In this section, we give a formula which is a crucial step in the
proof of Theorem 1.4.1. However, we state and prove the formulation in the setting as
general as possible. We follow Brownawell and Papanikolas to introduce the notion of
tractable coordinates, to which Yu’'s sub-t-module theorem is most easily applied.

Definition 3.3.1. Let L be a field extension over k and suppose that L4 ;= Matq (L) has
a left IFq[t]-module structure via an Fq-linear ring homomorphism

FFq(t] = Endp, (LY.

The ith coordinate of 14 is called tractable if the ith coordinate of a -z is equal to a(0)z;
for any a € Fqlt] and any z = (zy,...,z4)" € LY.

Suppose that the affine variety /A‘}lL has a left IF4[t]-module structure in the sense that
for every field extension L' /L, A%(L’) has a left Fq[t]-module structure that is functorial
in L. We say that the ith coordinate of Ac}L is tractable if for every field extension L' /L,
the ith coordinate of A%(L’) is tractable.

Typical examples of tractable coordinates arise from the Lie algebras of tensor powers
of the Carlitz module. For any positive integer s, we note that Lie C®$(L) = L® has a
left IFq[tl-module structure via d[—]s for a field extension L/k. From (2.2.7) we see that
the sth coordinate of Lie C®$(L) is tractable.

The main result in this section is the following lemma.

Lemma 3.3.2. Let ., {4/ }Ll and ./ be the Anderson dual t-motives with hypothesis
given in Sec. 2.4. Let H be the n-dimensional t-module associated to ./, Gy be the
t-module associated to ///el for £ =1,...,T, and G be the t-module associated to ./ .
Suppose that the nth coordinate of Lie Gy(Cs) is tractable for all 1 < { < T. Let
Zy € Lie G¢(C) be a vector with nth coordinate denoted by £. Let Tt : GBLlGe — G be
the morphism of t-modules given in Definition 3.2.2. For each 1 < { < T, let by € IF4[0]
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be any polynomial and put v, == expg, (Z;) € G¢(Coo), Z := 07 ((3[be(t)1Z;)¢) € Lie G(Coo)
and v := 71t (([be(t)]vg)¢) € G(Cs). Then we have

(@) The nth coordinate of Z is equal to ZeT:1 b %m.
(b) expg(Z) is equal to v.

Proof. By the canonical identification Lie (®G¢(Cx)) = @¢Lie G¢(Cs), we have the
following commutative diagram according to (2.2.5):

(3.3.3) D1_1Ge(Coo) — G(Co)
@Dy eXpg, T exXpg T

&7, Lie Go(Coo) & Lie G(Coo).

Property (b) follows from the diagram above.

To prove (a), we note that the nth coordinate of 9[b(t)]Z; is given by b;.%, since
by hypothesis the nth coordinate of Lie G¢(C) is tractable. By Definition 3.2.2 the
morphism 7t has no T-terms when expressing it as a matrix with entries in k[t]. So the
induced morphism 07t has the same form as 7 (see (2.2.1)), implying the desired property
from the definition of Z. L]

Remark 3.3.4. If we take ./ and all {./ }eTzl to be C®", then the fiber coproduct of

T . . . . .
{///e/ }ezl over 4 is C®" and hence its associated t-module G is C®™. In this case,

the morphism 7 : EBIZT:1C®TL — C®" is the sum of vectors. This special case would help
the reader understand how one uses Lemma 3.3.2 to generalize [AT90, Thm. 3.8.3(1)] to
higher depth MZV's in Sec. 5.3

4. THE CONVERGENCE OF logg, (v¢)

In this section, we consider the t-module and special point constructed in [CM19], and
the primary goal is to show Theorem 4.2.3 asserting that the logarithm of the t-module
in question converges co-adically at the special point, and certain coordinates of the
logarithm give Carlitz multiple star polylogarithms. To prove Theorem 1.4.1, the results
presented in this section are applied in Section 3 to illustrate that all the conditions of
Lemma 3.3.2 are satisfied for our setting.

4.1. The constructions of the t-module and special point. In what follows, we fix
s = ($...,8¢) € N" and u = (ug,...,u,) € (Ex)r. We will define a pair (G,v)
associated to s and u, where G is a t-module defined over k and v € G(k).

Put Lo :=1, and L; := (6—09)--- (G—qu) for i € IN. We define the sth Carlitz
multiple polylogarithm, abbreviated as CMPL, as follows (see [C14]):

q't qtr
. Z .. Zr
4.1.1) Lis(zgy...h2y) = Z tsl L
§>o>ip>0 i ir

To avoid heavy notation on the subscript, we use the same notation Lig in the function
field setting. Since we no longer use the classical multiple polylogarithms in the later
context, there will not be misunderstanding.
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We also define the sth Carlitz multiple star polylogarithm, abbreviated as CMSPL, as

follows (see [CM19]):

(4.1.2) Lij(zgy...,20) ==

qil qi.r

Z Zl ...Z’r
R
Ll L

{>>1,>0 u

Remark 4.1.3. For an r-tuple s = (sg,...,sy) € IN", we put

Siq
D, = {(xl,...,xr) € CL, : Ixiloo < qa-T for izl,...,r} c D/

where

50

$14

(4.14) D!:= {(xl,...,xr) € CL: [Xtloo < qa-T and |xiloo < q:%ql for i = 2,...,r}.

Since Lis(x) and Li;(x) have the same general terms, by [C14, Rem. 5.1.5] these

two series converge oo-adically for any x €

D/, and Lis(x) is non-vanishing for any

x € DN (CX)". We mention that D! is used in Theorem 4.2.3.

For1<{<r,weputdy:=s¢+---+srand d:=d;+---+d;. Let B be a d x d-matrix

of the form

BI11]

B[1r]

b

Bl

B ['rr]

where B[{m] is a d; x di,-matrix for each { and m and we call B[{m] the (£, m)-th block

sub-matrix of B.

For 1 <{ < m <r, we define the following matrices:

01 0
0 1
Ne::
Ny
N = N2
0O --- --- 0
E{m] :=
0
1 O 0

0

0 | € Matg,(k),

1
0

=

€ Matgy(k),

N

€ Matdexdm (E) (if £=m),

€ Matdexdm (E) (if £ <m),
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E[11] E[12] --- E[17]
E:= El22] € Maty(k).
Elr—1,71]
E[rr]
We further define
0 0 0 B
Em:=| O|E[mm] |0 | € Maty(k)
0 0 0

to be the d x d-matrix such that the (m, m)-th block sub-matrix is E[mm] and the others
are zero matrices.
We then define the t-module G = G, := (G4, p) by

(4.1.5) pt = 0I4 + N + Et € Maty(k[t]),
and note that G depends only on uy,...,u,_;. Finally, we define the special point
0
: d
0
(_l)rilul corUr /
0
: do
O p—
416 V=V, = € G(k).
( ) 5,0 (—1)7‘72‘[,[,2 . ur J ( )
0
: d,
0
WUy y,

Remark 4.17. If u € A", then py € Matyq(Alt]) and v € G(A).

Remark 4.1.8. The t-module G above is the t-module associated to the Anderson dual
t-motive .#', where .#' is free of rank r over k[t] and the representing matrix by o on
certain k[t]-basis for .#' is given by

(4.1.9)
(t _ 9)51+'“+Sr
. ug—l) (t _ 9)51+-~~+Sr (t _ 9)52+~~~+sr _
O = € Mat,(k[t]),
ul ) (t—g)srts (t—g)s
where

{(t _ 9)51+'“+Sr’ (t _ 6)82+"-+Sr, e, (t _ e)sr}



ON A CONJECTURE OF FURUSHO OVER FUNCTION FIELDS 21
are the diagonals and
(=1 sit+s (=1 Sr_1+s
{u (t—oysrtter ulTD g gysertsr

are displayed below the diagonals. We note that .’ is an iterated extension of tensor
powers of the Carlitz t-motive.

Remark 4.1.10. The Anderson dual t-motive .#’ contains C®" as a saturated sub-
Anderson dual t-motive (see [ABP04, Sec. 4.3.3]). Moreover, .#' is rigid analytically
trivial since a rigid analytic trivialization ¥/ € GL.(T) is given as the upper left square
of W given in [CPY19, (2.3.7)] by changing (Qq,..., Q) to (ug,...,u;).

4.2. The convergence. To study the oo-adic convergence issue about logg at v, we
adopt some techniques of [AT90, 2.4.3]. We denote by

logg = Z P;tt

i>0

the logarithm of the t-module G, where Py = I4 and P; € Matgy(k) for all i.
For a matrix y := (yj;) with entries in Co, we put

Vloo := n}ale{lvijloo}.
— S¢d
Lemma 4.2.1. Let s = (sq,...,8y) € N" and u = (uq,...,u;) € (kx)r. If wleo < q%
for each 1 <l <, then we have
IP,NYTE | < q(de*i)qi*(deqi*dﬂqjh
foreachi,j,f withi>0,1<{<r,and1<j <d,.

Proof. Note that the (d;+ - - -+ dg_; + 1)th column of PN TJE, is the (d;+---+ d¢_1 +
j)th column of P;, and the other columns are zero vectors. When i = 0, the inequality
holds clearly. Let i > 1 and assume that the inequality holds for i. By [CM19, 3.2.4],
we have

s 1 m B . .
Pi—FlNde ]EE = § (eqi+1 _ e)m+1 E (_1)n<n>Nm nPiE(l)Nn+de ]Ee
m=0 n=0

Note that EONdeE, = 0 for n #£j—1, and N™ ™ =0 for m—n > d;. Thus we have

"L () m 1p. (i)
) de—j _ — m—j+lp (i)nyde—1
PaNUTE = 3 e (j—l)N PEUNYE
m=j—1
di+—2 ; ¢
(—1) m m—j+1 {—np/ qt
- Z (eqi+1_9)m+l j—1 N Z(_l) Pua“ H Ue »
m=j—1 n=1 n<e<{—1

/

where P/, is the matrix such that the (dy+-- -+ d¢—1 +1)th column is the (di+---+

dn_1 + dn)th column of P;, and the other columns are zero vectors.
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By the induction hypothesis, we obtain

P/, H udt < q(dn—dn)qi—(dnqi—dl)%, qi%_ql-qi
n<e<t—1 0 n<e<(—1
. i+1
— q_[dnql_dl)(Tc_L . q(dn_de)gqj
_ i_ 9
— q (deql dl)qfl'
Therefore we have
_3 _ i+l _ i_ -9
PLN®TEly < max {q (m+1)q }~q (deq™—di) g5
j—1<m<d;+j—2

- quqi“‘l ) q—(dzqi—dﬂ%
qlde et = (deat di gy
l

s¢dq
Proposition 4.2.2. Assume |We < q% for each 1 < { < r. Take a point x = (xm) €
G(Cy) such that

. dpq
—(de—j)+¢4
|Xd1+“'+d271+)’|00 <(q ke

foreach j,t with1 <{ <randl<j<d Then logg(x) converges in Lie G(C).

Proof. By Lemma 4.2.1, we have

PxV, < max T X 4t dp g+ loo

jit

i
e —(ae-+de\
= mﬁx{qql . (]xd1+...+d8_1+j|oo/q SRS

— 0 (i— o0).

{q(dz—i)qi—(dzqi—dl)% qi}

O

Theorem 4.2.3. Given any s = (si,...,s;) € N', we put § := (s,...,s1) and let D!

be defined in (4.1.4). Suppose that we have u = (ug,...,Uu;) € (EX)r for which w :=
(Ur, ... uy) € DY. Let G and v be defined as above associated to s and w. Then logg
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converges oco-adically at v and we have the formula

%
: d
*
(L, )|
*
: ds
logg(v) = o € Lie G(Cqo).
(021, (nug) | =
« \
: d,
%
Liy (w)

In particular, the (s;+ - - - + s;)th coordinate of logg(v) is (—1)9PE)-1Lix ().

Proof. Foreach1 < { <, the (di+- - -+ d¢_1+ d¢)th component of v is (—1)T*Ewu€+1 Uy,
and we have
Se_ql Se+19 srq deq _(d(_de]_,_d@q

|(_1)r_eu€u€+l . . 'uT‘|oo < qqi -q q—1 ..... qi-l =q q—1 — q

Thus logg(v) converges oo-adically by Proposition 4.2.2.
Arguments proving the second assertion are entirely the same as the calculations
in the proof of [CM19, 3.3.3], where we just change the v-adic convergence to co-adic
convergence. 0

q-1,

Remark 4.2.4. We mention that all other coordinates of logg(v) can be explicitly written
down in terms of Taylor coefficients of t-motivic CMSPL’s in [CGM19].

S. PROOF OF THEOREM 1.4.1

5.1. Logarithmic interpretation and formulae for MZV’s via CMPL’s. When r =1
and s =1 € N, the sertes (4.1.1) is called the Carlitz logarithm, which is the formal
inverse of the exponential map of the Carlitz module C. For r =1 and any s € IN, the
series Lis in (4.1.1) is called the sth Carlitz polylogarithm studied in [AT90]. Unlike the
classical case where there is a simple identity between ((s) and a particular special-
ization of a classical multiple polylogarithm, (a(s) is in fact a k-linear combination of
Li; at some integral points, which will be reviewed in the following section. It turns
out that such an identity for (a(s) is a crucial connection that enables us to give a
logarithmic interpretation for (a(s) in Theorem 1.4.1.

Remark 5.1.1. For recent advances of transcendence theory for CMPL’s, see [CY07, M17].

We now recall the Carlitz factorials. We set Dy := 1, and D; := H;;(l)(ﬁqi — qu) €A

for i € IN. Given a non-negative integer m, we express n as n = } .- niq* for
0 < n; < q—1 The Carlitz factorial is defined as

6.12) M= D" € A.

i
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The aim of this section is to prove the following theorem.

Theorem 35.1.3. Given any r-tuple s = (s1,...,sy) € IN", we put n := wt(s). We explicitly
construct a uniformizable t-module Gg that is defined over k, a special point v; € Gg(k)
and a vector Zs; € Lie G5(Co) so that

@) Ts, - - Ts,Ca(s) occurs as the nth coordinate of Zs.
b) expg, (Zs) = vs.

To introduce the formula of (a(s) in terms of Lis, we need to review the Anderson-
Thakur polynomials [AT90, AT09]. Let t be an independent variable from 6. We put
Fo :=1 and define polynomials F; € A[t] for i € IN by the product

i

F=T1 (tqi —eqj> .

j=1

We then define the sequence of Anderson-Thakur polynomials H, € Alt] (for non-
negative integers n) by the generating function identity

o0 —1 o0
Fi i H
1— - x4 = X",

= Mntile=t

and note that they satisfy the following important interpolation formula [AT90, (3.7.4)].
For integers d > 0 and s > 1, we have

G.14) (Hea )| =T+ Sals) L,
where Sg4(s) is the sum of the following reciprocal polynomials
1
Sal(s) == Z g €k,
aeAd’+

where Ag4 is the set of monic polynomials of degree d in A and Ly is defined in
Sec. 4.1. Define the sup-norm ||f|| := max; {|ailo} for polynomials f = 3 ; ajt' € Cuoltl,
and note further that the Anderson-Thakur polynomials have the following property

=
©.1.5) [Hn—1 ()] <161
for every n € IN.

Remark 5.1.6. The bound above comes from [AT90, (3.7.3)]. However, we shall mention
about the difference of notation. Our Hy(t) is exactly the same as Hy,(y,T) in [AT90]
replacing y by 0 and replacing T by t. One can compare with [AT09], where their T is
referred to our t and their t is referred to our 0.

In what follows, we fix an r-tuple of positive integers s = (s1,...,sy) € IN". For each
1 <i<r, we expand the Anderson-Thakur polynomial Hg, _1(t) € Aft] as

mi
G.1.7) Hy1(t) = ) wyt),
=0

where w;; € A with Uiy, # 0 and by (5.1.5) it satisfies

Slq
(©.1.8) [Wijloo < qa-1 for j =0,...,m.
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We define
Js :={0,1,...,my} x - -~ x{0,1,..., my}.

For each j = (j1,...,jr) € Js, We set
uj = (uljl,. . .,urjr) € Ar,

and
aj := aj(t) == Pt

Note that by (5.1.8), we have u; € D/ for every j € J.
Set I :=T5, --- T, € A. The first author of the present paper established the following
formula that extends the work of Anderson-Thakur [AT90] for r = 1.

Theorem 5.1.9. ({C14, Thm. 5.5.2]) For each 5 = (s,...,s;) € N", let J5, aj and u; be
defined as above. Then the following identity holds.

I5CAl(s Z aJ ) Lis( u,J

J€ls

Remark 5.1.10. The identity above is based on the interpolation formula (5.1.4). Thakur [T92]
initiated the study of generalizing the power sum S4(s) to general A, which is the ring
of regular functions on a smooth, projective and geometrically irreducible curve over
Fq regular away from a fixed closed point. We mention that a good analogue of the
Anderson-Thakur polynomials for A satisfying an interpolation formula involving power
sums such as (5.1.4) will be very helpful for the study of MZV's over A, but so far such
an analogue is not known yet.

In the following section, we have to express the right hand side of the identity in
Theorem 5.1.9 in terms of CMSPL’s since such a formulation plays a crucial role in the
proof of Theorem 1.4.1.

5.2. Formulae for MZV’s via CMSPL’s. To express CMPL in terms of CMSPL’s, one
just needs the inclusion-exclusion principle on the set

{iir>--->1i, > 0}.

We take a simple example for r = 2, which would simply allow one to understand what
we do in the more general setting. Since we have

{1 > 12 > 0} ={i; > iz > 0}\ {i; = iy > 0},
it follows that
Li(s,.s0) (21, 22) = Lifg, ,) (21, 22) — Li, 4, (21 + 22).

So one can obtain that Li; can be expressed as a linear combination of CMSPL’s, which
is presented in Proposition 5.2.3.

In what follows, the main target is to express I';(a(s) explicitly as an A-linear combi-
nation of some CMSPL’s at certain integral points. The details of the procedure below
are to explain that sy, by and uy in Theorem 35.2.5 can be written down explicitly, and
that will explain why the constructions of G; and v; in Theorem 1.4.1 are explicit. So
we suggest the reader to skip ahead to Theorem 5.2.5 unless one needs explicit examples
of G5 and vs.

An index of depth r is defined to be an r-tuple s = (sg,...,s;) € N".
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Definition 5.2.1. Let s = (s1,...,s:) € IN" be an index of depth r > 1. Let S be the set
consisting of the two symbols °, (comma) and '+’ (addition) and S* be the set consisting
of the two symbols *," and “x’ (multiplication).

(1) We define amap A := (w+— w*) : S™1 $*" by leaving *, be fixed and changing

‘+'to ‘%’ That is, if w = (Wy,...,Wy_q), then w =" if w; =’ otherwise w;* :=
X

() For any w = (wy,...,W,_1) € S, we define w(s) := (s;wisaWs - - - W,_1s;). That
is, w(s) is a tuple of positive integers obtained from (si,...,sy) by inserting the
symbol w; between s; and siy1 fori=1,...,vr—1.

(3) For anyw = (wy,...,w,_1) € S"land u = (uy,...,u,) € k7, we define w*(u) :=
(ww;ugws - --w u,). That is, w*(u) is the tuple of algebraic elements over
k obtained from (ui,...,u;) by inserting the symbol w;* between w; and w1 for
i=1,...,r—1.

For example, let w = (wq,wg) with w; = °” and wy = ‘+". Then for s = (s, s9,83) €

IN3, we have
w(s) = (s1,82+ s3).

—3
Furthermore, for u = (uy,ug, u3) € k™, we have

wX(u) = (ug, uguz).
Finally, we define v(w) to be the number of ‘+’ in w.
Proposition 5.2.2. Fix an index s € IN" with v > 1. Then for any u € D/ (resp. u € D)
and w € S™! we have that w*(u) € ID"N(s) (resp. w*(u) € ]D("l(s)). In particular,
L'L‘*N(ﬁ) (w*(u)) converges by Remark 4.1.3.

Proof. The assertion follows immediately from the non-archimedean property of |- |.
O

In order to make our formula of MZV’s convenient for use, for r =1 we simply define
S™1 =SV .= {identity}, and denote by P(s) =s, P*(u) = u and v(P) :=0 for P € S°.

Applying the inclusion-exclusion principle on the set {i; > - -- > i, > 0}, we have the
following identity.

Proposition 5.2.3. Let r be a positive integer, s € IN'" be an index and zy,...,z; be r
independent variables. Putting z = (z1,...,z:). Then the following identity holds:

Lis(z) = ) (=) L5, (P (2).
pesT—1
Remark 5.2.4. The similar statement of Proposition 5.2.3 for classical MZV'’s can be seen
in [Yal3].
Recall that the special points u; in Theorem 5.1.9 belong to D/ for every j € Js,
and so L'L]*,( 5)(F'X (ug)) converges by Proposition 5.2.2. Combining Theorem 5.1.9 and the
proposition above, we have the following expression for (5 (s) in terms of CMSPL’s.

Theorem 5.2.5. For any depth r index s € IN", there are explicit tuples s, € IN9P(s0) with
wt(se) = wt(s), dep(s¢) < r, explicit coefficients by € A and vectors wy € AP 50 that

Neials) =D be- (—DWPEOTLE (uy).
¢
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Remark 5.2.6. Precisely, we have

Cals) = ) aj(8) Lis(uy)

J€ls

= ) 40 ) (—I)V(P)Lil*a(s)(PX(“j))
j€Js pesr—1

= > > (FUTay(0) - (~DPPEITLE (P (),
J€Js PesT1

where we use the equality v(P) +dep(P(s)) = v for each P € S™ 1. Let T be the cardi-
nality of the terms in the right hand side of the identity above. Then for convenience
we renumber the indices £ of (by, s¢, ug) for which

©.2.7) {(be, se, ug)1 < €< T} ={((—1)""q;(6), P(s), P*(wy))lj € Js, P € ST},

and dep(sg) =1 for 1 <€ <s, and dep(sy) > 2 for s+1 < £ < T. Note further that when
r=1,1e, s =s € N, we have Li; = Lij and so the formula above for ICa(s) is the
same as Theorem 5.1.9, which was established previously by Anderson-Thakur [AT90].

Note that the terms (—1)dep(se)—1 Li;, (ug) in the identity above occur as certain coor-
dinates of the logarithm of the t-module considered in Theorem 4.2.3.

5.3. Proof of Theorem 35.1.3. Let r be a positive integer and fix any index s =
(sgy...,8r) € IN". Let n := wt(s). We identify the set of triples (by,s¢, ug) occurring
in Theorem 35.2.5 as the set

7 =1{1,...,T},
where we understand that each element { € .7 corresponds to a triple (by,sp, u¢). We
further rearrange the indices to decompose the disjoint union

T =NU%

so that 7] consists of those indices ¢ for which dep(s¢) = dep(u¢) =1, and .75 consists
of those indices for which dep(s¢) = dep(ug) > 1.

Put s :=|7] and note that due to cancellations of the right hand side of the identity
in Theorem 5.2.5, we allow s to be either zero or T.

For each { € .7 equipped with (bg,se, ue), we let Gy be the t-module that is defined
in (4.1.5), and v; € Gy(k) be the special point defined in (4.1.6) that are constructed
using the pair (sp, wy), where - is defined to reverse the order of components (see the
definition in Theorem 4.2.3). Note that G, is the t-module associated to the Anderson
dual t-motive .#; that is associated to (5;,u) and is defined in Remark 4.1.8. So by
Remark 4.1.10 .7, is rigid analytically trivial for each { € .7. Note that wt(s¢) = wt(s) =
n for every £ € 7. Therefore, by Theorem 4.2.3 the nth coordinate of logg, (v¢) is

(~DPET L () = (—1)*PE0 L, ().
4

Put 4 := C®", the nth tensor power of the Carlitz t-motive, and note that C*™" is its
corresponding t-module (see [CPY19, Sec. 5.2]). By the definition of C®" we see that
the nth coordinate of Lie C®™(C,) is tractable.

Note that for { € 4, ,//e’ is isomorphic to .4 and for { € %, '///e/ fits into the short
exact sequence of left k[t, o]-modules

0— N — M — .4 — 0,
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where .7/ is an Anderson dual t-motive. Let .# be the fiber coproduct of {.#/ }Ll
over ./ and so by Proposition 2.5.3 .# is rigid analytically trivial. Let G4 be the
t-module associated to .#, ie., Gs(k) = .# /(0 —1).# as F4[tl-modules. Hence Gs is
uniformizable by Remark 2.5.2.

Recall that every u; belongs to ID; for j € J;, and hence we have that for every { € .7,
u; belongs to D;, and hence u; € ]Ds’~z . Since (Gy,vg) are constructed using (s, uy),
which satisfy the conditions of Theorem 4.2.3, logg z(w) converges oo-adically for every
te 7.

Note that since all ug are integral points (see (5.2.7)), by Remark 4.1.7 the t-modules
{Gg}Ll are defined over k and hence Gs is also defined over k by Corollary 3.2.6.

Now we let 7t : EBETZIG ¢ — G be the morphism of t-modules over k given in Defini-
tion 3.2.2. Recall that to simplify notation, we use [a] for the action of a € IFq[t] on
any t-module without confusion. For each { € .7, we define

(5.3.1) Zy:=logg,(ve) € Lie G¢(Co),
and further set

(5.3.2) Zg := 0m ((0[bg(t)]Z)¢) € Lie G5(Coo)s
and

(6.3.3) Vs = 7 (([be(t)]ve)e) € Gs(k),

where by € A are given in Theorem 5.2.5. We note that by the functional equation (2.2.3)
we have

expg, (Ze) = v
and therefore by Lemma 3.3.2 we have
expg, (Zs) = Vs.

On the other hand, by Theorem 4.2.3 the nth coordinate of Z is given by (—1)dep(se)—1 Liz, (ue).
By Lemma 3.3.2 and the formula in Theorem 35.2.5 we see that the nth coordinate of
Zs is T5Ca(s).

Remark 5.3.4. We mention that all other coordinates of Z; can be explicitly written down
in terms of Taylor coefficients of t-motivic MZV’s and t-motivic CMSPL’s in [CGM19].
As the formulae of the coordinates are not used here, we refer the reader to [CGM19]
in order to save some of length of this paper.

5.4. Examples.

Example 5.4.1. Take q to be a power of any prime number p and let s = (1,1,2). In
this case, we have I1 =Ty =1, Hi_ 1 = Ha 1 = 1, J112) = {(0,0,0)}, uipo = (1,1,1),
a(0,0,0) = 1. Thus we have

CA(1,1,2) = Lifg12)(L1,1) = Lify ;9 (1 1,1) — Lify o, (1,1) — Lif; 4(1,1) + Li; (1)
= (=D"'Lif(1) + (—1)* ' Lif (1.1
+H(—1)* ' Lify ) (L1 + (D% Lity ) (L1, 1),

and (blaslaul) = (1 1. )’ (b2’52’u2) = (1’(1’3)7(1’1))’ (b3’53’u3) = (1’ (232)’(1’1))a
(b4a54’u4) = (1’(1’ L2 )5( .1, ))
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For { =1, we have G; = C®4, and hence its t-action on Gﬁ s given by

0 1
24 0 1
G = 0 1
T 0
We further have v; = (0,0,0,1)" € C®4(k), and Z; = (x, *, %, Li(1))" € Lie C**(Cw).
For ¢ = 2, we have Gy = G with the t-action

0 1
0 1

[t] = 0 1
T 0| —t
10+

and
vo =(0,0,0,—1, 1" € Go(k),

Zy = (%, %, % —Li{; 3(1,1), Lif (1))" € Lie Go(Coo).

For ¢ = 3, we have G3 = G with the t-action

0 1
0 1
0 1
[t]:’c 0| —1 ’
0 1
T ©

and points
vz = (0,0,0,—1,0,1)" € G3(k),

Zy = (%, %, %,— Li%y 5 (1,1), %, Li5(1))" € Lie G3(Coo).

For ¢ = 4, we have G4 = G/, with the t-action

0 1
0 1
0 1
=] T 0| —1 T |,
0 1
T 0| —71

0+
and
vy =(0,0,0,1,0,—1, D" € G4(k),

Zy = (%, %, %, Lif] 19)(L1,1), %, — Lify ;) (1,1), %, Lif (1)) € Lie G4(Coo)-
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Therefore we have Gj192) = G}lo with the t-action

0 1
0 1
0 1
T 0| —1 |—7 —T T
0+t
[t] = 01 ,
T O

0 1
T 0 -7

0+T

and
V12 = 7t(vy, vo,v3,v4) = (0,0,0,0,1,0,1,0, —1, l)tr € G(I,LZ) (k),

Z(LLZ) - (*9 *a *7 CA(la 19 2)9 Li’i((l)a *7 Li/‘é((l), *’ - Li*?l,l) (19 1)5 Li/‘f(l))tl’ 6 Lize G(LLZ) (COO)'
Example 5.4.2. Take q = 2 and s = (1,3). In this case, we have I1 =1, I3 = 02+ 0,

Hip =1, Hgy = t+ 0% J3 = {(0,0),(0,1)}, w0 = (1,6%), ugy = (L1), apo = L
a(o,1) = t. Thus we have

(02 +0)Ca(L,3) = Lig3)(1,0%) + 0 Lig3/(1,1)
= Lif 4)(1,6%) — Li} (92)+9LL13(1 1) — 0 Li;(1)
= (—DLige®) + o - (—)Lig(1)
+H(—1)* L 4 (1,6%) + 8 - (1) Lify 5 (1,1),

and (b, 51, 1) = (1,4, 0%), (by,59,us) = (0,4,1), (b3,s3,u3) = (1, (1, 3), (1,0%)), (by, 54, ug) =

(0, (1,3), (1,1)).
For { =1, we have G; = C®4, and points
vi = (0,0,0,6%)'" € C¥4(x),
Z1 = (%, %, %, Li5(0%)" € Lie C¥*(Cy).
For { = 2, we have G9 = C®4, and points
vy =(0,0,0,1)" € C¥4(k),
Zy = (%, %, %, Lij(1))" € Lie C¥4(Cy).
We also have
[tlve = (0,0,1,0)" € C¥4(k).
For { = 3, we have G3 = G3 with the t-action

0 1
0 1
[t] = 0 1
T 0| —02t
[0+

and points
vs = (0,0,0,—6%,1)" € G3(k),

Zg = (%, %,% —Lif 4)(1,6%), Lif (1)) € Lie G3(Co).



ON A CONJECTURE OF FURUSHO OVER FUNCTION FIELDS 31

For { = 4, we have G4 = 6[3(51 with the t-action

0 1
0 1

[t] = 0 1
T 0| —t
10+T

and
vy = (0,0,0,—1,1)" € Gy(k),

Zy = (*,%,%,—Lifj 5)(1,1), Lif (1)) € Lie G4(Coo).

We also have
[tlvg = (0,0,1,0 +1,0 +1)'" € Gy(k).

Therefore we have G(i3) = GS with the t-action

0 1
0 1
0 1

T 0| —-0%t| —t |
0+T

0+t
and
V(,3) = 7'[(\’1, [t]Vz, V3, [t]V4) = (0, 0,0,1,1,0 + 1)” c G(Lg) (k),

Zi13) = (%, (07 +0)Ca(1,3),Lif (1), 0 Lif(1))™ € Lie G1,3)(Coo).

6. V-ADIC MULTIPLE ZETA VALUES

Throughout this section, we fix a finite place v of k corresponding to a monic ir-
reducible polynomial of A that is still denoted by v for convenience, and then fix an
embedding k — C,. Let |-|, be the normalized v-adic absolute value on C,. For a
matrix y = (yy) with entries vy € C,, we define

yly = max {lyijlv} -

In this section, we will define v-adic multiple zeta values inspired by Furusho’s def-
inition of p-adic multiple zeta values in [FO4]. The primary goal of this section is to
give a logarithmic interpretation for v-adic MZV’s in Theorem 6.2.4. Together with
Theorem 1.4.1, we apply Yu's sub-t-module theorem [Yu97] to prove Theorem 1.2.2 .

In what follows, for a t-module G defined over k we denote by logg(x)yv the v-adic
convergence value of logg at x € G(C,) whenever logg(x), converges, ie., logg converges
v-adically at x.

6.1. Definition of v-adic MZV’s.
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6.1.1. The set up. Fix an index s = (sq,...,s;) € IN" with n := wt(s). As in Sec. 5.3, we
identify the set of triples (by, s¢, ug) occurring in Theorem 5.2.5 as the set

7 =1{1,...,T},

where we understand that each element { € .7 corresponds to a triple (bg, s¢, u¢). Recall
that each ug is an integral point in Aderise)  We let Gy be the t-module defined over k
(Sec. 4.1) and vy be the special point in Gg(k) constructed using the pair (sp, ug). We
then let G; be the t-module associated to the fiber coproduct .# of the Anderson dual
t-motives {///e} _, over C¥". Finally, we define v, := ﬂ(([bg(t)]V@)g) € Gy(k).

Note that Gg has dimension d := d; :=n+hgi1+ - -+ ht (see (3.1.1)), where n + hy
is the dimension of Gy for s+1 < { <T.

6.1.2. v-adic analytic continuation of Li;. For each { € .7, we consider the CMSPL L'L;e
and its v-adic convergence. We note that Li;, converges on the open unit ball centered

at the zero of Cdep(m and it is shown in [CMI19, Sec. 4.1] that Li;, can be analytically

continued to the closed unit ball centered at the zero of C3®*t). Since u, is an integral

point in AdPse we have Jugl, < 1 and hence Li;, is defined at ug in the sense of v-adic
convergence. We denote by Li;e(ug)v the v-adic convergence value of Li;, at u;, where

we add the subscript v to emphasize the v-adic convergence. More precisely, Lig, (u)y is

_1\dep(sp)—1
the value % multiplied by the nth coordinate of logg, (lalve)y for some nonzero

polynomial a € F4[t] with [[alve, < 1. Since the coefficients of logg , are matrices with
entries in k (see [CM19, (3.2.4)]), we have Li7, (ue)y € ky.
6.1.3. The definition. Now we are ready to define v-adic MZV'’s using Lig, (u¢)y.

Definition 6.1.1. For any index s = (sq,...,sy) € IN', let notation be given in Theo-
rem 5.2.5. We define the v-adic MZV (a(s)y to be the following value:

Z by - (—D4PEITLEE (), € Ky,

We call wt(s) := > __;s; the weLght and dep(s) := r the depth of the presentation (a(s)y.

We further mention that Thakur [T04, Sec. 5.10] also defined v-adic MZV’s by using
Kummer congruences to interpolate the power sums at non-positive integers, and he
remarked that his interpolated v-adic MZV’s are not the same as ours defined above
but they are expected to be related by certain linear relations.

6.2. Logarithmic interpretation of v-adic MZV’s. The primary goal in this subsec-
tion is to give a logarithmic interpretation for (a(s),, where the depth one case was
established in [AT90].

6.2.1. The v-adic convergence of logg_.

Proposition 6.2.1. Fix any index s € IN". For any x € G4(C,) with |x, < 1, we have
that logg_ converges v-adically at x in Lie Gs(Cy).

Proof. We write logeen = ) 2 Rit (R; € Mat,(k)) for the logarithm of C®". We
denote the logarithms of G; and Gy by

logg, = ) QiT" (Qi € Matg(k)) and logg, = ) QuT (Qu € Maty (k)
i>0 i>0
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respectively. For each s+1<{ < T, we can write

R; R
Qu = ( i RE} ) (Rgi € Matnxn, (k), Rf € Maty, (k).
1

Then Q; is expressed as

. ! ! !
Rl Rs—i—l,i Rs—i—2,i RT,i
R//
s+1,1 g
Qi = Riioi
1
RT,i

for each 1 since it forces the functional equation

omo (EBeT:1 logGe> = logg, o7t

Let x = (X{, X\ 1, Xy, 9, ..., X7 )" € G4(Cy) with xg € C}, x¢ € CM for s+1<¢<T,

and |x, < 1. Note that by [CM19, Sec. 3.3] we have

(1) (1)
[ Xo (0
{ Qs 1 ( Xe i1 ) } — 0 and { Qi ( x¢ )
v v
It follows that
(i) (1)
) X0 ] 0
Qs—i—l,t ( Xsi1 ) Q’Zl ( X >

(1)
i1 X < max
Q= s+2ge§T{

Proposition 6.2.2. For any index s € IN", we continue with the notation as above. Then
there is a precise nonzero polynomial a € F[t] (depending on s and v) so that |[a]vs|, < 1,
hence logg_ (lalvs), converges.

}—)Oasi—)oo.

}%Oasi—)oo.

s
A% A%

O

Proof. Write s; = (sg1,...,8er,) and set
ap = (v(t)821+5e2+“'+5erg _ 1)(V(t)5e1+5z2+-~+8e,re—1 —1)---(v(t)sn—1) € qu[t]

and
T
a:=] [ ac € Fqyltl,
(=1

where v(t) := Vlp—. Since uy € AdPlt) for each ¢, by Remark 4.1.7 we have that for
each « € F4[t], the coefficient matrices of T of [«] are in Matgin, G, (A). It follows that
la]([be(t)Ive)lv = [[be(t)]([alve)ly < |lalvely < [laglwely < 1, where the last inequality comes
from the proof of [CM19, Prop. 4.1.1]. So by [CM19, Sec. 3.3] again 10ng([a]([bg]Vg))v

converges in Lie G¢(C,). Therefore we have
(6.2.3) la]vsly = |7 (([a]lbe(t)]ve)e) v < meax{l[a]([be(t)]w)lv} <1,

where the first inequality comes from Definition 3.2.2. It follows that
logg, (lalvs)y = 0m((logg, ([al([be(t)]ve))y)e)

converges in Lie G4(C,). [
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Theorem 6.2.4. Fix a finite place v of k. Given an index s = (s1,...,s:) € N", we put

n := wt(s) and let {(by, sy, ug)}gzl be the set of triples in (5.2.7). Let G be the t-module
defined over k and vy € Gy(k) be the special point which are constructed using the pairs
(8¢, ), and G; be the t-module over k and vs € G4(k) be constructed as above. We take
a nonzero a € Fq[t] for which |[alvs|, < 1. Then the nth coordinate of logg_(lalvs)y is

given by a(0)TsCa(s)y.
Remark 6.2.5. Since the nth coordinate of Lie G;(C,) is tractable, it is enough to show
that the statement of Theorem 6.2.4 holds for some a. Indeed, assume that the statement

holds for a, and let a’ € IF4[t] be another nonzero polynomial with lla’lvsly < 1. Then
we have

a(0) x nth coordinate of logGs([a']vs)v = nth coordinate of logGs([a][a']vﬁ)\,
= a’(0) x nth coordinate of logg, (lalvs)y
= a(8)a’(0)sCa(s)y.
Proof of Theorem 6.2.4. Let  ={1,---,T} be given as before in Sec. 6.1.1. We first
take a nonzero polynomial a € F4[t] so that
L |[a(t)]vs|v <L
o [[a(t)lv]y <1forall { e 7.

Note that the second property can be obtained using the same arguments in (6.2.3). It
follows by Proposition 6.2.1 that logGs([a]vg)v converges, and by [CM19, Thm. 3.3.3] that
every logGe([a]([bg(t)]w))\, converges for every { € 7. We have seen that

o a(8)bg x (—1)4Ps)TILix (uy), is the nth coordinate of logg, ([al([be(t)]ve))y (see [CM19,
Def. 4.1.2]);
e The nth coordinate of Lie Gy is tractable (see (4.1.5)).

Recall by (2.2.6) that we have the following functional equation:
6.2.6) logg, ot = dmo (@, logg, )

Recall by (5.3.3) vs := 7 (([be(t)lvg)e) € Gs(k). Now we consider the specializa-
tion at the point ([al([be(t)]lve))e € GBLIG(@(CV) of both sides of (6.2.6) under the
v-adic convergence. The LHS of (6.2.6) evaluated at ([a]([be(t)]v¢))¢ is the vector
logg, ([a]vs)y, which is identical to 97 ((logg, ([al([be(t)]ve))),) from the RHS of (6.2.6)
evaluated at ([a]([be(t)]v¢))e. By Definition 3.2.2 we see that the nth coordinate of
o7t ((logg, ([al([be(t)]ve)))e) is given by

.
Znth coordinate of logg, ([al(lbe(t)]ve)),
=1

which is exactly the value (by [CM19, Def. 4.1.2] and Definition 6.1.1)

]
D a(8) x by(6) - (—1)9PEVTILEY (u), = a(0)Tsla(s)y-
(=1

6.3. Review of Yu’s sub-t-module theorem. The following notion of regular t-modules
is due to Yu [Yu97, p. 218].
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Definition 6.3.1. Let G be a t-module defined over k. We say that G is regular if there
is a positive integer v for which the a-torsion submodule of G(k) is free of rank v over
IF4[t]/(a) for every nonzero polynomial a € Fqlt].

Note that every nth tensor power of Carlitz module C®™ and Drinfeld modules defined
over k are regular [Yu97, p. 217]. Other examples of regular t-modules arising from
special I'-values, see [S97, BP02].

Proposition 6.3.2. Given an index s € IN", we let G; be the t-module constructed in
Section 6.1.1 . Then G, is regular.

Proof. Note that G4 is the t-module associated to the rigid analytically trivial Anderson
dual t-motive .#Z. Let v be the rank of .# over k[t]. Since Gs is uniformizable by
Proposition 2.5.3 and Remark 2.5.2, we have the following ]Fq[t]-module isomorphism
via expg,:

where As := Kerexpg, C Lie Gs(Cx) = ngmGs is a discrete free IFg[t]-submodule of
rank v_by [HJ16, Thm. 5.28] (cf. [A86, Thm. 4]). It follows that the a-torsion submodule
of Gs(k) is isomorphic to

Ala(t)] ' As/As = (Fgltl/ ()"
for any nonzero polynomial a € IFq4[t]. O

Let G be a t-module defined over k. Note that G is also regarded as a linear algebraic
group over k. Any connected linear algebraic subgroup of G that is defined over k and
that is invariant under the ]Fq[t]—action is called a sub-t-module of G over k. The spirit
of Yu’s sub-t-module theorem stated in Theorem 1.3.2 is that for a given logarithmic
vector Z of an algebraic point on a regular t-module G defined over k, the smallest
d[t]-invariant vector subspace over k in Lie G(Cq) containing that logarithmic vector
must be Lie H(Cy) for some sub-t-module H C G over k.

6.4. The main result. We call a positive integer n “even” if n is divisible by q —1;
otherwise we call n “odd”. As mentioned in the introduction, (1—v~"™){A(n), is identical
to Goss’ v-adic zeta value at n, by [Go79] we know that (5 (n), = 0 for n “even”, and
by [Yu91] Ca(n), is transcendental over k for n “odd”. The main result of this section
is as follows.

Theorem 6.4.1. Let v be a finite place of k and fix a positive integer n. Let Zn be the
k-vector space spanned by all co-adic MZV’s of weight n, and %, be the k-vecto_r space
spanned by all v-adic MZV’s of weight n. Then we have a well-defined surjective k-linear
map

Do —> Py
given by
Ca(s) — Cals)v,
and its kernel contains the one-dimensional vector space k - (x(n) when n is “even”.

In other words, the theorem above shows that the v-adic MZV's of weight n satisfy
the same k-linear relations that their corresponding oo-adic MZV’s of weight n satisfy.
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Proof of Theorem 6.4.1. Suppose that we have a non-trivial k-linear relation among
some MZV’s of weight n

c1Ca(s1) + -+ cmCalsm) =0,
which we rewrite as

(6.4.2) €1r51 Calsy) +---+ €mrsm Ca(sm) =0,

s m
where {ei = r—l}

over k, v, € ésil(kl) be the special point and Z;, € Lie G, (Cs) be the vector given
in Theorem 1.4.1. We identify Lie G,, with AYM™C= \  the affine variety of dimension
gi = dim G, over k, and let X := (Xi,.. .,Xigi)tr be the coordinates of Lie Gs,. Let
G:=Gs DD G, be the t-module as direct sum of {Gﬁi}i"l1 and so Lie G is identified
with A9t +9m \ with coordinates

X = (XI, ..., X",

are not all zero. For each index s;, let G, be the t-module defined

Let V be the smallest linear subspace of Lie G(Cs) defined over k for which
e V contains the vector Z := (zg, .. .,ng)tr € Lie G(Coo).
e V is invariant under the 0[t]-action.

We define the following hyperplane over k

where we simply use Lie G for the base change of Lie G over k when it is clear from the
contents, and note that Z € W(C). We further note that since the nth coordinate of
Lie G, is tractable for each i, W is invariant under d[t] and we see that V C W(Cq).
By Theorem 1.3.2 there exists a sub-t-module H C G over k for which

V = Lie H(Cw).

Let ¥ C Lie G be the linear sub-variety underlying V. That is, 7 is the variety defined
by the defining equations of V C Lie G(Cy) over k. So we have 7 (Cy) = V =
Lie H(C), and hence ¥ = Lie H.

For each s;, by Proposition 6.2.2 we are able to pick a nonzero a; € ]Fq[t] for which
llailvs; [y < 1. Put a:= H?;l a;. Note that by Corollary 3.2.6 the action [t] on each G,
has coefficient matrices with entries in A. Therefore, we have that

’[G]Vsi b < llailvs, v <1,

and hence by Proposition 6.2.1 log_ (lalvs, )y converges for each 1 < i < m. Define

V51
V= : € G(k).
Vs

m

We claim that for each e > 0, there exists { > 0 such that |[v(t)Y]([alv)], < €. By the
construction, G is an iterated extension of tensor powers of the Carlitz t-module. More
precisely, let e,...,eq be the standard basis of G = Gg (for some d € IN). Then there
exists a sequence lp =@ C I} C --- C Iy :={1,...,d} such that if we set Gy := G and

Gi = GEJ with basis €; (j € I;), then G; forms a quotient t-module of G defined over
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A, and the kernel of the natural projection G; — Gj_; is a tensor power of C for each
1<i< A
0— C®(|Ii|_ui71‘) — Gi — Gi—l — 0.

We consider the image of [a]v in Gi(A) via the natural projection G — G; and then
modulo powers of v. Using an inductive argument on 1i, it suffices to show that for each
s € N and each x € C®3(k) with |x|, < 1, there exists { > 0 such that |[v(t)Ysx}, < e.
By [AT90, Proposition 1.6.1], we have [v(t)®]s = deev 4 vy for some a € Matg(AlT]).
Therefore, for large £ > 0 divisible by s, we have |[v(t)Y:x|, < €.

Since V is invariant under the 0[t]-action, we have that 0[a]Z € ¥ (Cs) = Lie H(Cy ),
whence

expg (0[alZ) = [a]v € G(k) N H(k) C H(k).

Let ¢ : H — G be the natural embedding morphism of t-modules. Note that H is a
linear algebraic group and so it is smooth. Since H is smooth, p-torsion, commutative,
affine and connected, by [CGP10, Lemma B.1.10], H is isomorphic to GL‘ for some h over
k. Fix an isomorphism H = G over k. By using this identification, we write

N
O=) ATiG " =H G =G I Im Aj € Matig, g xn(K)

j=0

and
logy = ) Bit', B € Maty (k).
i>0
We also write
logg =) Cit', Ci € Matg,y..1g,,(K).
i>0

By the functional equation (2.2.6), we have

N
AO o Z Bi’fiL = Z Ci’[.’i o Z AjTj = Z Z CiA)m ”Cf
j=0

i>0 i>0 >0 \0<j<N,i+j=t

as formal power series. '
We take 0 < e < 1 for which the power series ) ;- Cit' converges on the domain

{x € Lie G(C,)| |xy < €}.

According to the claim above, we are able to take an £ > 0 and then replace a by v(t)‘a
if necessary so that

. G)
Or%ag\l {‘A)([a]v) ) ‘v} < €,

whence

—0asi—
Y

A\ (1)
’Ci (Aj([a]v)(])>
for every 0 <j < N. Thus, we have the following identity

N N
Z Citt | o Z A]"tj (lalv) = Z Citt Z A]-Tj (la]v)
j=0 j=0

i=0 i>0
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Since [a]v is v-adically small enough from the above, and H is invariant under the
[a]-action, we can pull back [a]v via the embedding ¢, and the above functional equation
among formal power series implies the corresponding equality among vectors over C,:

N
(logGﬁi([a]vsi)v>i = logg([alv)y = Z C;tt Z AjTj([a]v)
=0

i>0

N
=D cr]e| D> A7 || (lav)=[Ago (D Bit| | (lav)
j=0

i>0 i>0
=Ag ) Bit'(lalv) = logy(lalv), € Lie H(C,).

i>0

Note that since 7 (Co) =V C W(Cq), we have LieH = ¥ C W. It follows that the
vector (10865. ([a]vgi)v). belongs to W(C,), whence satisfying the k-linear relations
i i

€1X1n + A + emen = O.

By Theorem 6.2.4 the nth coordinate of logg_(lalvs,) is the value a(0)T; Ca(si)v and
hence we obtain the desired identity

c1Ca(s1)v + - - +cmCalsm)y = 0.

Note that by [Go79] we have (a(n), = 0 for n € IN “even” as our v-adic zeta value
at n is Goss v-adic zeta value at n multiplied by (1 —v ™)1 (see [AT90, Theorem 3.8.3.
(ID]). Therefore the second assertion follows immediately. L]

Corollary 6.4.3. Let v be a finite place of k. Set £ = %o, =k Let Z =3 >0 Zn
be the k-vector space spanned by all MZV's, and let & =Y 5o Zny be the k-vector
space spanned by all v-adic MZV'’s. Then we have the k-linear map

F - F,
given by
Cals) = Cals)y.

Proof. By [C14, Thm. 2.2.1], we have a natural isomorphism @, 2 = Z of k-algebras.
Thus the k-linear maps 2y, = Zny in Theorem 6.4.1 imply the k-linear map

§%@ngn_"’@ngn,v—» Zy.
O
Remark 6.4.4. Based on the results above, the following are some natural questions

which need additional work.

(1) Does %, have an algebra structure? o o
(2) For each positive 'L_nteger_ n, what is the kernel of the above map 2 — Z1,?
(3) Is the above map & — %, an algebra homomorphism? If so, what is its kernel?
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