THE QUENCHING RATE FOR A NONLOCAL PROBLEM
ARISING IN THE MICRO-ELECTRO MECHANICAL SYSTEM

JONG-SHENQ GUO AND BEI HU

ABSTRACT. In this paper, we study the quenching rate of the solution for a nonlocal par-
abolic problem which arises in the study of the micro-electro mechanical system. This
question is equivalent to the stabilization of the solution of the transformed problem in the
self-similar variables which relies on a suitable Lyapunov function. In order to construct a
Lyapunov function, due to the lack of time monotonicity property and the negative power
in the reaction term, we first derive some delicate estimates to establish a positive lower
bound of the solution. Then, with this Lyapunov function and some a priori estimates, we
prove that the quenching rate is self-similar which is the same as the problem without the
nonlocal term, except the constant coefficient depends on the solution itself.

1. INTRODUCTION

In this paper, we consider the following initial boundary value problem

(1.1) Up = Ugy — g(t;u, Nu™2, 1<z <1, t>0,
(1.2) w(El,t) =1, ¢>0,

(1.3) u(z,0) = up(x), =z e€[-1,1],

where

1

glt;u, N) = A(l + /_1u—1(5,t)d5) -

Throughout this paper, we always assume that ug is smooth such that
up(£1) =1, 0 < ug(x) < 1, ug(x) = ug(—2z), ug(x) 20, ug(z) 20 for0 <z < 1.

Also, we shall simply denote g(t;u, A) by ¢g(t) when there is no confusion.
The problem (1.1)-(1.3) arises in the study of the micro-electro mechanical system. We
refer to [23, 24] for the physical background of this model. In fact, equation (1.1) is a special
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case of the following general model

A (x)

PR
u? (1 +a / u‘%@t)d&)
Q

where u represents the distance of the membrane and the ground electrode plate, € is the
ratio of the interaction due to the inertial and damping terms, X is the applied voltage, o > 0

(1.4) Uy + Uy = Au —

reQ t>0,

is related to the capacitor and f(x) is the varying dielectric properties of the membrane. The
model (1.4) has been studied extensively, see, e.g., [16, 3, 4, 5, 13, 17, 18, 19, 21, 15] for the
case ¢ = 0 (without inertia) and [20, 14] for the case ¢ > 0. We also refer the reader to a
recent survey paper [12] for more details and some open problems.

It is known [13] that, for A suitably large, solution u(z,t) of (1.1)-(1.3) quenches in finite
time, i.e., u(0,t) = min, < u(z,t) — 0 as ¢ — T~ for some finite 7. Moreover, z = 0 is
the only quenching point. In engineering application, quenching means the touchdown of
membrane to the ground plate.

The main purpose of this paper is to study the temporal quenching rate of the nonlocal
problem (1.1)-(1.3). In fact, the study of temporal singular rates has been one of the im-
portant issues in the formation of singularities (such as blow-up, quenching, extinction and
dead-core). This can be traced back to the seminal works of Giga and Kohn ([6, 7]) for the
study of blow-up rate. Since then, the study of temporal singular rates has attracted a lot
of attentions. The temporal singular rates can be either self-similar or non-self-similar. We
refer the reader to the references for various temporal singular rates cited in [11].

In particular, for the study of quenching rate for the following equation

(1.5) Up = Uge — AU P, p >0,

we refer the reader to [8, 1, 9, 22]. It is shown that the quenching rate for (1.5) is self-similar,
i.e., it is proportional to (T — t)Y/(#P) which is the same as that of the decay rate for the
corresponding spatially independent ordinary differential equation. Note that the constant
coefficient in the quenching rate is the same for all solutions. The spatially quenching profile
for (1.5) was studied in [2]. However, little is done for quenching rates of nonlocal problems.
In [10], the quenching rate for the nonlocal equation

1
ut:um—)\{l—/u(f,t)df}u_p, O<zx<l1,t>0,
0

was studied for any p > 0. It is proved that the quenching rate is self-similar which is the

same as that of (1.5), except the constant coefficient depends on the solution itself.
Throughout this paper, we always assume that A > 1in (1.1) such that quenching occurs.
To study the quenching rate, we introduce the following self-similar variables

y:=z/VT —t, s:=—In(T—1t), 2(y,s):= (T —t)"u(x,t).
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Then system (1.1)-(1.3) is equivalent to

(1.6) Zs — Zyy + %yzy - %z +h(s)z72=0, |yl < R(s), s> so,
(1.7) 2(£R(s),s) = /3, 5> s,

(1.8) 2(y. s0) = T™ug(T?y) £ 20(y), |yl < R(s0),

where

h(s):=g(T —e™®), R(s):=¢? sp:=—InT.

It is well-known that the determination of quenching rate is equivalent to the study of the
asymptotic behavior of z(y,s) as s — oo. In fact, that quenching rate is self-similar is
equivalent to the stabilization limit of z is nonzero.

A standard method for the study of long time behavior is to construct a suitable Lyapunov
function with the help of some a priori estimates. Due to the nonlocal nature and the negative
power in the reaction term in (1.6), the construction of a Lyapunov function relies upon an
upper and a positive lower bounds of the solution z of (1.6)-(1.8). In many earlier results
such as [8, 1, 9, 10], it is proved that the solution is monotone in time for certain class of
initial data. This important property implies the desired estimates for a Lyapunov function.
Unfortunately, in our problem (1.1)-(1.3), this time monotonic property is not available, even
if we assume that the solution satisfies the monotonicity property initially. In fact, the lack
of time monotonic property is a grand challenge for establishing a positive lower bound for
the solution in the similarity variables. The main contribution of this paper is to derive all
the necessary estimates to overcome this difficulty.

In section 3, with a careful construction of various auxiliary functions, we show that the
solution z(y, s) in its similarity variables will be bounded from below by a positive constant,
provided an estimate on .7 £ [ f_R}(;(l) e V' /122(y, s)dyds is available. Note that the lower
bound estimate is crucial because our equation contains terms involving negative powers
such as 27! and 272. The quantity .# appears naturally in the Lyapunov function. In order
to obtain estimates on .%, we are required to take on the challenge to construct a Lyapunov
function without apriorily obtaining estimates on the lower bound of the solution in the
similarity variables.

We shall achieve this goal in section 4. A key step is to show that h(s)-<L K (s) is integrable
over (sg,00), where the function h(s) = g(T" — e™*) is decomposed as

B(s) = A(1+ 0Ky (5) + e /PR (s))

R(s) R(s)
Ki(s) = /R( )6_y2/42‘1(y, s)dy, K(s):= /R( )[1 — eV (y, 5)dy.

After differentiation in s, K7 involves a possible singularity at y = 0 (for lacking a positive
lower bound), but K, contains a factor y? which will cancel possible singularities at y = 0.
Directly doing integration by parts will not completely move the d/ds derivatives from K; to
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K5. We overcome this difficulty by going to an infinite series, so that we can move completely
the d/ds derivatives from K; to Ks. Of course, doing so produces other extra terms that
need to be estimated, and we are fortunate enough to be able to derive all the estimates
necessary for the extra terms.

Since the limit h(oo) exists (see Lemma 2.1 in §2), the natural candidate for the limit of
2(y,s) as s — oo is the solution to the problem

1 1
(1.9) Wyy = Gywy + gw = h(c)w™ =0, y€ER,

(1.10) wy(0) =0 < wy(y), y >0, and w grows at most polynomially at y = cc.

Our problem corresponds to the case p = 2 in (1.5). Since p = 2 > 1, there is no slow orbit
(see [1]) and the only solution to (1.9)—(1.10) with a polynomial bound at oo is the constant
solution w = we, := [3h(c0)]'/3. Note that the constant w., depends on the solution itself.
We now state our main theorem of this paper as follows.

Theorem 1. As s — oo, the solution z(y, s) converges uniformly on any compact set to the
constant Wy .

The rest of this paper is organized as follows. In §2, we provide some a priori estimates
for problem (1.1)-(1.3). Then we derive some a priori estimates for the transformed problem
(1.6)-(1.8) in §3. In particular, we derive the upper bounds of z(y, s); the lower bounds,
however, is derived only for the solution away from y = 0. Finally, in §4, we first derive some
very useful and challenging estimates to construct a Lyapunov function for problem (1.6)-
(1.8). In particular, a positive lower bound for z is obtained. With all these estimates in
hand, we then prove our main theorem. This shows that the quenching rate for the problem
(1.1)-(1.3) is self-similar.

2. SOME A PRIORI ESTIMATES FOR PROBLEM (1.1)-(1.3)
In this section, we shall give some a priori estimates for the solution of problem (1.1)-(1.3).
Lemma 2.1. The function ¢(t) is continuous for 0 <t < T and mingg<r g(t) > 0.
Proof. By [13], for any (5 € (2, 3), for sufficiently large A there exists ¢ > 0 such that
(2.1) clz? <u(z,t) <1 for|z| <1, 0<t< T,
It follows that fjl u~Y(z,t)dz is uniformly integrable and we have the estimate

inf ¢(t) > 0.

o<t<T

By (2.1), we can apply parabolic estimates in the region |z| > 0 to obtain

lim u(x,t) =wu(z,T) for |z| > 0.

t—T—
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The estimate (2.1) also implies u~*(z,t) < ¢ z|~2/%. By Lebesgue Dominate Convergence

Theorem,
1 1
lim / u(z,t)dr = / u(z, T)dx.
t—T— -1 1
This shows that g(t) is continuous at t = T'. O

A careful examination of the proof in [13] shows that the constant ¢ in (2.1) is independent
of A. Therefore, we have

lim g(T5u,\) =

A—00

We next establish

Lemma 2.2. It holds

(22) (1) Pu(0,0) < (7 /t Corar)”

Proof. Since u(0,t) is the minimum,
uy(0,1) = —g(t)u=2(0,1).
Thus 1
2 (v'0.0) = —(0)
Recalling that u(0,7T) = 0, integrating the above inequality leads to (2.2). O
It is not difficult to find (see [13]) that

Et) = %/_l u?(z,t)dz + )\(1 + /1 ul(m,t)dx>_1

1 -1
satisfies

Et)=— /1 ul(x,t)dt < 0.

1
Integrating this equation over [0,7"), we obtain L? estimates for u;:

//uta:td:vdt £(0) <

Using the monotonicity of £(t), we obtain L*°([0, 7], L?) estimate for u,:

1/_1 u(z, t)dz + A (1+ /1 ul(x,t)d:z:>_1 < E(0) < .

2.4 -1
These estimates imply the Holder continuity of u on [—1,1] x [0,T] as follows.

Lemma 2.3. The following estimates hold:

(2.3) |u(zq,t) — u(zg, t)
(2.4) lu(z, 1) — u(z, ts)

| < Clay — ao'/?,
| < |1—t2|1/4-
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Proof. The estimate (2.3) is a direct consequence of Holder’s inequality:

) = (el < | e 0] < -2 [ i)

1/2
< (25(0)) 21 — aa|V/2,

To show (2.4), we note that

lu(z,ty) — u(z, ta)? ‘/ u(z, ) dT < |t —tQ\/ u?(x,7)

Thus for any x; < xg, there exists T € [x1, x| such that

T2 T 1
((L’g - x1)|u(‘f?t1) - u<j7t2)|2 - / |U<I,t1) - U($,t2)‘2dl’ < |t1 - t2|/ / U?(I,T)dl’dT,
0 -1

xr1
which implies that
‘tl _ t2|1/2
|7y — 1|1/

[u(@, 1) — u(z, t2)] < (E(0)"2.
For any x, we take z; and x5 such that x; < z < x9, then |z — Z| < |xg — 1], and

lu(z,t1) —u(z, t)| < |u(@, tr) —u(z, )| + |u(z, t1) — u(z, t1)| + |u(z, t2) — u(z, t2)]

1/2 Ity — to]1/2
< 2(26(0) 2y LUl (g (o)) 2,
0)) |z — a9 |x2_x1‘1/2( (0))
Taking |v; — x5| = |t; — t2|'/2, we obtain the desired results. O

As a corollary, we have
Lemma 2.4. [t holds
ug(z,t) < Ca™ V2.

Proof. We only need to get an estimate near z = 0. By Lemma 2.3, the function

2 t* _ Ot*
w(y,s):u<ay’a8+1/2> u(o, ), l<y<4,-1<s<0, 0<a<l1/4,
a

is uniformly bounded. It satisfies
Vs — by, = —a**g(a*s + t)u"(ay, a’s +t7) £ J.

By Lemma 2.1 (we choose 3 so that 8/3 < 8 < 3), the right-hand side of the above equation
is estimated by

|J‘ < CaPlay|™P < Ca®PP L C, l<y<4,-1<s<0, 0<a<l1/4
It follows from interior parabolic estimates that

wy(yas)gca 2<y<37_1/2<3<0
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Taking y = 2,s = 0, we obtain
a'?uy(2a,t%) < C, 0<a<1/4,

which implies the conclusion of the lemma.

We next proceed to establish Holder continuity of ¢(t).

Lemma 2.5. There exists v > 0 such that
lg(t1) — g(t2)| < Clt1 — ]
for any ti,t, € [0,T7].

Proof. Tt is clear that Holder continuity of the function g(t) is the same as that for

k(t) = /11 uw(z,t)dr = 2/01 u(z,t)dw.

For any tq,t2 € (0,7, t; < ty, and any 0 < pu < 1/4, we have
1

2p
|k(t1) — k(t2)] < 2/ lu N, ty) —u N, to)|de +2 [ Jut () —u (2, ty)|de
0

2p

£ I+ I
It is clear that (note that ¢~! depends on f3)
2p
I < 4c1/ 2|72 Pdx < C(B)ut=YP.
0
To establish an estimate for I, we compute
]u x,ty) — u(x, ta)|

I, = d
2 .Ttl xtg) v

1 to
< Cu-‘*/ﬁ / (e, ) — ule, t)|de = CuP / | / e )it
21 t1

< Cu VP t21/2 // da:dt
2u Jty

< OBl — o).

Combining the estimates for Iy and I, we obtain
|k(t1) = k(t2)| < Cu' =P + CuPlty — to] 2.
Taking p = |t; — to|*/PF+2] | we obtain

—2
k() — k(t2)] < Clts — taf?, o= =2

2(8+2)

The lemma is proved.
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Since u is clearly bounded by 1 and bounded below by a positive constant near x = 1, we
clearly have the following bounds on the derivatives at = 1:

(2.5) 0<u.(l,t) <C, w(1,t) =0, |ug(L,t)] <C for0<t<T.

In fact, the estimate (2.1) implies that u € C*+(+2)/2([p 1] x [0, 7)) for any b € (0, 1).

3. SOME A PRIORI ESTIMATES FOR PROBLEM (1.6)-(1.8)

This section is devoted to the derivation of some a priori estimate for the solution z of
problem (1.6)-(1.8).

First, in terms of similarity variables, the estimate (2.2) gives
1/3
(3.1) 2(0,5) < C1, limsup 2(0,s) < (3g(T)> Ny

S§—00

where

C —3 /T d v
= su T)dT) .
T e <T —t.Ji (7) )

To obtain an upper bound for z, we construct an upper solution as follows. Take p and
c1(p) such that

2 1 1
Z — i _ p—2 2 — gt
3 <p<l, c(p) Ogllznoo{(l )yt + <2u )y } > 0.

Then the function

w=y" 4+ c1(n)
satisfies
—Wyy + §ywy - gw
1 1 1
- (1— p—2 (_ _ _> o
(1 — p)py"= + SH = 3)Y 301(u)

2
2 gcl(ﬂ) > 0.

Take C* such that C*c;(u) = Oy, C*e#*0/2 > e%/3 and C*cy(u) > ||20||~. Then it follows
from (3.1) and the maximum principle that

2(y,s) < C*w(y) for0<y < 2 s> sg.
We have established
Lemma 3.1. For any 2 < i < 1, there exists a C* = C*(u) > 0 such that

(3.2) 2(y,5) < C*(1+ [y|*) for0 <y <e¥/?, 50 < s < o0
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Recall (2.5). In terms of variables (z,y, s), we have
(3.3) 0 < —2,(=R(s),5) = 2,(R(s),5) < CR(s).

Differentiate the boundary condition (1.7), we obtain

1 1
5V (U:8) + 2y 5) = Sly[** fory = £R(s).
Using (3.3), we conclude
(3.4) |2s(£R(s), s)| < CRY3(s).
To derive a lower bound for z(y, s), we rewrite (1.6) as
1 -2
(3.5) pzs = <p : zy>y +p- <§z — h(s)z ),
where p(y) := e v*/4. For any « > 0, we compute
d B . ) . R(s) -
30) 5 | o)y = 20(REDR RS0 + [ o))y
ds J_g(s) —R(s)
It follows from (3.6) with a = 0 and (3.5) that
d R(s) R(s) 1 _2
(37) 5o |, P02y = [ ) (52— h(s)= )
where
Jo = 2p(R(s)) R (s)z(R(s), s) + 2p(R(s))zy(R(s), ).
Clearly,

|Jo] < Cexp < - %63/2).

And, from Lemma 3.1,

R(s)
(3.8) _— / p(y)=(y, 8)dy < 0.

5>50 J —R(s)

By integrating (3.7), we obtain

R(s)
(3.9) ‘/ / h(s)z_2>dyds) < C* < oo forsy > s > s,

where C* is mdependent of s3 and s1. It follows from (3.8) and (3.9) that

s1+1 R(s)
(3.10) / / y,s)dyds < C' for any s; > s.
R(s

We claim that

s1+1
(3.11) / / 2 (y s)dyds < O for any s; > s
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for any o > 0. For a > 2, (3.11) follows from (3.2). For a € (0,2), it follows from (3.10)
and Holder’s inequality with p = 2/« and ¢ = 1/(1 — «/2) that

s1+1  pR(s) )
/ / p(y)z"" " (y, s)dyds
s1 —R(s)

s1+1  pR(s) ) ) )
-/ / PP ()M ()22 (y, 5)dyds
S1 —R(s)

s1+1  pR(s) si+1  pR(s) 1/q
< / / dyds / / y, s)dyds

< C for any sy > sg.

Hence (3.11) holds for any a > 0.
Multiplying the equation (3 5) by (14+«)z?, using (3.6) and the above estimates, we obtain

s1+1
(3.12) / / 21+ /2> } dyds < C, for any s; > sq.
y

By Holder’s inequality, for y >0,

y 2 N 1/2
Z(1+a)/2(y7 S) . Z(1+a)/2<0, S) < \/@{/ {(Z(1+(X)/2> } dy} .
0 )

It follows from (3.12) that

st (1+a)/2 _ L (+a)/2 2
(3.13) / G(s)ds < Co, where G(s) = sup (v,5) — 2 0, 8)]*

S1 0<y<1 y

Since z,(0, s) = 0, we have

. [Z(1+a)/2(y’ s) . Z(1+a)/2(07 8)]2 B
ikt y -

Hence the “sup” in (3.13) is actually achieved and G(s) is a continuous function in s.
Combining (3.10) and (3.13), we obtain
s1+1 (1+a)/2 _ (1+a)/2 0 2 R(s)
/ { sup [Z (ya 3) z ( 75)] ‘I‘ / p(y)Z_Q(y,S)dy}dS < C
s1 0

0<y<1 Y

By the mean value theorem, for each s; > s, there exists 7 € [s1, 1 + 1] such that

(14a)/2 _ J(1+a)/2 0 2 R(m1)
z , T z , T _
sup | v.71) 0.7)] +/ p(y)z"2(y, m1)dy
0

0<y<1 Yy

s1+1 S(14a)/2 . s) — S(14a)/2 0,s 2 R(m) B
(3.14) :/ { sup | (%:2) (0.5) +/ p(y)="*(y, S)dy}ds
o 0

0<y<1 Yy

<C.
This implies that, for 0 <y < 1,
ARy, ) < ZHOR(0,m) + OV,
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and so (assuming that a < 1),
2Py, m) < Cl9(0,m) +y)2 0,
Substituting into (3.14), we obtain

1+« ! dy
0 —(1-a) < / <C
= az( 77'1) 0 [21—&—04(0’ T1) + y]z/(1+a)

Since we take o < 1, this implies that

Z(O,Tl) 2 Co

for some ¢y > 0 independent of s;. Let k to be the first integer bigger than sy, and take s;
tobe k,k+1,k+2,k+3,---. We have proved:

Lemma 3.2. There exists 7; € [k+ j,k+ 7+ 1] with 0 < 7,41 — 7; < 2 such that
(3.15) 2(0,7;) = ¢
for some positive constant cq independent of si.

Based on Lemma 3.2, we can establish the following lemma on the lower bound of z,
provided some L? estimates on z; is available.

Lemma 3.3. Let ¢y be given as in (3.15) and let

C —2
A= blonror A=4(2)7 = f2

i/T/w[( ) Pdyd <@
vl J T T

for some T € (1, 7; + 2|, then

If

(3.16) 2(0,8) > %0 for; <s <
Proof. We already established
2(0,75) =2 ¢co>0, 7,00, 0<Tj4—7 <2
Since y = 0 is the minimum of z(y, s), we have
2(y, ;) = 2(0,7;) = co.
We write

1 1
L] & 2 — Zyy T+ SY% — §Z + h(s)z2 = 0.
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Since A = A(c/2) 2, we have
Co A

.,2”[—+—y2] = —A+7y -2

A 1(00 A A
2 2 2 3

550 (G e gr)

Co -2 Co
< —A A(—) — 0 f D _
+ 5 0 for|y| < 54 =Y

It is also clear that with our choice of y* we also have

o A 3¢ .
§0+§y2<70 for |y <y

By our assumption,
L (m v
E/ / [(25) " )Pdyds < c2/32.
Tj 0

By the mean value theorem, there exists y; € [0, y*| such that

[ ot o) s < g2

J

Hence

~ler ) =20l < ﬁ(/TT[(Zs(?JT7S))_]2dS)1/2

i
¢ ¢
< V2 OZZO form; < s <,
which implies
0 0
z(yf,s)}z(yfﬁj)—z>co——2T form; <s< T

By symmetry, we also have z(—y7i, s) = z(y7, s).
If y; = 0, we then already have z(0, s) > 3c¢y/4 for 7; < s < 7. In the case y; > 0, we can
then apply the comparison principle in the region {(y, s); |y| < yi,7; < s < 7} to conclude

A
2y, s) 2 C2—O+ ¥ forlyl<ylm <s<T
Hence (3.16) follows and this concludes the proof of this lemma. O

Remark 3.1. Lemmas 3.1, 3.2 and 3.3 are valid for any function h(s) bounded by positive
constants from above and below, with cy and 7; depending only on these two bounds.

Next, we show the following lemma which is very useful in the proof of Lemma 4.3 in §4.
Lemma 3.4. There exist constants L1 > 0 and ¢, > 0 such that

(3.17) 2(Ly,8) 2 ¢; fors> 1.
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Proof. Multiplying the equation (3.5) by 2% and integrating, we obtain

4 (RO 1 R(s) R(s) 1 R(s)

— —p2dy = —2/ pzzjdy + / —pz> — h(s) / pdy + J(s),

ds J-p(s) 3 ~R(s) ~R(s) 3 ~R(s)
where J(s) comes from various terms generated by integration by parts. By (1.7), (3.2),
(3.3) and (3.4), we have

1
|J(s)| < Cexp < - §68/2).

Thus, for any small € > 0, we can take S; > 1 so that

d R R(s) 1 R(s)
(3.18) — —p2idy < / —pz* — (h(c0) — 8)/ pdy = 1(s)
ds J_g(s 3 —R(s) 3 —R(s)

for s > ;. If I(s*) < 0 for some s* > Sj, then (3.18) implies that I(s) < 0 for all s > s*.
Therefore, fi(;(l) %pz?’ must reach zero in a finite time, which is a contradiction. Thus we
must have

R(s) 1 R(s)
/ =pz* > (h(c0) — 5)/ pdy for s > Si.
“R(s) 3 ~R(s)
It follows that
2L L 1 Ly 1 R(s) 1
LA(L) / —2dy > / —pzidy = (h(o0) — 5)/ pdy —/ —pzidy.
L, 3 —~R(s) lyl>Ly 3

Since z < C(1+ |y|*), we can take Ly suitable large so that the right-hand side of the above
inequality is uniformly positive, and this implies the conclusion of the lemma. U

4. PROOF OF THE MAIN THEOREM

In this section, we first construct a Lyapunov function. Let
1 B ) 1 B )
(4.1) E@Zg/ p@%@ﬁ@—g/ p(y)z"(y, s)dy
—R(s) —R(s)

Then E(s) is bounded from below, due to (3.2). We compute, using (3.5),

d R(s) 1 R(s)
—FE(s) = / P2y Zysdy — —/ pzzsdy + Ji1(s)
ds R(s) 3 J k()

R(s) 1 [EGs)
= —/ (pzy)yzsdy — g/ pzzsdy + Ji1(s) + Jia(s)
—R(s) —R(s)

R(s) ) d R(s) .
- / pe2dy + h(s) o / pdy s+ Tua(s) + Tia(s) + (),

R(s) o —R(s)
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where
Ju(s) = p(R(s))z, (R(s),s)R (s) — %p(R(S))ZZ(R(S%S)R'(S),

J12(s) = 2p(R(s))zy(R(s), 5)25(R(s), 5),
Ji3(s) = —2h(s)p(R(s))z "' (R(s), s)R'(s).

Set Ji(s) := Ji1(s) + J12(s) + J13. The we have

d R(s) d
(4.2) 4 B(s) = — / p22dy + h(s)-- Ky () + Ji(s),
d —R(s) dS
where
R(s) .
(4.3) Ky(s) = / P )y
—R(s

Note that, by (3.2), (1.7), (3.3) and (3.4), we have

(4.4) | J1(s)] < Cexp ( — %em).

Therefore, in order to verify the function E(s) defined by (4.1) is a Lyapunov function, we
need to derive some useful estimates for h(s) and the derivative of the function K (s) defined
by (4.3) to ensure the integrability of h(s)K{(s) over [sg, 00).

4.1. Estimates for h(s). Recall that h(s) = g(T" — e~®). From the definition of h(s), we
derive

1 R(s)
VAR (5 =1 = / u Nz, T — e ®)dr = eS/G/ 27y, s)dy

1 —R(s)

R(s) R(s)
es/ﬁ{ /_ - p(y)z"" (y, s)dy + /_ R(S)[l — W)z (v, S)dy}

L e K (s) + Ka(s)}.
Differentiating the equality (1 +w)~" = > (=1)/w’ in w (for |w| < 1), we obtain

(L+w) ==Y (=1jw " => (=1Y(j + D’
j=0 j=0

It follows that

—s/GK —92
A(s) = (14 e /0K,)2 (1 s )
() = (erm) 2 (14 ool
S/GK j
45 — (e ) Y b ()
( ) ( t+e Z 14+ e 5/6[(2
where b; = (=1)/(j+1), j > 0. The series is uniformly convergent whenever lj:_/—j/?]z <1

We first establish



NONLOCAL QUENCHING RATE 15

Lemma 4.1. Let 5 € (2,3) close to 3 and let
1
u, = lim [ w2, t)dr > 0.
t—T 1

Then, for vi = % — % >0 and v > 0 given in Lemma 2.5, we have

(4.6) le™*/SK1(s)] < Ce™ ™, |e /5 Ky(s) — u,| < Ce .

for all s > sg

Proof. By (2.1), z(y, 5) > ce*/3=5/8|y|?>/? so that

(4.7) e 02 y,5) < eI BT Y |y < R(s), s 2 so.

Since 2 < < 3, we have — = —|— 1 — 1 =—7 <0. It follows that [e=*/0K;(s)| < Ce ™ for

all s > sg. Using this in the relatlon

1
/ u Nz, T — e *)dx = e */5(K, + K5),

1
applying also Lemma 2.5, we immediately obtain the second estimate in (4.6). This proves
the lemma. O

Recall from (3.11) that
R(s)
/ )27 (y, s)dyds < C

for any s > sg for any 1 < k < 2. This actually implies

s

Lemma 4.2. For any a > 0

(4.8) / e “K(s)ds < C, / e K3i(s)ds < C.

S0 S0

Proof. We break the integral into an infinite series:

oo © so+j+1
/ e “YKi(s)ds = Z/ e “Ki(s)ds
S0 s

j=0 v sot+J
e so+j+1
< Ze‘a(soﬂ)/ Ki(s)ds
=0 so+j
[e.e]

By Holder’s inequality

R(s) 2 R(s)
Ki(s) = (/ pz*ldy) < C/ pz2dy,
—R(s) —R(s)

so that the second inequality can be established in a similar manner. ([l
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4.2. Estimates for the derivative of K;. Our key lemma is as follows
Lemma 4.3. There exists 7, > 0 such that

R(s)
(4.9)

et < o1+ [

o —R(s)

plzsldy>.

Proof. We write K, as 2 fOR(S)(l — p)z~tdy. Then for any L > 0, using (1.7), we have

R(s)
T = 2 ey 21 - p(R) (R R

ds
L R(s) R(s)
= 2/ p(1—p ")z 2zdy + (1 — ple $/2))es/6 4 2/ pz 2 zgdy — 2/ 2 22,dy
0 L L

£ M, + My + Mz + M.

By (2.1), 272 < C|y|~%/Pe/3-2/8)s 1t is also clear that, for |y| < L, |1 — p~!| < Cly|?. It
follows that the first term on the right-hand side is estimated by

| M | ’/ (1—p 1tz zsdy‘

< /MWMNWMMWWKCeMW5/mm%
0 0

so that, if we take 0 < 5 < % + (% — %) (this is possible if we take 3 close to 3),

L
(4.10) /0|0y | < Ces / plz.ds.
0
It is clear that the second term
|
(4.11) /0 My — 1] = |p(e*/?)] < C exp ( - gesﬂ) < Cee.

We assume that L > L;. Since z(y,s) = ¢ for y > L, by (3.17) and z, > 0, the third term
is bounded by

R(s)

R(s)
(4.12) e™*/%| Ms| = ‘26_5/6/ pz_stdy‘ < 06_8/6/ plzslds.
L L
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[t remains to estimate My. Using the equation (1.6), we get

R(s) R(s) 1 1
M, = —2/ 2 22ds = 2/ 2_2{ — Zyy + Yz — 2+ h(s)z_2}ds
R(s) 1 [E() R(s) R(s)
= 2¢ — 2/ z_3z§dy + = / 2y + | — z_2zy —yzt
I 2 )L L L

1 R(s) R(s)
—g/ 2y + h(s)/ 2 4dy
L L

_ 1 fite) _1d s/6 L -1 L ) -2
=3/ z y+<—e + Lz (L) —2277%,

R(s) R(s)
—4/ z_?’dey + 2h(s)/ 2 dy
L L

My + Mg 4+ Myg + Myy.

R(s)>
L

lI>

Clearly,
(4.13) e/ My + 1| < Ce™*/S,
To estimate M,3, we use Lemma 2.4 to derive
|Zy(y, s)| < Ce—s/6|y€—s/2|—1/2 < 065/12|y|—1/2 < Ce’'2 for y > L.

It follows that

R(s)
[My| < C / /12222, dy < Ce?/?27 (L, 5) < Ce'?,
L

by using (3.17) twice, and so
(4.14) e™/0| Mys| < Ce™*/12,
To estimate Myy, by (2.1), we have

Zﬁ4<y7 3) < 6746(4/5*4/3)3’y|,8/ﬁ.

Hence, if we choose 5 so that 0 < v, < % — % + %, we get
(4.15) e™/0| My < Ce_s/6+(4/5_4/3)5/ ly| =8Py < Ce25.
L

Combining all these estimates, we find

R(s)

g 1 1 R(s)
a (e_s/ﬁKg) < Cle—25 (1 + / p|zs|dy) + ‘ . _6—5/6K2 + _6—8/6 / Z—ldy’.
ds —R(s) 6 3 L

17
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The last term is estimated by

1 1 R(s) 1
— —e /0K, + —6_8/6/ z_ldy‘ = —6_8/6‘K2 — / z_ldy‘
6 3 L 6 >
1 R(s)
< 66_8/6</ Z_ldy+/ pz—ldy>
lyl<L —R(s)
< 06*’718’
where (4.7) was used in the last inequality. Therefore, the lemma is proved. 0

4.3. The conclusion. We shall now always assume s > 1 so that 0 < e */SK; < % and

e /8K, > Lu, > 0. This is possible by using (4.6). Therefore, the series defined in (4.5) is
uniformly convergent.
We now proceed to estimate

dK, - e/ NP akit
M) S = (e 0K 3 (-1 ( ) =
(s) 7 (1+e 2) jzo( ) 1T /K, s
Applying integration by parts, we have
52 dKy > ) e—Js/6 ) s2
AR S s = [ Y01y 5 K7
/51 (5) ds S ]ZO( ) (1 + 6_5/6K2)]+2 1 s
e . 52 . d eijs/6
_ _1y Jtley 2
Z( 1) . Kl (S)ds{(l + e—s/GKQ)j-l-Q} ds
Jj=0 1
= Ko + Ko

First, we write K5 as
1 > e SSK, NG
K V(s ) |
[ ! (1 + 6_5/6K2)2 ]ZO< ) 1+ G_S/GKQ

A s J
the quantity m >eo(=1) (¢> is uniformly bounded, by (4.6). Therefore,

52

)
S1

14+e—s/6 K,
| Ko1| < C(|K1(s2)| + |K1(s1)])-

To estimate Ko9, we compute

d efjs/ﬁ

E{ (1+ e5/0K,)i+? }

; —js/6 —js/6( - 2 d

i e NG ()

6 (1+e5/0K,)+2 (14 e5/6K,)i+3ds
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so that
0 . s —js/6
_ il [ e e’
Ky = ]Zl( 1) 6/51 Ki(s) (1_|_6_S/GK2)j+2dS
o0 s2 —js/6( ;
j j+1 e J+2) d ( —s/6 >
+Z(—1)3/ K (8>(1—|—6_S/GK 1 ds e """ Ky |ds
j=0 51 2
£ Koot + Koo
Clearly,
; —js/6
j i+1 e J
—1)YZ K/ .
2 e
[e.9] '. 75/6K j—l
_ —s/6 72 v 1 ( € 1 )
= e K 1)7=
! ]ZI( >6 (1+€_8/6K2>3 <1+6_5/6K2)

< C’e_s/GKlz,

so that, by Lemma 4.2,

’K221‘ < C/ e_S/GKlz(S)dS § C.

S1

Similarly,

’i(_l)j[({ﬂ e=35/5(j + 2) ‘ _ ‘i(—l)j(j—l-Q)( K, <( e ))j‘

(1 -+ 678/6K2)j+3 1+ 673/6K2)3 1+ 673/6[(2
< CKI)

so that, by Lemma 4.3, for small £ > 0,

52 R(s)
K < C [emri() (14 [ plaldy)ds
81

—R(s)
S2 R(s)

< oo [Temre ([ sl
81 —R(s)

s2 rR(s) S2
< C+ 5/ / plzs|*dy + C’s_l/ e 12 K7 (s)ds
s1 —R(s)

51
89 R(s)

< et +6/ / plzs|dy.
s1 —R(s)

Combining these estimates, we find

S2 R(s)
| Koo < Ce™' + 6/ / plzs|dy.
s1 —R(s)
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Since f:llﬂ Ki(s)ds < C, we can choose s; — oo such that K;(s;) < C. Therefore, we
have proved

Lemma 4.4. There exists s; — 0o such that

dK sj [R(s)
/ h(s )—1ds‘ <Ce! —|—5/ / plzs*dy
s1 ds s1 —R(s)

for some small positive constant c.

(4.16) AT

With Lemma 4.4, we are ready to verify that E(s) is actually a Lyapunov function as
follows. Indeed, by integrating (4.2) from s; to any s; and using (4.16), it follows that

/ / Y ) 2dyds E(sl)—E(sj)—i-/ hs )C”f; ds +/ (s
< +)\s/ / ? y)=2dyds.

Taking a fixed € € (0, \™'/2), we obtain

Lemma 4.5. It holds

(4.17) / / y)22dyds < oo.
R(s

Applying (4.17) to Lemma 3.3, we find that now that z(y, s) is uniformly bounded from
below by a positive constant, we can immediately apply parabolic estimates to derive uniform
C*ro1+e/2 estimates. The standard method implies that z(y, s) converges uniformly on any
compact set to the constant w., (depending on the solution itself). This completes the proof
of Theorem 1.
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