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Non-uniform elliptic equations in convex Lipschitz domains are concerned. The non-
smooth domains consist of a periodic connected high permeability sub-region and a
periodic disconnected matrix block subset with low permeability. Let ¢ € (0,1] denote
the size ratio of the matrix blocks to the whole domain and let w? € (0,1] denote
the permeability ratio of the disconnected matrix block subset to the connected sub-
region. The WP norm for p € (1,00) of the elliptic solutions in the high permeability
sub-region are shown to be bounded uniformly in w,e. However, the W1 norm of the
solutions in the low permeability subset may not be bounded uniformly in w, e. Roughly
speaking, if the sources in the low permeability subset are small enough, the solutions in
that subset are bounded uniformly in w, e. Otherwise the solutions can not be bounded
uniformly in w, €. Relations between the sources and the variation of the solutions in the
low permeability subset are also presented in this work.
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1. Introduction

Uniform LP gradient estimate for the solutions of non-uniform elliptic equations
in bounded convex Lipschitz domains is presented. Let €2 be a bounded domain
in R"® for n > 2, 9Q denote the boundary of Q, e € (0,1], Q(2) = {x € Q :
dist(z,00) > 2¢}, Y = (0,1)" consist of a smooth sub-domain Y;, completely
surrounded by another connected sub-domain Yy (= Y \ Y,), Qf, = {z : x €
€(Yim + ) C Q(2¢) for some j € Z"} be a disconnected subset of 2, Q5 (= Q\ Q)

. 1 ifxeQ
represent a connected sub-region of Q, and K, () = for any v > 0.
v ifzeQ,

The problem that we consider is
-V (K2, VU+G)=F inQ,
(K2, VU +G)-ni=0 on 04, (1.1)
/ HEU|Q€_CZ$ = 0,
o 7

where w, e € (0,1], @i is a unit normal vector on 92, and G, F' are given functions.
IL, in (1.1) is an extension operator (see [1] or Lemma 2.1 below) and ILU|q: is
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the extension function of U s in . The problem has applications in heat transfer
in two-phase media, flows in highly heterogeneous media, the stress in composite
materials, and so on (see [3, 9, 14] and references therein). If G, F are bounded in
and [, Fdz = 0, a solution of (1.1) in Hilbert space H'(£2) exists uniquely for each
w, e by Lax-Milgram Theorem [11]. The L? norm of the gradient of the solution
of (1.1) in the connected sub-region Q5 is bounded uniformly in w, e € (0,1] if the
sources G, F are small in Q¢ . However, the L? norm of the gradient of the solution
of (1.1) in matrix blocks €, can be very large when w closes to 0. It is interested
to ask whether the uniform bound in w, e for the gradient of the solution of (1.1)
can be extended to LP space for any p € (1,00) or not.

WP estimate and Lipschitz estimate uniform in e for the Laplace equation in
periodic perforated domains were derived in [16, 18]. For uniform elliptic equations
with Dirichlet boundary condition and with discontinuous or periodic oscillatory
coefficients, the uniform bound in € for W*? norm or for Lipschitz norm in the whole
domain could be found in [4, 5, 7, 14, 15, 20]. For example, Lipschitz estimate and
W 2P estimate for uniform elliptic equations with discontinuous coefficients had been
proved in [14, 15]. Uniform Holder, WP, and Lipschitz estimates in € for uniform
elliptic equations with Holder periodic coefficients were shown in [4, 5]. Uniform
WP estimate in e for uniform elliptic equations with continuous or with VMO
periodic coefficients were considered in [7, 20].

For non-uniform elliptic equations with smooth periodic coefficients, existence of
C? solution could be found in [12]. Uniform Hélder and Lipschitz estimates in w, €
for (1.1); with Dirichlet boundary condition were shown in [22]. Here we consider
the non-uniform elliptic equations in Lipschitz domains. It is proved that WP norm
for the solution of (1.1) in the connected sub-region €% is bounded uniformly in
w, € under some proper assumptions. But, the W1? norm for the solution of (1.1)
in the disconnected subset 2, may not be bounded uniformly in w, €. If the sources
G, F in the low permeability subset Qf, are very small, the solutions in €, are
still bounded uniformly in w, € like the solutions of uniform elliptic equations. If the
sources are not small enough, the solutions in €2f, can not be bounded uniformly in
w, € again.

The rest of this work is organized as follows: Notation and main result are stated
in section 2. In section 3, we present a priori estimates for interface problems and
present uniform Hélder, uniform Lipschitz, and uniform WP local estimates in w, €
for the solutions of non-uniform elliptic equations in periodic domains. The proof of
the main result is given in section 4. In section 5, we show the uniform Hoélder and
the uniform Lipschitz estimates in w, € for non-uniform elliptic equations, claimed
in section 3. In section 6 (that is, Appendix), we give a proof of Theorem 4.1, which
is a modification of Theorem 3.3 in [19)].
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2. Notation and main result

Let C*® denote the Hélder space with norm || - [|ck.a, WP denote the Sobolev
space with norm || - ||ws.», and [p]co.« be the Holder semi-norm of ¢ for k > 0,
a€0,1],s> —1,p € [1,00] (see [2, 11]). LP = WP and H! = W12, C°°(R") is the
space of infinitely differentiable functions in R™, C§°(D) is a subset of C*°(R"™) with
support in D, and C92,.(R™) is the space of infinitely differentiable Y-periodic func-

per

tions in R™. Wy*(D) is the closure of C§°(D) under the W*? norm and W2E(R")

per
is the closure of Cp¢, (R") under the W*P norm and [|¢[lwsrmn) = @llwer(y)

for s > 1, p € [1,00]. Ap :{xER":x€Y+jforbomej€Z"}
and Ay = R"\ An. H) (R") = {p € WZ(R") fY y)dy = 0} and
Hbor (A7) = {¢la, : ¢ € Hle @)} Let [lp1, - @mllm, = |\so1||Bl+ Hlpmls,,
lellBinBs = ll¢llB, + ||l¢llB,s Br(z) denote a ball centered at  with radius r, D be
the closure of D, 9D be the boundary of D, |D| be the volume of D, Xp be the
characteristic function on D, and D/r = {z : ro € D}. For any ¢ € L'(D),

1
(©)n E]{)w(y)dy =D /Dw(y)dy

1 inA o 1 Qx
Keyi/r = in Ay /r and K, ., = n /7" for w € [0,1],v,7 € (0,00).
’ w in Ay /r w inQY/r

If 1, is an outward normal vector on 0Y;,, we define, for any function ¢ in ¥ and
x € Y,

px(r) = Jim p(z £ th,), lpl(z) = v+ () — ¢, (7). (2.1)

Our main results are:

Theorem 2.1. Suppose

Al. Q is a bounded convexr Lipschitz domain in R™ for n > 2,
A2. Yy, is a smooth simply-connected sub-domain of Y,

A3 w,e€(0,1],0€(0,2], pe (1,00), G e LP(Q), F € W12(Q), (F,1)o =0,
then a WP(Q) solution of (1.1) exists uniquely and satisfies
Ko /e, U Kuo VU o) < c([[Kuo—2 G| Lr (o)
HIFllw-10(0) + w72 [ Fllw-10(0z,)) e <1,
U, Koo VU || 1o(0) < (I Kuor—2,Gllzr(e)
HIE w10 () +w"_2||FHwa(Q;1)) if << > 1,

(2.2)

where ¢ is a constant independent of w,€,0. Here (F,1)q = 0 means / Fdr =0 1in
Q
distribution sense.
By energy method and Poincaré inequality [11], we easily get (2.2) for o = 1,
p = 2 case. But it is not clear whether VU is bounded uniformly in L%(Q¢,). From
Theorem 2.1, we know that if the right hand side of (2.2) is bounded independent of
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w, €,0, then the WP norm of the solution U in 25 is bounded uniformly in w, €, o
for any p € (1,00). However, the W' norm of the solution U in Q¢, may not be
bounded uniformly in w, €, 0. From the proof of Theorem 2.1, we see that if the
right hand side of (2.2) is uniformly bounded in w, €, o, then

o |U|lw1.»(q) is bounded uniformly in w, e when o = 0,
* [[UllLe(e); VU]l Lr(qs) are bounded uniformly in w, € for o > 0, % >c¢>0,

) HUHWl.p(Q;) is bounded uniformly in w, e when o > 0 and “= s close to 0.

Next we recall Theorem 2.1 [1].

Lemma 2.1. Let p € [1,00) and ¢ € (0,1). There are a constant c(Yy,p) and
a linear continuous extension operator Il : Wl’p(ij) — WLYP(Q) such that if
€ W“’(Q;), then

Hep=¢ in Q;,
el ey < cllellzes),

[VILeollLr) < el VelLras),

0<d <Ilep<ds if0<dy <p<dy for some constants dy,ds,
Hep=¢ i Qifo=¢

Moreover, if ((z) = p(rz) in B1(0)NQ%/r for any r > €, then I /.((x) = lep(rz)
m Bl/g(o)

o for some linear function ¢ in .

By Theorem 2.1 and Lemma 2.1, one obtains the following result:
Theorem 2.2. Suppose A1-A2 and

A4 e € (0,1], p € (1,00), G € LP(Q5), F € W HP(Q), |[Fllw-1rs,) = 0,
<F7 1>Q = 07

then a WHP(Q%) solution of

-V (VU+G)=F inQf
(VU+G)-1d.=0 on 9%

/ I.Udx =0
Q

exists uniquely and satisfies

[Ullwrr0s) < c(lGllLeas) + 1Fllw-10(0)),

where ¢ is a unit normal vector on 89; and c is a constant independent of €. See
Theorem 2.1 for the definition of (F,1)q = 0.

From now on, A1-A2 are always assumed.
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3. Preliminaries

Tracing the proof of Theorem 7.25 [11], we know

Remark 3.1. Let 0 € 9Y,, and p,v € [1,00). There are a constant ¢(Yy) and a
linear continuous extension operator II, : WhP(By(0) N Yy /v=1) — WhP(By(0))
such that, for any ¢ € WHP(B1(0)NYy/v™1),

p=¢ inB(0)NYs/v71,

L@l e (B, (0)) < cllellLrsy(0)ny;/v-1)

||VHVSD||LP(31(0)) < C||V¢||Lp(31(o)nyf/y—1)~

Lemma 3.1. Let w € (0,1], v € (0,00), ¢ € H'(B1(0)), 0 € As/v~!, and
U, p|a;/-1 be the extension of ¢|a, /-1 in B1(0). There is a constant c inde-
pendent of w,v such that

||KUJ,V (90 - (HVSDLAf/V_l)Bl(O)) ||L2(Bl(0)) < C||Kw,uv(p”L2(B1(0))'
See section 2 for K, ..

Proof. By Poincaré inequality [11], Lemma 2.1, and Remark 3.1, the extension
function IT,¢p| 4, /-1 € H'(B1(0)) satisfies

MLoplag ot = (Ll o) 31| 2, 0y
< e[ VILelay -1l 12 5, 0y < IV L2(B ORA; 071 (3.1)
where c¢ is independent of w,v. (3.1), Lemma 2.1, Remark 3.1, and Poincaré in-
equality imply
Ko (0 = el /v-2) B2 ) | 12, (o)
< Koo (o], jp—1 — (HVSD|Af/V*1)Bl(0))||L2(Bl(0))
+w o — ILplay o HL2(Bl(o)mAm/rl)
< cllVellLas©na, v-1) + e [[Ve = VIL@lay -1 || a5, 0ynan o)
< ¢|[Kow Vol 2y (0))- O

3.1. Interface problems

Let T'(x —y) denote the fundamental solution of the Laplace equation in R™, see §6.2
[8]. Define a single-layer and a double-layer potentials as, for any smooth function
@ on the boundary 9Y,, of Y,,,

Sovi, (9)() = /8 T = )ew)dy

Loy, (p)(z) = - VyI'(z — y)iy p(y)dy

for x € 9Y,,,
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where 1iy, is the unit vector outward normal to 0Y;,. By A2 and tracing the argument
of Lemma 3.2 [22], we know

Lemma 3.2. For any p € (1,00) and « € (0, 1), the linear operators

Soy, W #P(9Y,) — W5 P(3Y,,)
Loy, : W5 P(9Y,,) — W2 5P (3Y,,)
Soy,, : CL*(9Y,,) — C?%(0Y,)

Loy, : CH2(0Y,,) — C**(dY,,)

are bounded; the operator I — {Lay,, for ¢ € [—2,2] is continuously invertible in
1
W' o P(8Y,,) and in C*(dY,,); and there is a constant ¢ independent of £ so that

€l by < T = CLav, YN iy, Jor € W3 7(0Y,0),
[ellczeov,,) < el = Loy, )(P)llc22 (oY) for ¢ € C*%(0Yn),
where I is the identity operator.
We shall use the following notations.
JY is an open portion of JY,

D;, D5, D3 are smooth domains satisfying ¥;,, C D; C D, C D3 C Y,
dist(Yy,, 0Dy ), dist(Dy, 0Dy), dist(Dy, dD3), dist(Ds, Y \ 8Y) > 0.

Lemma 3.3. Let w € (0,1] and o € [0,2]. There is a constant ¢ independent of
w, o such that any solution of

V(K2 VO +V)=C¢ inY 52
(K2 VO +V)-B=0  ondY '
satisfies
1Ko 1@l w10\ vomynw e (vi) < CUI@l2(vy)
HIKue-21VLey) + Kooz 1¢llw-1r (v )nw-12(vim))s (3.3)

Hq)”clu(m)ncla(ﬁ) < c([@llz2evy)
+HKUJ—Z’lV||Cl,w(?f)mcl,m(7m) + ||KW_271<”CO’”(7f)F‘|COvQ(ﬁ))v

where p € [2,00), a € (0,1), and i is the unit vector normal to Y.

Proof. Define Z, o, = |[Kyo-21V||Lo(v) + Kooz, 1llw-1p(v;)nw-12(v,,) and let ¢
denote a constant independent of w, o.

Step 1: Assume V € Wy P (Yy) N W, P (Y,,) and ¢ € LP(Y). Consider the fol-
lowing

(3.4)

-V (Ky21Vo+V)=( in Dy,
¢=0 on 0Ds.



November 22, 2014

Non-uniform elliptic equations T

The unique existence of a H! solution of (3.4) is from Lax-Milgram Theorem [11].
By energy method and [6], we have

9llwrr(Do\Dy) < Lo (3.5)

Let ¢ in Y, be the solution of

V- (Ve +V)=( in Yy,
(W Ve +V)=¢ in (3.6)
p=0 on 0Y,,,
and ¢ in Dy \ Y,, be the solution of
~V-(Vp+V)=( inDy\Y,, (3.7)
(p:O on 8(D2\K) .
By [6] again,
lellwrearvim) + @7 lellwrr ) < Zow- (3-8)
If we define ¢ = ¢ — ¢ in Dy, then (3.4) and (3.6)—(3.7) imply
AY =0 in Dy \ Y,
=0 Y,
L] ) omatm (3.9)
K21V | -1y, =F on Y,
P =0 on 0D,

where 1, is the unit vector outward normal to 9Y,. See (2.1) for (3.9)2 3. Since
Ve Wy (Yy) N Wy (Vi)

F = (w2V<p7_ - V‘P&) “Hyloy,, -
By (3.8),
< o (3.10)

1y -5
By Green’s formula, (3.9), and Theorem 6.5.1 [8], we see that
¥/2+ Loy, (V) = Sov,, (VY- - 1iy|ay,,)
¥/2 = Loy,, (V) = =Soy,, (VU4 - y|ay,,) + Sop, (On, ¥]op,)

where On,9|op, is the normal derivative of ¢ on 9Ds. So

on 9Y,,,

2(1 — w? 2
(I - fugijl)caym) b= (sam (9n, ¥loD2) — Sov,, <f>) on Y. (3.11)

Then (3.5), (3.8)—(3.11), and Lemma 3.2 imply

1l -t gy, <€ (||f||w_%,p(m) + |8ny¢|w_%,p(6D2)) < Zow.  (3.12)
(3.9) and (3.12) imply

[llwirDy) < Low-
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Together with (3.8), we obtain
||KQJ‘771¢HWl.p(D2\ﬁ)mW1,p(Ym) < Iy (3.13)

Note WyP(Y}) (resp. Wy (Yy,)) is dense in LP(Yf) (vesp. LP(Yy,)) and LP(Y)
is dense in W1P(Y). By a limiting argument, we see that if V € LP(Y) and
¢ € W=bP(Y), any solution of (3.4) satisfies (3.13).

Step 2: Let n be a smooth function satisfying n € C§°(D2), n € [0,1], n =1 in
Dy, [[Vnllwie(,) < e Multiply (3.2) by 1 to obtain

-V - (K21 V(Pn) —®Vn+Vn) =(n— (VO +V)Vn in Dy,
dn=0 on 0Ds.

By the result of Step 1, we have

IKeom 1 @llyw1o o7y (v, < €Ul Lra\Dy) +Zow)- (3.14)

Let 7} be another smooth function satisfying 7 € C>(Y'), 7 € [0,1], 77 = 1in D2\Dy,
[Villwieyy < ¢, 7 =0 on Yy, U (0Dg \ Y). Multiply (3.2) by 7°® and employ
energy method and Theorem 7.26 [11] to get

[l Lr(Do\D1) < c(I@llL2(v;) + Zow)-

Together with (3.14), we obtain (3.3)1. (3.3)2 is proved in a similar way as (3.3)1,
so we skip it. 0

By a similar argument as Lemma 3.3, we also have the following local estimate:

Lemma 3.4. Let w € (0,1], v € (1,00), o € [0,2], 0 € 9Y,,/v~ !, and B1(0) C
Y/v=t. There is a constant c independent of w,v,o such that any solution of

-V (Kp2,V®) =0 inY/v~1 (3.15)
satisfies
[Kwow@llwir(B,,50)nY; /0= 1)nW e (B, 5(0)nYim /1) < Koo v @[ L2(8,(0)): (3-16)

where p € [2,00).

Proof. For each v > 1, by A2, we find a C? domain D,, such that

Bi/2(0) N Yy, /v™ C D, C By3(0)NYy, /v~ and  Byj2(0) N 0Y,,/v~1 C OD,.

Since D, is C2, for any 2z € dD, there exist a ball B(z) centered at 2z and a C?
one-to-one mapping &, , of B(z) onto £, ., (B(z)) C R™ satistying

&.,(B(z)ND,) CRY, &,(B(2)NdD,) C IR, & ,(B(2)\D,) CR™. (3.17)
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Here R} = {z = (21, -+ ,2n) : 2y > 0},0R} = {z: 2, = 0},R” = {x: z, < 0}.
Since 9D, is compact for each v > 1, there exist a finite number ¢, of open balls
{B(z)}!" | and one-to-one mappings {&., , }%, such that

zi € 0D, forie {1, -+ ,4,},

(3.17) holds for each ball B(z;) and i € {1,---,4,},

aD, C Uiy B(z).

Since Y;,, is smooth, it is possible to choose domains D,, for all v > 1 such that

{the number ¢, is bounded above by a constant independent of v,

||£z71,||02(m)7 |\§;§|\C2(7€Z‘V(3(2))) < ¢4, where ¢, is independent of v, z.
Let us define ]sz’l, and ¢ in R™ as

B {w2 in D, _ {‘I) in By /2(0),

K,
1 elsewhere, 0 elsewhere.

Let 7 € C§°(By/2(0)) be a bell-shaped function satisfying n € [0,1], n = 1 in
By3(0), [Vallwrec(B, 50)) < ¢ Multiply (3.15) by 1 to get

V- Rz V(09) — Ruy6V) = —Re2, VoV in B1(0),
ng =0 on 0B1(0).

Then we follow the argument of Step 1 of Lemma 3.3 to obtain (3.16). |

Let Xgﬁ € HL,,.(R™) for w € (0,1] be a function satisfying

per
V- (K21 (VXY +6,))=0 inY, (3.18)

and let Xéji € Hl..(Af) N H(A,,) be a function satisfying Xéji(a:) =0in A, and

per

V- (Kot (VX] +)) =0 inYy,
Ko, (VX{) + &) -6, =0 ondYy,
where €;,7 = 1,--- ,n is the unit vector in the j-th direction in R”, and 1, is a
unit normal vector on 9Y;,. By Lax-Milgram Theorem [11], the solution X‘(i)l for
w € [0,1] is uniquely solvable. By Theorem 6.30 [11] and (3.3)2 of Lemma 3.3,
XS w2 (v yawe.oe (vin) < €(n,Yi)  for w € [0,1]. (3.19)

Define X, 1 = (Xg)l, ,X&"i) and X, ((v) = €X,,1(%) for w € [0,1],e € (0,1].
Denote by Z, for w € [0,1] a n X n matrix function whose (4, j)-component is

81'X§Jj’)1. By remark in pages 17-19, 94-95 [13],

K, = / K2 1(I 4+ Eu(y))dy for w € [0,1] (3.20)
YfUY»m,
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is a symmetric positive definite matrix dependent only on w. Here [ is the identity
matrix. By (3.19), it is not difficult to see, for w € [0, 1],

{dg[ < K, < d4I where d3,ds are positive constants, (3.21)

K. is a continuous function of w.

3.2. L? gradient estimate

In this subsection, we derive L? gradient estimates for elliptic equations.

Lemma 3.5. Letw,e € (0,1], o0 € [0,2], 29 € Q. There is a constant ¢ independent
of w,€,0,x9 such that any solution of

—V - (Kp2 VO + V) =0 in By(zo) N Q
(K2, V4 V) =0 on Ba(xg) NN
satisﬁes ||Kwa7€V<I>||L2(Bl/2(mo)m) < CHV(I)XQ; , Kwa—27EVHL2(Bz(mo)ﬁQ)-

Proof. Let c denote a constant independent of w, €, o, zg. For any z € By /5(x0) N,
we move z to 0 by translation and we define

dy)=d d
{ A(y) (ey) + for any y € B1(2) NQ/e, d € R.

Then & satisfies

V- (Ky2e VO +V) =0 in By(2) NQ/e,

(Ky2e VO +V)-H, =0 on Bi(z)NdQ/e,
where 1, is a normal vector on 0€/e. See section 2 for IU{W;QC. By Lemma 3.3,

||f<w",e,ev(i)”L?(Bl/z(z)ﬁQ/e) < CH@XQ;/Q Kooz V208, (2)n0/e)-
Since d is an arbitrary constant, we have, by Poincaré inequality [11],
Ko e VO 128, o (2)n0/e) < el VOXa: je; Koz e VlL2(m,n0se) (3:22)

(3.22) implies

/ Ko [VO|?dy < c/ VO X
B2 (2)NQ Be(2)NQ 4

By covering By /2(x0) N2 with a finite number of balls of radius ¢/2, (3.23) implies
the lemma. 0O

?+ Koz, V[dy. (3.23)

Lemma 3.6. Let w,e € (0,1] and xo € Q. There is a constant ¢ independent of
w, €, g such that any solution of

-V. (KW%V(I)) =0 in Bﬁ(ﬂ?o) nQ
K. Vo -ni=0 on Bg (o) NN
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satisﬁes ||(I)||H1(Bl/2(wo)ﬁ§2) S cHKuﬂ,eq)HLQ(Bg(mo)ﬁQ)-

Proof. Let ¢ denote a constant independent of w, €, zg. By energy method,
1Ko, e VO £2(Bs (20)n0) < ¢l K, e®l|L2(B5 (20)n0)- (3.24)
By Lemma 3.5 and (3.24),
V@l L2(B, 2 (20)n0) < €IVRlIL2(Bawornng) < CllKuw,e®llL2(By(mo)nn).  (3.25)
Suppose €(Y + j) C By/2(x0) N for some j € Z", then
1@l z2e(vntsy < 1€ —Te®

s L2 (e(vim+i)) + Me@los |2 (e(vin+))

<c (e||vq> = VILe®@las | L2(e(v+4)) T [T @las L2<e<Ym+j>>) ;

where II.®

o is the extension function of ®

o in Q. By Lemma 2.1,

1@l 2(Bs (2o)n0s,) < € (€||V(I)”L2(B3(mo)ﬁﬂ) + 11l L2 By (w0) ) . (3.26)
(3.25)—(3.26) imply
W@l L2(Bs (wo)n0s,) < || Kuw,e®|L2(Bg(20)n0)- (3.27)
(3.25) and (3.27) imply
V@28, )s(z0)n0) < ¢l Kz @ L2(Bs(20)n02)- (3.28)
The lemma follows by (3.26), (3.28). |
Lemma 3.7. Let w,e € (0,1], o € [0,2], and V € L*(Q). A HY(Q) solution of

V(K2 VO +V) =0 inQ
(K2, V4 V) =0 on 0% (3.29)

/ M. ®|gedz =0
o 7
exists uniquely and satisfies
Koo VO 12(0) < cl|Kyo—2 V[ 12(0)s (3.30)

where ¢ is a constant independent of w, €, 0.

Proof. By Lax-Milgram Theorem [11], the solution of (3.29) exists uniquely in
H'(€Q). By energy method, we obtain (3.30) for o = 1. If & € [0, 1), by Lemma 3.5
and (3.30) for 0 =1,

Ko Ve[| L20) < c(IVR][L2(g) + [Kuo—2,VL2() < el Kooz V| L2(0)-

So we obtain (3.30) for ¢ € [0,1) case. (3.30) for o € (1,2] is due to (3.30) for
o €[0,1) and a duality argument. O
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3.3. Local Hoélder and local Lipschitz estimates
Assume 0 € 9Q. By Al, there exists a Lipschitz function ¥ : R*~! — R such that
¥(0) =0,
(0) (3.31)
B1(0)nQ/r=B1(0) N {(z',zn) € R™: ra,, > ¥(ra')} for any r € (0,1].
Define B1(0)NQ/r = B1(0) N {(2',2,,) € R™*: z, >0} forr=0.
Lemma 3.8. Let w, e € (0,1] and o € (0,1). There is a constant ¢ (independent of
w, € but depending a, ||V || poorn-1), Yy ) such that any solution of
-V (K2, V®) =0 in B (0)NQ
K. V®-ni=0 on B1(0) N 9Q
satisfies
H(I)HCOJX(Blm(O)mQ) < C||Kw2,6(1)||L2(B1(0)ﬁQ)a
where N is a unit normal vector on Of).

Proof of Lemma 3.8 is given in subsection 5.1.

Lemma 3.9. Let w,e,7 € (0,1], ¢ € [0,2], and z9 € . There is a constant ¢
independent of w,€,r, 0,z such that any solution of

{—v (Ky2..V®) =0 in By(z) N
0

(3.32)
K. Vo 0= on By (xg) NOQ

satisfies

1/2
|<1><x>—<1><y>|sdx—yml—“&,y,n(]f Koo VO X dz)  (333)
B

'r($0)
where x,y € B, 2(x0) NQ, a € (0,1), and -)Em,a =Ko, (2) + Kijwo (y).

Proof. Assume z¢g = 0 € Q and define p(y) = ®(ry)+d for any d € R. Then (3.32)
implies

V- (K2, V) =0 in B (0)NQ/r,

IU{W%J,VQO ‘fig, =0 on By(0)NoQ/r,

where i/, is a unit normal vector on 9§2/r. See section 2 for Iu{wz7€7r. Note B1(0)N
Q/r is a bounded convex Lipschitz domain.
If ¢/r > 1, Theorem 9.11 [11], Lemma 3.4, and [17] imply

9

I:Kw07£7r<p]CO‘O‘(31/4(O)QQ;/T)QC[)*O‘(31/4(0)QQ§H/T) < CHKw“7€7T§0||L2(B1(0)ﬁﬂ/r)7

where ¢ is independent of w, €, r, 0. Since d is an arbitrary constant, by Lemma 3.1,

9

Kor e.r@lco.n @, m0nas mnco« @ aonag m) S Norer Vel s 0no/m), (3:34)
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where ¢ is independent of w, ¢, 7, 0. If ¢/r < 1, then (3.34) follows from Lemma 3.1
and Lemma 3.8. Then (3.33) is a direct consequence of (3.34).

If zp # 0, (3.33) can be obtained by shifting the coordinate system such that xg
is the origin of the coordinate system and by repeating the above argument. O

We also have the following Lipschitz estimate:

Lemma 3.10. Let w,e € (0,1] and B1(0) C Q. There is a constant ¢ independent
of w, € such that any solution of

V(K2 V®) =0 in By(0)
satisfies
[V@| Lo (B, 50)) < cllKu2,ePllL2(8(0))-

Proof of Lemma 3.10 is given in subsection 5.2.

3.4. Local LP gradient estimate

In this subsection, we derive local LP gradient estimate for elliptic equations. First
we consider the interior estimate.

Lemma 3.11. Let w,e,r € (0,1], 0 € [0,2], and Ba,(xo) C Q. There is a constant
¢ independent of w, e, T, 0,xg such that any solution of

—V - (K2 V®) =0  in Ba(x0) (3.35)

1/p 1/2
(][ |Kwa,€v<1>|de) < c<][ |Kwa,€v¢|2dx> :
BT/Q(IQ) B7.(I0)

where p € (2,00).

satisfies

Proof. Let ¢ denote a constant independent of w, €, r, o, zg. By translation we as-
sume 2o =0 € Q. Let d € R and ¢(y) = ®(ry) + d. Then (3.35) implies

~V - (K2, V) =0 in By(0).
If €/r <1 (resp. €/r > 1), Lemma 3.10 (resp. Theorem 9.11 [11] and Lemma 3.4)
implies
Koo ,er Vol Lo(B, 50)) < clKuwoerllLz(s(0))
where p € (2,00). Since d is arbitrary, by Lemma 3.1, we obtain
[Kwe,e.r Vol Lo(B, 50)) < cllKuwo,e,r Vol L2(51(0))-
Which implies the lemma. O

Next we consider the boundary estimate.
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Lemma 3.12. Let w,¢,7 € (0,1], 0 € [0,2], and xo € 0Q. There is a constant ¢
independent of w,€,r, 0, xg such that any solution of

V. (KW%V(I)) =0 1n BQT(QTQ) NnQ
K. V®-ni=0 on Bay(x9) N O

satisfies

1/p 1/2
(][ Ko VPP Xo dm) < c(][ Koo VO[> Xo dx) ., (3.36)
B, /2(x0) Ba(z0)

where p € (2,00).

Proof. For any z € B, /5(70)N<2, £(x) denotes the distance from x to the boundary
By (20) N OS2 Move x to 0 by translation so that x = 0 € B, 2(x) N Q. Define
o(y) = ®({(x)y) — ®(x). Then ¢ satisfies
V- (Kp2ce)Ve) =0 in Bi(z) (or in By(0)).
If e/€(x) < 1 (resp. ¢/&(x) > 1), Lemma 3.10 (resp. Theorem 9.11 [11] and the
definition of 2¢,) implies
IVl(0) < el Koo e e()?ll L2(84 2 (a) - (3.37)

By (3.37) and Lemma 3.9,

Ko () EPYRNE 1/2
B (]{3 BN RUICHRLE] dy)

rl—a 1/2 1/2
<c—— <f ly — x|2ady) <f Ko VP2 X dz)
¢(z) Be(z)/2() Bay(z0)

Ko (2)|VO|(z) < ¢

r -« 1/2
< c‘— <f Ko, VO|2 X dz> : (3.38)
f(x) 327.(I0)
Let us take « € (0,1) such that (1 — a)p < 1. Tt is easy to see that (3.36) follows
from (3.31) and (3.38). |

4. Proof of Theorem 2.1

First we give a modification of Theorem 3.3 [19]. In the following theorem, B and
tB denote the concentric balls sharing the same center and satisfying tx € tB if
r € B,t>0.

Theorem 4.1. Let p € (2,00), Q be a bounded Lipschitz domain in R™, and T be
a bounded sublinear operator on LQ(Q). Suppose there are ro,cqg > 0,ta > t1 > 1
such that, for any ¢ € L () with supp(v) C 2\ t2B,

1 1 1
» 2 2
(][ |T<p|pXde)p < co< (][ |T<p|2Xde> + sup < |<p|2Xde> ) (4.1)
B 1B B'OB \JB
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where B = By (z9) is a ball with radius r € (0,r9) and center at xy. Fither xo € 09
or Bri,(x0) C Q. Then T is bounded on L1(QY) for any q € (2,p).

Condition (4.1) above is less restrictive than (3.4) of Theorem 3.3 [19]. The proof
of Theorem 4.1 is similar to the argument of Theorem 3.3 [19] and is given in section
6 for the sake of completeness.

Proof of Theorem 2.1: For any w, € € (0,1] and o € [0, 2], we find ®, € H*(Q)
satisfying

V(K2 VO + Koo V) =0 in Q,
(Kuﬂ,evq)a + Kuﬂ—”,ev) -n=0 on aQ’ (42)

/ I ®,
Q

By Lax-Milgram Theorem [11], ®, exists uniquely if V' € L?(Q2). If we define T, :
L*(Q) — L*(Q) by T,V = K- V®,, then T, is a linear and bounded operator
on L?(2) by Lemma 3.7. Lemma 3.11 and Lemma 3.12 imply that the operator T,
satisfies (4.1) for any V € LP(2) and p € (2,00). So T, is a bounded and linear
operator in L4(Q)) for ¢ € (2,00) by Theorem 4.1. By (4.2)3, Poincaré inequality
[11], and Lemma 2.1, we know

1PollLrg) < [HMe®olas [|Lr (o) < | VIL®o|ag
||(I)o||LP(Q$n) < ||(I)o — 1%, Qs llLr(Qs,) + ||Heq)o
< ce|V®, — VII. D,

@) < cllVeollLrias),

Q5 11LP(95,)

LP (9

2l + el ®ollzriag),

where c is independent of w, €, 0. Therefore, we conclude

Lemma 4.1. Under A1-A2, if w,e € (0,1], 0 € [0,2], p € [2,00), and V € LP(Q),
then a WP(Q) solution ®, of (4.2) exists uniquely and

{”Kw"/e,eq)tfv Kw",evq)a ||LP(Q) < C”VHLP(Q)

if < <1,
[0, Kue e Vs Loy < cl|V oo if < >1

IV IA

where ¢ is a constant independent of w, €, 0.

By a duality argument, Poincaré inequality [11], and Lemmas 2.1, 4.1, we have

Lemma 4.2. Under A1-A2, if w,e € (0,1], 0 € [0,2], p € (1,2], and V € LP(Q),
then a WYP(Q) solution ®, of (4.2) exists uniquely and

||Kw"/e,e(I)0'7Kw",evq)(r”LP(Q) < C”VHLP(Q) Zf WT
”(I)mKwa,ev(I)G”LP(Q) < CHV”LP(Q) if ==

where ¢ is a constant independent of w, €, 0.
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Suppose w, e € (0,1], 0 € [0,2], V,¢ € L>(Q2), and [, {(z)dz = 0, let us find a
H(Q) solution of
-V (K,2, V®)=( in Q,
K. V®-n=0 on 09, (4.3)
/ II.®
Q

Q; dr = O,
and a H'(Q) solution of

—V - (K2 Vo, —Kyo V) =0 in Q,
(Ko2. Vo, — Koo V)-H=0  on 0, (4.4)

/ s
Q

The solutions of (4.3) and (4.4) exist uniquely by Lax-Milgram Theorem [11].
Lemma 4.1 and Lemma 4.2 imply that the solution of (4.4) satisfies

—o

cp w2
||Kw2*”/e,e<paa Kuﬂ*”,ev‘paHLT(Q) < CHVHLT(Q) if < <1,

w2
H(pg,Kw2—a’6V(pg||Lr(Q) < CHVHL7(Q) if — > ].,

(4.5)

where r € (1,00) and ¢ is a constant independent of w, e, 0. Multiply (4.3) by the
solution of (4.4), multiply (4.4) by the solution of (4.3), integrate by part, as well
as employ (4.5), Lemma 2.1, and Holder inequality to get

/Kwa,6V<I> de:/apggdy:/ﬂegpg
Q Q Q
< eVl Cllw-100) + w2 1¢Ilw-10(0z )

Gy + [ (or = apelo )y

m

where 1 + % =1 and c is independent of w, €, 0. Since L>(?) is dense in L"(Q) for
any r € (1,00), we obtain
1Ko e VOl o) < c(lClw-10(0) + w2 I¢lw-10(0¢ )

where % + % =1 and c is a constant independent of w, €, 0. By Poincaré inequality
[11] and Lemma 2.1, it is easy to see that

{IKwa/e,e@llev(m < c(l¢llw-1w(0) + W ¢ lw-10(0e y) i L
if &2

1,
@]l L) < c(lClw-1r@) + w0 2I¢lw-1p (e ) 1

|E
IV IA

where p € (1,00) and ¢ is a constant independent of w, €, 0. Together with Lemma
4.1 and Lemma 4.2, we conclude that Theorem 2.1 holds for G € L?(Q2), F' € L>(12).
If G € LP(Q),F € W=1P(Q), Theorem 2.1 can be proved by a limiting argument.

5. Holder estimate and Lipschitz estimate

In this section, we prove Lemma 3.8 (in subsection 5.1) and Lemma 3.10 (in sub-
section 5.2). The idea of proof is from [4].
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5.1. Uniform Holder estimate
We shall use the notation in (3.31).
Lemma 5.1. Let pp € (0,1) and let 0 € 9Q/r or B1(0) C Q/r. There exist 61,02 €
(0,1) (depending on p, ||V¥|| Loomn-1y, Yy ) and eg € (0,1) (depending on pi,02) such
that if
V- (Ky2e V) =0 in B1(0) N Q/r,
K2, Vo . =0 on B1(0) N oY/, (5.1)
||Kw2,e,r50||L2(Bl(O)F‘IQ/T) <1,

then, for any w,e,r € (0,1], ¢/r < eo, and 0 € [01,62],
2
][ |l — (©) By(0)nyr | dz < 6%, (5.2)
Be(0)NQ/r

where Wi/, is a unit normal vector on 0Q/r. See section 2 for K2 c .
€

Proof. Consider the following problem

{_v - (Kw, V) =0 in By/3(0) N Q/rs, (5.3)

]Cw*vgﬁﬁ*:() on Bg/g(())ﬁaQ/r*,

where wy, 7. € [0,1], Ky, is from (3.20), and i, is a unit normal vector on 9/r..
Note By;3(0)N€2/r. is a bounded convex Lipschitz domain. By (3.21), [17], Theorem
9.11 [11], and Theorem 1.2 in page 70 [10], there exists a sufficiently small 6§ < 2/3
such that

][ 0 = (©) By (0. [P < 62 ][ O da (5.4)
Bg(0)N§2/ 7+ By 3(0)N2/ 7

for some p/ satisfying 0 < pu < ¢/ < 1. We choose 61,60 < 2/3 such that 6; < 63
and (5.4) holds if § € [01,62]. Now we claim (5.2). If not, there is a sequence
{we, Te, Be, e } satisfying (5.1) and

Wey Te = Wiy T € [0, 1]

O — 0. € [01,0:] as €/re — 0. (5.5)

2
][ |906 - (@E)Bee(o)ﬁﬂ/n dx > 93”
By (0)NQ/7e

By Lemma 3.6 and by tracing the proof of Theorem 2.3 [3], there is a subsequence

(same notation for subsequence) such that

. . in L?(By,3(0) N Q/r,) strongl
{(p_—>g0 m (2/3() /r+) strongly as €/rc = 0. (5.6)

Iv{wg,e,revsﬁe — K=V, in L*(By3(0) N Q/r.) weakly
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Also the ¢, in (5.6) is a solution of (5.3). By (5.4)—(5.6), we conclude

02 = lim 02 < lim [pe = (9e) By, 02/, 2dc
€/re—0 €/re—0 B, (0)NQ/ 7 e
2][ [ps = (4) By (0)n02/r. [Pdz < Hf",][ O2de.  (5.7)
By, (0)NQ/7 Ba5(0)NQ/ 7

But (5.7) is impossible if 62 is small enough. So there is a €y such that (5.2) holds
for ¢/r < €. O

Lemma 5.2. Let p € (0,1) and let 0 € 99 or B1(0) C Q. There exist 61,02 € (0,1)
(depending on pi, ||V poo(gn-1y,Ys) and € € (0,1) (depending on p,02) such that

if
{—v (K2, V®) =0 in B1(0)NQ, (5.8)
K, VP Gi=0 on B1(0) N oS,
then, for any w € (0,1], € € (0,¢0], 0 € [01,02], and k satisfying /6% < ¢,
]ésk(o)mg | — (®)5,, (ool de < 621, %, (5:9)

where Jy, o = |[Ko2 @22, (0)no) and 0 is a normal vector on 09Q.

Proof. The proof is done by induction on k. For k = 1, set ¢ = ®/J,, . Then ¢
satisfies (5.1) with » = 1. (5.9) for k£ = 1 is deduced from Lemma 5.1. Suppose (5.9)
holds for some k satisfying ¢/0% < ¢, we define

o(z) = J;’EO*’“" (<I>(9kx) — ((I))Bek(o)ﬁg) in B;(0)NQ/6F.
It is easy to see that ¢ satisfies (5.1) with » = #*. By Lemma 5.1 and changing
variable, we obtain (5.9) with k£ 4 1 in place of k. m|

Lemma 5.3. Let p € (0,1) and let B1(0) C Q. There is a ¢, € (0,1) (depending
on i1, || V|| poomn-1y, Yy ) such that if w € (0,1] and € € (0, €., then any solution of
(5.8) satisfies

[®lcon@mm < K. @ll2(8,(0): (5.10)
where ¢ is a constant independent of w, € but depending on i, | V|| poogn-1y, Y.
Proof. Let 61,05, ¢€0, J,,  be same as those in Lemma 5.2 and define €, = €p62/2.

Denote by ¢ a constant independent of w,e. Since §; < 03, for any r € [¢/eq, 02],
there are 6 € [01,02] and k € N satisfying r = 6*. Lemma 5.2 implies

][ ‘<I> - (@)BT.(O)‘Q dr < r?|J, o ? for any r € [e/¢€p, O2]. (5.11)
Br(0)

Now we define

p(x) = Jg e M (Plex) — (D), ) 0 Baye,(0).
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By (5.11),

{—v (Kuy2.ecVp) =0 in By, (0),
lollr2(Bs,., 0) < ¢

By Lemma 3.3, we know [¢]00~M(W) < ¢. Together with (5.11), then (5.11)
holds for r € (0, 02). Next we shift the origin of the coordinate system to any point
z € By5(0) and repeat above argument to see that (5.11) with 0 replaced by any
z € By/2(0) also holds for r € (0,62). By Theorem 1.2 in page 70 [10], we obtain
the Holder estimate (5.10). O

Remark 5.1. Let €, be same as that in Lemma 5.3. By Lemma 3.3, we know that
if w € (0,1], € € [ex, 1], any solution of (5.8) for B1(0) C § satisfies (5.10). Together
with Lemma 5.3, we know that any solution of (5.8) for B;(0) C 2 satisfies (5.10)
if w, e € (0, 1.

Lemma 5.4. Let pp € (0,1) and 0 € 9Q. There exists a &, € (0,1) (depending on
s IV oo rn—1y, Yy ) such that if w € (0,1] and € < &, then any solution of (5.8)
satisfies

[‘I’]Co.u(m) < || Koz, @l 2B, (0)n0) (5.12)

where c is a constant independent of w, € but depending on p, ||V¥|| foomn-1), Y.

Proof. Let 61,02, ¢0, o be those in Lemma 5.2 and define €, = min{egf2/3, €.}
where €, is the one in Lemma 5.3. Denote by ¢ a constant independent of w, €. For
any x € By, /3(0) N, define () = |z — 20| where zq € 0Q satisfying [z — x¢| =
minyepn |z — y|. Then we have either case (1) {(x) > 32760 or case (2) £(z) < 32760
Let us consider case (1). Because of 0; < 62, for any r € [¢/eo, 0], there are

0 € [01,0:] and k € N satisfying r = 6. Since &(x) € [32760, %2], by Lemma 5.2,

2
][ 10() — ()3, ool dy < 2| Jue?  forr € [BE(), 0],
By (z0)NQ
x [
So, for s € [%, 2],

2 s
][ |(y) — (). (w)ne| dy < cs™[Ju.]*. (5.13)
Bs(x)NQ
Next we move the origin of the coordinate system to z and define

oY) = (@) (2(E@)) ~ @)peyw) i Bula).

Then ¢ satisfies

9

-V (sz7€75(m)V<p) =0 in B1 ({E) (514)
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Take s = {(z) < 1in (5.13) to see ||¢||12(B, (z)) < ¢. Apply Remark 5.1 to (5.14) to

obtain [¢] 10, B S ¢ Which implies

2 N T
]{B . |®(y) — (D) g ()| dy < es?| T e|? for s < &2, (5.15)

Next we consider case (2). Because of 6, < 63, for any r € [¢/eg, 02], there are
6 € [01,02] and k € N satisfying r = 6*. By Lemma 5.2,

][ ‘@(y) - ((I))Br(mo)rm‘? dy < r2H|Jw,e|2 for r € [¢/eo, O2].
By (z0)NQ

<. 41,

This implies, for s € [%v 3

2 "
f o jo) - @l dy < P (5.16)
B, (z)NQ
Again we move the origin of the coordinate system to z and define

o) = ISt (ley) = (@5, wrn) i Biy(a) NQ/e

Then ¢ satisfies
-V (Iu(w%,eV(p) =0 in By (x) NQ/e,
Iu{w%,eVga -n=0 on By, (z) N 0N,
where 1l is a unit normal vector on 9§2/e. Let us take s = €/eg in (5.16) to see
Il 2B, .y (2)n0/e) < ¢ By Lemma 3.3,
MCM(BWGO @naje S ¢ (5.17)

(5.17) implies that (5.16) holds for s < 5=.
The Hoélder estimate of @ follows from (5.13), (5.15), (5.16), (5.17), and Theorem
1.2 in page 70 [10]. O

Remark 5.2. Let €, be same as that in Lemma 5.4. By Lemma 3.3, we know that
if w € (0,1] and € € [€, 1], any solution of (5.8) for 0 € 9N satisfies (5.12). Together
with Lemma 5.4, any solution of (5.8) satisfies (5.12) if w, e € (0, 1].

By partition of unity, maximal principle, Remark 5.1, and Remark 5.2, we obtain
Lemma 3.8.

5.2. Uniform Lipschitz estimate

We assume B;(0) C Q.
Lemma 5.5. There are constants 0, ¢y € (0,1) such that if

{—v (K2, Vo) =0 in B1(0), (5.18)

1Ko20@llL2 s 0) < 1,
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then, for any w € (0,1] and v € (0, ¢),
sup ‘(p(a:) —(0) — (x —|—Xw7l,(x))bw7l,| < 04/3, (5.19)
B (0)

where b, , = lC;l K,:,Vedr and Kt is the inverse matriz of K. See
B (0)
(3.19)-(3.20) for Xy, Ko .

Proof. Assume w, € [0,1] and —V - (K, V) = 0 in By/3(0). There is a small

6 € (0,1) such that, by (3.21),
sup lo(x) = 0(0) = (V@) B, (0)| < 0%/ [ @ll Lo (B 5(0))- (5.20)
6

Fix a small < 2/3 so that (5.20) holds and we claim (5.19). If not, there is a
sequence {wy, . } satisfying (5.18) and, as v — 0,
wy, — wy € [0,1],

sup |<pl,(x) — ¢, (0) — (w + Xw,l,(x))bw,l,| > 04/3,
By (0)

(5.21)

By Lemma 3.8 and by tracing the proof of Theorem 2.3 [3], there is a subsequence
(same notation for subsequence) such that,

Pv = P« in C(By/3(0)) strongly
Kw?,,uv@u - ’Cw* VQP* in LQ(BQ/:}(O)) weakly

(5.22) implies that o, satisfies —V - (K, Vpx) = 0in By/3(0). Together with (5.20),
(5.21), and (5.22), we get contradiction if 6 is small. So (5.19) holds. m|

asv — 0. (5.22)

Lemma 5.6. There are constants 0, ¢y € (0,1) such that if ® satisfies
V(K2 V) =0 in By(0), (5.23)
then, for any w € (0,1], € € (0,¢0), and k satisfying €/0% < ey, there are constants
ayc, by so that
| UJ,€| + |bUJ,€| < CJw’e’
sup ‘<I> —®(0) —eay — (w + Xw,e(x))b‘,:’e‘ < 94]“/3(]%6, (5.24)

B,k (0)

where c is a constant independent of w, e and Jy, = || K2 P| 2B, (0))-

Proof. If p = ®/J, ., then it satisfies (5.18) with v = e. By Lemma 5.5, we obtain

(5.24) for k =1 case where a7 =0, b} = IC;lj[ K. 2 V®dz. If (5.24) holds
By (0)
for some k satisfying /0% < g, we define
(0Fx) — ®(0) — eay — (0Fz + X, (6%2)) by °
94k/3Jw .

o(x) in B1(0).
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By induction and (3.18), we see

-V (Ky2 V) =0 in B1(0),
{ (K.2.c/0- V) in B1 (0) (5.25)
lell oo (B (0)) < 1.
Apply Lemma 5.5 to obtain
sup (p(l‘) - (p(O) - (Z‘ + §gm,e/0’C (x))bw,e/Ok < 94/37 (526)
By (0)
where by, . /gx = Kot K2 c/oxVdz. By Lemma 2.1, (5.26) can be written as
By (0)
sup |®(0%z) — ®(0) + €X,, 1 (0)by  — (0%z + X,, (0% 2))b}*
B (0)
T, 03 (2 + 079X, (072) )by, g | < Ju 0 FTDE, (5.27)
Define
a:jfl = —X,,1(0)by and b‘,:;:l =b; "+ Jw760k/3bw’€/9k:. (5.28)

By (5.25) and energy method, |b,, /x| is bounded uniformly in w, €, k. So (5.24);
holds. Substituting (5.28) into (5.27) and changing variable, we obtain (5.24)5. O

Lemma 5.7. There is a constant ey € (0,1) such that if w € (0,1] and € € (0, ),
any solution of (5.23) satisfies

V@[ (B, (0)) < cllKaoz,ePllL2(B(0)) (5.29)

where ¢ is a constant independent of w, €.

Proof. Let 6,¢g, J, . be same as those in Lemma 5.6. Let £ € N such that e/@k <
€0 < /0%, By Lemma 5.6,
sup |®(z) — ®(0) — ea;, — (z + Xy (2))by | < c|£|4/3Jw,6.
B €
€0
Define
P(ex) — ©(0) — eay  — (ex + Xy (ex)) by

(,0(.23) = 64/3.]“,76 in Bl/eo(O)'

Then ¢ satisfies

{—v (K21 Ve) =0 in By (0),
el Lo (B, 0)) < ¢

Lemma 3.3 implies

HSD"CLO(W)QCLO(W) <ec (5.30)

Since Vo(z) = vq)(em)i(ell%vjftl(m))b:’g, |V®(ex)| < ey for & € Byja,(0) by

(3.19), (5.30), and Lemma 5.6. We prove (5.29). m|




November 22, 2014

Non-uniform elliptic equations 23

Remark 5.3. Let ¢y be same as that in Lemma 5.7. By (3.3) of Lemma 3.3, we
know that if w € (0,1] and € € [eg, 1], any solution of (5.23) satisfies (5.29). Together
with Lemma 5.7, any solution of (5.23) satisfies (5.29) if w, e € (0,1].

Lemma 3.10 follows from Remark 5.3.

6. Appendix

Now we give a proof of Theorem 4.1. Let @) and ¢Q denote the concentric cubes
sharing the same center and satisfying tz € tQ if x € @,t > 0.

Proof. With possibly different constants t1, te, co, 79, one may replace balls B in
(4.1) by cubes @ of edge length r € (0, ro).

Step 1: Fix ¢ € (2,p), choose a cube Qg satisfying  C Qq, and let 6 € (0,1)
be a small constant so that

(6.1)
4" Qol/ls < 1.

Here |Qol is the volume of Q. For any ¢ € L*°(Q2) and v > 0, we define
E(¢p,v) = {2 € Qo : Mag, (| T¢[*Xa)(x) > v}, (6.2)

where Mp is a localized maximal function defined by

Mp(()(x) = sup ][ C(y)ldy for € D.
xe€D'CD ’

{e,; =1/(26%/1) > 5",

By Theorem 1 in page 5 [21], there is a constant ¢; (depending only on n, || T||2(q))
such that if v > p, = ﬁ”ngQLQ(Q), then

c
[Be. )] < —¢llz2(0) < 81Qul- (6.3)

Set A > p,., and employ the Calderén-Zygmund decomposition to E(gp, As) (see
[21]). This produces a collection of disjoint dyadic subcubes {Qy }32 ; of Qo satisfying

[B(p, Ms) \ U2y @kl =0
[E(p, Ms) N Qk| > 0|Qk| fork>1,A>p,,, (6.4)

|E(p, Ms) N Q| < 8|Qx|

where ék denotes the dyadic ”"parent” of Qy (i.e., Qx is one of the 2" cubes ob-

tained by bisecting the sides of Q). This sequence {Qx}72, can be constructed by

proceeding as that in the proof of Lemma 1.1 [7] for cach [E (¢, Ms) N Qx| < 6|Qx|-
By (6.3) and (6.4)2, for k > 1 and A > p, _,

C1 2 5
6|Qk| < |E(p, Ms)| < )\_&S”@”LQ(Q) < %|Qo|-

It follows that |Qx| < |Qo|/s for k > 1. By (6.1)s, the edge length of 2Qy, for k > 1
is less than rg.
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Step 2: With the ¢ from §tep 1, let us assume that there exists a constant
B € (0,1) such that whenever Qy N {z € Qo : Mag, (|¢|?Xa)(x) < BA} # 0 for any
p€L>®(Q),k>1,and A > p, _, then
Qr CE(p,\). (6.5)
Suppose (6.5) is true, then (6.4)1 3 imply
[E(p. Ms) N {z € Qo : Mag, (p|*Xa)(x) < BA}
<D B9, Ms) N Qi <6 Q| < 3|E(p, M),
% K’

WhereN{@kf} is a disjoint subcover of E(p, Ms)N{z € Qo : Mag, (|¢|*Xa)(z) < BA}

with Qr N {z € Qo : Mag,(|¢|*Xa)(z) < BA} # 0. In other words, there is a
constant (> 0 such that, for any A > p;  and ¢ € L>(1),

[E(p, Ms)| < 8[E(p, )] + [{z € Qo : Mag, (|¢|*Xa)(z) > BA}|. (6.6)

So (6.6) implies, for any ¢t > p; _,

tls 4 p‘;’(pe,s tls .
| st s = ( [+ )ser(@,s)us
0 0 P L5

S,

Ps s . q [t .
§/ " 55*1|E(<p,s)|ds+5€§/ )\5*1|E(ga,)\)|d)\+c(5,q,ﬁ)/ lp|4dz.
0 P Q

S,

By (6.1);, we know 6¢%/% = 1/29/2 < 1 and £5 > 1. So

tls B p(mjfa a
/ ASTHE(p, A)|dA < ¢ / AffllE(%A)ldAJr/ lel%dz |, (6.7)
0 0 &

where ¢ depends on 4, ¢, 8. (6.2), (6.7), and Corollary 1 in page 5 [21] imply

tls tls
M1z €0 To@)? > AdA < / M1 E(p, \)|dA
0 0
< c(lo. bl + [ lotras) (63)
Let ¢ — oo in (6.8) to see that | To|req) < cll¢llre), where ¢ depends on
57qaﬁar07 |Q0|

Step 3: Now we prove (6.5). This is done by contradiction. If not, for any
B € (0,1), there is a Qy satisfying Qs \ E(p,\) # 0 and Qr N {r € Qo :
Mo, (Je]?Xa)(z) < BA} # 0 for some ¢ € L>(Q), k > 1, and XA > p, . So if
D satisfies @k C D C 2Qq, then

][ |Tp|>Xo dr < A,

(6.9)
]fm?xg dx < BA.
D
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It follows that for x € Qy, by (6.9)1,
Magq, (| Tyl Xo)(z) < max(M,g, (ITe|*Xa)(z),5"N). (6.10)
By (6.1)1, (6.10), and tracing the proof of Theorem 1 in page 5 [21],

[E(p, Ms) N Qx| = [{z € Qi : My (| Tl Xo)(z) > A5}
<z € Qi : Myg, (IT(pXgn,5,) P Xa) (@) > Ms/4}|
+{z € Qr: Myg, (IT(pXg4,5,)17Xa)(x) > A5 /4]
&

SN T(vXonr,0 2dx+#/ T(pX,. 5. )| de.
Ms /902ék| (¢ Qﬁtsz” (/\gé)p/z szék| (¢ Q\t2Qk)|

By the L? boundedness of T, construction of ék from Step 1, (4.1), and (6.9),

/ ~ |T(@Xﬂmt2@,)|2dx < C/ _ |90|2XQ dx < Cﬁ)‘|t2©k|v
Qn20,

t2Qr

(£, 1t airrots) <c( f 1065, 0 P A0t) " + ey
2Qr t12Qk

1
2
<(][ TP ade+f |T<saxmt2@,>|2xgdx) ey
t12Q% t12Qp
< VA + /B,

where ¢ depends on n,p, t1,t2, co, || T L2(q). So there is a Q. for some p € L>(Q2),
k>1,and A > Ps. such that

Bl Ms) 01 Qul < [Qul(52 + =) = QU@+ e/, (611)
1)

where ¢ depends only on n, p,t1, s, co, || T||z2(q)-

Finally we take § € (0,1) so small that both (6.1) and ¢d?/9=! < 1 hold. This
is possible since ¢ < p. With § fixed, we take 3 > 0 so small that ¢8§%/9-1 < %
(6.11) implies |E(¢, Als) N Qx| < 6|Q|. This contradicts with (6.4)2. Thus we have
Qr C E(p,\) whenever Q. N {z € Qo : Mag, (|¢|2Xa)(z) < BA} # 0 for any
o e L>®(Q),k>1,A>p, . The proof is complete. O
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