January 31, 2012

Holder estimate for non-uniform parabolic equations
in highly heterogeneous media

Li-Ming Yeh
Department of Applied Mathematics
National Chiao Tung University, Hsinchu, 30050, Taiwan, R.O.C.

liming@math.nctu. edu.tw

Uniform bound for the solutions of non-uniform parabolic equations in highly hetero-
geneous media is concerned. The media considered are periodic and they consist of a
connected high permeability sub-region and a disconnected matrix block subset with
low permeability. Parabolic equations with diffusion depending on the permeability of
the media have fast diffusion in high permeability sub-region and slow diffusion in low
permeability subset, and they form non-uniform parabolic equations. Each medium is
associated with a positive number €, denoting the size ratio of matrix blocks to the
whole domain of the medium. Let the permeability ratio of the matrix block subset to
the connected high permeability sub-region be of the order €27 for 7 € (0, 1]. It is proved
that the Hoélder norm of the solutions of the above non-uniform parabolic equations in
the connected high permeability sub-region are bounded uniformly in €. One example
also shows that the Holder norm of the solutions in the disconnected subset may not be
bounded uniformly in e.
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1. Introduction

Uniform Hélder estimate for the solutions of non-uniform parabolic equations in
highly heterogeneous media is presented. The equations have many applications
in multi-phase flows in porous media, the stress in composite materials, and so
on (see [1, 2, 3, 4] and references therein). The media @ C R"™ (n > 2) con-
tain a connected high permeability sub-region and a disconnected matrix block
subset with low permeability. Let 99 denote the boundary of Q, e € (0,1),
N2) = {x € Q] dist(x,00) > 2¢}, and ¥ = (0,1)" denote a cell consist-
ing of a sub-domain Y;,, completely surrounded by another connected sub-domain
Y; (= Y \ Y,). The disconnected matrix block subset of Q is Qf, = {z| x €
e(Yr, +7) C Q(2¢) for some j € Z™} with boundary 0€)5,, and the connected sub-
region is Q% = Q\ ;. The non-uniform parabolic equations (see [4]) in [0,T] x Q
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are

U — V- (ASVU.) = F. in (0,T] x Q,

Ue=0 on (0,7] x 05, (1.1)
U.=U., in {0} x Q,
K. in Q¢

f (depending on the permeability of Q), and
Tk, in QF,

both K, k. are positive smooth functions in €.

where 7 € (0,00), AS =

Since € € (0,1), equations in (1.1) are non-uniform parabolic equations with
discontinuous coefficients. In [5], existence of solution in W2'([0,T] x ) space
for uniform parabolic equations with discontinuous coefficients can be found. For
non-uniform parabolic equations with smooth coefficients, existence of solution in
C%2(]0, T]x ) space was studied in [6]. It is also known that if F., U, o are smooth, a
piecewise regular solution of (1.1) exists uniquely for each € and, by energy method,
the H' norm of the parabolic solution of (1.1) in the connected high permeabil-
ity sub-region is bounded uniformly in e [2, 7]. Holder continuity of the parabolic
solution of (1.1) in [0,7] x Q is proved for each € [7], but the Holder norm of the
solution may go to infinity as € \, 0. In [4], convergence of solution of (1.1) in
L>°(]0,T]; L*(2)) space as € \, 0 was obtained. Many studies of the uniform es-
timate in e for the solutions of the elliptic equations in heterogeneous media had
been done [2, 3, 8, 9, 10, 11], but not the case for parabolic equations. Existence
of piecewise regular solutions for elliptic diffraction equations in Hilbert space was
considered in [2, 9]. Uniform Lipschitz estimate in € for Laplace equation in perfo-
rated domains was given in [11], and uniform L? estimate in € of the same problem
was considered in [10]. Lipschitz estimate for uniform elliptic equations was studied
in [3]. Uniform Holder and Lipschitz estimates in € for uniform elliptic equations in
periodic domains were obtained in [8].

This work is to present uniform Holder estimate in € for the solutions of the
non-uniform parabolic equations with discontinuous coefficients. More precisely, the
Holder norm of the non-uniform parabolic solutions in the connected high perme-
ability sub-region is shown to be bounded uniformly in e. However, the Hélder
norm of the solutions in the disconnected subset may not be bounded uniformly in
€. This is due to the non-zero source in the disconnected subset. In section 2 below,
we present one example to show that. Certainly this is different from usual uniform
parabolic equation cases, in which solutions are regular in the whole time-space
domains. From the proof, we can see that the results are established for complex-
valued solutions. On the other hand, one also notes that a complex-valued solution
of (1.1) with complex-valued coefficients may be discontinuous or even unbounded
[12]. A similar case could be found in elliptic equations with complex-valued coef-
ficients (see [13]). It seems that the techniques used here could be used to study
more general systems of elliptic type and parabolic type, and this will be pursued
later. Some related uniform regularity results in the case of elliptic systems can be
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seen in [14, 15].

The rest of the work is organized as follows: Notation and main results are stated
in section 2. The main results are proved in section 3 based on semigroup theory
and on uniform Hélder estimate in e for non-uniform elliptic equations. To apply
semigroup theory, an infinitesimal generator of an analytic semigroup from elliptic
equations is required. So WP estimate for solutions of elliptic diffraction equations
is derived in section 4. Two convergence results for solutions of non-uniform elliptic
equations are shown in section 5. By results in section 5, uniform Holder estimate
in € for non-uniform elliptic solutions is proved in section 6.

2. Notation and main result

Let Q be the closure of the domain Q. Let LP(Q) (resp. H*(Q), W*?(Q)) denote a
complex Sobolev space with norm || - ||Ls(q) (resp. ||| gr ), |- lwrr @) W, P(Q) =
{o € WhP(Q)] glag = 0}, HA(Q) = W%(Q), C°(2) be the set containing all
infinite differentiable functions with compact support in Q, C(Q) consist of all
continuous functions in € with norm ||- le@), €7 () (resp. C17(9Q)) denote a Holder
space with norm || - || o g, (vesp. || [[cr.(g)), and [¢]ce g, (vesp. [#]c.0(g)) denote
the Holder semi-norm of ¢ (resp. Vo) for k > —1, p € [1,00], and o € (0,1] [16, 17].
If p is a complex function, ¥ denotes its complex conjugate. If B; and By are two
Banach spaces, £(B1, B2) is the set of all bounded linear maps from B; to By with
norm || - [|z(B,,B,)- For any Banach space B, define ||o1, 02, -, omllB = [[¢1]lB +
le2llB+: - -+ 1lmllB, denote its dual space by B, and denote the pairing between B
and its dual space B’ by (-,-)gg/. L=(I;B) = {¢ : I — B|sup,¢; [lo(t)||B < oo}
The function spaces C(I;B),C?(I;B) for o € (0,1] and an interval I C R are
defined as those in pages 1, 3 [18]. B,.(z) represents a ball centered at  with radius
r. For any domain D, D is the closure of D, D is the boundary of D, D/r =
{z| rz € D}, |D| is the volume of D, and A} is the characteristic function on D. For
any ¢ € L'(B,(2) N ),

1
sa.mE][ @ydyzi/ o(y)dy.
@ =7, e P = B n ] oo 7Y

For any p € (1,00), 7 € (0,00), and € € (0,1),

B, (AS) = {p € WP (Q)] ¢ € W2P(Q5) NW2P(Q,),
K€V<p . I_l'€|aQ§n = 627k6V<p . ﬁ€|aQ€ },

m

where 1€ is a normal vector on 0€,. It is not difficult to see that B,(AS) with
norm [|¢||, (ac) = [AS¢llLr (o) is a normed space. Let B,(AS) denote the closure
of B,(AS) in L? space (We shall see B,(AS) = LP(Q2) from Lemma 3.4). For any
A, v > 0, we define

Ky, (z) = Kx(vz) and ki, (z) = ky(va). (2.1)
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Let Y, CcDCY =Y;U Y, satisfy
min{dist(Y,, 0D), dist(D,0Y)} > 0. (2.2)
We assume that there are €,0,e € (0,1), 7 € (0,00), and J, a, 8 > 0 such that
Al. Q and Y,, are C® domains,
A2. K. k. € Whe(Q), K, ke € (a, ), ||K6,6||W1.M(Q/E) is bounded indepen-
dent of €, and there is a set {a. ; € (o, ()]e € (0,1),j € Z"} satisfying
[Kee = el 0\, 45)n070) T Keie = Qejllwroo (v, i)nere) < cae
where c is small and depends on Y,
A3. F. € C7([0,T); L"9()), ASUc o — Feli=o0 € Bris(AS), Ueo € Bis(AS).
The main results are:
Theorem 2.1. Under A1-A3, the solution of (1.1) satisfies
IUellcro,1y:Ln+5(0)) + 1Uellc (0,718, 4 5(4)
< c([lUcollg,ysae) + 1 Fellce o))
where ¢ is a constant independent of €, T.
Theorem 2.2. Under A1-A8 and 7 € (0,1], the solution of (1.1) satisfies
Uellcr jo,my;m+5(02)) + ”Ue”C([O,T];CM(ﬁ;)) + SEUZE 6T||Ue||c([o,:r];(,m(e(?erj)))
€(Y775+1)CQ$,L
< e(1UeollB, s a0) + 1 Fellco o,y Lnvs))) (2.3)
where ¢ is a constant independent of e. Here p € (0, ﬁ) s a constant depending
onn,d,0,a,3,Ys, Q. Besides, there is a v € (0, ) such that
1Uellv (o, myxay < c(1Uc0llB,,s0a0) + [ Felloo o.rpsnm+s () (2.4)
where ¢ is a constant independent of €.

In (2.3), we do not prove that the Holder norm of the solution of (1.1) in the
disconnected subset is bounded uniformly in €. We now give one example to show
that if the source F; is not zero in the disconnected subset, it is really the case.
Suppose ¢ € C5°(R™) has support in Y,,. Define, for € € (0, 1),

o(2—j) ifxeeYm+j) CQ2€) for some j € Z7,
Pe(z) =
0 elsewhere,
O (t,2) = e () in R™.
Then we see that ®. = 0 in [0, 7] x Q% and @, has support in [0,T] x Q. If we set
T=K.=k.=11in A, then ®, satisfies
0P — V- (A5VD,) = f in (0,T] x £,
o, =0 on (0,77 x 09,
@6(t = O) - 906 ln Q,



January 31, 2012

Hélder estimate 5

—e HAp(2—j)+ (2 —j) ifxeeVm+j) CQ2e) for jeZm,

fe(z) = ) )
0 elsewhere.

Clearly, for any 6 > 0 and €,0 € (0,1), ||@cllB,,s0ac) + [ fellcoo,rnn+s)) is

bounded uniformly in €. But the Holder norm of the functions ®. in the disconnected
subset €2¢, is not be bounded uniformly in e if the source function fe # 0 in ,.

Remark 2.1. We recall an extension result from [19].
For 1 < p < oo, there is a constant v(Yy,p) and a linear continuous extension
operator Il : WHP(Q%) — WHP(Q) such that

(1) If p € Wl’p(Q;), then

Hep = in Q% almost everywhere,

el e ) < V(Y7 Pl Lras),

IVILpl| Lo (2) < v(Yr DIVl Lr @), (2.5)
Mol cr @y < vV Dl coqsy  if ¢ € C7(QF) for o € (0,1),

ep=¢ inifo=¢

(2) If ((x) = @(sz) in Bi(zo) N Q% /s for any xo € Q/s and constant s > e,
then Il /s((x) = Ilep(sx) in Byja(wo) NQY/s.

Qs for some linear function ¢ in Q.

The Holder estimate (2.5)4 and the statement (2) are not written in [19], but
can be seen from its proof.

From [4], we know that the solution U, of (1.1) with 7 € (0,1) converges to
a function U in L°([0,T]; L*(Q2)) as € \, 0, and the function U satisfies a heat
equation. By Theorem 2.2 and Remark 2.1, |[ILUc|os [| o (0,77 <) is bounded inde-
pendent of €. It is not difficult to see that, for the solution U, of (1.1) with 7 € (0,1),
ILUc|qg also converges to U in C*([0,T] x Q) norm for some v € (0,1) as € \, 0.

3. Proofs of Theorem 2.1 and Theorem 2.2

Proofs of Theorem 2.1 and Theorem 2.2 are based on a sequence of lemmas. First
we consider an interpolation result.

Lemma 3.1. If ¢ € L1(Q) N CH(Q) for any q € (1,00) and p € (0,1), then
H‘PHCV@) < C||@||1LZEQ)||¢||2“(§),

where v € (0, ), 6 € (0,1), and c is a constant depending on v,n,q, i, 0, .

Proof. By Proposition 1.1.3 [18], ¢ satisfies

Iellen @ < ellel el o (3.1)
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where v € (0,), 61 € (0,1), and ¢ is a constant depending on v, u,6;. Fix € Q
and 6 > 0 to see

)] < }w(x) = so(y)dy‘ n

]{3 oo w(y)dy}

< [elenm) ][ |z — y[*dy + ][ le(y)|*dy
Bg(m)ﬁﬂ Bg(m)ﬁﬂ

< e16"9)cugmy + 20l Lae), (3:2)

5(w)ﬂQ
1/q

where constants c1, co depend on domain  only. Taking the minimum of the right
hand side of (3.2) on J, we obtain

lo(@)] < c(n, g, 1, Dllel Loy 1 i (3.3)

where 2 € (0,1) and ¢ depend on n, g, 1, Q. (3.1) and (3.3) imply the lemma. O

From the proof of Lemma 3.1, we also have

Lemma 3.2. If o € L(Q%) N C”(ﬁef) for any q € (1,00) and p € (0,1), then

6
H<p||L°° Qe) < C”(P”LQ(Q‘ [ ]Cu(ﬁ;)a

where 0 € (0,1) and ¢ is a constant depending on n,q, u, Y., but independent of €.

Consider the following elliptic problem:

-V - (AS = in (2
v ( Tvgpe) f€ mn I (3'4)
we=20 on 0f).

We have the following uniform a-priori estimates:

Lemma 3.3. If A1-A2 hold, then
(1) The solution of (3.4) satisfies, for p € (1,00), T € (0,00), and € € (0,1),

[eellwrr@) + l[elwzras) + lecllweriag,) < cepllfelle@, (3.5

m

where ccp s a constant independent of ., f but depending on €,p, T
(2) The solution of (3.4) satisfies, for any § >0, T € (0,1], and € € (0,1),

”Spencu(g )+ bup € ”(Pe”Cu Y m+7)) = c”fe”L”‘*’“ () (36)

‘(Ym+7)CS1‘

where ¢ is a constant independent of €. Here p € (0 ) is a constant

depending on n,0,, 3,Ys, Q (see A2).

_6
? 2(n+9)

Proof of (3.5) is given in section 4 and proof of (3.6) is in section 6.

Lemma 3.4. For any p € (1,00), 7 € (0,00), and € € (0,1), the set B,(AS) is
dense in LP(Q) and B,(AS) with norm ||¢|ls,(ac) = [[AS@llLr () is a Banach space.
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Proof. Define O, = {z € Q| dist(z,00%) > €2} and let Xp, be the characteristic
function on O.. Then Xp, converges to 1 in measure (see page 91 [20]) on domain
Q2 as e N\, 0. For any ¢ € LP(Q)), we have pXp_ € LP(Q) and pXp, = 0 in a
neighborhood of 89;. By Lebesque dominant theorem and Proposition in page 92
[20], there is a subsequence of ¢ Xp, (same notation for subsequence) converging to ¢
in LP(€2) as € \, 0. So for any § > 0, there is a ¢ such that || o—pXo, || 1r) < §/2 as
€ < €. From pages 147-148 [17], there is a mollifier 15 such that the convolution of ns
and pXp, (i.e., (pXo,)*ns) for some e < € satisfies |pXo, —(pXo, )*0s| Lr) < 0/2
and (pXo,) * ns = 0 in some neighborhood of 9€25. Clearly, (pXo,) * s € By (AS)
and [|¢ — (pXo,) * nsllLr() < 0. So B,(AS) is dense in LP(Q2). By (3.5) in Lemma
3.3, we see that B, (A5) with norm || - [[g,(4:) is a Banach space. O

Lemma 3.5. For anyp € (1,00), 7 € (0,00), and € € (0, 1), the adjoint operator of
AS By (AS) C LP(Q) — LP(Q) is AS : By (AS) C LYQ) — LIY(QY), where %—i—% =1.

Proof. Fix a p € (1,00), 7 € (0,00), and € € (0,1), denote the adjoint of AS :
B,(AS) C LP(Q) — LP(Q) by AT, and assume % + % = 1. Integration by parts
yields
(AZC M Le(),La(0) = (6 AL Le(9),L9(0) (3.7)
for every ¢ € B,(A5) and n € B4(AS). See section 2 for (-, ) 1r(q),La(q). Therefore
B, (AS) C dom(AT') (that is, domain of A7) and ASn = AT 5 for ) € B, (AS).
Let n € dom(A7') C L9(Q) and ¢ = A7 (5). Then, by the definition of the
adjoint operator, we have
(AZC M Lr(@),La0) = (G P rr(e),Lag)  forall ¢ € B, (AS). (3.8)
Since B,(AS) is dense in L9(2) by Lemma 3.4, there is a sequence 75 € B, (AS)
such that n, — 7 in L(Q) as s — co. By (3.7) and (3.8),
lim (C, ASns) e(@),La() = m (ASCms) Lr(),La(0)
§—00 §— 00
= (AL, M) Lr (), La() = (¢, ©) Lr(Q),L9(0)-
Since B, (AS) is dense in LP(€)) by Lemma 3.4, ASn, converges to ¢ weakly in LI(2)

as s — oo. By (3.5) in Lemma 3.3, we see n € B,(AS). So ¢ = AS(n). Therefore,
dom(AT') C B,(AS) and AS = AT O

Next we want to show —.AS is an infinitesimal generator of an analytic semi-
group. If so, by semigroup group theory, we can obtain the existence of the solutions
of some time-dependent problems. For this purpose, we shall work on complex-
valued functions in next lemma.

Lemma 3.6. For any p € (1,00), 7 € (0,00), and € € (0,1), the operator —AS is
an infinitesimal generator of an analytic semigroup of contractions on LP(Q)) and

_ 1
IO+ AS) " e, Lo@) < N foramyA>0. (3.9)
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Moreover, there is a 6 € (0,7/2) independent of €, 7 such that
(1) The resolvent set p(—AS) of —AS (see page 8 [21]) satisfies
p(=A%) D R(0) ={z € C |arg(z)| <7 — 6},

where arg(z) denotes the argument of the complex number z.
(2) |(A+A) Y 2izr(@), o)) < ﬁ for any X € R(0), where cq is a constant
independent of €, T.

Proof. We assume p € (1,00), 7 € (0,00), and € € (0,1). The proof of this lemma
includes three steps.

Step 1. Claim A + AS : B,(AS) C LP(Q) — LP(Q) is injective for any A > 0.
Let ¢ = 55 If ¢ € By (A7), we define ¢, = lo|P~25 € LI(Q) (P is the complex
conjugate of ). Then (@, v«)rr(Q),La(Q) = H(pHiP(Q). Integration by parts yields

(A, @) Lo(0),La() = — /Q V- (ALY o)l Pde = /QAiVsN(IsOI”‘Q@)dx
= [ A (1ol 290 VE + PYVIelr s,
Q
Note V]p[P=2 = E22|p[P~4(@ V¢ + ¢VH). Denote |o|P~H/25Vp = £ + iw. We find

(A0, 02) () Loy = /Q AS((p = D[P + |l +i(p — 2)0 - w)d,

where || (resp. |w|) is the length of the vector ¢ (resp. w). So the real part of
(AS0, 0s) Lr(q),La() satisfies, by A2,

/ €] + IwIdeJreQT/ 10)? + |w|?dz| > 0, (3.10)
Q3 s,

Re(A5 @, 0«) 1r(Q),09(Q) = Cpa

where ¢ is a constant depending on p, o. The ratio of the imaginary part to the
real part of (ASw, v«)rr(),La(q) then satisfies, by A2,

Tm (AS ¢, 80*>LP(Q),LG(Q)| - lp—2|8 (fg; £|2 + |w|2dx + €27 stn €|2 4 |w|2dx)
[Re(ALp, pu) Lo, La@)| ~ 2Cp.0 (fo 02 + |w|?dx + €27 me 02 + |w|2dx)
lp— 2|8
= . 3.11
o (3.11)
From (3.10) it follows that, for any A > 0 and ¢ € B,(AS),
Alellze@) < A+ AD)ellLro)- (3.12)

By (3.12), A+ AS : B,(AS) C LP(Q2) — LP(Q) is injective. So we prove the claim.
Step 2. Claim A + AS : B,(AS) C LP(Q) — LP(Q) is bijective for any A > 0. If
n € LUQ) for ¢ = L5 satisfies (A+A%)p, m) Lo(0),La(0) = 0 forall ¢ € By (A7), then
7 is in the domain of the adjoint operator A+ AZ/ (Here AZ/ is the adjoint operator
of AS) of A+ AS. By Lemma 3.5, (@, (A + AS)n) rr(q),La) = 0 and n € By (AS).
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Since B, (AS) is dense on LP(§2) by Lemma 3.4, (A + AS)n = 0. Then (3.12), with
p replaced by ¢, implies 7 = 0. So the range of A + AS is dense in L”(Q2). By (3.5),
AS By (AS) C LP(Q2) — LP(Q) is a closed linear operator. It is not difficult to see
that A + A is also a closed linear operator. Thus, the range of A + AS is a closed
set in LP(2). Since the range of A 4+ AS is dense and closed in LP(12), the range of
A+ AS is LP(€2). So we prove the claim. Moreover, by (3.12),

for any A > 0.

> =

I+ ALl eeze) o) <

So we prove (3.9).

Step 3. Claim —.A¢ is an infinitesimal generator of an analytic semigroup on
LP(Q). By Step 2, (3.5) in Lemma 3.3, and Lemma 3.4, the Hille-Yosida Theorem
[21] implies that —AS is an infinitesimal generator of a Cp-semigroup of contractions
on LP(Q). To prove that the semigroup generated by —AS is analytic, we observe
that, by (3.10) and (3.11), the numerical range N'(—AS) of —AS (see page 12 [21]
and Remark 3.2 in page 25 [22]) is contained in the set

No, = {2z €C| |arg(z)| > ™ — 01},

where 6, = tan’l(M) € (0,7/2). Choosing 6, < 6 < 7/2 and denoting

RO) ={z €C| |arg(z)| < 7 — 0},

there is a constant ¢y > 0 independent of €, 7 such that the distance from z € R(0)

to N(—A2) (i.e., dist(z, N(—.A2))) satisfies

dist(z, N(—AS)) > cylz|.
Since A > 0 is in the resolvent set p(—.AS) of —AS by Step 2, Theorem 3.9 in page
12 [21] then implies R(0) C p(—.A%) and

1
Ce|)\|

[N+ A ™M 2r), o) < for A € R(0).

By (3.5) of Lemma 3.3 and energy method, 0 € p(—.AS). By Theorem 5.2(c) in page
61 [21], —AS is an infinitesimal generator of an analytic semigroup on LP(2). O

Proof of Theorem 2.1: Tracing the proofs of Proposition 2.1.1, equation
(4.0.3), and Theorem 4.3.1 [18], and employing Lemma 3.6, we know

Let 6,7 > 0, 0 € (0,1), F. € C°([0,T]; L"*°(2)), Uco € Bnys(AS), and
AUco — Fe(t = 0) € By5(AS). A strict solution Ue of (1.1) exists and there
is a constant ¢ independent of €, such that

[Ueller(o,73;2m+5()) + 1Uellco,7158,04.5(4))
< c([lUcollg, s scae) + 1 Fellco o,y nnss0y)) - (3.13)

So we prove Theorem 2.1.
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Proof of Theorem 2.2: By (1.1) and for each fixed ¢ € (0,77,

-V (A:VUe(tv )) = Fe(tv ) - 8tUe(t7 ) in Q,
Ue(t; ) =0 on 0f2.

(3.6) in Lemma 3.3 and Theorem 2.1 then imply (2.3). By Remark 2.1, we can
extend the function Ue|qs (¢, -) to 2. The extended function IL.Ue satisfies, by (2.3),
(3.13), and Remark 2.1,

[HeUellcr o, 13;m+5(2)) + 1HeUell oo, 7,00 @)
< C(”UQOHBnJra(.Ai) + HF6HC"([O,T];L"+5(Q)))7 (314)

where p € (0,1) and ¢ is independent of €. (2.4) follows from Proposition 1.1.4 [18],
(3.14), and Lemma 3.1. So we prove Theorem 2.2.

4. Proof of (3.5) of Lemma 3.3

Let I'(x — y) denote the fundamental solution of the Laplace’s equation (see section
6.2 [23]). Define the single-layer and the double-layer potentials as, for any smooth
function ¢ on the boundary 0D of a bounded C!'¢ domain D,

Ean()(x) = / T = )¢l
Ton()(x) j V)i, p)dn,  forac oD,

Top(e)(x) /;D VoI(z —y) -1, ¢(y)doy

where e € (0,1) and 1, (resp. i) is the unit vector outward normal to 9D at point
y € 0D (resp. = € OD).

Lemma 4.1. For any p € (1,00), the linear operators

{&m W5 P(0D) — W2 5P (9D) @)

Top : W'"5P(0D) — W27 (oD)

are bounded. The operator I — \Tgp is continuously invertible in WQ_%’p(a]D) for
any p € (1,00) and X € [—2,2], where I is the identity operator. Furthermore, there
is a constant ¢ independent of X € [—2,2] so that

< - 2-5p
19053 gmy < NI = XT) @ ooy Jor o €W 70D, (42)
Proof. Denote by OPS;& the pseudo-differential operator of order —1 (see page
38 [24]). Tracing the proof of Theorem 2.5 Chapter XI [%4], we see that1 if g €
OPS;& (D), then G is a bounded linear operator from W'~ %P (dD) to W2~ » 7 (JD).

Since Eap, Top € OPS;&(&]D)) (see pages 87-93 [23]), we know that Esp, Top are
bounded operators from Wl_%’p(é)]]])) to WQ_%’p(a]D).
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Since D is a C™® domain, both Top, 75, are compact operators in LP(9D) for
p € (1,00) (see Corollary 2.2.14 [25]). For any A € R, the dimensions of the kernels
of I — ATpp and I — AT, are same by Theorem 4.12 [26]. From Theorem 2.2.21
[25] and section 3.4 [27], there is a py € (2, 00) such that I — A7}, is continuously
invertible in LP(OD) for any p € (1,po) and A € [—2,2]. Since LP(dD) C L?*(dD) for
p € [2,00), I — X}, is injective for any p € [2,00) and A € [—2,2]. By Theorem
4.12 [26], I — AT, is continuously invertible for any p € [2,00) and X € [-2,2].
Again by Theorem 4.12 [26], we see that I — ATyp is also continuously invertible in
LP (D) for p € (1,00) and A € [-2,2]. By (4.1) and inverse mapping theorem [28],
I — \Tp is continuously invertible in W%%’p(aﬂ)) for p € (1,00) and A € [—2,2].

(4.2) is proved as follows. From above, we know that Zgp is a bounded linear
operator in W%%’p(aﬂ)) and I — ATyp is continuously invertible in szi’p@]D)) for
any A € [—2,2] and p € (1,00). So for each A € [—2, 2], there is a set {c, dx, Ba, (M)}
(depending on \) satisfying

Cx, dy > 0,

(I = Aap) ()|l

10 = 5To0) My s
> ||[(I = Map)(9)]|

> %l a1

>
W27%YP(BD) = C)\||SD||W27%’[)(8D)7

WA oy~ Is = Al Zan (o)
if s € Bg, (A\) CR.

_ 1,
w2 5P (oD)

(oD)

Now we consider the open covering {Bg, (A)}re[—2,2] of [-2,2]. Since [-2,2] is a
compact set, we can find a finite set Z C [—2,2] so that {Bg, (A)}rez is also a
covering of [—2,2]. Based on the finite sets {cy, dx, Ba, (A) }rcz, we define

. - o

= min .
{ex.dxn,Bay, M}lrez 2

That is, ¢* is the minimum value of 5 for X in the finite set Z. If the c in (4.2) is

taken to be ¢ = 1/c*, we obtain (4.2). O
Now we consider the following problem
-V (KVV¥,) =G, in Yy,
—€e27V - (kV.) = €7 g, inY,,, (4.3)
KVU, i, = "kVi -1, on dY,,, '
V. =1, on 0Y,,,

where 7 € (0,00), € € (0,1), and 1 is the unit vector outward normal to 0Y;,. By

D in (2.2), we define

D, = {z € Y| dist(z,0Yy) > imin{dist(Ym,8D),dist(D,8Y)} }.

Then 0D C D;.
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Lemma 4.2. Suppose

(1) K,k mY satisfy ||K - d”Wl,oo(yf) + Hk - d”Wl,oo(ym) < C()d where d > 0
is a constant and cy < % is a small number depending on Y,,,

(2) T>0,w= min{2ap} forpe (L OO); ||\Il€||Lw(Yf)+ HG€HL”(Yf) + HgEHL”(Ym)
is bounded independently of e,

then any solution of (4.3) satisfies
H\I/€||W21P(D\?m) + 6T||¢€HW2~”(Ym) e (4.4)

where ¢ is a constant independent of €, T.

Proof. Denote by ¢ a constant independent of ¢, 7,d. Consider (4.3); in Y. The-
orem 8.8 and Theorem 9.11 [17] implies

Al 2 (o) < c- (4.5)

Let 1;6 be a solution of

—V - (27dV, + ¥ (k — d)Vih) = €°ge  in Yy, (46)
Ueloy,, =0, '
and \fle a solution of
—V - (dV¥, + (K-d)V¥,) =G, inD\Y,,
\/I}6|6Ym - Oa (47)
U, — U |sp = 0.
Then, by (4.5) and Theorem 9.15 of [17],
{MWJWMMQ<C&T+Wk—®V%Mwwmﬂv 48
d”\l'enwzp(D\?m < C(l + (K - d)v\penwl,p(D\?m))-

Define 9 = ) — . in Yy, and ¥, = ¥, — ¥, in D \Y,,. (4.3) and (4.6)—(4.7) imply

—eX A, =0 in Yy,

~AU, =0 in D\ Y.,

Uy, = Velay,., (4.9)
V. -, |ay, — Vi, - Bylay, = Fe-1ii,/d,

¥ |op = 0,

where F. = (d — K)VU, — €"(d — k) Vb, — dV U, + €27dV),. By (4.5), (4.8), and
trace theorems in pages 240-241 [16],
[ Fellwi-1/moy,,) < c(1+€7]l(k = A)Vellwrr(y,)
HIEK = d)VE| 0 pr7,))- (4.10)
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By Green’s formula, (4.9), and Theorem 6.5.1 [23], we see that

{«Ze/z + Tov,, () = Eav, (On, V)

o 9 9 on 0Y,,,
V. /2 - Toy, (Ve) = —Eay,, (On,¥e) + EoD(On, Ve|op)

where anylilebD is the normal derivative of ¥, on dD. Therefore, by (4.9)4,

i y Eop(On, Uclon) oy, (F.-1,)

— . —T; e) = Y — my Y oY ,,. 4.11
21—y Ve = Tovn (V) 1_ e 1-ena " (4.11)

By (4.5), (4.8), and trace theorems in pages 240-241 [16],
d[0n, Uellwr-1/r0op) < (1 + (K =)V y1m7,,))- (4.12)

By (4.11) and Lemma 4.1, we have
) <e(d™? u o (4

el by < QI i+ 100, Bl g ) (413)

Equations (4.3)4, (4.8), (4.10), (4.12), and (4.13) imply
AP ellyyzmpry,,) + € Allellwzry,,) < e+ €Ik = Ve lwrny,,)
+[| (K — d)V‘I’eHWM(D\?m))'
By assumption on K and k, we obtain (4.4). O

Denote a portion of the boundary of Y by 01Y = {y € 0Y |y = (0,92, - ,yn)},
and consider the following problem

-V - (KVV¥,) =G, in Yy,

—€e27V - (kV.) = €7 g. in Y,

KVVU, -, = €kVi -8, on §Y,, (4.14)
U, =, on 0Y,,,

U, = Uy, on 0©Y,

where 7 € (0, 00) and 1i,, is the unit vector outward normal to 0Y;,. Let Y;,, C DcY
satisfy

min{dist(Y,,, D), dist(D,0Y \ 1Y)} >0 and ODNdY # 0.
By an analogous argument as Lemma 4.2, we also have
Lemma 4.3. Let 7 € (0,00) and ||[K —d||w1.(y;) + [k —d|wi.=(y,,) < cod where
d >0 and ¢y < % is a small number depending on Y,,. Any solution of (4.14)
satisfies

H‘Ileszp(ﬁ\?m) + €T|WE||W2vp(lfm)

< e(¥ellp=(v;) + 1Gellrvyy + gellr v + W5,

w2 (vp))

where p € (1,00), @ = min{2,p}, and c is a constant independent of €, T.
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Now we give the proof of (3.5) of Lemma 3.3. By partition of unity, A2, Theorem
8.8 and Theorem 9.11 [17], Lemma 4.2, and Lemma 4.3, we see that the solution of
(3.4) satisfies, for fixed p € (1,00), 7 € (0,00), and € € (0,1),

leellwrri) + leclwariay) + lleclwans,) < cllfelzo@) + lleellL=(as)), (4.15)

where w = min{2, p} and ¢ is a constant.
Now we consider the case p € [2,00). The solution of (3.4) satisfies, by energy
method,

el o) < cllfellLzo)s

where c¢ is a constant. Together with (4.15), we see that (3.5) of Lemma 3.3 holds
for p € [2,00).
For any function ¢ € L" () with r € [2,00), we obtain 7. by solving

-V - (ASVn) =(¢ in Q,
(AZVne) = ¢ in (4.16)
Ne =0 on 0f.
We have proved that if r € [2,00), the solution of (4.16) satisfies
1ellwrr @) + Inellwzrg) + 1nellwar sy < cllClli-), (4.17)

where ¢ is a constant. Multiply (3.4) by 7. and use Green’s theorem, (4.17), and
Holder inequality to obtain

[ oo == [ o9 (a59ndo = [ fndo < ellfdlo Kl
Q Q Q
forpe (1,2 and 1/p+1/r=1. So

[@ellLe) < cellfellr@ — for pe(1,2]. (4.18)

(4.15) and (4.18) imply that the solution of (3.4) satisfies (3.5) for p € (1,2] case.
Therefore (3.5) of Lemma 3.3 holds for p € (1, 00) case.

5. Two convergence results

Before the proof of (3.6) of Lemma 3.3, we present two convergence results: Lemma
5.3 and Lemma 5.5. The two lemmas allow us to derive the estimate (3.6) under
general permeability fields K€XQ€f + €2Tk€Xan. Lemma 5.3 is used in the interior
estimate in subsection 6.1 and Lemma 5.5 is used in the boundary estimate in
subsection 6.2. Define V., = {¢ € Hl(Q;)| ¢laq = 0} and denote V! the dual space
of V.. By Remark 2.1, I, : V. — H& (Q) is a linear continuous extension operator.
We denote IT. : H=1(Q) — V! the adjoint of II. and it is a linear continuous map
satisfying

(o, Ovr v, = (@ M) g1y mp)  for v € HHQ), (€ Ve
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For any ¢ in Q% for o € (0,1), we define a O-extension function Q7(¢) : R" — R by

- _ Jolz) ifxzeQf,
@) = {0 if 2 € R™\ Q9.

Lemma 5.1. Assume B1(0) C Q, 7 € (0,00), and ¢,v < 1. Consider the following
problem

-V (K, V¥.,)=G., in B1(0) N,
—€V - (ky Vo) = € gew in B1(0) N QY,, 51)
K, VU, , 0" ="k Vip, -0  on Bi(0) NI, '
\Ile,u = d}e,u on By (0) n 89;;,
where ¥ is a unit vector normal to O, . If
K,.k, € (o, ) and a, 8 > 0,
IWeull2(minen): € Ve ]2 0)n0y,) < 1, (5.2)

Jim (Gl L2 sy 0)ney) +max{e”, vHge vl L2 s, 0)naz,) = 0,

then
1) T Ll 51 (B (0)) 8 bounded independent of €, v, T,
; (Ba/a(0)) 9
2) A subsequence of Q¥ (K, VU, ,) converges weakly to & € [L?(B5/4(0))]" as
; /

&v—0and V-£ =0 in Bs4(0),
(3) V-Q"(K,V¥,,) converges to 0 in H=(By/2(0)) as €,v — 0.

Proof. By energy method, Remark 2.1, and (5.2), we see

HV\I}QVHLQ(B3/4(O)QQ?) + ET||V1/)e,yHL2(BS/4(0)ngn) < (5.3)

where c is a constant independent of €, v, 7. Remark 2.1 and (5.3) imply statement
(1). }

By (5.3) and compactness principle, a subsequence of Q”(K, V¥, ,) converges
weakly to & in [L?(Bs/4(0))]"™ as €, — 0 (same notation for subsequence). Multiply
(5.1) by a function ¢ € Hg(B3,4(0)) to see

[ KTy TR T X0 VG = [ (G4 g e, )l
Bs,4(0) Bs,4(0)

As e,v — 0, we see, by (5.2)—(5.3),

So we prove statement (2).
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Let n € C§°(Bs/4(0)) be a bell-shaped function satisfying n € [0,1] and n = 1
in B;/2(0). From (5.1), we have

-V (K, V¥,,) =1G., — K,V ,Vn in By, (0) N Q% f,

—€2V - (nlucva@u) =1N€"Ge — eQTlvcva@an in By/4(0) N

K, VU, , i =2k, Vi, - 0¥ on By/4(0) N aﬂgn . (5.5)
NPe = N on Bj4(0) NOQy,,
'I]l:[le’l,XQLf’ + e Xar =0 on 0B3/4(0).

Claim that V - (nQ¥(K,V¥,,)) is in a compact subset of H~(B3,4(0)). Multiply
(5.5) by (e, € Hg(B3/4(0)) to obtain

(—V - (nQ"(KuV¥e)), Cew) i 1(Bj4(0)),H} (B34 (0))

= / nQ¥ (K, V¥, , )V dx = / K, VU, V., dz
B3,4(0)

B3 /4(0)NQY

— —527'/ 'I”Rl,vd)e’l,vge’ydx +/ n(GE,VXQLf’ —|— GTQE,VXQ%/)CE,de
Bs,4(0)NQ Bs,4(0)

- / vn(f{yvqfwxﬂ; + €77k, Ve, Xy Ve vda. (5.6)
B3,4(0)

We choose ¢, in (5.6) in such a way that it satisfies

{ Aley =V - (nQ"(K,V,,)) in Bs(0),

(5.7)
CE,V =0 on 8B3/4(0)

(5.7) is solvable uniquely by Lax-Milgram theorem [17] and |[Cevllm(B,,,(0)) 18
bounded by a constant independent of €,v by (5.3). By compactness principle,
(e, weakly converges to ¢ in Hg(Bs/4(0)) as €, — 0, and ( satisfies, by statement

(2),

A(=V-(n§) in B3/4(0),
C =0 on 833/4(0)

By (5.2)—(5.3), (5.6)—(5.7), and Lemma 6.1 [29], ||V - (nQ"(Iu(l,V\I/Ql,))||il,1(33/4(0))
converges to (—=£Vn, ()2 (Bs4(0)),L2(B3,4(0)) s €, — 0. Since V- £ = 0 in Bs4(0)
by (5.4),

(€91, Q) L2(By,4(0)),12(By 4 (0)) = IV - (En)[|7- 1(Bs,4(0))"

Since V - (nQ¥ (K, V¥,,)) converges weakly to V - (€n) in H~! (B3/4(0)) as e,v —
0, V- (r]Q"(IV(VV\I/w,)) converges to V - (£n) in H~'(Bs/4(0)) by Remark 1.16
and Proposition 1.17 [30]. So we prove the claim. Moreover, by (5.4), we see that
V- (nQ"(K,VV¥,,)) converges to 0 in H~(B,5(0)).

The above conclusion is true for any subsequence of ¥, ,,, so we prove statement
(3). O
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Let us define M ({1, ¢2;D) as a set containing positive definite matrices, that is,
M(l1,05;D) ={p : D — R T < @ < Lol l1,45 >0, I is the identity matrix}.
Lemma 5.2. For any v < 1, consider the following problem
-V (K, V®,) =1I,G in QY
K,V®, -1 =0 on QY (5.8)
d,=0 on 0L,

where K, € (a,3), a,8 > 0, and G € H Q). There is an element K, €

My 2a, 3;9) and a subsequence of the solutions ®, of (5.8) (same notation for
subsequence) such that

(1) 11, ®, converges to ® weakly in H}(Q) as v — 0,

(2) Q"(K,V®,) converges to K. V® weakly in [L*(Q)]" as v — 0,
(8) =V - (K.V®) =G in Q,

(4) V- Q"(K,V®,) is in a compact subset of H=1(Q).

Note: Constant «y here is the v(Yy, p) in Remark 2.1.
Proof. Statements (1), (2), (3) are from Definition 1.3 and Theorem 1.8 [31]. So
we only prove statement (4). By energy method and Remark 2.1, we know

V@ |20y < ¢, (5.9)

where c is independent of v. We claim that every weakly convergent subsequence of
V-Q"(K,V®,) in H~1(Q) is strongly convergent as v — 0. By (5.9), V-Q* (K, V®,)
is bounded in H~1(£). Let ¢ denote the weak limit of Q*(K,V®,), that is, £ =
K.V®. Statement (3) implies

G=-V- ¢ (5.10)
If n, € H}(Q), (5.8) implies

(=V - Q (K, VD,), 1) ir-1(52), 113 (@) Z/Q K, Vo, Vi, dz
f

= (G, umwlay) m-1(0), 11 () - (5.11)
In (5.11), we take 1, € H}(Q) satisfying
{Any =V 9"(K,V®,) inQ,

(5.12)
M, =0 on 0f.

Existence of (5.12) is from Lax-Milgram theorem [17] and ||, | g1 (q) is bounded
independent of v. If 1, weakly converges to n in HJ(f2), then 7 satisfies
{An =V-¢ inQ,

5.13
n=20 on 0f. ( )
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By (5.10)—(5.13), Lemma 2.1 [31], and Lemma 6.1 [29],

lim [V - Q' (K, VO, 5110y = (=V - &mu-1@,m@ = IV - EllH-1q)
By Remark 1.16 and Proposition 1.17 [30], we prove statement (4). |
Lemma 5.3. Under the same assumptions in Lemma 5.1, there is an element K* €

M2, 3;9Q) and a subsequence of the solutions V., of (5.1) (same notation for
subsequence) such that, as e,v — 0,

(1) I, ¥, converges to ¥ weakly in H' (B 2(0)),
(2) Q“(K,VU.,) converges to K*VU weakly in [L?(B1/2(0))]",

Note: v here is the v(Y,p) in Remark 2.1.
Proof. By Lemma 5.1, there is a subsequence of the solutions ¥, , of (5.1) (same
notation for subsequence) satisfying, as €,v — 0,

(1) HV\I'&u converges to ¥ weakly in H'(Bj3,4(0)),
(2) Q"(K,VV,,) converges to { weakly in [L?(B3,4(0))]",
(3) V- Q"(K,V¥,,) converges to 0 in H~'(By 5(0)),

Let K, be the one in Lemma 5.2. For any ® € H}(Q), we define G = —V-(K,.V®) €
H=1(Q) and use the defined G to obtain ®, by solving (5.8). By Lemma 5.2 and
Lax-Milgram Theorem [17], we see that function II,®, converges to ® weakly in
H}(Q) as v — 0. Clearly

VIL®, - Q“(K,V¥e,) = VIL U, - Q" (K, VE,)  in Biys(0).
As e,v — 0, by Lemma 5.2 and divergence-curl lemma (see Lemma 1.1 [32]),
V.- £=VVU K, VO almost everywhere in By /5(0).
Since ® € H{ () is arbitrary, we see £ = K*VU (Here K* is the transpose of K.,).
So we prove the lemma. |
Let ¢ : R*! — R be a function satisfying

#(0) =|Ve(0)| =0 and [¢[|cremn-1) < ce for some e € (0,1). (5.14)

By Al, Qis a C'° domain. We assume

0 € 09,

By(0) N Qv = {Bl(O) M@ z) € R va > ¢(wa’)} ifv e (0,1, (5.15)

B1(0) n{(«', zn) € R"| T, > 0} if v =0.

Tracing the proof of Lemma 5.1, we have
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Lemma 5.4. Let 7 € (0,00) and e, \,v € (0,1). Consider the following problem

V- (K V) = Genw in B1(0) N 3/,

—2V - (ka Ve an) = € Gerw in B1(0) N QY /v,

Ky, VU, 87 = 2Tk, Ve r, - 87 on Bi(0) N OQY, /v, (5.16)
Ve rw = Ve on B1(0) N o), /v,

Tery =0 on B1(0) N 09/ v,

where BNV is a unit vector normal to O, /v (See (2.1) for K, k). If

v— v, €10,1],
KA,Vle{)\,l/ € (avﬁ) and aaﬂ > 07
IWerwllrz(m, 0)n0y /o) € 1P rvllL2B0nay, vy <1, (5.17)

Ml}{/ri0 1Gerwllrz(m 0)ney /)

+max{e”, \/v}|ge vl 22, (0)n02, ) =0,
then there is a subsequence of W, x, (same notation for subsequence) satisfying

(1) ||HA/V\I!67)\,VHH1(33/4(0)QQ/V) s bounded independent of €, \,v, T,

(2) QM"(Kx, VU, ) converges weakly to € € [L?(B3/4(0))]™ as e,A\/v — 0
and V - € =0 in Bs;4(0) N Q/v,,

(8) V-(QM" (K, VU, r,)) converges to 0 in H™'(By2(0)ND) as e, \/v — 0
for any compact subset D C Bsz;4(0) N Q/v..

Proof. By energy method, (5.17), A/v < 1, and Remark 2.1, we see

A V) < C, (518)

m

1T/ el 51 By an0/v) + € [[Yerwllmr (B, 0000

where ¢ is independent of ¢, \, v, 7. That is statement (1).

Note QM"(Ky, VU, ) is bounded independent of €, \, v, in [L2(Bs4(0))]"
and there is a subsequence converging weakly to & € [L*(B3,4(0))]" as e, \/v — 0.
Let D be any compact subset in Bz/4(0) N Q/v.. So if v is close to v., then D C
Bs/4(0) N Q/v. Multiply (5.16) for v close to v, by any function ¢ € C§°(D) to see

/(K)\,VV\IJE,)\,VXQ;/V + 627—1;)\,11Vwe,)\,VXQ;\n/u)VCdx
D
= /(Ge,x,u?fn;/u + € genvXan, /)Cda.
D

As e, A\/v — 0, we see, by (5.17)—(5.18),
V-£€=0 in D.

Since D) is any compact subset in Bs/4(0) N Q/v., we prove statement (2).
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Let n € C§°(Bs/4(0)) be a bell-shaped function satisfying n € [0,1] and n = 1
in By/2(0). From (5.16), we have

—V (K, VU aw) = 1Gern — Ka VU2,V in B3(0)NQ} /v,
—€2V - (11K Vipeaw)

i €2T1A<A,VVE!16,A,VV77 in Bz (0) N, /v, (5.19)
KA Ve, - BNV = 0eTky , Vi 5, - 0NV on By (0) Ny, /v,
Nerp = Ne v on Bz (0) N oy, /v,

NVer vy + e rvXay v =0 on 9(B:(0) N Q/v).

Claim that V - (nQ" (K, V¥, »,)) is in a compact subset of H~1(ID), where I
is any compact subset in Bs;4(0) N Q/v,. Multiply (5.19) for v close to v, by any
v € HY(D) to obtain

(—=V - QM (K, V¥er)), Cew) H-1(By,4(0)), HE (Bs 4 (0))

:/ nQ)\/V(K)\,Vvqle,)\,l/)v(e,udx:/ nK)\,VV\IIe,)\,VVCe,de
Bs,4(0) Bg/4(0)NQ} /v

= —€2T/ 'I]f()\,uvwe,)\,que,udx
B3/4(0)NQy,, /v
+/ MGexvXor sy + € gervday jv)Cevde
Bs,4(0)

—/ vn(KMv\IJ%VXQ;/V + €k Vb Xop ) Ceda. (5.20)
Bs/4(0)

We choose (., € H}(D) in (5.20) satisfying

{Age,y =V Q" (K, V¥, r,))  inD,

(5.21)
CE,V =0 on O0D.

(5.21) is solvable uniquely by Lax-Milgram theorem [17] and ||Cc,, || 71 (py is bounded
by a constant independent of €, A\, v by (5.18). By compactness principle, (. ,, weakly
converges to ¢ in Hg(D) as €, \/v — 0, and ( satisfies, by statement (2),

A(=V-(n¢) inD,
¢=0 on JD.
By (5.17), (5.18), (5.20), (5.21), and Lemma 6.1 [29],
IV - QM (KA w Ve x b I3r-1.m) = (V15 Q) L2(Bya(0)).L2(Ba a(0)
as €, \/v — 0. Since V- £ = 0 in Bs,4(0) N Q/v. by statement (2),
(Y0, Q) L2(Ba 4 (0)).L2(Baa(0)) = IV - (M F-1 ()

Since V - (nQ»* (K, V¥, »,)) converges weakly to V - (£7) in H~1(Bj3/4(0)) as
€, \/v — 0, we know that V- (nQ*" (K, V¥, ,)) converges to V- (¢n) in H~1(D)
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by Remark 1.16 and Proposition 1.17 [30]. Above convergence is true for any com-

pact subset D in Bs/4(0) N /v, The claim then follows by a diagonal process.
Also note that, by statement (2), V - (QM* (K, V¥ ,,)) converges to 0 in

H='(By/5(0) ND) as €, \/v — 0. So we prove statement (3). |

For any solution W, » , in (5.16), we define

Iy, Ve, if € Bsu(0)NQ/y,
Modifying of the proofs of Lemmas 5.2-5.3, we also have

Sl/ (H)\/V\I/QA,V) = {

Lemma 5.5. Under the same assumptions of Lemma 5.4, there is an element
K* € M(fy_Qa,ﬂ;Bl/g(O) NQ/v) and a subsequence of U », (same notation for
subsequence) such that, as e,\/v — 0 and v — v,
(1) S,(I5/, ¥e x) converges to U weakly in H'(By/2(0) NQ/v.),
(2) QM¥(Kx, VU, ) converges to K*VU weakly in [L2(Bi/2(0) N Q/w)]™,
) {—v C(K*VU) =0 in By/5(0) N QY v,
U=0 on By /2(0) N 0Q/vs.

Note: «y here is the v(Y},p) in Remark 2.1.

6. Proof of (3.6) of Lemma 3.3

This section includes two subsections 6.1, 6.2. The Holder estimate in the interior
region is derived in subsection 6.1, and the Holder estimate around the boundary
is in subsection 6.2. Idea of the proof for the Holder estimate is from the three-step
compactness argument in [8]. A1-A2 are assumed in this section.

6.1. Interior estimate

For convenience we assume Bj(0) C .

Lemma 6.1. For 6,7 > 0, there are u,01,02 € (0,1) (depending on n,d,«, 3,Ys)
satisfying 01 < 03 and there is a €y € (0,1) (depending on 61,02,n,8,7,a, 3,Y})
such that if

—V - (K, VU r,) = Genw in B1(0) N Q}/v,
—2V - (ka o Vern) = € Gerw in B1(0)NQ /v, 6.1)
Ky, VU, -0V = ky Vb r, - 87 on Bi(0) NI, /v, '
Yerny = Ve on B1(0) N oY, /v,

if
IWervllLz(si0)n0y /vy € 1YervlliLzsiona, v <1, 62)

661HG€7A7VXQ;/” —|— ma,X{GT, A/V}g€7A7,,XQA /V||L"+5(Bl(0)) S 1,

m



January 31, 2012

22  Holder estimate

and if e, \/v < €y, v € (0,1], and 0 € [0, 0], then
]CBH(()) |H)\/l/\:[16,)\,l/ - (H)\/V\Ije,)\,u)O,Gde S 92”7
UCBQ(O)QQ;/V €2T|we’>‘7l/ o (H)\/V\I’E7)\7y)079|2d$ < 92#'
See section 2 for IA{M,,IA(A,,,, (IMx/uWen )06
Proof. Assume K* € M(y 2a,3;Q) and ¥ is a solution of the uniform elliptic
equation —V - (K*V¥) = 0 in By/5(0). Then, by Theorem 8.24 [17],
(V]

C=(B1)s0) < Cll¥llL2(B, (0

where s(< 1), ¢ are constants depending on n,a, 3,Ys. Define p = %min{s, n%ré}.
If u' satisfies p < p' < 2u, then, by Theorem 1.2 in page 70 [33],
f oo @uaPar<en f o (6.4)
By (0) By/2(0)

for 6 (depending on p,n,a, 3, Ys) sufficiently small. Fix two values 61,6, < 1/8
such that (1) ; < 63 and (2) Inequality (6.4) holds for any 6 € [0y, 0s].

With p, 01,602 above, we claim (6.3);. If not, there is a sequence {ex, A, v,
06))\#’,\; \IjexJ\,Vmwex,)\,V,\a GeA,NV,\age,\,)\,V/\} SatiSfying (61) and
€N, )\/1/)\ — 0,
Uy € (O; 1]; 96),)\,1/,\ S [01792]7
max{[[We, x o llL2(81 (00003} /va)s AlPex a2 Bi0)ney, v} <10 63
6.5

Q’)}}giﬂo ”Gex)\,ux ||Ln+5(Bl (0)NQ} /vy)

+max{e”, A\/Ua}ges v | Lr+s(B (0)n02, f1a) = 0,
20

2
UCBQGA‘A N (0) |H)\/V)\ \I’F-)n)vl/)\ - (HA/V,\\I’eA,)\,VA)0,9”‘)\,”| dx > 96/\’)\’”).

By Lemma 5.3, there is a subsequence (same notation for subsequence) such that,
as ex, A\/vy — 0,
06)\,)\,11)\ — 0, € [91792]7
M/, Weram — ¥ in LQ(Bl/Q(O)) strongly,
KA7VAV\1/€MVAXQ¢ o — K*VU in [L?(By5(0))]" weakly,
ei‘rf()\,u,\ vwex,)\,u,\Xﬂz‘n/uk -0 in [L2(Bl/2(0))]n Strong1Y7

(6.6)

where K* € M(y 2a,3;Q) and ¥ is a solution of the uniform elliptic equation
—V - (K*VV¥) =0 in By/3(0). By (6.4)-(6.6),

. 2
02" =  lim #°*
* E)\,)\/VA—>O A
: 2
< lim |H>\/V>\ \Ije/\J\,VA - (HA/VA @6>\7)\1V>\)070€>\,>\,1/>\| dx
ex,A/va—0 Bo (0)
XA VN

2

][ Udx
B, (0)

:][ |W|2da — :][ W — (U)g. |Pdz < 62 ][ |V |2da.
By, (0) Bo, (0) B1/2(0)



January 31, 2012

Hdélder estimate 23

If 65 is small enough, then the right hand side of above equation is less than o2 !
for some p”’ € (u, 1'). So we get 92 < 02" for w1 € (u, p'). But this is impossible.
Therefore we prove (6.3);.

Let us define

\i/e,/\,u = G_IL(HA/V\I/QA,V - (HA/V\I’E,)\,V)O,G)a
we,)\,v = Q*H(w&)\?l/ - (HA/V\I’E,)\,V)O,G)-

Then (6.1) implies, for any smooth function 1 with support in Av=1(Y,, + j) C
By(0) N Q) /v for some j € Z,

& / (e — Fer)V - (ko Viy)da
Av=H (Y +7)

= / eQTlA(A,l,V\fle)\,l,Vn —07"€™N gex,p du.
A= (Yo +7)
If 7 is the solution of

V- (ko Vi) = ders = Wepn i (Vi + ),
n=0 on \v~1(9Y,, + j),
then
v A~ R
iy mllzou-1(vm+9) S IVAllLzow-1 vty < 27 IWexw = Yerwllizou-1 v+
where ¢, ¢o are independent of €, A/v. Inequality (6.3)2 follows from above estimates

if € is small enough. O

Lemma 6.2. Let 6,7, u(< ﬁ),@l,eg,ﬁo be same as those in Lemma 6.1. If

—V - (K\VU, ) =G in B1(0) N Q},
=V - (kaV¥en) = €7 gen in B1(0) N Q) , 6.7)
K\VU, - i = kWi -5 on By(0) N,
Wex = e on B1(0) NoQ,,
then, for any €, \ < €q, 0 € [01,02], and k satisfying \/0* < €,
UCBek (0) AW x — (T We,p)g o |*da < 9%”']3)\7 (6.8)

UCBM 0N, | n — (IaWe 2)g gn [Pda < 92k”J3,,\,
where Jey)\ = H\I/Q)\XQ? + eTwe,)\XQ}nHL%Bl(O))
+681||G€7AXQ; + max{eT, )\}gﬁ)\XQ?An HLW,+5(31(0)).

Proof. For k = 1, we define ¥, = ?i, e = i’/;i, G. = (55** ge = 222 Then

e, 5 €,
these functions satisfy (6.1) and (6.2) with v = 1. By Lemma 6.1,

UCBQ(O) |HA\I’E - (HA\I’E)O,QPCZJ; S 02”)
DCBe(o)ngL T [1he — (W e)o,0|*da < 674,
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This implies (6.8) for k = 1. If (6.8) holds for some k satisfying /0% < eg, we define

(
{z Ex) ”19 k,u( AOF) — (HA\I’F_’)\)O’QK-) o Bl(o)ﬂQ}/a’“,

x) = J_ 052 /‘>G (6% )

{ e(z) = fxle i (e n (0% ) — (W n)o,0%)

in B1(0) N Q) /6%
e(x) = I \0FC M g \(0%2)

Then these functions satisfy

~V - (Ky g+ V) =G, in By (0) N Q}/6",
—e2V - (ky gx Vo) = €7 e in By (0) N QY /6%,
K)\’gk- VAV €2T1A{)\,9k Vi - V%" on B1(0) N oQ), /6%,
U, = 1, on By1(0) N oQY, /6%,

where iM% is a unit vector normal to o) /0%, See (2.1) for K)\’ek,f{)\,gk. By
induction,

maX{||‘i’e|\L2(Bl(o)nQ;/9k)a€T|We|\L2(Bl(o)mQ;L/0k)} <1,
6o_1||GeXQ;/9k + max{e”, \0™*}§c Xor spr || L5, (0)) < 1.

By Lemma 6.1 (take v = 6%), we obtain

P P 2
5,0y [Taser We = (T gx Wedoo|“dar < 62, (6.9)
~ A 2 .
Foooynan sor € [te = My Tedo,o| du < 02,
Note, by Remark 2.1,
2
A a H \Ilf - H \Ile.
£ oJmt =t fian—f - Bt sagahely, )
B, (0) Byi41(0) S0
2
~ S 2 ‘d}e)\ - (H)\\Ije )\)0 97€+1‘
e — (H k\I’E)Qg dx :][ . o d$(611)
]ie(o)ﬁﬂﬁi/J’C Mo | Byit1(0)N2), sza%”
Equations (6.9)—(6.11) imply (6.8) for k + 1 case. O

Lemma 6.3. For any 6,7 > 0, there are i, €, € (0,1) (depending onn,d,T,a, 3,Ys)
such that if e, A < €., any solution of (6.7) satisfies
[\I/€7A]Cllr(Bl/2(0)mﬁ;) + 75;128 GT[we,,\]C,L(A(Verj)) < cJe,
A(Ym +3)C By /5 (0)N2,
where c is a constant independent of €, . See Lemma 6.2 for J. x and p < ﬁ
is from Lemma 6.2.

Proof. Let 01,02, ¢p, u(< m) be same as those in Lemma 6.2, define e, =
€0b2/2, and let €, A < €,. Denote by ¢ a constant independent of €, \. Because of
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01 < 62, for any r € [\/eg, 0], there are 6 € [01,02] and k € N satisfying r = 6*.
Lemma 6.2 implies, for any r € [A\/e€g, 02],

{—fBT(O) |H>\\II6,>\ - (HA\I’e)\)O,TF dr < Crw‘]ez,)\v

(6.12)
Fo, 0, €7 [er = MTer)o, " do < e J2,.
Define

U (z) = Je_,i)\*” (Ter(Az) — (AW n)0,27/e)
Ge(w) = TN "G a(M)

{’&F('x) = Je_’;)\*ll« (¢e7/\()\$) - (HA\I/QA)O,Q)\/EO)

in BA(O)HQ?/)\,

in B2 (0) N,/
ge(z) = J:){)\Q*“geyx()\x) <o © /

2]

Then those functions satisfy

V- (KaaVT,) =G, in B2 (0) N Q}/A,
TV - (A Vi) = T in B (0) N9/
K VU, - iV = 27k, \ Vi - iM* on B; (0) N AN /A,
U = on B% (0) N AN /A,

where 5/ is a unit vector normal to ), /\. See (2.1) for Ky x, kx ». Take r = %
in (6.12) to get

||‘i’eXQ¢/A + € eXon L2 (s (o) + HéeXQ?/A + geXox allLnvs(B 4 (0)) < c
] % . <0

m m

By A1-A2 and Lemma 4.2,

We]cu(B;(O)ﬂ@/A) + e Wl cnp, @nat iy S € (6.13)
) €0

Remark 2.1, (6.13), and Theorem 1.2 in page 70 [33] imply

][ ML) — (LT 2o |* de < er®J2,  for r < Meo.
B,.(0)

Then we shift the origin of the coordinate system to any point z € Bj/2(0) and
repeat above argument to see that (6.12); with 0 replaced by z also holds for
r € (0,03). Together with Theorem 1.2 in page 70 [33], we obtain the Holder estimate

of II\W, x in By /(0). Holder estimate of 1) x in A(Y', +5) C By /2(0) ﬁﬁ:\n is from
(6.13). O

6.2. Boundary estimate

Assume (5.14)—(5.15). So 0 € 9.

Lemma 6.4. If §,7 > 0, there are p,0,,05 € (0,1) (depending on n,é,c, 3,Y¢, Q)
satisfying 61 < 03 and there is a & € (0,1) (depending on 61,02,n,6,7,a,3,Ys,Q)



January 31, 2012

26 Holder estimate

satisfying €y < min{%, €0} (€o is that in Lemma 6.1) such that if

V- (Kau VU 0,) = Gerw in By(0) N Q}/v,

—€27V - (kx Ve rn) = € gerw in B1(0) N Q) /v,

Ky, VU, 57 = €27k, Viber, - BNY  on B1(0) N0, /v, (6.14)
Werw = Yeaw on B1(0) N o), /v,

Uerw =0 on B1(0) N dQ/v,

and if

max{||[We xvllz2(5,(0)n02 /1): € 1YerwllL2(Bi0)n02, /1))

561|\G67A,VX9;/V +max{e”, \/v}ge v Xax sullints s o)} < 1
then, for any e, \/v < &, v € (0,1], and 0 € [, 0],

|HA/V\Ije,)\,u|2dif < §2”,

7 |the a . |Pdx < 621

UCBg(O)mQ/V (6.15)

—fBé (O)f‘lﬂ;\n/u

See (21) fOT KAW,IA{)\?V.

Proof. Let K* € M(y2a,3; B1(0) N Q/v,) for v« € [0,1] and assume ¥ is a
solution of the uniform elliptic equation

-V - (K*V¥)=0 in Bl/g(O) NQ/v,, (6.16)
U=0 on By /2(0) N O/ v.. .
By Theorem 8.25 and Theorem 8.29 [17] and (5.15), we have
1¥llc: (B, a0na/v) < cll¥llL2(B, 2 0)00/0.); (6.17)
Wh~ere s(< 1), c are constants depending on n, o, 3, Yy, Q. Define p = % min{s, %4’5}'
If 0 is small enough (depending on p,n, o, 3, Yy, Q but independent of v,), then, by
(6.17),
][ W[2de < 92//][ 0[2da (6.18)
Bé(O)ﬁQ/V* BI/Q(O)QQ/V*

holds for some z’ € (11, 2p). Fix two values 0;,60, < 1/4 such that (1) 6; < 62 and
(2) Inequality (6.18) holds for 6 € [6;, 65].
With pu, 01,602 above, we claim (6.15);. If not, there is a sequence {ex, A, v,
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95,\,)\,11%7 \Ijﬁ/\)\,u,\’ wﬁ,\J\,VMGE,\,)\,VMQQ,)\,VA} satisfying (6'14) and

6)\,)\/1/)\ —>0,
[N S (Oa]-]a ée;,)\,u,\ € [51752]7

max{|[We, x o llL2(51 00003 /va)s Al[Pex a2 Bi0)ney, v} <1,

. 6.19
i G il /o) (6:19)

+max{e”, A\/Ua}ges A [ L+ (B (0)n02, f1a) = 0,
2 A2
0)NQ/vx |H>\/VA \Ilekvkv”k| dx > 061)\11&'

s,

SEA.A.V)\(
By Lemma 5.5, there is a subsequence (same notation for subsequence) such that,
as ex, \/vy — 0,

vy — vy € 0,1],

Ocy A — 0s € [01,02],

Sy (I, Yoy aw) = ¥ in L*(By2(0) N Q/v,) strongly, (6.20)
QM (K, VU, ) — KV in [L2(By2(0) N Q/1)]" weakly,

Ky Ves A Xox juy — 0 in [L?(Bj2(0) N Q/v,)]™ strongly,

and ¥ is a solution of (6.16). By (6.18)—(6.20), we conclude

02 = lm 6*, < lim Ty /0, Ue, au, | de
ex,A/va—0 Exdwn = exA/va—0J B; (O)HQ/VA| Mia e A|
exsA, vy
:][ |0 |2da < éf/"][ |0 |2da. (6.21)
Bé*(o)r‘lﬂ/l/* BI/Q(O)QQ/V*

If A, is small enough, the right hand side of (6.21) is less than 02" for we (p, ).
Which means §2* < 62" for w" € (u, ') and this is impossible. Therefore, we prove
(6.15)1. Clearly, €y can be chosen so that €y < 9. The proof of (6.15)5 is similar to
that of (6.3)2, so we skip it. O

Lemma 6.5. Let 6,7, u(< ﬁ),él,ég,go be same as those in Lemma 6.4. If

—V - (KaV¥,5) = Gen in B1(0) N O},

=V - (kaVYen) = €7 gen in B1(0) N Q)

K\VVU, ) -0 = ¥ k\Vipe y -1 on B1(0)NOQ), (6.22)
W = e on B1(0) N oY,

VUer=0 on B1(0) N 09,

then, for any e, A < &, 0 € [01,05], and k satisfying \/0* < &,

2 —
fng (0)NQ ‘HA\Ije,)\| dx < 6%k JZM

) e (6.23)
UCBM (0)NQA, €7 [the| dx < 9%“«73,»
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where J. \ = [P erdoy + € verday [IL2(51(0)

+= [Ge Xy + max{e”, Abge a&ay l|Ln+s(5,(0))-

Proof. The proof is similar to that of Lemma 6.2 and is done by induction on k.
For k =1, (6.23) is deduced from Lemma 6.4 with v = 1. Suppose (6.23) holds for

some k satisfying )\/9~’C < €p, then we define

\i/e = j_léikp’\:[je ék )
;i (:E) ~e,/\l 8 ’A( :E~) in By (O) N Q?/Okv
Gel) = J A0 TG (0 2)
Ae = j_léiku € ék )
WP (x) ~e,i\~ (G ’)‘( fE) n B1(0) N Qi\n/ekv
gelw) = J 30N ge 5 (0% )
By, () =0 in B1(0) N Q/6~.

Then these functions satisfy

-V (K&gkvife)A =G, in B;(0)N Q}/éj“,
—€2V - (ky ge Vibe) = €7 e in B1(0) N Q) /0F,
K, 5V 5897 = 2k, 5. Vi - 597 on By(0) N0, /6,
) on By (0) N oy, /6%,

€ :we
(z)=0 in By (0) N Q/6",

(==

where 7i¢/?" is a unit vector normal to o /0%, See (2.1) for K)\ gk,lA()\ Gk -

induction,

max{|[Well L2, 0)nay /64> € 1Vell L2, )y, oy} < 1

Galné“-XQ;/ék =+ max{eT, /\é_k}éexmn/ék ||L"+5(B1(0)) <1.

By Lemma 6.4 (take v = 9%)7 we obtain
. 19 .
UCBé(O)ﬂQ/ék |H>\/(§k~ ‘I/e| da < 92,
R -
DCBQ‘(O)QQ;\n/ék 527|¢6} dx < 62+,

Note, by Remark 2.1,
2
A 2 |H)\\Ile,)\|
][ _ ‘H,\/ék\l’6| dx:][ 72 g2k
B;(0)NQ/ 0k Bgr+1(0)NQ Je,A g=kn

2
2 du :][ Md :
Byrps (0022, Jz)\ 02kp

Equations (6.24)—(6.26) imply (6.23) for k + 1 case.

)

Ve

]éag(omsz; 6k

(6.24)

(6.25)

(6.26)
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Lemma 6.6. For any 6,7 > 0, there are u, €, € (0,1) (depending onn,d, 7, 3, Y5,
Q) such that if €, A < €., any solution of (6.22) satisfies

Werlonis, monm) + e 4 Werlor @iy < ers (6:27)
X(Ym+.7).CBl/2(0)mSZ'7\rz

where ¢ is a constant independent of €, \. See Lemma 6.5 for J. x and p < —g(ni(s)

is from Lemma 6.5.

Proof. Let 01,0,¢, u(< ﬁ) be same as those in Lemma 6.5, define €, =

min{%oég/?),e*} where €, is the one in Lemma 6.3, and let ¢, A < €,. Denote by ¢
a constant independent of €, A. For any = € By, ,5(0) N 0}, define n(z) = |z — x0
where zg € 0Q satisfying |2 — x| = minyepq | — y|. Then we have either case (1)
n(x) > % or case (2) n(z) < %

Let us consider case (1). Because of 6; < 63, for any r € [\/&y, 0], there are

0 € [01,05] and k € N satisfying r = 6*. Since 75(z) € [%, g1, by Lemma 6.5,

2 ~,
I, @y ITATen|” dy < r?J2 ; , ;
27 2 2,uj2 orre [577@)7 2]~
P, woynan, €7 el dy < r2J2

So

2 ~,
Uy — (TaWen)es| dy < cs?#J? 5
{st(m)mQ| AVer — (IIaWen)a, ‘ Y= €A for s € [n(zm)’ %] (6.28)

2 ~
fBS(I)mQ%L €2T‘¢e,>\ - (H)\\Ije)\)x,s| dy < CSzHJ2A
Shift the coordinate system so that the origin is at  and define
{\i’e(y) = j;;’l_”(x) (\Ilek(n(x)y) - (HA\I’E,)\)x,n(w))
Gely) = Jn*H(x)Gen(n(z)y)

{1@6@ = T (@) (e (1(@)y) = (T )an)
(y) = Jan* " (@)gea(n(z)y)

Then these functions satisfy

in Bi(xz)N Q}/n(x),

in By(z) N Q) /n(z).

Na)Y
a

~V - (K ) V) = G in By (x) NQ}/n(x),

7Y - () Vi) = € BN /al). o
IA(Am(m)V\i!e -aM/n@) = eQTl;Am(m)Viﬁe AU Bi(z) N o), /n(x), .
U, = 1, on By(z) N o), /n(x),

where i*/7(®) is a unit vector normal to o) /n(z). See (2.1) for IA{A’,,(I),IA{A’,,(I).
Take s = n(x) in (6.28) to see
||¢’eXQ;/n(x) + € eXan n) L2y @) + gal”Gﬁ”L”‘*"S(Bl(w)ﬂﬁ?/n(a:))

+é5 " max{e”, A" (@) Gell Lrts By ()0, /() S C-

m
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Apply Lemma 6.3 to (6.29) to obtain

[\116]0“(31/2(37)05;/77(,@)) + 7&2128 €™ [’lﬂe]c“(n(” (Ym+j)) <ec. (630)
nm (Ym +3)C By 3 (0)NQ, /n(x)
Which implies, by Remark 2.1 and Theorem 1.2 in page 70 [33],
][ |H>\\II€7A — (HA\I'@)\)%S‘Qdy < 052",]2)\ for s < n(x)/2. (6.31)
B, (z)NQ

Now we consider case (2). Because of §; < 63, for any r € [\/&, 6], there are
0 € [01,02] and k € N satisfying » = 6*. By Lemma 6.5,

LU, 52 dy < er2tJ? N
{{Br(wo)mﬂ | ;\T » 23/ - 2:’3‘2 for r € [\/éy, 0a). (6.32)
fBT(ch)ﬂQ%1 € |we,k| dy <ecr Je,A

This implies, for s € [%, =3B
2 L7
Iz, (2)NQ TWe\ — (AP 2 )e,s|” dy < es?T2 (633
jCB N, 6 |¢€;>\ - (HA\IJe,)\)x,SF dy < CSQ”JE)\.
Again we shift the origin to x and define

\i/e(y)5~_1)\—l‘( (M) = (e 2)an/z,) o
{ Ge(y) = J NG (Ny) B () nQ5/A,

{ (¥)
(y)

1)\ B (he (A IIWen)zn/e
' (¢ AAY) = (AW r )z, 0) in B1 (z) NQ), /A,
A Mge A()‘y) N

0y, = —J;\l/\‘/ (T r)an /e in Ba (z) NQ/\
) €0
From (6.32);, W3, is a constant independent of €, \. Then these functions satisfy
—V - (KxaVT,) =G, in B (z)N Q}/,
—e2V - (kaa Vi) = €7 ge in B;(x) NN /A,
K)\ )\V\i/ -aMA = EQTIA()\,)\Viﬁe -iMA on B ({E) n 8921/)\,
€0
U, =), on Bi(a:)ﬂanl//\,
€0
U, =0, on B (z) NOQY/A,
€0

where fi*/? is a unit vector normal to Q) ~ /A See (2.1) for K)\ X k>\ A. Take s = %
n (6.33) to see

ey n + G%eXQaL/AHL%B%(m»

+HéeXQ;/A + GeXar allLn+s (B, () (B (x)n/A) S €.
% %0

A1-A2 and Lemma 4.3 imply

Yelon s L @nayn T € [we]Cu(B%(a:)ﬁﬁzi/)\)
<0

Zeo

<ec (6.34)
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Remark 2.1 and (6.34) imply (6.33); holds for s < ﬁ
The Hoélder estimate of I W,  follows from (6.28)1, (6.31), (6.33)1, (6.34), and

Theorem 1.2 in page 70 [33]. Holder estimate of ¢ x in A(Y + ) C B1/2(0)N ﬁ:\n
is from (6.30) and (6.34). |

Clearly, if e < 1 and 7 € (0, 1], then € < €". If we take A = € in (6.7) and (6.22),
then we have, by energy method, partition of unity, and Lemmas 3.2, 6.3, 6.6,

For any 7 € (0,1],8 > 0, there are u,éx € (0,1) such that, for any € < €, the
solution of (3.4) satisfies (3.6).
By energy method, partition of unity, and Lemmas 3.2, 4.2, 4.3, we also see

For any 7 € (0,1],6 > 0, there are p,é. € (0,1) such that, for any € € [&, 1],
the solution of (3.4) satisfies (5.6).
Combining above two results, we know that (3.6) of Lemma 3.3 holds.
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